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AN ALGORITHM FOR
MATRIX EXTENSION AND WAVELET CONSTRUCTION

W. LAWTON, S. L. LEE AND ZUOWEI SHEN

ABSTRACT. This paper gives a practical method of extending an n X r matrix
P(z), r < n, with Laurent polynomial entries in one complex variable z, to a
square matrix also with Laurent polynomial entries. If P(z) has orthonormal
columns when z is restricted to the torus T, it can be extended to a paraunitary
matrix. If P(z) has rank r for each z € T, it can be extended to a matrix with
nonvanishing determinant on T. The method is easily implemented in the
computer. It is applied to the construction of compactly supported wavelets
and prewavelets from multiresolutions generated by several univariate scaling
functions with an arbitrary dilation parameter.

1. INTRODUCTION

This note deals with matrix extension and a practical method for the construc-
tion of compactly supported wavelets and prewavelets from multiresolutions gener-
ated by several univariate compactly supported scaling functions with an arbitrary
dilation parameter m € N, m > 1. Such wavelets and prewavelets can have very
small supports, a feature which may be important in numerical applications. The
construction of wavelets and prewavelets from a multiresolution generated by a sin-
gle univariate scaling function with the dilation parameter 2 was given in [12] and
[1], respectively. It is well known that wavelet and prewavelet construction from a
multiresolution generated by a finite number of compactly supported scaling func-
tions can be reduced to the problem of extending a matrix with Laurent polynomial
entries. This is widely studied in the case of wavelet and prewavelet construction in
one and several dimensions from multiresolutions generated by one scaling function
(see [8, 9, 14, 15]) and by several scaling functions (see [5, 6, 7, 13]). In practice it is
necessary that the matrix extension be carried out constructively in order to obtain
the wavelets explicitly. However, in the existing methods such an extension requires
the knowledge of some intrinsic properties of the scaling functions. In this note, we
shall give a constructive method which does not rely on the intrinsic properties of
the scaling functions.

For a given finite set of compactly supported functions ¢;, j = 1,...,7, let Vo
denote the closed shift invariant subspace generated by ¢;, j =1,...,r, i.e.,
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Vor={) Y aj(k)g;(- —k):a; € Lo(Z)},

Jj=1keZ

where £, is the space of finitely supported sequences. For v € Z, let
V= {f(m"): f € Vo}.

We say that ¢;, j = 1,...,7, are refinable if there are finitely supported sequences
p;,; such that

(1.1) $i(z) =) pij(k)g(mz—k), i=1,...,m

j=1keZ

The functions ¢;, j = 1,...,, are called refinable (or scaling) functions and p; ;,
1,7 =1,...,7, are called refinement masks.

If ¢;, j =1,...,r, are refinable and the set {¢;( - — k) :j = 1,..,nk € Z}
forms an orthonormal (or Riesz) basis for Vp, then it is well known that (V,), .5
forms a multiresolution (cf. [9]). Compactly supported wavelets (prewavelets) are
compactly supported functions ;, j = 1,...,7, for which their shifts form an or-
thonormal (Riesz) basis of Wy := V})ﬂvl, the orthogonal complement of V4 in V;.

Let R[z] be the univariate Laurent polynomial ring over the complex field, and
let G,,(R) be the group of all n x n matrices over R[z] for which the determinants
are nonvanishing on C\ {0}. An n x n matrix P(z) is called paraunitary if it is
unitary on the unit circle T. A diagonal matrix with diagonal entries of the form
2k, k € Z, is called a diagonal z-matriz. Clearly a diagonal z-matrix is paraunitary.

Let ® := (¢1, ¢2,- .. ,¢-)T and write (1.1) in matrix form

®(z) = Z P,®(mz — k),

keZ

where
P = (pi (k)):,j=1 .

