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ON WEIGHT FUNCTIONS WHICH ADMIT EXPLICIT
GAUSS-TURAN QUADRATURE FORMULAS

LAURA GORI AND CHARLES A. MICCHELLI

ABSTRACT. The main purpose of this paper is the construction of explicit
Gauss-Turdn quadrature formulas: they are relative to some classes of weight
functions, which have the peculiarity that the corresponding s-orthogonal poly-
nomials, of the same degree, are independent of s. These weights too are
introduced and discussed here. Moreover, highest-precision quadratures for
evaluating Fourier-Chebyshev coefficients are given.

1. INTRODUCTION

Given a function w which is positive and integrable on the interval [—1, 1], the ze-
ros Zi,... ,%n of the nth-degree orthogonal polynomial corresponding to w provide
the nodes of a quadrature rule for the integral

1
(L1) I(f;w) = /_ f@u@)s

which is of maximum degree of precision. That is, there are positive weights
A1, A2,..., A, such that

(12) I(f;w) = Qo(fiw) := > _ Nif(=;), fE€man1,

=1

where 7, := the space of all polynomials of degree < k. Moreover, there is no
formula using a linear combination of n values of f that gives I'(f;w) for all poly-
nomials of degree 2n. This classical result on “Gaussian quadrature” was extended
by Turédn in his interesting paper [13]. Turdn considered quadrature rules of the
form

2s n

(1.3) Qs(f;w) ==Y Mejf P (z;,0)

k=0 j=1

and showed that such rules have a maximum degree of precision 2(s + 1)n — 1.
Moreover, he showed that the n zeros x;,...,Zn s of the monic polynomial of
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degree n which minimizes the expression

1
(1.49) | w@P @
-1
over all such polynomials gives a quadrature rule of maximum degree of accuracy,
(15) I(f: w) = Qs(f;w)> JE€ T2(s+1)n—1-

Turdn’s elegant extension of Gauss quadrature attracted considerable interest
and still remains an attractive area of investigation. For instance, Gauss-Turdn
formulas are dealt with in the book [2], and the numerical problem of computing
Turén formulas was studied in [3] and also [11], while an application to singular
integrals is treated in [5].

Even in the case s = 1, Turdn left unsettled in [13] the determination of the
signs of Ag; and Ay, in his formula. Using some facts about monosplines, one of us
proved in [8] that alternate weights are always positive, namely,

(1.6) Aej >0, k=0,2,...,25, j=1,2,... ,n.
Later, it was shown in [9] for the Chebyshev weight

(1.7) Weo(z) := (1 —2?) V2 z€(-1,1),

that Agj,7 = 1,...,n, can be both positive and negative. Explicit formulas for

all the Gauss-Turdn formulas corresponding to this weight function were also given
in [9], in terms of certain divided difference functionals at the zeros of the nth
Chebyshev polynomial,

(1.8) T,.(z) = cosnb, z = cosb, 0 € [0, ],

(1.9) & =cos[(2j —)m/2n], j=1,2,...,n.

In another paper [10], these ideas were extended and also related to the work
in [7] and [2] on certain periodic versions of the Gauss-Turdn formulas. This ad-
ditional information allowed the identification of the asymptotic behavior of Ag;
corresponding to the Chebyshev weight function we, when n — oo and s is fixed,
a problem raised in [14].

Recently, it was observed by one of us in [4] that for the class of weight functions

(1.10) wa, () := 2|2 (1 — 2?)*, uw> -1,

explicit Gauss-Turan quadrature formulas can be given for all s, at least when
n = 2. Convergence properties of these formulas as s — oo were studied in [4], and
later in [6] these new quadrature formulas were used for the efficient computation
of Cauchy principal value integrals.

The weight functions (1.10) studied in [4] and [6] fall into the category of “gen-
eralized Jacobi weights”, which have been studied from other points of view in [1],
[12], among others.

In this paper, sparked by the observations made in [4] about Gauss-Turdn quad-
rature formulas, we introduce for each n a class of weight functions (which include
certain generalized Jacobi weight functions) for which explicit Gauss-Turdn quad-
rature formulas of all orders can be found. Our results therefore extend and unify
some of the results in [4] and [9)].

