MATHEMATICS OF COMPUTATION
Volume 65, Number 215
July 1996, Pages 943-982

BOUNDARY ELEMENT MONOTONE ITERATION
SCHEME FOR SEMILINEAR ELLIPTIC
PARTIAL DIFFERENTIAL EQUATIONS

YUANHUA DENG, GOONG CHEN, WEI-MING NI, AND JIANXIN ZHOU

ABSTRACT. The monotone iteration scheme is a constructive method for solv-
ing a wide class of semilinear elliptic boundary value problems. With the avail-
ability of a supersolution and a subsolution, the iterates converge monotoni-
cally to one or two solutions of the nonlinear PDE. However, the rates of such
monotone convergence cannot be determined in general. In addition, when the
monotone iteration scheme is implemented numerically through the boundary
element method, error estimates have not been analyzed in earlier studies. In
this paper, we formulate a working assumption to obtain an exponentially fast
rate of convergence. This allows a margin 6 for the numerical implementation
of boundary elements within the range of monotone convergence. We then in-
terrelate several approximate solutions, and use the Aubin-Nitsche lemma and
the-triangle inequalities to derive error estimates for the Galerkin boundary-
element iterates with respect to the H"(2), 0 < r < 2, Sobolev space norms.
Such estimates are of optimal order. Furthermore, as a peculiarity, we show
that for the nonlinearities that are of separable type, “higher than optimal
order” error estimates can be obtained with respect to the mesh parameter h.
Several examples of semilinear elliptic partial differential equations featuring
different situations of existence/nonexistence, uniqueness/multiplicity and sta-
bility are discussed, computed, and the graphics of their numerical solutions
are illustrated.

1. INTRODUCTION

Numerical solutions of nonlinear partial differential equations (PDEs) are im-
portant in applications. Historically, such work is done primarily by the finite
difference methods (FDM) and finite element methods (FEM). While boundary
element methods (BEM) have steadily gained popularity among engineers and sci-
entists in their work of computing solutions of PDEs, owing to the very nature of
their formulation, BEM are still regarded by many people as mainly applicable to
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linear PDEs. Nevertheless, progress has been made; several researchers have ap-
plied BEM to encompass nonlinearities in elliptic boundary value problems (BVPs)
with some success. For example,

(i) when the governing equation itself is linear, with nonlinearities occurring only
in the boundary conditions, then the applicability of BEM is quite ready. A
nonlinear integral equation can be formulated on the boundary; an essen-
tial feature and an advantage of BEM are retained. Error analysis for such
problems has been done by Ruotsalainen and Wendland [15], e.g.;

(ii) when the governing equation is nonlinear, with the nonlinearities occurring
in the lowest-order terms (leading to a semilinear PDE), Brebbia and Walker
[5], and Sakakihara [16] have considered iteration schemes for such problems.
Accurate numerical results for certain examples have been obtained. But no
error analysis and convergence for the discretized scheme were established in
[5] and [16].

The semilinear elliptic PDEs considered in [5] and [16] are of the form

{ Au(z) = F(z,u(z)) on £,

(11) Bu(z) = g(z) on 092,

where (2 is a simply-connected bounded domain in RY with C* smooth boundary
o, F: QxR — R is smooth such that F(z,u) is nonlinear in u, B is a linear
boundary operator of the form

(L.2) Bu=u or Bu= %— + a()u, with a(z) >0  Vz €99,

and n is the unit outward normal on Q. A straightforward iteration scheme sug-
gested by Brebbia and Walker in [5] goes as follows:

Initialize: Take an initial guess ug(x);
Iterate: Solve, for n =0,1,2,...
Aupii(z) = F(z,un(z)), z€9Q,
{ (Bun+1)(z) = g(x), z € 01,

(1.3)

where at each iteration u,1(-) is solved by a boundary element method. Although
this scheme appears quite natural and sometimes even produces nice numerical
results, unfortunately, for “strong” nonlinearities, it fails to converge in general, as
will be shown in §2.

On the other hand, the iteration scheme used by Sakakihara in [16] is the mono-

tone iteration scheme:

(1) Choose a A > 0 “sufficiently large”; (cf. (2.9))

(2) Initialize: Take an initial guess ug(x);

(3) Iterate: Solve, for n =0,1,2,...

(1.4) J Atpi1(x) — Miny1(2) = —Aug (z) + F(z, un(x)), z €Q,
{ (Bun41)(z) = g(x),  z €09

(Here up,41 is also solved by a boundary element method, but

| other general numerical methods may also be used.)
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The monotone iteration scheme is a well-known constructive method for solving
semilinear elliptic PDEs of the type (1.1). When some supersolutions and subso-
lutions (also known as barriers) are available, monotone convergence of the iter-
ates un41(z) (of the undiscretized scheme) can be established [2, 12, 17]. In [16],
Sakakihara used the Green’s formula, i.e., the commonly called direct approach, to
formulate boundary integral equations (BIEs) to solve each u,t1(z). The conver-
gence of boundary layer densities in those BIEs can be readily established, yielding
the convergence of u,(z) to some u(z) satisfying (1.1), i.e., a solution of (1.1).
Nevertheless, in practical BEM computations, a BIE formulation of (1.4) must be
discretized. Analysis of convergence and error for the discretized problem requires
the knowledge of regularities of several singular integral operators involved in the
BIEs. Such work is missing in [16].

In boundary element computations of PDEs, indirect formulations using only
simple- or double-layer potentials to represent the solution are known to have
several important advantages, one among which is a significant reduction of the
amount of quadrature involved. Here, in our opinion, using the simple-layer po-
tential representation (plus a volume potential to account for the right-hand side
—Aup(z) + F(z,u,(z)) in (1.4), see the second integral in (3.8)) is preferable to the
direct formulation adopted in [16]. This will be the basic approach taken in this pa-
per. We will undertake the task of establishing convergence and error estimates for
the discretized Galerkin boundary-element scheme corresponding to this approach.
In our attempt to establish convergence, we are faced with some fundamental issues
in the study of nonlinear PDEs: nonexistence of solutions, or the existence of multi-
ple solutions, some of which are known to be unstable [12, 17]. (Unstable solutions
may be briefly explained as a saddle-point type critical point on the solution mani-
fold, which must be obtained through a mountain-pass lemma [3] kind of argument
and are thus unobtainable as solutions of a maximization/minimization variational
problem. Or, unstable solutions may be regarded as an unstable equilibrium of a
corresponding dynamic problem.) Only after these questions are properly under-
stood can one talk about which solution the numerical iterates are converging to.
Indeed, this may help explain why earlier workers had not been totally successful
in deriving any error estimates or convergence for the boundary element monotone
iteration scheme. Not surprisingly, a certain additional working assumption (see
[H] in §4) is needed in order for the Galerkin boundary element scheme to converge.
This assumption, although looking somewhat restrictive at first glance, is actually
natural because of the needs to be able to estimate errors, especially after seeing
several types of concrete examples of semilinear PDEs analyzed and computed in
87.

The organization of the paper is as follows:

(i) In §2, we provide some further background material and discussion.

(ii) In §3, we prove the antimonotone convergence property of simple-layer den-
sities of the (undiscretized) boundary integral equations according to our
formulation.

(iii) In §4, we establish convergence and error estimates for a Galerkin boundary
element scheme, subject to the Dirichlet boundary condition. By comparing
various intermediate approximate solutions, error estimates ||u}, — U || 5+ (0)
are obtained which are sharp for the H"(Q2) Sobolev space norms, 0 < r < 2.

(iv) A distinctive feature of BEM for semilinear PDEs is that we are able to obtain
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“higher than optimal order” error estimates with respect to h, provided that
the nonlinearity is separable (cf. (5.1)). This is presented in §5.

(v) Error estimates for the semilinear PDE subject to the Neumann or Robin
boundary conditions are discussed in §6.

(vi) In §7, some typical cases of semilinear elliptic PDEs are discussed and com-
puted, with numerical solutions illustrated.

The collocation scheme is computationally more convenient than the Galerkin
one. Our numerical results in §7 are obtained via the former instead of the latter.
At this moment we are still trying to analyze errors for the collocation scheme.
This, along with several other related problems, has been partially studied [8] and
will appear elsewhere.

2. A STRAIGHTFORWARD ITERATION SCHEME
AND THE MONOTONE ITERATION SCHEME

We first review the straightforward iteration scheme (1.3). We show through an
ODE example that (1.3) does not converge in general.

Example 2.1. Consider

d2
(2.1) Tou@) —wl(@) =0, 0<az<l,

The differential operator di;g represents the simplest elliptic operator in one dimen-
sion. Multiplying the equation in (2.1) by u and integrating by parts, we obtain

1
/O ([ (@) + u()]dz = 0.

Therefore, (2.1) admits a unique solution that is trivial. (This trivial solution is, of
course, stable.)
Let us find iterative solutions of (2.1) by (1.3):

Set up(z) =C > 0;
Solve, for n =10,1,2,...
22 W@ =@, =D
{un-l—l(o) = Un41(1) =0.

For n = 0, for example, we get

uf(z) = C?,
c3
ui(@) = 52" + ez + fu,
03
ul(O) = ul(l) =0 :>/81 =0,a; = __2_,

hence

3
(2.3) ui(z) = %(x2 — ).
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In general, we have
(2.4) Un(Z) = apz™ + -+,

where the leading coefficient o, and the power m, can be uniquely determined
recursively:

Qo = C, mo = 0,
(2.5) o = al
" Bmg + 2)(3ma + 1)

Mpt1 =3Mp+2, n=0,1,2,....