Consider the r X r matrices

> Pigmz®, £=0,...,m—1,
keZ

1
Ptz) = —
()= 7
with Laurent polynomial entries, and form the r x mr block matrix
P(z):= (P°(2)| - |P™1(2))

which is called a polyphase matriz. It is well known that if {¢;( - — k) : j =
1,...,r,k € Z} forms an orthonormal basis of Vp, then P(z)P(2)* = I, for all z € T.
Compactly supported wavelets corresponding to the multiresolution generated by
the scaling functions ¢;, 7 = 1,...,7, can be constructed by extending the matrix
P to an mr x mr paraunitary matrix over R[z] in which the first r rows are the
matrix P. In §2, we give a constructive method to extend an arbitrary r X n
matrix P, satisfying P(z)P(z)* = I. for all z € T, to an n X n paraunitary matrix
over R[z]. This leads to a practical method for the construction of compactly
supported wavelets from a finite number of scaling functions with an arbitary scaling
parameter. In the construction of compactly supported wavelets, the refinement
masks are usually known (in most cases the scaling functions are defined by their
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refinement masks via their Fourier transforms). Therefore, the above approach is
quite natural.

If ¢;,  =1,...,7, form a Riesz basis of Vj, then P(z) has rank r for each z € T.
If the refinement masks, and hence the polyphase matrix P, are available, the
usual way of constructing the corresponding compactly supported prewavelets is to
extend the polyphase matrix P to an mr x mr matrix @ over R[z] so that Q(z)
has rank mr for all z € T. The standard Gram-Schmidt orthogonalization process
is then applied to obtain the compactly supported prewavelets. Section 3 gives an
algorithmic method to extend a general matrix. The method uses only elementary
transformations and transformations by z-matrices and is easily implementable in
the computer. Based on the matrix extension, we propose another approach in
the construction of prewavelets. This approach gives prewavelets directly without
using the Gram-Schmidt process after the matrix extension. The Gram-Schmidt
process requires extra computing and enlarges the supports of the prewavelets.
Our method usually gives prewavelets with shorter supports. This approach is
also applicable if the refinement masks are not available, as in the case of the
multiresolution generated by cardinal Hermite splines (see §4). The method is
based on the sequence

(1.2) Di,j(k) == m/Rm(a:)d)j (mzx — k)dz,

where ¢;, j = 1,..,r, are compactly supported scaling functions such that
{¢;( - —k):j7=1,..,mk € Z} forms a Riesz basis for ;. The sequences p; ;,
i, =1,...r, are finitely supported, since ¢;, j = 1,... ,r, are compactly supported

functions. They are readily computed from the scaling functions.
If {¢;( - —k): j=1,.,rk € Z} is the dual basis of {¢;( - — k) : j =
1,...,7mk € Z}, then

T

(1.3) $i(z) = > bij(k)gj(mz—k), i=1,...,m

j=1keZ

Equivalently,

o(z) =Y Pp®(mz — k),
keZ

~ - AT
where & = (¢1, e ,¢,) and
Py = (i (k) ;s -
The corresponding r x rm block matrix
(1.4) P(z) = (P(2)]---IP"7(2)),

where
ﬁe(z) = Z Priemz®, €=0,...,m—1,
keZ

will be called the dual polyphase matriz of ®. It has rank r for all z € T, if ¢;,
j=1,...,r, and their shifts form a Riesz basis for V.
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In §3, we shall give an algorithm to find an (m — 1)r X mr matrix Q'(z) over

P(z) )
has rank mr for all z € T and
Q'(2)

(1.5) P(z)Q'(z)* =0 forz€eT.

R[z] such that the mr X mr matrix <

Suppose that
Q'(z) = (Q°(2)|---1Q™(2)) ,

where each Q¢, £ =0,... ,m—1, is an r x r matrix with Laurent polynomial entries
(QZ)M (2) =: Zq,-,j(é +km)2*, i,j=1,...,r.
keZ
Then the functions
(1.6) $i(@) =YY gij(k)gj(mz —k), i=1,.,mr—r
j=1keZ

form a Riesz basis for Wy. Indeed, ¢;( - — k) L ¢; for j=1,...,(m—1)r, k €
Z, i=1,...,r, because of (1.3), (1.5) and (1.6). Hence, ¥;( - — k) € Wy, j =
L,...,(m —1)r, k € Z. Further, they form a Riesz basis of W} since Q’(z) has
rank (m — 1)r for all z € T. This result in Hilbert space can be found in [10].

