MATHEMATICS OF COMPUTATION
Volume 66, Number 217, January 1997, Pages 297—-310
S 0025-5718(97)00798-9

THE REMAINDER TERM FOR ANALYTIC FUNCTIONS OF
SYMMETRIC GAUSSIAN QUADRATURES

THOMAS SCHIRA

ABSTRACT. For analytic functions the remainder term of Gaussian quadrature
rules can be expressed as a contour integral with kernel K,,. In this paper the
kernel is studied on elliptic contours for a great variety of symmetric weight
functions including especially Gegenbauer weight functions. First a new series
representation of the kernel is developed and analyzed. Then the location of the
maximum modulus of the kernel on suitable ellipses is determined. Depending
on the weight function the maximum modulus is attained at the intersection
point of the ellipse with either the real or imaginary axis. Finally, a detailed
discussion for some special weight functions is given. ‘

1. INTRODUCTION

Consider the n—point Gaussian quadrature rule with respect to some nonnegative
and integrable weight function w on the interval (-1, 1),

1 n
@y [ @ de =S ul fal) + Ralh),
-1 v=1
where the knots .7:5"), ey x%n) are the zeros of the nth—degree orthogonal polynomial

7, associated with w, and w,(,"), v =1,...,n, are the corresponding weights (cf. [2]).

For integrands f having an analytic extension into a domain G (containing
[-1,1]) it is well known that the remainder term R, (f) can be expressed as a
contour integral. The most common contours are concentric circles or confocal el-
lipses. In this paper we are concerned with confocal ellipses (having foci at =+1,
sum of semiaxis equal to ¢ and length L(&,)),

&= {z eC: z= %(gew + Q'le_w),O <0< 27r}, o> 1.

Since &, shrinks to the interval [—1,1] as g \, 1, there exists a maximal parameter
Omax such that f is analytic inside &, for 1 < ¢ < gmax. The contour integral
representation then reads

1
271

(1.2) R.(f) = /g Kn(2)f(2)dz, 1< < 0max,
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where the kernel K, is given by

(1.3) K.(2):=R, (;1_—> = /_11 ;UE—xg)cd-’D - i w,(/nzn),

=12 —

or, alternatively, by (cf. [7])

1
14  Kuz) =28, 0 :=/ () oy ()da, 2€C\[-1,1].

ﬂn(z), -12—Z

From (1.2) one obtains the error bound

L
(15) R, ot (%57 mal i 9 mal 9

The knowledge of the maximum modulus of the kernel K, is essential to obtain
sharp error bounds. There is an extensive literature studying (1.5); in most articles
| K (2)], 2 e &,, is bounded from above or estimated asymptotically for large values
of n or ¢ (see [2, 5, 7] for references). W. Gautschi and R.S. Varga (cf (7))
considered the four Chebyshev weights w(z) := (1-2)*(1+z)?,|a| = |8| = 1, and
determined the point where the corresponding kernel attains its maximum modulus
on &,. For these kernels there exist explicit expressions based on the well-known
relations

un+1 _ u—n—l

To(2) =i +u™) and U,(z) = , z=3(u+ut),

u—u-1
for the Chebyshev polynomials of the first and second kind. By means of polar
coordinates u = pet®, 0 € [0,27), their results follow after some elementary but
rather tricky calculations (cf. [7, 8]). Some of the results are extended to Gauss—
Radau and Gauss-Lobatto quadrature (cf. [4, 5, 6]). For general weight functions
such explicit formulae are not known, and the question of locating the maximum
modulus of K, (z) on &, is still unsolved in the literature.