From (2.5), it is not difficult to show that if we choose C' > 2k for any ko > 6,
then

2
an>ko(mn+§)—>oo as n — oo.

Consequently, the iterates u,(z) in (2.4) cannot converge to the unique solution
u(z) =0of (2.1). O

Thus, the direct iteration scheme (1.3) does not work for Example 2.1 if the
initial state ug(z) = C is not small. In contrast, the monotone iteration scheme
(1.4) works for Example 2.1 for any C € R if up(z) = C;, @ = 1,2, are properly
chosen, because

(i) if C1 > 0, then @(x) = C; satisfies

a"(z) —a(z)® = -C3 <0 on (0,1),
a(r)=C1 >0 at z=0,1.
Therefore, @(z) is a supersolution, cf. (2.7).
(ii) If Cz <0, then 9(xz) = C satisfies
7'(z) —9(z)® =-C3 >0 on (0,1),
U(x)=Cy <0 at z=0,1.

Therefore () is a subsolution, cf. (2.8).
If we choose A > 0 and C € R such that

A > max(3C%,3C3), C € (Cy,Ch),
then for the nonlinearity F(z,u) = u® in Example 2.1, we have

A—%luj=>\—3u2>0 Yu € (Cy, Ch).

The monotone iteration scheme (1.4) will work for Example 2.1, by Theorem 2.2
below.

To make this paper sufficiently self-contained, in the following we state a version
of the monotone iteration theorem.
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Theorem 2.2 ([2, 12, 17]). Let F(z,u) be C' with respect to (z,u) € Q x R.
Consider the boundary value problem

Au(z) — F(z,u(z)) =0 onQ,
(2.6)
Bu(z) = g(z) on 99,

where B is given by (1.2) with « € C*°(09), a(x) > 0, and a(x) £ 0 if Bu #u on
90, and g € C?(0R). Let u,v € C*(Q) satisfy & > v as well as

At(z) — F(z,u(z)) <0, €,
(2.7
Bu(z) > g(z), x €09,

Av(x) — F(z,0(z)) 20, z€Q,
(2.8)
Bi(z) < g(z), z € 0.

(We call @ and v, respectively, a supersolution and a subsolution for satisfying (2.7)
and (2.8).) Choose a number X\ > 0 such that

_ OF(z,u) S

(29  A-T

0 Y(z,u) €Q X [a,b], a=infs, b=supq,

and such that the operator (A — X\, Blaq = 0) has its spectrum strictly contained in
the open left-half complex plane. Then the mapping

(2.10) T: ¢ —w, w=T¢,
(2.11) ¢ €C?*Q), ¢x)€la,b] Vzeq,

where w(zx) is the unique solution of the BVP
{ Aw(z) = dw(z) = —Ap(z) + F(z, 6(x)), z€Q,
Bw(z) = g(z), x €09,
is monotone, i.e., for any ¢1, e satisfying (2.11) and ¢ < ¢o, we have
(2.12) To1,Too satisfy (2.11)  and T¢1 < Téa on Q.

Consequently, by letting Fi(z,u) = —Au + F(z,u), the iterations

ug(z) = u(x),
(2.13) (A = Nupt1(z) = Fa(z,un(z)), z€Q, n=0,1,2,...,
Bup,i1 =9 on 09,
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and

vo(x) = v(),
(2.14) (A = XNvpt1(z) = Fa(z,vn(2)), zef, n=0,12,...,
Buny1 =9 on 0%,

yield iterates u, and v, satisfying
(2.15) T=v9<v1 < Svp <o S <0 <Sup < =4,

so that the limits

(2.16) Uoo(T) = nh_)rrolo Un ()
and
(2.17) Voo (T) = nlgrol(> Un ()

exist in C2(2). We have
(1) Voo € Uoo 0N
(ii) voo and uco are both stable solutions of (2.6); B
(iii) If Voo # Uco, then there exists an unstable solution ¢ € C?(Q) of (2.6) such
that

Remark 2.3. The rate of convergence in (2.16) and (2.17) is not available in general.
To make the numerical analysis possible in our subsequent development, obviously
some additional working assumption is needed. Otherwise, numerical discretiza-
tions cause errors and make the computed solutions deviate outside the range of
monotone interations (2.9). This will be formulated in the important [H] condition
in §4. O

Remark 2.4. (a) We note that there is a useful further formulation of the above
theorem in the weak (i.e., distributional) sense.

(b) For simplicity of presentation, from now on, we will assume that F)g,,v
and 99 (consequently, also ue, and vs) are all C™° (Q2), considering that this is not
the main issue here. d

3. FORMULATION OF BOUNDARY INTEGRAL EQUATIONS
BASED ON THE SIMPLE-LAYER REPRESENTATION

Let E(z) be the fundamental solution satisfying
(3.1) (A= NE(z;)) = —6(z), xRV,

where §(x) is the Dirac delta function. It is known ([6, p. 341], e.g.) that

—2

(32) E(x;A>=}1<i>%(ﬁ) Y (@A), N2

27|z
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where H S)_l () is the Hankel function of order & —1 of the first kind. In particular,
2

we have
(33) E(z;)) = —Ko (VXzl), N=2

where K is the Macdonald function of order 0, and

Ban Ty
(34) (z;A) = Tl =3.

Let the assumptions of Theorem 2.2 be satisfied. We first consider the case when
the boundary condition is Dirichlet:

(3.5) Bu(z) = u(z) = g(z), on 992,

and defer the discussion of the Neumann and Robin boundary conditions to §6. For
the boundary integral formulation of the monotone iteration

{ (A - A)un+1 (LZI) = F\(z,un(z)), z €1,

(3:6) Unt1(z) = g(z), x €09,

the boundary integral equation by the standard direct formulation for the unknown
Op41/0n is

(3.7)
[ - y) 2t @ s, Loy 4 / o8 - y’*) o(y)do,
o

- / E(z - y;)\)FA(y,un(y))dy, z €09,
Q

as given in Sakakihara [16, (3.3)]. Once Qun1/0n is solved in (3.7), unp41 on the
entire ) can be obtained by quadratures on  and 9.
The indirect formulation is based upon the following ansatz ([6, 9, 10])

(3.8)
Un+1(z) = (§/\77n+1)(ﬂ7) - VA(%)(%)

= /39 E(z — y; \)n+1(y)doy — /{; E(z — y; V) (y,un(¥))dy, z €,

where 7,41 () is an unknown boundary layer density defined on 952 to be solved by

the BIE

(3.9)
[ By o, = 9@+ [ B@ -y WR@um@)dy, e

Comparing (3.9) with (3.7), we see that a large amount of numerical quadrature

(involved in the evaluation of |, 20 gf;gdoy) is bypassed. This approach is more

advantageous.
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Let a,b € R, A > 0 be chosen such that for any ¢ € C>°(Q),

Lﬂffi@_)mo Ve a < $(z)<b, zE€Q.

(3.10) 5

For any ¢ € C*(Q), the volume potential in (3.8) defines a continuous mapping
T €@ - 0>@), K@@= [ Pa-yNAGow)d, o<l
cf. [6, p. 216], e.g. By the trace theorem, we have
(3.11) Var(6) = Va(6)laa € C=(09).
The trace of the simple-layer potential Sy in (3.8) is denoted by Si:

(3.12) Sxn = Sxnlaa-
It is well known that Sy has the following regularity:
(3.13) { Sy: H™(0Q) — H™1(89), isomorphically, Vr € R,

Sy is a strongly elliptic pseudodifferential operator of order —1 on 9.
Now define a mapping 7 on C25(Q) = {¢ € C>°(Q) | a < ¢(z) < bon O} :
(3.14) n="T9¢,

where 7 is a function defined on 9 satisfying the BIE

(3.15) /6 Bla =y ()i, = /Q Elz -y Ny, 6()dy, @ € O

By (3.11), and (3.13)—(3.15), we have n € C*°(012), and that
(3.16) T: C35(Q) — C>(69)

is continuous.
We now establish the main theorem in this section.

Theorem 3.1. The mapping T in (3.14) is antimonotone, i.e.,
¢1,¢2 € Cg,ob(ﬁ)v ¢1 (x) < ¢2(Zl7) Vz € ﬁ

implies

(3.17) To1 > Too on ON.

Proof. Let

(3.18) i = T(,ZS,;, 1= 1,2, on 0.
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Extend ¢; and ¢, to RY by
0, z € Q°=RN\Q,
(3.19) bi(z) = i=1,2.
¢z(x)a LS ﬁ,
Then through a localization procedure ([6, Chap. 6]) it is not difficult to show that
(3.20) $i € Hi(RY), foranye>0,i=1,2.
From the definition of Syn in (3.8), by abuse of notation, extend San to all RY,

ie.,

G@) = [ Bla-yNnwio,  seRY,

We also extend Vy to RN by defining

G2)  (BHE) = [ Ba-p VR,  ceRY,

where

(8:22) F(@, ¢(2)) = { (I);‘,\(x,¢(x)), ii 2 36,

From (3.16), (3.19), (3.20), (3.22) and [6, Chap. 6], we have the regularities

(3.23) i € C®09), Vads € HEZ*(RY), forany &> 0.

Now define

(3.24) wi(z) = (Sam)(z) — (Vapi)(x), =12,
“Prifze, “—ifzeq.

By (3.14) and (3.15), we have w; |so =0, ¢ = 1,2. Also, on Q, we have
(A = Nw; (z) = FA(z, 4i(z)) = =Adi(z) + F(z, $i(2)),  i=1,2.