If ¢;, ' =1,...,r, and their shifts form an orthonormal basis, then P=rP

and PP* = [.. In §2, we give a way to construct @’ such that <%> is a

paraunitary matrix. With this Q’, equation (1.6) gives the corresponding wavelets.
The methods described above can also be extended to the construction of wavelets
and prewavelets in Hilbert space.

Geronimo, Hardin and Massopust [4] have constructed two scaling functions
whose shifts form an orthonormal basis of V. The corresponding wavelets were
constructed by Donovan, Geronimo, Hardin and Massopust [3] and also by Strang
and Strela [18]. Their works together with that of Goodman [5] are the main sources
of motivation for this paper.

2. PARAUNITARY MATRIX EXTENSION

Let A(z) be an n x 1 matrix over R[z], and suppose that the smallest degree of
its jth component is k; € Z, for j =1,2,...,n. Let

D(z) := diag(z7F1,... , z7%n),
Then DA(z) is expressible in the form
DA(z) =ao+alz+~~+aNzN,
where a; € C*, j=0,...,N, and ap, ay # 0.

Lemma 2.1. Let A(z) = Y-, 7 a;2’ be annx 1 matriz over R[2] with || A(2)|| = 1
for all z € T, where ||A(2)|| denotes the Euclidean norm. Suppose that j1 and
Jo € Z are respectively the lowest and highest degrees of A(z). Then

Z(aj,aj) =1 and (aj,,a;,) =0.
JEZ
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Proof. As is observed before the lemma, there exists a diagonal z-matrix D such
that each component of DA is a polynomial. Hence, we need only to prove the case

for which

A(z):ao+alz+~~-+aNzN,

with ||A(z)|| =1 for z € T and ap # 0, ay # 0. We note that on T, the constant
term of || A(z)]|? is Zf:o (a;,a;) and the coefficient of the highest degree is (ag, ay).
The results then follow from the fact that ||A(2)||2 =1 for z € T. a

Suppose that D; is a diagonal z-matrix such that
(2.1) D, A(z) = a(()l) + a(l)z +- a(l)zN

where ag.l) eC* j=0,...,N, and a(()l), aN) # 0. Let U; be a unitary matrix
over C such that

hal = (,0,...,007, a#0.
By Lemma 2.1, (Ula(()l), Ulag\% = 0. Hence, the first entry (Ula%) )1 of the vector

U, a%) is zero. Multiplying (2.1) by U, followed by an appropriate diagonal z-matrix
Dy, we can express

(2.2) DoU1 D1 A(z) = aéz) + a(z)z +-+ a(2) M
where a((, (2) # 0, and M < N. Furthermore,
||D2U1D1A(Z)“ =1, zeT,

and (ao ,aﬁ)) = 0, by Lemma, 2.1. Repeating the above procedure gives a sequence
of unitary matrices U;, j = 1,...,k, over C and a sequence of diagonal z-matrices
D;, j=1,...,k, such that

UwDyUp_1Dgq- -+ D2U1D1A(z) = (1, o,... ,O)T, z€T.

Let
(2.3) P(z) :=UyDy---U1D1(2), ze€ C\{0}.
Then P is paraunitary,
(2.4) P(2)A(2) = (1,0,..,007, 2z€T,
and for z € T,
(2.5) A(z) = P(2)*(1,0,...,0)7,

where P(z)* is the conjugate transpose of P(z).

The relation (2.5) shows that the first column of the matrix P(z)* coincides with
A(z). Thus, P(z)* is a paraunitary extension of A(z). The above algorithm can
also be applied to extend an n x r matrix A(z) with orthonormal columns and with
entries in R[z], to a paraunitary matrix.

Theorem 2.1. Suppose that A;(z), j = 1,...,r, are n x 1 column vectors over
R[z], r < n, which are orthonormal on T, and that A(z) := (A1(2)|---|Ar(2)) is
an n X r matriz over R[z]. Then there ezxists an n X n paraunitary matriz Q such
that

(2.6) QA(z) = ( g )




728 W. LAWTON, S. L. LEE AND ZUOWEI SHEN

Furthermore,
(27) Q = QT‘QT—I e Qla
where
_ (L1 | O -
(2.8) Qr = ( 0 [P ) , k=1,..,m

is an n X n paraunitary matriz and Py is an (n —k + 1) X (n — k + 1) peraunitary
matriz of the form (2.3).