The paper is organized as follows. In §2, we define the class of weight functions
which are of interest to us. We then develop some of their properties and also
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give a few examples. Section 3 contains extensions and improvements on results
from [9] and [10]. Finally, the last section contains explicit Gauss-Turdn quadrature
formulas for the class of weight functions described in §2.

2. WEIGHT FUNCTIONS

The Fourier-Chebyshev expansion of a function f defined and integrable on
[-1,1] is given by

2.1) i/AnTn(x),
n=0
where _
1
(2.2) A, = An(f) = % /_ @) (@wec(a)da

are its corresponding Fourier-Chebyshev coefficients. The prime on the summation
indicates that the term corresponding to n = 0 is halved.

For each n, we define the class W, to consist of all nonnegative integrable func-
tions w on [—1, 1] such that the function w/we has a Fourier-Chebyshev series of
the form

e /
(2.3) w/weo = Y péTatn
£=0
where convergence holds relative to the weighted L'-norm
1
(2.4) | @@l
Accordingly, for every w € W,, and f € C[—1, 1] we have
T o
(2.5) I(f;w) = EZ peAzen(f)-
£=0
In particular, it follows that
‘ 1
(26) 1) =% [ felwm(@le, femns.
-1
Consequently, if px,k = 0,1,..., are the polynomials orthogonal relative to w,
normalized so that po(z) = 1, and
pe(x)=2F1zk ... k>1,

then (2.6) implies that
(2.7) pszk, k=0,1,...,n.

Moreover, recalling the fact that

n

1
28) [tz =T f€). femnn
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(cf. [2]), we conclude that the Gauss quadrature formula for any w € W, is likewise
given by '

(2.9) I(fw) = Z2 37 FE), f €mannn,
j=1

This formula is our first indication that it is feasible that explicit Gauss-Turdn
quadrature formulas for any w € W,, can be found. In fact, (2.9) accomplishes this
goal for s = 0, the Gaussian case.

The first step in our quest for Gauss-Turédn quadrature formulas identifies the
s-orthogonal polynomials of degree n for any w € W,.

Proposition 2.1. Let w € W,, and 1 <y < oco. Then

min { /_ 11 IT(2) — p(a) w(z)dz : p € wn_l} - /_ 11 (T (2) [ "00(2) o

Specializing this result to v = 2s + 2 implies that the n-th degree s-orthogonal
polynomial relative to the weight function w is T, (independently of s).

Proof. For every polynomial p we have

1 kg
(2.10) / 1T (2) — p(e) [ w(z)de = / | cosnf — p(cos 8)["g(8)d6
. —1 0
where
(2.11) 9(0) := w(cosh)|sinb|, 0 € [—m, 7).
According to (2.3),
(2.12) 9(0) = Z/pg cos2lnf, a.e. 6 € [—m, 7|,
£=0
and hence
m
(2.13) g(0) = g<6 + ﬁ)’ a.e. 0 € [-m,m|.

Now, without loss of generality we suppose that 1 < v < oo, and therefore the
polynomial p° € m,_; which minimizes the left-hand side of (2.10) is unique. Using
equation (2.13) and also the fact that

' cosn(0+%)=—-cosn0,
we cbnclude that the function
(2.14) ¢°(8) := p°(cos 0)
necessarily satisfies the equation
(2.15) a°(6 + %) =—¢"().

Next, we express q° in the form
PO)= Y g€’
|jl€n—1
for some constants g;, |j| < n — 1. Then formula (2.15) implies that
g;(1 +eij%) =0, [jl<n-1,

from which we conclude that ¢° = 0. O
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We end this section with an example of a family of weight functions in W,.
Recall that the (n — 1)st-degree Chebyshev polynomial U,_1 of the second kind is
given by

sinnd
Un_l(cose) = W’ 0 € [O, 7T].
For every p > —1 we consider the generalized Gegenbauer weight
(2.16) Wy () 1= |Up—r (2) /mP* T (1 = 2%)*, z€[-1,1].