Therefore, w; is the (unique) solution of the BVP

1

Similarly, from (3.15) and (3.22)—(3.24), w; satisfies the exterior BVP

(A=XNw(z)=0 on Q°

(3.26) {w;r(x) = o o0, i=L2
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We now show that w, i = 1,2, satisfying (3.24) and (3.26), are trivial. For
z € Q°, |z| large, and y € Q, we have

(3.27)
lz -yl = VIz? — 2(z, y) + [y]?

) e (e

The fundamental solution E(z; ) in (3.2) is known to have fast decay for |z| large
when A > 0. For example, when N = 3, this is obvious from (3.4). For N = 2, we
have [1]

(3.28) E@M:%MWMD

1 1 —\/le|{ 1 }
~ = | ——e 1- +... %,
2\/ 2v/Alz| 8v/\|z|

Using (3.27) and (3.28) in (3.24), we obtain
(3.29)

(

11 %)) —VRle—y|
P g+ ot { [ e ey,

—/ e‘ﬁ'”“y'FA(y,@(y))dy}, N=2
Q

11 2|1 ~VXla=vlp (1) do

O] [ e eshngas,

_/ e—\/X|-’”—y|F)\(y,¢i(y))dy}’ N =3.
\ Q

For space dimension N > 3, similar expressions can be obtained. Note that each
integral inside the parentheses above decay with an exponential rate e~ VAl for |z]
large.

Let

wi (z) =

=0°n{zeRY l |z| < R}, forlarge R > 0.
From (3.26), we obtain

= [ & =Nt @i @)do
s ow (z) )
_ lim [ /mc 2wt @yio - | (9 @+ Mo o) )dx]

R—o0

- / (Vi (@)[2 + Mw (2)[2)dz,
Qe

where the limit of the boundary integral over 0%, tends to 0 as R — oo because

owf (z) ow; (z) ow] ()
———w; (z)do = —wt(z da—i—/ — =yt (z)do
0%, on ( ) 80¢ on ( ) |z|=R or ( )

= ———8w;'-(x)w+ x)ao r=\|T
= [ T e @de =D,
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and the above integral tends to zero as R — oo by (3.29). Hence w;" (z) =0 on Q°,
i =1, 2. Define

_ Jwi (@) —wf(z), z€Q°
(8:30) w(z) = {w_(x) - wi_ (z), z€Q
Then
(3.31) w(z) =0 for =€

On , the function w satisfies

(3.32)
(A = Nw(z) = —A[g2(z) — ¢1(2)] + [F(, $2(z)) — F(z, ¢1(2))]
= [¢po(z) — ¢1(2)] - [_,\ L F(@,62(2)) = F(w, 1 (2))

$2(2) — ¢1(2)
<0 by (3.12),

and on 01, it satisfies w = 0. Thus,

(3.33) { (A=XNw<0 on Q

wlan =0 on ON.
If w(z) < 0 for some x € Q, then

(3.34) minw(z) < 0.
€N

Assume that
w(zo) = min w(zx).
z€EN

Then z¢ ¢ Q by Hopf’s boundary point lemma [13]. Thus zo € Q. But

(3.35) 0> w(zg) =0, by the boundary condition in (3.33), a contradiction.
Therefore,

(3.36) w(z) >0 on .

Let VA¢; be the volume potential in (3.23). Since F(-, ¢;(-)) € H27¢(RY) (just
as in (3.20)), by elliptic regularity we have

(3.37) Vagi € HE¢(RN),  i=1,2, for any € > 0.

Further, let o o
(Vadi)t = Vagdi(z) if zeQ°,
(W)~ (z) = Mdi(z) if zeq.
Then the trace theorem gives

%(Vxéi)i € H'7¢(0Q), forany 0<e<1.
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Choose any €: 0 < € < 1. Then by the continuity of the normal trace operation we
have

I I SO P -
(3.38) a—n(VA¢z’) - 3—n(V,\¢¢) = %VMJ% — a—nV,\qbz =0 ondQ,i=1,2.
Also, let
(3.39) Gt = [ Be-&Am@ds =12
“rifpeQe, “—7ifzeq.
Then, on 092,
(3.40) 9wt @) —w (@) = - 2w (@) (by (33D)
. 5 2)] == 5w (= y (3.
im Y (x —nh) —w (z)
R1O h
. w”(x—nh)
=im M (g eon)
>0 by (3.36).

But from (3.38), we also have

o (@)~ (2)

- %{[((3\%)"‘@) — ((17,\552)"'(3;)) _ ((§A771)+(x) _ (‘7,\951)"'((17))]
—[((Sxm2) ™ (2) = (Vada) ™ () = (Sam) ™ (z) — (Vagh1) ™ (2))]}

= %ﬂ(@m)*’(ﬂ = (Sm)*(@)] = [(Sam2) ™ (@) = (Shmm) ™ ()]}
= —n9(z) — (—m(z)) (by [6, Corollary 6.5.1])
=ni(z) —me(z) 20 by (3.40). O

Hence the proof is complete.
Some numerical evidence of Theorem 3.1 is provided in Fig. 7.2.

Corollary 3.2. Let g € C*(99Q) be given. Let (3.10) be satisfied. Define
(341) Ty: CH(Q) — C=(0Q), T4 =n,
where 1 1s the solution of the BIE

(3.42) /a . E(z—y; N1 (y)doy = g(z) + /Q E(z—y; \)Fa(y, 9(y))dy, = € 0.

Then ’Z; is also antimonotone. O
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Corollary 3.3. Let the assumptions of Theorem 2.1 be satisfied. Let the monotone
iterations

uo(z) = a(z) € C°(9),
(3.43) (A = Nunt1(z) = Fa(z,un(z)), z€Q,
Unt1(z) = g(z), x € 09,

and
vo(z) = o(x) € C*(Q),

(3‘44) (A - >‘)'Un+1(x) = F,\(x,vn(x)), T e Qa
Uny1(z) =g(x), T €09,

have iterative solutions uny1 and v,y1 represented, forn =0,1,2,..., as
(3.45)
una() = [ B@ =3 i ), = [ Bl@ = N un))dy, @ €T

(3.46) vpy1(zx) = /an E’(ac—y;)\)I/,H.l(y)doy—/Q E(z—y; \)Fa(y,vn(y))dy, z € Q,

where the simple-layer densities pin+1(-) and vo41(-) are determined from

(3.47) Pnt1 = TgUn, Vny1 = Tgup, n=20,1,2,... .
Then
(3.48) bhoo = lim pip,, Voo = lim v,

exist in C°(0) such that
(3.49) 1 Sp S S St oo SVoo S U S S1p <y U

As in Remark 2.4, we again note that the rate of convergence of (3.48) is not
available in general.

4. ERROR ESTIMATES FOR THE GALERKIN BOUNDARY ELEMENT SCHEME

We first recall some basic regularity properties of the operators corresponding to
the simple-layer and volume potentials. For ¢ € C*°(f2), let V)¢ denote the volume
potential defined by

(4.1) Vrd)(@) = /Q E(@—yNéw)dy, ol

Then it is known (cf. [6, Theorem 6.3.1], e.g.) that V) can be extended to be an
operator such that

(4.2) Va: H™(Q) — H™2(Q) continuous, Vr > —1.
”V)\d)“H’"“‘z(Q) < 6’”“¢”H7‘(Q)a Vd) € HT(Q)a r> -1,
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for a constant C, > 0 independent of ¢. The trace of (4.1) induces an operator
Vi r defined by

(4.3) Warg)(@) = Wad)(z), = €0
it satisfies

Var: H(Q) — H’""'%(@Q) continuous, Vr > —1,
(4.4) there exists C, > 0 such that

VALl 18 oy < Crlldllarre, Vo € HN(Q),r > 1.

Note the relationship
(4.5) Vag = WiF (-, ¢("))

from (3.8).
Let the simple-layer potential S be as defined in (3.8), and let S be the corre-
sponding trace as given in (3.12). It is known ([6, Chap. 6]) that

Sx: H"(8Q) — H™+3(Q) continuous, Vr € R,
(4.6) there exists 5’,. > 0, such that
“§A77||Hr+§(9) < Crlinllz-ony, ¥ € H"(99).

Also, from (3.13), for each r € R, there exists a C, > 0 such that

~-1

@47 C. Inllaroa) < ISxllar+ioo) < Crllnllarea), — ¥n € HT(9Q).

Let {Sp | 0 < h < hg} be a 1-parameter family of finite-dimensional boundary
element approximation spaces that form an (¢, m)-system Sﬁ’m(é)ﬂ), with {,m €
z+ ={0,1,2,...... }, £ > m+1, on 89, in the sense of Babuska and Aziz [4],
satisfying
(1) Approximation property:

For each ¢ € H!(dR), there exists a ¢, € Sy such that

(4.8) ¢ — Bullae o0y < Crsh**llae 00y,  Vh: 0 <h < ho,

where —¢ < s <t < ¢;|s|,|t| <m, and C¢ is a constant independent of h and ¢.
(2) Inverse property:
There exists a constant M, ; > 0 such that

(49)  lonllarony < Mseh®Hlnllmea0)y,  Yén € Sn, Vh: 0 < h < hg,

where s <t, and |s|, |[¢t| < m.