Proof. The observation before the theorem shows that there is a paraunitary matrix
Q1 of the form (2.3) such that

 QAi(2) =(1,0,...,007, z€eT.
Since @), is a paraunitary matrix, it follows that for 7,7 =1,... ,r,
(@Q14i(2), Q14;(2)) =6;;, z¢€T.
Hence, the first component (Q14;(2))1 of Q14,(2) is zero for 2 € T, j = 2,...,7,

and |
1 0 0
Az) = T
Q14(2) ( 0[APG) - A9() ), zeT,
where A§~2)(z), j=2,..,r are (n — 1) x 1 matrices, with (AgQ)(z),A?) (2)) = 65

for all z € T.
Suppose that there are paraunitary matrices Q1, ..., Qx—1, k < r, such that

Qk—l"‘Q2Q1A(z)=< kol {Al(ck)(z) A,(»k)(Z) )? z €T,

where Ag-k) (2),  =k,...,r, are (n—k+1) X 1 matrices, with (Az(-k)(z), Agk) (2)) = 6,5,
z € T. Let P, be an (n —k+ 1) X (n — k + 1) paraunitary matrix of the form (2.3)
such that

PAP (2) = (1,0,...,007, zeT.

By a similar argument as above, we have for 7,5 =k, ... ,r,
(PAP (2), PAP (2)) = 615, z€ T,

and
(Pk,clg’“’(z))1 =0, L=k+1,..,r, z€T.

Qk=(IkO_1 1(3) )

Then clearly Q) is paraunitary, and

I 0o .. 0
QrQr-1---Q1A(2) = ( ; i AP (z) - PAP(2) )

Finally, letting

Let

Q:=QrQr_1---Q1,

we have

QA(z) = ( {) ) 2€T.
This completes the proof. O
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Remark 1. If Q(z) satisfies (2.6), then Q(z)* is a paraunitary extension of A(z).
Further, the proof gives an algorithm for the construction of Q(z). This can be
applied in the construction of wavelets if the scaling functions and refinement masks

are known.

Example 1. Consider the scaling functions ¢; and ¢ constructed by Geronimo,
Hardin and Massopust [4]. They satisfy the matrix dilation equation

(¢2(93 ) ZP (2;(35: g)

where
1 6 8v2 1 6 0
Py=— P = —
0 0<T¢5 —3>’ ' 10(&2@ 10)’
1(0 0 1( 0 0
Py=— =—
2 10(92ﬁ—3)’ Fs 10(%§ 0)

The corresponding polyphase matrix P is given by

p )_\/i 6 82 6 0
@)=g0\ =t 3-3 == 10 )
Let
6 —1492
V2
V2 8v2 —3-3:
A(Z)_"z—(—)' 6 9—2
V2
0 10

Symbolic computation using the above algorithm produces a 4 x 4 paraunitary
matrix

_3_ 4 _3_ 0

52 5 52
92711 -3 (z_1+1) —z_'49 L
_ 20 102 20 V2
Q= —9,'y1  3(x7'+1) z27l-9 1
20 102 20 V2
9,141 3(—z_1+1 —s1_g 0

102 10 102

satisfying the relation

QA(z) = (IT2) .

The matrix @ is a product of Householder matrices and a diagonal z-matrix. Indeed,

Q=Q3DQ20Q:1,
where

3 4 3 0
52 5 52
4 15—9\/\/5_ 12\/_ 0

_ 5 — —

G=| 5 PHY 4B |

542 15—25v2 50—152
0 0 0 1
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1 0 0 0
0 6(_3+‘/§) 1-3/2 0
Qs = —20+6v2  —10+3v2
0 1-3v2 3(3_‘/5) 0 ’
—10+3v2  —10+3v2
0 0 0 1
1 0 0 0
0 3 -1
Q@=|, 1 1 ¥
2 2 N2
o &+ L o0
V2 V2

and

D = diag(1, 1/2, 1, 1) .
The conjugate transpose Q(z)* of Q(z) is a paraunitary extension of A(z). Hence,
the corresponding wavelets can be constructed using the last two columns of @Q*
and (1.6). The resulting wavelets are a symmetric and antisymmetric pair.