In this paper we study the kernel of Gaussian quadrature rules with respect to
symmetric weight functions w, for which w(z)+/1 — 22 is increasing on (0,1) or
w(zx)/v/1 —2? is decreasing on (0,1). For example, the Gegenbauer weight func-
tions w(®(z) := (1 — 22)*,|a] > 1/2, satisfy these properties. We show that
on suitable ellipses &£,, o > o}, the kernel K, attains its maximum modulus for

1
=3 (0+07') in the first case, and for z = % (0—o7') in the second case. The

parameters g, are explicitly given and are about 2 or 1 + /2, respectively (see
Theorem 3.2). The error bound (1.5) is practically available since there exists a
very effective algorithm for the pointwise calculation of K,,(z) based on (1.4) and
the three—term recurrence relation of the corresponding orthogonal polynomials (cf.
[7]). The key of the results is a new series representation of the kernel (see Theo-
rem 3.1), by which it is sufficient to maximize the terms of this series (see Lemma
3.1). With the help of the Chebyshev polynomials of the first and second kind the
maximization of the terms is split into smaller and explicitly solvable maximiza-
tion problems (see Lemmas 4.2 — 4.4). Combining these lemmas, we are led to a
short proof of the main result presented in Theorem 3.2. The paper ends Wlth a
discussion of some special weight functions.
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2. PRELIMINARY LEMMAS

In the sequel we consider Gaussian quadrature rules with respect to symmetric
weight functions w on (—1,1), i.e., w(—2) = w(z),z € (=1,1). We denote by m,
the nth—degree orthonormal polynomial with leading coefficient ¢,, > 0 and zeros

xk ,k =1,...,n, arranged in decreasing order —1 < w(n) < xi") < 1. The
zeros are symmetric, i.e., .7:( _21 E= —x,(c"), k=1,...,n, and hence

(3]
(2.1) Tn(z) = cp z"215] (xz _ (win))Q).

k=1

A well-known inéqua,lity between the zeros of orthogonal polynomials corresponding
to different weights w is needed, for which we present an elementary proof based
on [1, Satz 48].

Lemma 2.1. Let w and w be two symmetric weight functions on (—1,1) and let
the zeros mgc") and %,(c"),k = 1,...,n, of the corresponding nth—degree orthogonal
polynomials 7, and Ty, respectively, be arranged in decreasing order. If w/w is
increasing on (0,1) (in particular, W > 0), then the inequalities mgc") > Ev',(c") hold
fork=1,...,[3].

Proof. Assume w/@W to be nonconstant on (0, 1), since otherwise m,, and 7,, have the

same zeros. For arbitrary but fixed k € {1,...,[%]} set Ay := w@™)/wE™) >0
and construct the (2n — 2)nd—degree polynomlal

k—1 151
p() = [[(@* - @) @ - @) ] - @) 22180,
v=1 v=k+1
Obviously, p(z) <0, if |z| < 5:'2") , and p(z) > 0, if |z| > Efc") . Because of symmetry
of w and w and monotonicity of w/w on (0, 1) the function w(z) — A\yw(x) is also

nonpositive for |z| < w(") and nonnegative for |z| > .7:("). Therefore, one has
p(z) (w(z) — ew(z ))>0x€( 1,1), and .

< [ ple)(wta) - )\kw(:v))dx—Zw(")p(x("))—)\kz:w(")p 7)),

v=1
since the polynomial p of degree 2n — 2 is integrated exactly by the Gaussian
quadrature rules relative to w and w (with knots x( "™ and x(") and positive weights
( ) and @ w respectlvely). The construction of p and the symmetry of the zeros
nnply

(3] k-1 (3]
0< Y wMpa™) =\ aMpEM) < wiMpaM).
v=k v=1 v=k
Hence, there exists an index vy € {k, ..., [%]} with ) > 0, ie., 8 > .
The decreasing order of the zeros finally shows that x,(c") >z > Egc"). O

Remark 2.1. For w > 0 on (0,1) and w/w decreasing on (0, 1) there holds x(") <

i}c"), k=1,...,[%]. This is proved analogously by reversing the roles of m(") and

~§cn), k=1,...,[2]
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Let m € N and ¢ > 1. The auxiliary quantities (cf. [5, 6, 7])
am(0) = 3(e™+0™™)  and  bm(0) = 3(™ —0™™)

satisfy some elementary but useful pfopérties.

Lemma 2.2. For an(0) and by,(0), m € N, there holds:

(2) bm(@) 2 mba(e) for any ¢ > 1,

(b) m+1 bm+1(0) > —b (o) for any 0 > 1,

(©) 7yt am+1(0) > 5 am(@) for any 0 > §(1+ 3+ V12).