We now implement the monotone iteration scheme according to Corollary 3.3.
For definiteness, we will only discretize the (supersolution) systems (3.47) and
(3.49). The subsolution systems (3.43) and (3.46) are analogous and thus can
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be handled in a nearly identical way. The Galerkin boundary element method can

be formulated as follows:
(i) Set

(4.10) ud (x) = a(z),z € Q, cf. the first equation in(3.43).
(ii) For each n =0,1,2,..., and h: 0 < h < hy, find nZ“ € Sp, such that

(4.11) (Sxmt, én) = (g + VArF (-, up), ¢n), Vén € Sh,

where ( , ) signifies the L?(0Q2) inner product.
(iii) Define

(4.12) u () = Syt () — OWF(G,uf))(x), €0, n=0,1,2,....
Note that (4.11) and (4.12) correspond, respectively, to the discretization of (3.42)
and (3.45). We also see that in (4.11) and (4.12), quadrature evaluations are in-
volved in the determination of VA\F(-,u}) and VxrF(-,u}). Since, in principle,
these quadrature evaluations may be carried out to as high an accuracy as desired,
we assume that VAF(-,u}) and V) rF(-,u}) are ezact (although in practice, these
quadrature evaluations are rather tedious because the integration is carried out on
the domain, and numerical errors are involved). From now on, without further
mention, we also maintain all the assumptions and notation used in Theorem 2.2.

Our main objective is to estimate ||uoo —u}|| (@), Where u is a stable solution
as announced in Theorem 2.2(ii). The following working assumption is crucial; it
enables us to obtain rates of convergence:

There exist constants v; and 2 such that
—)‘1<71S%i,_u)3727 V(x7u)€©-, @Eﬁx{a,b],
where A1 > 0 is the smallest eigenvalue of —A on 2 subject
to the homogeneous Dirichlet boundary condition. [J

[H]

Because g—f; is continuous, it easily follows from [H] that for a sufficiently small

6 > 0, there exist 9; and ¥, such that

OF (z,u) <A

5o <2 Y(z,u) € Qs, Qs;=0x[a—6b+6].

(4.13) =\ <H <
This small § will provide the “breathing room” to accommodate the errors in the
numerical operation for the iterates to stay within the range of monotone iteration.

Lemma 4.1. Let u,y1 be iterated according to (3.43) and let ue be the limit as
in (3.48). Denote €" = Uoo — U,. Then we have

(4.14) ”en+1||L2(Q) < a;\l+1||eolle(Q), n=012,...,
where
A-H
4. = 1
(4.15) 0< ay T <
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Proof. Since us and un1 satisfy, respectively, (2.6) (with Bu = u) and (3.43), we
obtain by subtraction

(4.16) { (A = Ne™*H(z) = FA(2, uoo () — Fa(x,un(2)), z€Q,

e"tl(z) =0, z € ON.
Multiplying the above by —e"*!, integrating by parts and using \;|le”*}|? <
IVer 1|2, we get

(4.17) e < —

3+ N ”F)\(',UOO)_F)\("UH)”7

where all the norms without subscripts are L?(02). Let

(4.18) M, = sup [A - M} .
(m,u)e@s Ou

Then

(4.19) 0< My < A—%.

(Actually, 41 can be taken to be ; here.) We get

(4.20)
I tie) = Bl = |- |2 = oot =Bl o
< Mi||uoo — unl|-
Substituting (4.20) into (4.17), we obtain
e < STl S anllenl, ax= 3 <1
Hence (4.14) follows. O

Lemma 4.2. Let 7™ and ut' be defined as in (4.11) and (4.12) for n =
0,1,2,... . Let (I, defined on 8, be the (unique) solution of the BIE

(4.21) (SxG ) (@) = g() + VarF(z,up(2), = €0
Then there exists 5,5,3 > 0, depending only on s and t, such that
(4.22) [+t = ¢t ooy < Co sk ICEH e (a0

wherem < —1,—-((+1)<s<t<{ s<m, —Zg——%Smand—mS—%St.

Proof. Since S, satisfies (4.7), according to Hsiao and Wendland [10], the order

of Sy is 2o = —1, ie., @ = —3. Invoking [10, Corollary 2.1}, we obtain the

conclusion. O
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Lemma 4.3. Let N =2 or 3, and let
(4.23) eo(N) = {?z’n arbitrarily small positive number, g ]]X ; g,
Then for £ > 2 and m > 1, there exist positive constants K. Ny and K such that
(4.24)
17 = ¢ | oo (o) < Keo(ary B2 ™M [fuco | 2 (@) + Mo €% 2oy
+ I, uk) — FaCy un)llzz @),
(4.25)
I+ — C;?H”H—g(ag) < Kh?(|[uco || a2y + Maak €| L2 ()
+ I FAC up) = FaCun)ll 2@l
Yn=0,1,2,...,0 < h < hg.
Proof. We have from (4.22) and property (4.7) of S,
(4.26)

I+ - b ¢

G M lareoen (a0) < Cy eoyh? ISXGE

1
2

H3(80)
~ = 1.
< G eomy Oyl oy + IVALEAC Uy o) (by (420)

< (CeomCPRE gl 5 oy + CollFACu) 2] (by (44)

@

IA
o

= 1_. o
1eo(n)C1)h? °(N)[||9||Hg(8m + Co(lIFx(yup) — Fa( un)llz2()
+ [1FA( un) = Fa(s uoo)lln2(e) + [1FA(, too) | L2(0)]
eo)C1 )R "M [Clluo|| () + CoMaa} €| L)

+ Col| Ba(yu) = Fa(yun) |2 @)y

where in the last inequality we have utilized the properties that u., satisfies (2.6),
the trace theorem, (4.14) and (4.20). Therefore, (4.24) has been established. From
(4.22), we have

<(C

1
2

n+1l n—l—l“

Il

n+1
H 3 (80) = %—%h (¢4 ”H%(an)
h?

n+1
%”S/\Ch ”H%(OQ)'
The rest is the same as in (4.26). O

Remark 4.4. Lemma 4.3 remains valid even if €o(N) = 0 when N = 3, where the

constant K, (y) remains bounded as €9(/N) | 0. But in the discussions henceforth

we will only utilize the part when o(N) is positive yet nonvanishingly small. O
From (4.21), we now define

(4.27)

wZH( ) (S)\Cn+1)(x) - (VAF(7'U’7I:))(x)7 T € Qan =0,1,2,...,0< h < ho.

It is readily seen that w"+1 satisfies

A - Nuwptt = Fy ,u?) onQ,
R
witt =g on 99.

<
<C

_3
2

Nl

)

(4.28)
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Lemma 4.5. Let N = 2 or 3. Let C®F(Q) be the Hélder space of continuous
functions with exponent 3,0 < 8 < 1, on Q. Then for eo(N) satisfying (4.23), and
for B sufficiently small, we have a positive constant K ;0( N) such that

(4.29)
lup*t — wp | o) < Kéo(zv)h%_s"(m[||Uoo||H2(n) + Mo} |le°]| L2 o
+ [1FACyup) = FaC u™) 2 @),
forn =0,1,2,...,0 < h < hg, where K;O(?,) may grow unbounded as £9(3) | 0
when N = 3.

Proof. We use the Sobolev imbedding theorem (cf. [6, Theorem 2.1.3], e.g.)

N
(4.30) fllcos@ < Clfllgs), for 0<B=s-— 5 <5
to get
(4.31) lup ™ = Wil gos @y < ceollun™ = Wil g eoem @)’
where
0<B<3 . N =2,
(4.32) B = eo(3) if N—3

Note that c., T 00 as €9(3) | 0. Continuing from the right-hand side of (4.31), we
have

g —wh o @ S czo ISA (T =G| piteom ) (Py (412) and (4.27))

< oo Coom I = G oo (by (4.6)).
The rest of the proof follows from Lemma 4.3. a
Lemma 4.6. Let N =2 or 3. Then there exists a constant K > 0 such that

“wZH - un+1“co,ﬁ(?z‘) < K||Fx(-yup) — F/\(',Un)“m(n)

(4.33)
Vn=0,1,2,...,0 <h < hy, where 0 < 8 < 1/2.

Proof. From (3.45), (4.27), (4.30) and (4.32), we get
lwi ™ — gl gos @ < cllwp™ = tngallza)  (for 0 < B < 1, by (4.30))
< cllSAEET = ) lz2(@) + IVAEAC, ul) = FAC, un)) 2]
< CiC4 1SN (¢ - )l 53 o)
+IAEACun) = FaC un)lmz)] - (by (4.6), (4.7))
< €l Coam VAL (B CouE) = Byl
+ AN uR) = FaC un))lla2 ()]
SN FAC,uR) — Falun) |l 22 (by (4.2) and (4.4)).0

Similar to Lemmas 4.5 and 4.6, we give the parallel estimates in the L?({2) norms
in Lemma 4.7.
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Lemma 4.7. We have
(4.34)
uptt = wit | L2i) < KR?(lucolla2(e) + Maa}lle®] 2 (o)
+ [[EA(, uR) = FaC, un)ll L2y, for some K >0,
(4.35)

. 1 ,
| wptt = uptr || z2) < P I Fx( up) = FaC, un)ll2 (o),
Vn=0,1,2,3,...,0 < h < ho.

Proof. From (4.12) and (4.27),
™t = wpt 2@y = ISx M = ) lza o
<Oyl =Gy (bY (46)).

The rest follows from (4.32).