3. MATRIX EXTENSION

In Theorem 2.1 it was assumed that the columns of the matrix A(z) are or-
thonormal on T, and we obtain a paraunitary matrix ¢ such that

QA(z):(%).

The conjugate transpose Q(z)* of Q(z) is a paraunitary extension of A(z). In
this section we shall impose no conditions on A(z) and consider the extension of
A(z) over R[z]. The extension can be achieved in the same way as in the case
of paraunitary extension. However, the transformations are accomplished by a
sequence of elementary matrices and diagonal z-matrices instead of by unitary
matrices.

Theorem 3.1. Let A(z) be an n x 1 matriz over R[z]. Then there is a matriz
P € G,(R) such that

(3.1) PA(2) = (p(2),0,...,0)7,

where p € R[z]. Furthermore, P is a product of elementary matrices and diagonal
z-matrices.

Proof. Suppose D1(z) is a diagonal z-matrix such that

D, A(2) = a(()l) + .- +a%)zN,

where a§1) € C" and a(()l), ag\}) # 0. In practice, D;(z) is chosen so that the vector
a(()l) has as many nonzero entries as possible, in order to speed up the process. Let
E; be a product of elementary matrices which reduce the n x 2 matrix (agl) |a§&))
to its “echelon form”. with Elagl) = (,0,...,0)T, where a # 0. Further, if a(()l)
and a%) are linearly independent, we can choose E; so that the first entry of the

1) .
vector Elagv) is zero.

In the case

E1a§-1) = oszla((,l) = (a;,0,...,007, j=1,..,N,
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then (3.1) holds with P(z) := E;D(z) and
p(2):=1+aiz+---+aynz", zeC\{0}.

Otherwise, Elag-l) is not a multiple of Elaél) for some j. Multiplying E) D, A(2)
by an appropriate diagonal z-matrix Dy(z) gives

DQE]D]A(Z) = a(()2) ++ ag\z,l)le, z2€C \ {O}a

where N; < N, and a(()z),‘aﬁl) # 0. Recall that Dy is chosen so that the vector a(()z)
has as many nonzero entries as possible. The case N; = N occurs if and only if
Elag\lf) = aNEla(()l) for some ay # 0, ie., aél) and ag\l,) are linearly dependent.
But in this case the vectors a(()z) and a§\2,1) are linearly independent.

Applying the above procedure, we can constructively find an invertible con-
stant matrix E which reduces (a(()z)|a§\2[1)) to its “echelon form”, with Eza((f) =
(c',0,...,0)T, o/ #0. Further, if N = N, then aéz) and aﬁﬁf are linearly indepen-
dent. Hence, Ey can be chosen such that (Ezaﬁf)l = 0. Again, either (3.1) holds

with P := E;DsE1 D1, or we can choose an appropriate diagonal z-matrix D3(z)
such that

(3.2) D3E202E1D1A(z) = 3.83) +---+ ag\g;zzNz,

where Ny < N, and a(()B),ag\?z #0.

Since each entry of D; A(z) is a polynomial, and since the procedure reduces the
degree of the entries, the process will stop after a finite number of steps. Hence,
there is a sequence of invertible matrices E,, j = 1,..., k, and a sequence of diagonal
z-matrices Dj, j =1,...,k, such that

ExDyEg_1Dg—1 -+ E1D1A(2) = (p(2),0,...,0)T
for some p € R[z]. Therefore, (3.1) holds with
(3.3) P(z) = FEy Dy Ep_1Dp_q - -E1D1(z) c Gn(R), z€eC \ {0},
as desired. O
Direct application of Theorem 3.1 gives the following results.