When n = 2 we get
wo,u(z) = lz|#*1(1 - 2?)¥, z€[-1,1],

which is the weight function studied in [4] and [6]. In general, we have

(2.17) Wy, ,(cos )| sin ] = n~ 2| sinng|? 1
and so foralln=1,2,... and 4 > -1
Wn,p € Wh.
Moreover, we have
1
(2.18) / Thon (@)wn u(2)de = ke/n® ., £=0,1,...,
-1
where
1
(2.19) g 1= / Toe(@)(1 — 22)idz, £=0,1,....
-1

Thus, we obtain for f € C[-1,1]

1 oo
I(fiwnp) =~ > keAan(f),
=0
where

1
(2.20) I(f3wn) = / f@)wn (@)

3. DIVIDED DIFFERENCE FUNCTIONALS AT THE CHEBYSHEV NODES

To obtain explicit expressions for the Gauss-Turdn quadrature formulas for
weight functions in W,, we need to review some results from [9] and, at the same
time, provide improvements and extensions of them.

We begin by recalling the form of the generating function of the Chebyshev
polynomials. Specifically, for z € [—1, 1] and complex ¢ in the unit disc, viz. [¢| < 1,
we have

1—¢
. =2
(3:1) 1—2zt+¢2 EtT
We write the left-hand side of equation (3.1) in the form
a(t)
2 =
where

(3.3) at):=(t—-t1)/2
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and
(3.4) B(t) := (t+t71)/2.
Therefore, (3.1) takes the form

o0
(3.5) G, =23 ¥y,
j=0

Observe that to express a linear functional L(f) in a series of Fourier-Chebyshev
coeflicients is tantamount to identifying the constants L(T%), k£ = 0,1,..., which
can be found directly from (3.5) by expanding L(G;) in a power series in t. We
consider the functionals

(3:6) Lo(f) =D _f(&)
and
(3.7) Lol(f) = f1EE &0, k=120,

where the last functional signifies the divided difference of f’ at the points &1,... ,&,
each repeated with multiplicity k. Lemmas 1 and 2 in [9] provide expansions of
these functionals in terms of the Fourier-Chebyshev coeflicients of f. To explain
these results, we introduce the functions

(3.8) ge(2) =281 = 22)/(1+ 22 k=0,1,...,

each of which has a power series expansion in the unit disc

o0
(39) gk(z) = nglze) IZI < 1)
£=0
whose coefficients are given by
1 £=0 .
’ . o =1y, £=254+1,
(310) goe = 2(_1)]7 L= 2.77 J > 1’ gie = ( ) J .
. 0, otherwise,
0, otherwise,
and for k > 2
1) GG @iHR) s L g
(3.11) gke = (=1) K ’ J + ’
0, otherwise.
Lemma 3.1. For every t in the unit disc,
(3.12) Lo(Gt) = ngo(t"™)
and for k >1
(3.13) Lr(Gy) = nk2™*gi (t™).

Proof. First we prove (3.12). To this end, we observe that

Lo(Gt) = a(t) Z 51—_15(_,5)
= —a(t) T, (B(t))/Tn(B(2)).

(3.14)
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Since

(3.15) Ta(B(t) = (t" +t7")/2, teC\{0},

it follows that

(3.16) T,(B(t) =n(t" —t™")/(t —t7"), teC\{0},

and so substituting these formulas in (3.14) gives
Lo(Ge) =nt =)t —t™™)/(t -t H(E" +t7")
=n(1—t*")/(1 +t2") = ngo(t").

For the proof of (3.13) we use the easily verified fact that for any z1, ... , Z., and
ze€ C\{z1,...,Zm}

1

3.17 ho(Z1,... ,Zm) = )

( ) (xl z ) (z—ml)--~(z—xm)
where

1
(3.18) h.(z) == i
Equation (3.17) even holds if the points z1,... ,Z,, are not distinct. In particular,
by specializing (3.17) to the nodes
{xkla 7$kn} = {51,“ . )gla"- ,§m~~ 7£n})
- T

differentiating both sides of (3.17) with respect to z, we get

(3.19) h(EF, - &) = k2O TDRT (2) /T (2),
and consequently

(3.20) Li(Gy) = —ka ()2 DT (8(2)) /TE (B(2)).