To show (4.35), we use that u,,1 and wj™' satisfy, respectively, (3.43) and
(4.28). Subtracting (4.28) from (3.43) and estlmating as in (4.16) and (4.17), we
obtain (4.35). O

Corollary 4.8. (i) Let N =2 or 3. Then for eo(N) satisfying (4.23) and for 3 > 0
sufficiently small, with B being related to eo(N) through (4.32), we have a constant
K’O(N) > 0 such that

£

1

(4.36)
1_
[u ™ = tngallgos @y < Klonyh? ™M [[[uollm2() + Maak €| 2 (o)

1 = —
bW + Klanh? EO(N)]”FA( up) = FA(, un) | L2(a)s

Vn=0,1,2,...,0 < h < hy, where K o(v) May grow unbounded as €0(3) | 0.
(ii) There exists a constant K > 0 such that

(4.37)

n . 1
o = sl < KRl Jacellmcy + M llizo] + (550 + K4

IFAC,uR) — F,\(',Un)HLz(Q),
Yn=0,1,2,...,0 <h < hg.

Proof. The inequality (4.36) follows from an application of the triangle inequality
to (4.29) and (4.33), while (4.37) follows likewise from (4.34) and (4.35). O

Theorem 4.9. Let N = 2 or 3 and let eo(N) be given by (4.23) and 8 > 0 be
sufficiently small, with 3 being related to eo(N) through (4.32). Then there ezist
ho:0< hg < hg and py : 0 < px < 1, independent of h and n, such that

(4.38)
It = ol go.s @y < Ko vy 2 == [|co | 200 + o
(4.39)
Jup™ = wng1llz2 ) S KR [lucoll a2 () + O%

0 L2,

210 L2 ey),
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and
(4.40) a—68<ult (z)<b+6, VYn=0,1,2,...,0<h<hg,

where K[ (v) and K are constants independent of h and n.

Proof. Since 0 < a\ < 1, we can choose ho > 0 so small that

(4.41) 0<ax+KMhi<py<l1,

_1_ _1_ K -
442) (KL ok ™ (e + KL vy Mahg ™) (———) R3]

1—pa
Mool m2() + Malle®] 2()] < 6,

for some py: 0 < p) < 1. By induction, we may assume
uf(z) €la—6,b+6],V2eQ, k=0,1,2,...,n, 0<h<ho.

Hence, similar to (4.18)—(4.20), we have
(4.43) _
IF (- uf) — F(ouwe)llz@) < Malluf — ukll2@), k=0,1,2,...,n, 0<h< h.

Using (4.41) and (4.43) in (4.37), we obtain

(4.44)
lup ™ = w1l L2(e)

< KR [|luco|l m2() + MaaR (€022 (o]

+ PA{ER*[|[ucoll 20y + Maoy 7M€ Loqoy] + oallup ™" = un—1ll2)}

KR2(1+px+ -+ p%) ucoll rr2(0)
+ EMAR? (0 + paoy '+ -+ o3 ran + o) [1€%] 2y,

<
<

where in the last inequality, we have used u9 = uo = u. Since a) < 1, we derive

(4.45)

)h2[||uoo||H2(n) + Myl 2 o),

Vn=0,1,2,..., 0<h< he.

luptt = uns1l 20 < (1 .

By applying (4.43) and (4.45) to (4.36), we then obtain

(4.46)
4t = tnsillcos @ < Keoryh? =M |ltico 20y + Malle®l| 2 (o)),
Yn=0,1,2,..., 0<h<hy,
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where
7 1 K
(4.47) eo(m) = Kooy (@ + Koo vy Mahg =) (1 - P,\) h¢ jreow,

Thus, (4.40) is obtained from (4.42), (4.46), (4.47) and the induction hypothesis.
To get (4.39), we note that o < py from (4.41). Then, instead of (4.45), we
obtain from (4.44)

(4.48)
K

— P
< K h l ” n+1h2 0 |
<3 [tool 12 () + h2 P lle®]| 2

—Px
Yn=0,1,2,..., 0<h<hg,

I = vl < (T2 ) Bl + 2008 (S ) R0l

where we used (4.41). Thus, (4.39) follows from (4.48) by setting K =
max {7 ;Kp -, 711?}

Finally, by using (4.40), (4.41) and then (4.48), we obtain (4.38) from (4.36).
The proof is complete. a

The inequality (4.40) is important because it guarantees that each numerical
iterate u(z) does not fall out of the range of validity, Q x [a — 6,b + &], of the
monotone iteration, and for the applicability of (4.18)—(4.20). It also partially
explains why we need an assumption like [H].

Theorem 4.10. Let {Sp, | 0 < h < ho} be a family of (£, m)-systems on 0 with
£>2andm > 1, and let N = 2 or 3. Assume [H], so that there exists a small
number § > 0 for which (4.13) holds. Then there ezist constants K1 > 0, K2 > 0,
and an hy: 0 < hg < hg, such that for any r: 0 <r < 2, we have

(4.49) up = oo |l () < K1h* " ||ucoll m2() + K203 ||€°] 20

and

a—6<up(z) <b+s,
for all m = 0,1,2,... ,h: 0 < h < hg, where €® = us — @ and 0 < py < 1.
Therefore, uf converges to us as n tends to co and h tends to 0.

Proof. Similar to the procedures in (4.26), by using (4.39) and (4.43), we have

(4.50)

~ l_
I+ = G laegom < Oy oh3 1G4 oy

< (5%,35% YhE~*[Clluco| 2() + CoMaat |l 2o
+ CollFa(,uf) = Fa(yun) 22y
< (Cy,4Ch*[Clluco 2 + CoMral[l€”l| 2oy

+ EOM/\RhQ(“Uoo”Hz(Q) + 3 11€° ) 2oy
< C1h®~||ucoll 20y + P21l L2 ()]s
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where —(£+ 1) < s < 1/2. From here we then have, cf. the proof of Lemma 4.7,

(4.51)
et = i g gy = DA = Gl v ) < Coll™ = G+ e oy

< Coh5 ™ |uco | r2(@) + PRl 2] (by (4.50)).
Let 7 = s+ 2 in (4.51). Then
(4.52) Jup ™ — wpt ) < Coh® " llusoll a2 () + P21 L2 (o),

where—€+%§r§2.
For 0 < r < 2, we have

(4.53)
lwp ™ = wngallzr@) < Wit — tnsall a2 ()
< Col|Fa(up) — Fa(un)llzz@)  (by (2.13) and (4.28))
< CoMy|lup —unllzey  (by (443))
< (CoMrK)R?[||ucoll 2 () + PRNIE%N L2()]  (by (4.39)).

Combining (4.52) and (4.53), we obtain

(4.54)
[up™ = Unsillar @) < Csh?* Moo | m2() + PRI L2 ()],  0<r <2,
Vn=0,1,2,...,0<h< }_7,0.

Also,

(4.55)

[Un+1 — Uooll () < l|Un+1 — UoollH2(02)
S CAllFA(, un) — Fa(, uco)llr2y  (by (4.16))
< CaMi|un — UoollL2(0)
< OMxoR|lefLz)  (by (4.14)).

Then, upon noting a) < p, we see that (4.49) follows from (4.54) and (4.55). O

Let oo be the limit of the simple-layer densities {un}$° given in Corollary 3.3.
We give the error estimate ||} — oo || in the following theorem.

Theorem 4.11. Let N = 2 or 3. Let {85, | 0 < h < ho} be a family of (¢, m)-
systems with £ > 2 and m > 1. Then for s: *—231 <s< %, there are constants
K1 >0 and K3 > 0 such that

102 = oo | (02) < K1h 3~ [uco| 2@y + K203 [1€°l| 2

(4.56) .
VYn=0,1,2,..., h: 0<h<h.
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Proof. First, from (4.21) and (3.47), we have that for s < 1/2,

(4.57)
G = pnllmeon) = 1S5 A r(FaCui) = Fa(, un))llas o0
< CortVar[Ba(ul) =B (- u)]| i on)
(for any s € R, by (4.7))
< Kllup —unllr2@)  (by (4.2) and (4.43))
< K'B?[||ucollg2() + PRIIE% ] 2], from (4.39).
Also, from (4.50),
(4.58)
It = ¢t s om) < KA [Jlucollm2(ay + A3l L2 ()], —(£+1) <5 <

| —

Similarly, from (3.47), (3.48), and the proofs of (4.57) and Lemma 4.1, we have
1
(4.59) 1t = pooll ooy < K012y for s < 7

From (4.57)—(4.59) and the triangle inequality, (4.56) follows. ‘ O

In our proofs above, for the Sf;’m (09Q)-systems we have used, because of the need
of the inverse inequality we require that |a| < m (cf. the proof of Lemma 4.2 for
), a= —%, leading to m > 1. Thus piecewise constant boundary element spaces
S;’O(BQ) are excluded. However, this restriction may be relaxed for N = 2 if we
use S,‘f, the space of smoothest splines of degree d with respect to a quasi-uniform
mesh on 9, which is a smooth Jordan curve in R2. In this case the approximation
property (4.8) holds for all s <t <d+1,s<d+ %, and the inverse property (4.9)
holds for s <t < d+  [12]. By [14, Corollary 4], in (4.24) we now have

(4.60)
It = G msa0) < CR°|ICE  lmeom) — (d+2) S s <t <d+1,

1 3
— — — > 0.
s<d+2, t> <d+2), d>0

Therefore, all of the lemmas and theorems after Lemma 4.2 in this section remain
valid for these S¢ systems with a quasiuniform mesh on 92 when N = 2. In
particular, we state the following.