Theorem 3.2. Suppose that A,(z), j = 1,...,r, are n x 1 column vectors over
Rz], r < n, and A(z) := (A1(2)]--]Ar(2)) is an n X r matriz over R[z]. Then
there ezists @ € Go(R) such that

B
(3.4) Q) = (L),
where B, (z) 1s an upper triangular r X r matriz over R[z]. Furthermore,
(3.5) Q=0QrQr-1Q1,
where
(L2 | O _
(3.6) Qk—< 0 TP ), k=1,...,m

and Py is an (n — k+ 1) X (n — k + 1) matriz in Gr—k41(R) of the form (3.3).
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Note that the last n — r rows of @, which we denote by Q;,,,...,Q;,, form an
(n — r) X n matrix

Qry
Q=
Qn
of rank n — r for all z € C\ {0}. Further, by (3.4),
(3.7) A(2)*Q'(2)* =0, zeC\{0}.

If A(2) = (A1(2)] - - - |Ar(2)) is an n X r matrix over R[z] of rank r for each z € T
(or z € C\ {0}), then the n x n matrix (A(z)|Q’(2)*) is an extension of A satisfying
(3.7) and of rank n for all z € T (or z € C\ {0}). That (A(2)|Q’'(2)*) is of rank
n follows from (3.7) and the fact that A(z) and Q’(z)* are of ranks r and n — r,
respectively, for all z € T (or z € C\ {0}). This observation leads to

Corollary 3.1. Suppose that A(z) = (A1(2)|---|Ar(2)) is an n X r matric over
R[z] of rank T for each z € T (or z € C \ {0}) and that Q is a product of elementary
matrices and diagonal z-matrices satisfying (3.4). If Q. 1,...,Q;, are the last n—r
rows of @ and

Q/ril(z)

Q'(z) = ; :

Qn(2)
then the matriz (A(2)|Q'(2)*) is an extension of A of rank n for all z € T (or
z € C\ {0}) satisfying (3.7).

We note that this corollary can be applied directly in the construction of uni-
variate prewavelets from a multiresolution generated by several scaling functions
with an arbitrary dilation parameter m € Z. Since our proof of Theorem 3.1 is
constructive and can be implemented in the computer step by step, this leads to a
constructive method for the construction of prewavelets. We further remark that
the Quillen-Suslin Theorem shows the existence of such an extension when the nxr
matrix A(z) over R|[z] has rank r for all z € C\ {0}. However, in the prewavelet
construction, we usually assume that the scaling functions and their shifts form a
Riesz basis of Vj, hence the corresponding n x r matrix A is of rank r only on T.
Further, our proof here for the univariate case is elementary and constructive.

We remark that further row operations may be performed on the last n — r rows
of the matrix @ in Theorem 3.2 to obtain wavelets with desirable properties, like
smallest support and symmetry. These operations preserve the relations (3.7). This
is illustrated in the example in the following section.

4. CARDINAL HERMITE SPLINE WAVELETS

For nonnegative integers n > r, let Sgp—1,,(S) be the space of spline functions
of degree 2n — 1 defined on R with knots of multiplicity = on the set S. The
space S2n—1,r(Z) has a basis comprising functions ¢, ¢ = 1,...,r, with minimal
supports. The functions are called cardinal Hermite B-splines and are uniquely
determined by the condition that they vanish outside [0, 2n — 2r+ 2] and that they
satisfy the Hermite interpolating conditions

(4.1) VW) =c b, v=1,...,2m—2r+1, k€=1,...,r
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where ¢,, v = 1,...,2n — 2r + 1, are the coefficients of the generalized Euler-
Frobenius polynomial
2n—2r
(4.2) Mon-1,(\) = Y 1),
' =0

which may be defined as the minor of order (2n—r) x (2n—r) obtained by removing
the first r rows and last r columns of the matrix

P = (8) -20)
(see [17, 11]). |

Let Vo be the shift invariant subspace generated by ¢g, £ = 1,...,r. In [6] it
was shown that the shifts ¢¢o(z — k), £=1,...,r, k € Z, form a Riesz basis of V;.
Let

Vi, ={f(2"z): fe WV}, veL.