Once again, we appeal to equations (3.14) and (3.15) and after some simplification
(3.13) follows. O

This result leads to a series expansion of £y f in terms of the Fourier-Chebyshev
coefficients of f. In particular, for f = G; where |t| < 1 we have from (3.5) that

(3.21) Aj(Gy) =2/, j=0,1,...,

and so for k > 1
o0

(3.22) Li(Gr) = nk2™* 71> " g 25 1k A2j+i)n(G)-
=0

Therefore, for any f € G := algebraic span{G; : |t| < 1} we conclude that

[ee)
(3.23) Li(f) = nk2™71 > " gk 254k A@jskn(F)-
7=0

Similarly, for the same functions f € G
o0
n
(3.24) Lo(£) =5 D g0.2iA2n(f).
—~

Our goal is to invert these formulas, that is, to solve for the Fourier-Chebyshev
coefficients of f in terms of the linear functionals Lx(f), k = 0,1,...; of course,
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only multiples of n can be found from the functionals £r. We do this in two
stages. First, for each ¢ > 0 we solve for Age,(f) as a linear combination of
Lok(f), k = 0,1,.... Then for each £ > 0, we solve for Azps1)(f) as a linear
combination of Lox+1(f), k = 1,2,.... In each case it is helpful to express equations
(3.23) and (3.24) in matrix notation.

For the first case, we introduce the upper triangular matriz G = (Gre)k,e=0,1,...
whose elements are defined as

n

590,2& k= 0’
(3.25) Gre = § nkd™gog 0e, £>k>1,

0, L <k.

Then, replacing k by 2k in (3.23), we get
(3.26) (Lo(£): L2(f), - )T = G(Ao(f), A2n(f), - )T‘

Since the elements of G on its main diagonal are nonzero, G has a unique upper
triangular inverse. This matrix will allow us to invert equation (3.26), and therefore
we identify it in the next lemma.

Lemma 3.2. Let H = (Hy)k4=o0,1,... be the upper triangular matriz defined for
k,£>1 by

(3.27)
oo
Z Hyplz® = n~ 14 Dk=k(1 — /1 — 4-nH12)2R(1 — 4771 5) 712 |5 < 4771,
=1

fork=0,£>1 by

(3.28) iHmzz@ =n (1 -4 7V2 1), |2l <4™7Y,
=1
and -
2 k=0,
(3.29) Hyo = {8, E>1
Then
H=G".

Proof. According to the definition of H we have for all 7 in the unit disc and k£ > 0
that

() k
n 1—+1—171
3.30 —Hypov/1— § Hynrd™ /T 77" = (——) )
( ) 2 kO T+ 2 krNT TT . m

Now, choose any t in (—1,1) and observe that |T,,(3(t))| > 1 and set 7 := T, 2(8(¢))
in (3.30). Recalling that

(3'31) Tn(ﬂ(t)) = (tn + t—n)/2 ’

we see that

1— t2n 2
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and therefore
1+vV1-71

Substituting these equations into (3.30) gives

(3.33)

1_t2n S 1_t2n

n
34 _H H nri2rn
(3.34) 5 BT +§1 L T

or equivalently
o0

n
(3.35) 5 Hkogo(t") + D Hirnrd™ gar (t") = .

r=1
Moreover, from (3.25) we see that
n
S Gen = 00 =0,
. =
=0 nrd™ ge,.(t"), 1T >1.

Therefore, we get

[o olENe o}

Z Z HkrGret%n — ¢2kn ,
B £=0 r=0
which proves
3 HiGre=6ke, k€=0,1,.... O

r=0

1575

To present the next result, we let ', denote the lemniscate {z : |T,(2z)| = 1}.
The function z = (3(t) gives a 1-to-1 conformal mapping of the unit disc |t| < 1 onto
the extended complex plane with the segment [—1, 1] deleted. Hence the preimage

of the exterior of the lemniscate under this map is the domain
(3.36) D, :={t:|t]| <1, |T.(8())| > 1}.

This is a symmetric subset of the unit disc which includes the interval (—1,1). Let
R be a region which contains the lemniscate T',, in its interior and A(R) the class

of all functions holomorphic in R.

Theorem 3.1. Let f € A(R). Then for allk >0

(3.37) Agkn(f) =D HirLor ()-

r=0
In the case k = 0 equation (3.28) implies that
1
2

(3.38) Hor = ﬁi(

)4-<"-1>", r=1,2,...
nr

r
and (3.29) gives

(3.39) Hoo =

31w

Thus, setting

3.40 P e VLY ) R PP
( . ) aJ T 2j4(n_1)j j ’ J_ y My ey
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we get from Theorem 3.1 the formula

! dx T =

(3.41) v
= % {L‘O(f) +Zaj£2j(f)} .

j=1

Formula (3.41) was proved in [9], where it was pointed out that the partial sums
of the series in (3.41) provide the Gauss-Turdn formula for the Chebyshev weight.
Specifically, specializing (3.41) yields

(3.42) /f {Zﬂ@ Z%N?wwﬁ%
Jj=1

for all f € ma(s41)n—1. Moreover, the right-hand side of (3.42) has the Gauss-Turdn
form (1.3).