Theorem 4.12. Let N = 2 and let {Sy | 0 < h < ho} be a family of S¢ spaces
of smoothest splines of degree d (€ ZT) with respect to a quasiuniform mesh on
O0. Under otherwise the same assumptions as in Theorems 4.10 and 4.11, we have
K;>0,i=1,2,3,4, and hg: 0 < hg < ho,0 < p < 1, such that

[y — vooll 20y < K1h* ™" [[tios || 2 () + K203 1€l 20
*llusollzr2(0) + Kap3 €2 (e
(K3 and K4 depend on s),

77 — twoo |l s 502y < K3h?™

Vr:0<r<2, n=0,1,2,..., h:0<h<hy s —(d+2)<s<1/2. a
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Remark 4.13. The error estimates obtained in Theorems 4.10-4.12 are all of the
separable form

K1l |lucoll 2y + K205 [1€% L2)s ¥ > 0.

It is obvious that these estimates are asymptotically tight. a

Remark 4.14. Error estimates of ||u}, — ucl||gr(q) With respect to higher-order
Sobolev space norms H"(f2), with r > 2, and for space dimension N > 3, are
possible if we make an assumption like -

(4.61)

IEA G wa (1) = FaCyue(Dllam@) < Malluz—uallgm@), m =1, Yur,uz € H™(Q),

for some sufficiently small My, to supersede (4.20). But (4.61) appears unnatural,
and leads to cumbersome notation. So we do not go into this. d

5. HIGHER THAN OPTIMAL-ORDER ERROR ESTIMATES
FOR NONLINEARITIES THAT ARE SEPARABLE

A special feature of boundary elements for nonlinear PDEs is that for an im-
portant class of nonlinearities, one can obtain higher than “optimal order” error
estimates with respect to the h-parameter. Let us assume that F(z,u) in (1.1) is
separable, of the form

(5.1) F(z,u) = ag(z) f(u) + fo(z),

where ag, fo € C°(Q), and f € C*(R), and that g(z) = 0 on 9.

Lemma 5.1. Let {S, | 0 < h < ho} be Sﬁ’m(aﬂ)-systems with £ > 2 and m > 1
when N = 2 or 3, or be S,‘f-systems of smoothest splines of degree d with quasi-
uniform mesh when N = 2. Then there are hg: 0 < hg < hg, px: 0 < px < 1, and
constants K1 > 0, Ky > 0 such that

(5.2)

175 = Gt -sr2(00) < Kih® o [lullg2) + o311€% | L2) + K2],  Vo: 0<o <1,

for all0 < h < hg,n = 0,1,2,..., provided that F(x,u) is of the form (5.1), and
9 = 0. In particular, Ko =0 if ag(x) and fo(z) in (5.1) are constant functions.

Proof. We first recall the Sloboditskii norm |ju||2 = |u|2 + ||u||%2(ﬂ), where

|u|§ — / |’LL(.’1?) _ u(y)|2dxdy

|.’13 _ y|N+20r
QxN

for 0 < o < 1. It is known that the Sloboditskii norm is equivalent to the Sobolev
space norm || - ”%{v(ny From (5.1), we have, fora —§ < u(z) <b+ 6,z € Q,

|Fx(z, u(z)) — Fa(y, u(y))|
= [A[u(z) — u(y)] — [ao(x) — a0 (¥)]f (w(z)) — ao(V)[f (u(z)) — f(u(y))]
+ [fo() = fo()]l,
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from which it follows that
(5.3)
IEX(5 w)lo < Alulo + (| fllcta—s,p+6)laols + ”aOHCO(ﬁ)||fI”C°[a.—6,b+6]|u|a + | folo
= Chluls + Co, 0<o<1.

Because of (4.48), we can get
(5.4) IE5(, uh) = Fa(s too)llL2(e) < Mallug — ucollz2(e)-

Similarly as in the proof of Lemma 4.5, we obtain

Inptt = it | r-sr2 a0y < Csh2+°l|€2+1||H%+a(m)

< Cuh* || Fa(uf)|lgo(q)y  (because g = 0 in (4.21))
< Gl [|FaCyup)lo + IIFACHuR) — P too) lz2(e) + IIFA( too)l L2(a)]
< C4h* 7 [Chluf|s + Co + My [[uf — uoollL2(0) + Cslluo |l m2()]

(by (5.3) and (5.4))
< Cah?** 7 [Co(||upy = uooll o () + Crlltioo| | H2(0)) + Co]
< Csh*™[|lucol| m2(0) + PXII€% )| L2 () + Co]  (by Theorem 4.10).0

Now, the following is obvious.

Theorem 5.2. Assume the same conditions as in Lemma 5.1. Then there are
three constants C; > 0, i =1,2,3, such that

[uff — usol|zr(0) <C1AXIIE% ]2 () + C2h* ™ (||ucs || H2(0) + C3)
Vh: 0<h<hy, n=012,..., 0<o<l1l, 0<r<2

In particular, Cs = 0 if ag(z) is a constant function and fo(z) =0 in (5.1). d

6. NEUMANN AND ROBIN BOUNDARY CONDITIONS

The treatments in §4 and §5 deal with the Dirichlet boundary condition. We
now consider the case when the boundary condition is

(6.1) aéﬁu(x) + a(z)u(z) = g(z), x € 09,

where a(z) > 0, a € C*°(99). The condition (6.1) corresponds to a Neumann or a
Robin boundary value problem depending on whether a(x) is or is not identically

equal to zero.
For (6.1), we formulate a corresponding assumption similar to [H]. Let A} be the

smallest eigenvalue of the operator (— A, [& + a(-)]|). Then \{ = 0if a(z) =0
and A} > 0 if a(z) > 0 but a(z) £ 0. We assume:
[H]" There exist constants v{ and -4 such that

V(z,u) € Q = Q X [a,b].
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Similar to (4.13), we now have that for a sufficiently small § > 0, there exist 7] and
44 such that

62  HN<Hn<TEV s e eQ=xa-sb+el

Let A > 0 be chosen sufficiently large such that

(6.3) M, = sup [A - M] > 0.
(2,u)€Q; Ou

Then

(6.4) 0< M <X—7,.

Lemma 6.1. Let the assumptions in Theorem 2.2 and (6.1)—~(6.4) hold. Let up+q
be iterated according to

{ (A = Nuny1(z) = Fa(z,un(z)), z€9Q,

(6.5) Z%unﬂ(ac) + a(z)unyi(z) = g(z), =z €09, ge C®(IN),

and let u be the limit as in (2.16). Denote €™ = Uo, — U,. Then we have

||€n+1||L2(Q) < al)\n+1”60||L2(Q), n=0,1,2,...,
where N\
_ ' N
0 =1 <.
SOEXT S

Proof. Refer to the proof of Lemma 4.1. Instead of (4.16), we now have

(A = N)e™t(z) = F\ (2, uso (2)) — Fr(z,un (), =€,
{ z%e”“(w) + a(z)e ! (z) =0, z € 09

Multiplying the above by —e™*! and integrating by parts, we get

/ ale”+1|2da+/ |Ve"+1|2dx+)\/ le"+!|2dx
o9 Q Q

< NP too) = Pl un)ll 2 € | L2 (e

[/ a|v|2da+/|Vv|2dx]
00 Q =\,

m =
veHY(Q) [v]1Z2 g

But

Thus,
A+ DN 22y < NP uoo) = Fr(s un)llzz@y el 2 o)-

The rest of the arguments are the same as in the proof of Lemma 4.1. |
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Proceeding as in §4, we now note where the places are that need to be adjusted
to accommodate the boundary condition (6.1). The iterate un11(-) satisfying (6.5)
is still represented as in (3.8), but 7,1 is determined from the BIE

(6.6)
Brtnt1(z) = %nnﬂ(w) + /6 o [ aimE(w —4;A) +a(z)E(z - y; )\)] Nnt1(y)doy

= 9(0) + (@) VA F( 1) (@) + 2= OAFC,u))(@), @ € 00,

instead of (3.47). Note that B, is a strongly elliptic pseudodifferential operator of
order 0 (= 2a according to the notation in [10]) with principal symbol 1 such that

(6.7) By: H(02) — H®°(9Q) isomorphically, Vs e R.

Therefore, (6.6) is uniquely solvable.

The Galerkin boundary element method for (6.5) is almost the same as in (4.10)-
(4.12), except that (4.11) is replaced by

(ii)’ For each n=0,1,2,...,and h: 0 < h < hg, find 17,';'H € S, such that

(Bt dn)r2a0) = (%, n)r2(00),  Vén € Sh,

where * denotes the sum in the last equality of (6.6), but with u} taking the place
of uyp,.
Next, we let (,71”'1 be the unique solutions of the BIE

(BrGh ) () = g(@) + a(z) VArF (-, up) (@) + %(VAF(‘,UZ))(I), z € 99,
(instead of (4.21))

from which we define w}t!(z) just as in (4.27).

It is now routine to check that beginning from (4.21) in Lemma 4.2 and ending
at (4.60), all the estimates remain valid. Indeed, we obtain the same results under
a less restrictive assumption on Sﬁ’m(aﬂ)——here we only require that £ > 1 (and
m > 0) because 2a, the order of By, is zero. Thus the requirement that || < m
made in [10, Corollary 2.1] and [14, Corollary 3] is now automatically satisfied with
m > 0.

7. NUMERICAL EXAMPLES

The theory developed so far was molded by computations of concrete examples of
semilinear PDEs. In the following, we will present several such examples featuring
various situations, with numerical solutions illustrated by computer graphics.