Then V,, C V,41, v € Z, and {V, },cz is a multiresolution of L%(R)) of multiplicity
r.

__ Since the scaling functions are explicitly known, their dual polyphase matrix
P(z) can be computed using (1.2), and hence the method of §3 is applicable for
the construction of the corresponding prewavelets. The following example shows
the construction of cubic cardinal Hermite spline wavelets from two interpolatory
cubic Hermite scaling functions. This corresponds to the case m = r = 2.

Example 2. The scaling functions ¢;, ¢2 are supported on [0,2], and are given
by
61(z) = 32 — 223, 0<z<1,
BT 4+ 120 -92% + 223, 1<z<2,
ba(2) = —x% + 28, 0<z<1,
=Y —4+8r-522+13, 1<z<2.
They are C! on R and satisfy the interpolation conditions
o1(v +1) = oy, dh(v) =0, veZ,

h(v+1) =60, ¢2(v)=0, vEL
The dual polyphase matrix for ¢1, ¢3 is

1680 + 1680z 152 — 152z
—364 + 3642 —20— 20z

138271 + 3084 + 1382 34271 — 342
—41z7 1 + 412 —10z"1+64—-10z /-

6720P(z) = (

Let A(z) := f’(z)*, z € T. The method of §3 gives a 4 X 4 matrix @ satisfying the
relation QA = B, where

304 (194 271 —794) /15
0 1358/19
0 0

0 0
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Further row operations on the last two rows of () produce another matrix, which
we shall still denote by Q = (Q;;) and which still satifies QA = B. The entries of
Q are

Qll(z) = 210, Q12(2) =1, Qu3(2) =0, Qua(2) =

232736952z 102640647 22

@1(2) = S50TT6016 ~ 290116016
On(z) = 628606657 2 1361706661 2
2 ~ 7200116016 290116016 °
679 2 269563 2
Q23(z) = 482" Q24(2)——5‘8m,
Onlz) = _ 5261 2185z 5261 22
81 = 73076 ' 1538 3076 '
34895 34895 22
Qs2(2) = — + ,

1538 1538
16133 16133z
Q33(z) = 142z, Q3(2)= 69 T g9

179219 = 179219 22

T 204554 T 204554

On() — _S70M9 139611z _ 679449 22

2\ = Theqaq T 29222 58444
186150 186150 2

Q43(z) = 1 —Z, Q44(z) = — 14611 —_ 14611 .

Qu(z) =

Let @' be the 2 x 4 matrix comprising the last two rows of Q. Then (A(2)|Q’(2)*)
is an extension of A(z) of rank 4 satisfying (3.7). If we write

0 0 1 1
Ql — (QOIQI) — ( géi géz Qll Q12 >’

Qi Qb
and define g; ;(k), i,7=1,2, k=1,...,4, by

Q(2) = qu(uzk , £=0,1,

,

the corresponding wavelets {11, ¥2} which generate a Riesz basis for W, are given
by

4
Vi(2) = Y a11(k)$1(2z — k) + q1,2(k)$2(2z — k)

k=0
and
4
Yo(z) = Y 2,1(k)$1(22 — k) + g2.2(k) b2 (22 — k),
k=0

where the coefficients g; ;(k) and gz, ;(k), up to 10 significant figures, are given in
Tables 1 and 2.



AN ALGORITHM FOR MATRIX EXTENSION AND WAVELET CONSTRUCTION

TABLE 1. Coeflicients g1;;(k)

-1.710338101

k\j 1 2
0 |-1.710338101 | -22.68855657
1 1 -20.97919376
2 | 1.420676202 0
3 1 20.97919376
4

22.68855657

TABLE 2. Coeflicients g ;(k)

1

2

B
»-lkc,owr—lO(

-0.8761451744
1
0
-1
0.8761451744

-11.62564164
-12.74040107
-4.777599069
-12.74040107
-11.62564164

Figures

1 and 2 show the graphs of v, and 15, respectively. Note that ¢, is
symmetric and v is antisymmetric about %, and both have support on [0, 3].

F1GURE 1. Graph of i,
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FIGURE 2. Graph of ¢
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