The case £ > 1 of Theorem 3.1 likewise yields Gauss-Turdn formulas for the
Fourier-Chebyshev coefficients of f. Namely, for any s > 1 we have

(343) A2k:n f) ZHka ('S . a£727,j)a f € T2(s+1)n—1-

Jj=1
Proof. The main idea of the proof is covered in the proof of Lemma 3.2. First, we
point out that for ¢t € D,, and f = G equation (3.37) reduces to (3.35) by using
Lemma 3.1. Hence, (3.37) has been proved for this case .
Now, let f € A(R) and choose a § > 0 so that the simple closed curve
={z:|T.(2)] =1+ 6}

is contained in R and contains I',, in its interior. For z € [—1,1], the Cauchy

integral formula gives
_ f (C)
f(z) = 2mi /1“ ¢— x
Every ¢ € T corresponds to a t € D,, with { = ﬁ(t). Therefore,

|Asgen (f Z HieLok(f)|
=1

/MHWWM@ > Huala(Go) dC)
e_
According to (3.35) the integrand goes to zero as m — oo, thereby establishing the
result. |

Next, we turn our attention to the second case mentioned earlier. Namely, we
shall now find a formula for the Fourier-Chebyshev coefficients A(a41)n(f), k >0,
in terms of the functionals Lo041(f),£ > 0. For this purpose, we introduce another

upper triangular matrix G = (éke)k,£=0,l,... defined by
N n(2k + 1)2“(2k+1)_192k+1 241, L2k,

3.44 Gre = ’
(3.44) ke {o 0<t<k.

bl
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Then (3.23) implies that for f € G

(3.45) (Lr(F), £3(f)s ) = G(Au(f) Asn(S), - )T

and so again we are faced with the problem of finding the upper triangular inverse
of a prescribed upperAtriangular matrix. In this case, the matrix is G. To facilitate
the identification of G~1, we observe from (3.9) and (3.44) that

oo

(3.46) D GratPIm = (k4 1/2)2°** Vgap 4 (17), |t < 1 € Dy
£=0

The next lemma follows from this formula.

Lemma 3.3. Define the upper triangular matriz H= (fI k)ke=0,1,.. by the gener-
ating functions

(3.47)
Z Hio(204+1)2°

£=0
= —2:4("_1)kz_k_1(1 — /1 —4-ntlg)2k+1(] 4_"+1z)_1/2, |z| < 4771,
n
Then H is the unique upper triangular inverse of G.

Proof. For every 7 in the unit disc we have

S —n+2 _ —\k
(3.48) 37 Hi(2r + )47 D77 = 2 I-vI-nF 1
no (L+vI-7)k1yI-7

r=0

Now, for t € D,, and 7 = T}, 2(3(t)), equation (3.48) becomes

oo
-~ n - n 1— t2’n "
@49) 3 Hmlor + 12 gy = 2

r=0

By equation (3.46), the above equation has the equivalent form

(e <lNe o] .
=0 r=0
which implies that

e A A
ZHkrGrm = Ogm. O
=0

This lemma leads us to the next theorem whose proof is similar to that of The-
orem 3.1 and therefore is omitted.

Theorem 3.2. Let f € A(R). Then for any k >0

(350) Agksrn(f) =Y HirLoria (f)-

r=0

Specializing (3.50) to the case k = 0, we get

(3.51) An(f) =Y Hor 1Lor-1(f)-

r=1
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Since
(oo} . 271,
ZHOT(21" + l)zT = 77,—2_1((1 _ 4—n+lz)—1/2 _ 1)
r=0

we conclude from (3.40) that

o gn+1l X2
Z Ho,_1(2r+1)z" = rogz".
r=1 r=1
That is,
n+1
Hopy = 2n QTT_ 7o T21,
and so equation (3.51) becomes
gn+1 e
Al = 5 3 g g
In particular, this implies that
gn+1 S

(3.52) An(f) = Z2J 7iL2-1(f)

for f € m(254+1)n—1, a formula from [10, Theorem 4.2], where it was pointed out that
(3.52) is of maximum degree of precision among all quadrature formulas of the type