The steps that we take are indicated by a flowchart next. For definiteness, we
only consider the Dirichlet boundary condition for = D;, the unit open disk in
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FLOW-CHART

1. Initialize: Take an initial guess wg(z),z € .
Set 7 = 0. Select A > 0 to satisfy (2.9).
2. Compute the volume potential

Vas(e) = / B —)uy )~ Py, )y, o€

3. Solve the unknown simple-layer density 7,1 (-) from the boundary
integral equation

/ E(z —y)nj+1(y)doy = g(z) — / E(z — y)[Mw;(y) — F(y, w;(y))]dy,
o Q
z € 0N).

4. Compute the solution

win@ = [ Ble-ynawdo, + [ Be-y)iuy) - Feu @)y,
o Q

z€Q.
5. If [lwjr1 — wyllz2(q) < €, exit. Output and stop.
6. Else j :=j + 1;

continue.

R2. The boundary value problem is of the form
(7.1) Au(z) — F(z,u(z)) =0, z € Dy,
‘ u(z) = g(z), z € 0D;.

Note that at Steps 2 and 4 of the flowchart, the volume potential V} ;(z) and
the iterate w;1(z) are computed by quadratures of high accuracy with 864 Gauss
points placed on the unit disk. The Gauss points are selected by using the Cartesian
Gauss rule for the polar coordinate variables (r,6): dividing the unit disk into
4, X 244 elements and using 3, X 39 Gauss points in each element. The key step is
the solution of the boundary integral equation for the simple-layer density n;4+1 in
Step 3. In our numerical work, 1,41 is solved by point collocation using piecewise
constant boundary elements (i.e., Si’o(aﬂ)—systems) with uniform mesh on 912,
where 0 is divided into 64 equal pieces of arc (i.e., h = 27 /64). Here collocation is
taken as a measure of convenience, because the Galerkin boundary element method
as stated in (4.10) and (4.12) involve significantly more programming work. It
is also for this reason that in this section we have not attempted to confirm the
error estimates given in §5 and §6 experimentally. We nevertheless hope that the
examples furnished here will serve as useful benchmarks for researchers doing similar
work, and that in the future we will also be able to derive and numerically verify
error estimates for the boundary element point-collocation scheme.

In all our numerical computations, € = 104 has been used as the relative Ly
error in solutions to terminate the iteration, see Flow-chart Step 5.

We first test the accuracy of our computer program this way. Choose a known
(smooth) function y(z),z € Q, and for a somewhat arbitrary function F, where F
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is nonlinear in u, we compute the solution of

{ Au(z) — F(z,u(z)) =0, z€Q,
u(z) = y(z), z € 09,

where

F(z,u(e)) = F(u(z)) + [Ay(z) - Fy(@))], = €.

Obviously, y(z) is an ezact solution of the (artificially set example) above. We then
use y(x) as a benchmark to test whether we can numerically recover u(z) = y(z).
The computer results are affirmative: the output data have shown high accuracy.

In the following, we provide numerical examples which do not have exact so-
lutions available. The accompanying theoretical discussions are to a large extent
motivated by visualization of the numerical results.

Example 7.1. Multiple solutions—two stable solutions bounding an unstable one.
Consider

(7.2)

{Au(ac) —yu(z)[u(z) — a][u(z) — 1] =0, =z € Dy,
u(z) =0, x € 0Dy,

where v > 0, 0 < a < 1/2. It is easy to see that u(z) = ¥(z) = 0 is a solution.
One can further establish that @(z) = 0 is stable. This solution is of less interest
because it is trivial.

Substituting @(x) = 1 for u into (7.2), we also easily verify that %(z) is a super-
solution. (Actually, @(z) = C for any C > 1 will do.)

-5 .

FIGURE 7.1. A bell-shaped stable positive boundary element numerical
solution u(z) satisfying Au— u(u— $)(u—1) = 0 and the zero Dirichlet
boundary condition for Example 7.1.
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In (7.2), we have

(7.3) F(z,u) = F(u) = yu(u — a)(u — 1),

OF
Bu

=7[3u? — 2(a + 1)u + a).

In our computation, we choose

1
=1 = —
v=100, a 7

yielding max

OF
i 75,

=y[(u—a)(u—1)+u(u—1)+ u(u— a)]

u € [0,1].

Thus, if we choose @(z) =1, A = 75.69, then (3.10) is satisfied.

The monotone scheme beginning from ug(z) = @(x) = 1 takes 30 iterations,
yielding a bell-shaped function ue(z) as shown in Fig. 7.1. According to Theo-
rem 2.2, this is a stable solution. Since uwo(z) Z 0 = 9(z) = voo(z), We know
from Theorem 2.2 that there is at least one unstable solution of (7.2), called a

“spike-layer” solution, sandwiched between vy, and Ueo.
Generally, it is known that for (7.2), the following are true:
(i) Any solution u of (7.2) must satisfy 0 < u(z) < 1;

(ii) For v > 0 sufficiently small, (7.2) has the trivial solution as its only solution;

(iii) The spike-layer solution exists only when v > 0 is large.

Meanwhile, the antimonotone convergence of the simple-layer densities, guaran-

teed by Theorem 3.1, is reflected in Fig. 7.2.

O
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FIGURE 7.2. The antimonotone convergence of the simple-layer densi-
ties for Example 7.1. While the solutions u}}(z) decrease monotonically
on the unit d1sk the 51mple-layer dens1t1es ny (:v) increase monotonically
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Example 7.2. A monotone dissipative operator equation.
Consider

(7.4 {Au(w)—"‘““‘(w)ﬂwi o= (z1,22) €Dy, 7 >0,

’LI/(IE) =0, T E 8D1

The nonlinear operator A on the left-hand side of the PDE in (7.1) is known to be
a monotone dissipative operator as it satisfies

(Nuy — Nug,uy — ug)r2(p,) = ((Aug — 4ud) — (Aug — 4ud), u1 — up)
= [ 10 =) - 4 ~ )0 — )

= —/[lv(ul - u2)]2 + 4(“? - ug)(ul — ug)}dz <0,

for uj,ug € HZ(D;). From the theory of monotone dissipative operators it is
straightforward ([11], e.g.) to establish that (7.4) has a unique solution u €
C> (D).

From the way (7.4) is given, we can further prove that the solution satisfies
u(z) < 0, z € D;. Assume the contrary. Then by the usual maximum principle
[13] G = {z € D; | u(x) > 0} is nonempty. Thus, on G,u satisfies

Au(z) = 4u(z) + yz2 >0, z€G,
u(z) > 0, z €@,
=0, T € 0G.
But for u satisfying Au > 0 on G and u = 0 on 0G, the maximum principle implies
that u(z) <0 on G, a contradiction.

For (7.4), we have F(z,u) = 4u®+~x?2. For Dy, it is known that \;, the smallest
eigenvalue of —A corresponding to the homogeneous Dirichlet condition, is (cf. [7,
p. 188, e.g.)

A1 ~ (2.4048)2 ~ 5.783063.

Therefore,
F
(7.5) g—u =12u? > 0> —\; ~ —5.783063.
We may take @(z) = 0 as a supersolution, and 7(z) = —C, C > 0, as a subsolution,

if C is chosen such that 4C% — yz? > 0, Vz € D;.

Because of (7.5), we easily see that [H] and (4.15) are satisfied for 4; < 0 if |71]
is small. ‘

In our numerical computations, we choose v = 10 and A = 4. The computation
takes 8 iterations to converge. The numerical solution is plotted in Fig. 7.3. The
reader can easily see that the solution u(z) is nonpositive. O

Note that Theorem 5.2 applies to Examples 7.1 and 7.2.
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FIGURE 7.3. Boundary element numerical solution of Au — 4u® = 10z?
subject to the zero Dirichlet boundary condition, Example 7.2.

Example 7.3. A nonlinear PDE of nonmonotone type whose existence or nonex-
istence of stable solutions of one sign depends on the size of forcing.
Consider

(7.6)

Au(z) + 4u(z) = v22, z €Dy, >0,
u(z) =0, x € 0D;.

Suppose we are interested in finding nonpositive solutions
(7.7) u(z) <0 on Dj.

This condition is now appended to (7.6). Later on, we will be able to remove
(7.7) provided that v > 0 is sufficiently small, and that proper supersolutions and
subsolutions are chosen; see (iii) below.

We now show the following,.

(i) The system (7.6) and (7.7) has no solution if v is large.

Let ¢1 be the first eigenfunction of —A satisfying

Ad1 + M1 =0 on D, ()\1 =~ 5.783063),
(7.8) é1(x) > 0 on Dy,
#1lap, = 0.

Here, ¢1(z) > 0 because we know that ¢; is of one sign on D (cf. [6, §3.1], e.g.).
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From (7.6)—(7.8), we get
/ zi¢)(z)dx = / [Au(z) + 4u®(z))¢1 (z)dz
Dy
A [~Xu(z) 1 (z) + 4u® (z)]61 (z)do
- /D u(e)é1 (@) [ (z) — Mldo
= /D u(2)61 (1) 42 (2) — M d
+ [ a0 @) - Ml
Di,2
where
Diy={zeDy|—v/\/2<u(@)<0}, Dis={zeD|ul)<-vA\/2}

Hence,
(7.9) 0< fy/D zi¢1(z)dz < /D u(z)d:1 (z)[4u? (z) — \i]dz.

On D; 1, we have VA1/2 > —u(z), and A\; > A\; —4u?(z). Using the above in (7.9),

we obtain )
3 [ Vie@ndezy [ ae@s,
D11 D,

A3/ fD é1(x)dzx < A3/ Jp, $1(z)dz

(7.10) TS S, @ 2], o (@)

Thus, if v > 0 is chosen large enough to violate (7.10), the system (7.6) and (7.7)
will not have a solution.