2s—1 n

DN M f P (ass).

k=0 j=0

4. GAUSS-TURAN QUADRATURE FORMULAS FOR WEIGHT FUNCTIONS IN W,

In this section, we combine our observations of the two previous sections and
derive Gauss-Turdn quadrature formulas for any weight function w € W,,.
Our first result is

Theorem 4.1. Let

j i
’YJ:ZHejpb .7=0)1727
=0

Then the Gauss-Turdn quadrature of order s for w € W, is given by
T S
(4.1) I(fiw) = §Z7j£2j(f), [ € ma(st1)n—1-
§=0

Proof. We eliminate the Fourier-Chebyshev coefficients from equations (2.5) and
(3.37) to obtain the result. d

As an addition to (2.9), we specialize (4.1) to the case s = 1 and obtain the
quadrature formula

1 n
4n [ feuEi=12 S+ $ Tt 2) e g2, f e
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Here we used the fact that
Goo Got 7 —-n
GlO G11 0 n4™)’
Hoo Ho1\ _
Hyy Hpp

n

so that

O3
e
BN
3 3
\.—/

It is easy to check that

f/(é'%, ,£'r21,)= f(§])+(1_§g)f”(£])],

and so, for any f € mg,—1, We get from (4 2)

/ f@)w(z)dr = Y Zf &) — (po+p1) ng (&)

j=1
””"”Z —2)1(,).

We now provide a Gauss-Turdn quadrature formula of highest degree of precision
for An(f).

Theorem 4.2. Let

_ {Po + p1, £=0,
= $(pev1+pe), £>1,
and
v; = Z/ﬁej,ue, j=0.
=0
Then

1 s
T
(4.3) /1 f(@)To(z)w(z)dx = 2 Z viLajr1(f), f € m2s43)n—1-
_ =
Proof. First we recall that whenever

el /
F=> AT
j=0
it follows that

Ry
= 52 A;j(Tntj + Tin—j1)
7=0

=3 ZA Tin—j) + Z j—n + Ajin)T;.

J.-_'n+1
Hence we conclude that

Ay, £=0,
Aopn (T,
wn(fT) = { $(Ae—1yn + Ageriyn), €21,
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Therefore, equation (2.5) implies that

2 [ 1 o
2 [ s@T@u@ds = DA+ 53 plAae-nn + Agen)
i 2

SECELOVINS 35 gy
2 n - 2 + (2¢+1)n
i !
= " eA@eriyn-
=0

We now use (3.50) to eliminate the Fourier—Chebyshev coefficients of f to obtain
[ son@nee=] szﬁn(f)

which is certainly valid when f is a polynomlal. Moreover, if f € T(2543)n—1, then
L2j+1(f) =0 for j > s, whence (4.3) follows. O

We conclude with some comments about the quadrature formulas studied here
and also provide a convergence result for them.

Recall that the degree of exactness of any Gauss-Turan quadrature rule depends
on the number n and on the multiplicity 2s + 1 of the nodes. Moreover, in gen-
eral, the nodes vary both with n and s. In contrast, the rules (4.1) have nodes
independent of s. This allows one to get higher precision by increasing s, without
recalculating the nodes. Obviously, when s increases, more derivatives of f are
needed. However, in many cases, such evaluation can be performed using suitable
relations between successive derivatives of the function under consideration [6].

A rather natural question arises at this point concerning the convergence of
(4.1), for s — co. With regard to this question, besides the general theorem in [10]
another convergence result can be stated here.

To this end, we write the quadrature (4.1) in the form

I(f3w) = 23 %L25(F) + Ron(f50),
j=0

where

(4.4) Ry n(fiw) =0 for f€myiiyn—1-

Theorem 4.3. Let f € C®[-1,1] and put |f*)(z)] < My, k € N, z € [-1,1]; if
sli>nc}o M2(8+1)n/(2(n_1)(28+1)[2(5 + l)n]') =0,

then
(4.5) lim R, ,(f;w)=0.
8§—00
Proof. From (4.4) and the Peano theorem there exists 7 € (—1,1) such that
‘ f2(s+1)m) (1) 2s+1
Ron(fiw) = B /) [H(w &)] w(z)dz,

=1

n

[ - &) = Tu@)/2

i=1
equation (4.5) immediately follows. a
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