(ii) If the system (7.6) and (7.7) has a solution for v = 1 > 0, then for all
v: 0 <y <, the system (7.6) and (7.7) also has a solution.

Let @ be the solution corresponding to 7;:

(7.11)

Adi(z) + 43 (z) = n122, z € Dy,
ﬁ(x) S 0 on Dla
i(z) =0 on 0D;.

Consider u, satisfying

(7.12) u(z) <0 on Dy,

Au(z) + 4ud(z) =v22, z€ D1, 0<~y<m,
u(z) =0 on 8D;.
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Thus, it is easy to check that @(z) = 0 is a supersolution for (7.12). We also
claim that ¥(z) = @(x) is a subsolution, since

At(z) + 49°(z) — y2f = [Ad(z) + 48°(z) = nad] + (v — )t
=(m-72z{>0 onD,

and #(z) = t(z) = 0 on 8D;. By Theorem 2.3, a solution u(z) of (7.12) exists,
satisfying 4(z) < u(z) <0 on D;. O
(iii) The system (7.6) and (7.7) possesses a stable solution @y:a1(z) < 0 as well
as a second solution ug: uz(z) < u1(z),z € Q, if v > 0 is sufficiently small.
We already know that @(z) = 0 is a supersolution of (7.6) and (7.7). We now
construct a subsolution. Let w(z) satisfy the Lane-Emden equation

(7.13) w(z) >0, on Dy,

Aw(z) + 4w?(z) =0, on Dy,
w(z) =0, on 0D;.

It is known (cf. [12], e.g.) that (7.14) has a unique solution (that is, also radially
symmetric and monotonically decreasing in |z|). Thus, we write w(z) = w(r),
r = |z|, z € Dy. Define

(7.14) we(x) = aw(ar), 0<a<l
Then it is routine to verify that wq(x) satisfies
Awg () + 4w (z) = 0, we(z) > € >0, for e = aw(a) and z € D;.
Let
(7.15) (z) = —Pwa(z), 1> >0, for some fixed 3.

Then
Av(z) +40°(2) — 2t = —BAw,(z) — 46°w} (z) — vzl
= 4pw} (z) — 46°w](z) — 72
= 46(1 - *)wl(z) — et
> 46(1 ~ 5%’ — vzt 2 0,
if v > 0 is sufficiently small. Also,

9(z) = —Pwa(z) = —Paw(a) < —Pae, if =z € 0D;.

Thus %(z) is a subsolution, if 7 > 0 is sufficiently small. Hence the system (7.6)
and (7.7) admit a stable solution for v > 0 sufficiently small. Call this solution ;.
From (ii), we further see that @; 1 0 uniformly as v | 0.

To establish the existence of the second solution %y < 3 (on ), we use a
variational approach. For ease of discussion, set z = ~u in (7.6) and (7.7), giving

Az(z) + 423(z) +y212 =0, on Dy,
(7.16) > 0, on Dy,
=0

, on 8D;.
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Note that z; = —u1 is a solution of (7.16). Setting w = z — 21 in (7.16), we obtain

Aw(z) + [12212(z)]w(z) + [1221 (z)|w?(z) + 4w(z) = 0, z € Dy,
(7.17) {w(m) =0, xz € 0D;.

We now look for a solution of (7.17) that further satisfies
(7.18) w(z) >0, x € Dy.

When v > 0 is sufficiently small, ||21]|ze(q) is small. Thus [|12212]|ze(q) < M
(cf. (7.8) for A1) is satisfied for small v > 0. Then an application of the usual
Mountain-Pass Lemma [3, 12] yields a classical solution w of (7.17) and (7.18).
Hence, Gy = —(z1 + w) < @1 < 0 on § is a second solution.

For (7.6), we have

F(z,u) = —4u® + ya2, Z—Z = —12u2.
Although the subsolution as given in (7.14) and (7.15) is not known explicitly, it
can be verified that the conditions [H] and (4.15) are satisfied if A > 0.
In our numerical experiments, we have chosen v = 10 and A = 4. The numerical
iterates converge after 16 iterations. The graph of the numerical solution @; can
be found in Fig. 7.4. O

; \//w....-.,. ................ ee
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FIGURE 7.4. Boundary element numerical solution of Au + 4u® = 10z?

subject to the zero Dirichlet boundary condition, Example 7.3.
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Example 7.4. A nonlinear PDE of nonmonotone type with a unique stable non-
positive solution.

Consider
(7.19) Au(z) + du*(z) = y22, € D1, v>0,
’ 'u,(:c) =0, x € 0D;.
It is easy to see that @(z) = 0 is a supersolution, and #(z) = —C, C > 0, is

a subsolution if C is chosen such that 4C% — vz? > 0, Vz;: |21] < 1. Thus, by
Theorem 2.2, there exists a stable solution u(z) such that —C < u(z) <0, Vz € D;.
We now show that nonpositive solutions of (7.19) are unique. Suppose u® and u(®
both are nonpositive and satisfy (7.19). We may assume that

(7.20) u® () > u? (z) vee Dy, u® #u®,

Otherwise, by Theorem 2.2 and Remark 2.4(a), 7(z) = min{u( (z),u® (z)}, z €
D,, is a subsolution of (7.19) and monotone iteration with #(z) as the initial state
will yield a limit solution uq, () such that u()(z) > ue (), Vo € D1, uV) # uce.
From (7.19) and (7.20), we have

1 2
0— / [u@) ou® ) 0ul )J do= [ [u®Au® — 4O A1z
8D n on D,

= —/ [u® (4uD” — y22) — u® (4u®’ — y22)]de
Dy

= —/ [4uMu® (D — @) 4 422 (D — u@)jde < 0,
Dy

a contradiction. 0O

Thus, in contrast to Example 7.3, the size of v here does not affect the existence
or nonexistence of the unique stable nonpositive solution. (Nevertheless, we do not
rule out that some other stable solutions not of one sign may still exist.)

For (7.19), we have

oF
(7.21) F(z,u) = —4u® + 4z}, — = —8u.

Ou
Note that we need only consider u < 0. Here, to ensure that [H] and (4.15) are
satisfied, we need only use A = 0.

In our numerical computation, we choose v = 10 in (7.19) and use A = 4. The
numerical solutions converge after 9 iterations. The limiting solution is plotted in
Fig. 7.5.

Although the PDEs in Examples 7.2, 7.3 and 7.4 seem to have vastly differ-
ent nonlinearities in a qualitative sense, we nevertheless notice that the solution
graphics in Figs. 7.3, 7.4 and 7.5 seem to display similar profiles. O

Example 7.5. A nonlinear PDE of nonmonotone type, whose stable solutions, not
of one sign, may be obtained through symmetry.
Consider

3 — 3
(7.22) {A“(ﬂf) +4u?(z) = vz, €Dy, v>0,

fu,(q;) =0, T € 0D;.
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FIGURE 7.5. Boundary element numerical solution of Au + 4u? = 10z?

subject to the zero Dirichlet boundary condition, Example 7.4.
Here the forcing term vyz$ changes sign as z moves from D; _ into Dy 4:
Dy_={xeD;|z <0}, Dy y ={zx € D; |z >0}

Note that, if u(x) is a solution of (7.22), then so is —u(—z1,22), i.e., u is an-
tisymmetric with respect to the zs-axis, and thus we deduce that u(z) = 0,
xz € D1, _ N D 4. So we need only consider the boundary value problem

(7.23) At(z) + 433 (x) = vx3, z € Dy 4,
’ i(z) =0, z € 0D 4,
because on Dy _ we simply have u(z1,us) = —t(—z1,2) for z € Dy _. The nonlin-

ear boundary value problem (7.23) is similar to the one considered in (7.6) because
the forcing terms yz3 and yz? are all nonnegative on each domain. So essentially
all the arguments in parts (i)—(iii) of Example 7.3 apply. The only concern one
might have for (7.23) may be that 0D, 4 is not a C* curve. Nevertheless, 9D 4 is
Lipschitz continuous. With suitable modifications, the arguments still go through
and there will be no problems.

In our numerical computations, we again choose v = 10 in (7.22) and use A = 4.
The numerical solutions converge after 13 iterations, using ug(z) = 0. The graphics
is given in Fig. 7.6. The reader will find that the solution changes sign across the
To-axis. O
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FIGURE 7.6. Boundary element numerical solution of Au + 4u?® = 1023
subject to the zero Dirichlet boundary condition, Example 7.5.

Remark 7.6. How restrictive is the working assumption [H] made in §47 From Ex-
amples 7.1-7.5, we see that for the monotone equation (7.4) in Example 7.2, [H]
is always satisfied. The BVP (7.4) also has the least trouble with existence and
uniqueness. For the BVP in Example 7.1, when + is sufficiently small, condition
[H] holds. However, [H] fails when  is large, because the system (7.1) has multiple
solutions that can be separated only by nonconstant sup- and subsolutions. So it
appears that an alternative assumption to [H] is required. Nevertheless, computa-
tionally we are still able to obtain convergent numerical solutions.

For Examples 7.3 and 7.4, even though the existence/nonexistence and unique-
ness/multiplicity of solutions are harder to determine, condition [H] can still largely
be confirmed. In any case, regardless of whether [H] can be confirmed a priori or
a posteriori, numerical solutions can always be generated by the computer and
motivate us to establish further theoretical properties of solutions as given in this
section. This is an indication of the usefulness of the development of a combination
of theory (i.e., monotone iterations) and numerical methods (i.e., BEM). O
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