(d) Let 1 <k <m be fized; then the quotient a.,(g)/ ak( ) is strictly increasing
for 0>1, and am(0)/br(0) is strictly decreasing for o > 3(1++/3 + V/12).

Proof. (a) is equivalent to the first inequality in [6, Lemma 3.2], since a2 (o) =
b2 (o) + 1.

(b) is valid for m > 1 and o > 1, since 91_i)1{1+(—n% bmt1(0) — = bm(g)> =0 and

d (bm+1(e)  bm(0) \ —m—2 -1 . -1
9 = _ — ,m m _.m _ m
do ( m+1 m e te e ¢

=@ =0 ™) (e—1)>0.
(c) An elementary calculation shows for m > 1

m_amii(0) _ m @™ 4ot 10°+072 _ ax(e)
m+1 am(e) m+l ontom S 2 gtel  2am(e)

The monotonicity property now holds for all m > 1 if ¢ + 072 — 2(0+ 07') > 0,

ie., 0+ 07! > 1+ /3, or equivalently ¢ > 0* := 1(1+ /3 + V/12).
(d) For 1 < k < m and € = 41 one obtains

d (9’" + e‘m> _ (m=k)(@" ™ —eo™™ ) + (m + k)e(o™* —ep"™HF)

do\o* +eo™F 0ok +eo*)?
In the case ¢ = 1, this obviously implies d% <%) > 0 for ¢ > 1, whereas in the
case € = —1, Lemma, 2.2c is used to obtain E‘%(%g) > 0 for o > o*. Thus the
monotonicity properties follow. O

3. THE MAXIMUM MODULUS OF THE KERNEL ON ELLIPTIC CONTOURS

As mentioned at the beginning, the key point for determining the maximum
modulus |K,(z)| on &, is an appropriate series representation of the kernel. In this
section we develop and discuss this representation. We complete the section with
formulating the results concerning the location of the maximum point of |K, ()|
on &,.

Theorem 3.1. The kernel K, of a Gaussian quadrature rule with respect to a
symmetric weight function w on (—1,1) satisfies
o0

(B1)  Kn(x) =Y v ‘ (€ C\[-1,1]),

=0 Cn+2v 7Tn+2u(z)7rn+2u+2(z)

where cy, is the leading coefficient of the orthonormal polynomial my, (cf. (2.1)).



REMAINDER TERM OF SYMMETRIC GAUSSIAN QUADRATURES 301

Proof. According to (1.4) we have for n € N
(3.2)
1 b Tnga(2)7n(€) — Tnga(@)ma(2)
K (2) — Kpio(2) = / nt n n M2 w(z)de.
( ) +2( ) Wn(z)ﬂ-n—i-2(z) 1 s—x ( )
The three—term recurrence relation of the orthonormal polynomials,
Cut1 iL‘ﬂ'y(x) _ Cu4+1Cp—1

» c?

and the formula of Christoffel-Darboux (cf. [12]) yield

Tnt2(2)Tn () — Tni2(2)mn(2)

T () = m-1(z), v=1,2,...,

= T2 (2 = @)1 (@)1 (2) + 2(M41 (I (2) = Trs1(@)7a(2)))
n+1
=(z—1x) (gﬁ—jwnﬂ(x)wn(z) +z c—"c:—2 zﬂ',,(z)ﬂ',, (:L'))

v=0

Inserting this into (3.2) and integrating we obtain, by orthonormality of the 7y,

Kn(2) = Knya(2) = 02:2 Wn(z):nm (2)

Hence, for m > 1,

m—1
En(2) = Knpam() = Y (Knt20(2) = Knsavia(2))
v=0
m—1
— Z Cn+2v4-2 z )
=0 Cn+2v 7Tn+2u(z)7rn+2u+2(z)

One has lim K,iom(2) = lim R,yom(f,) = 0 since f,(z) := (z — )~ is contin-
m—00 m—00
uous for z € [~1,1] and z ¢ [-1,1]. Thus, taking m — oo, we obtain (3.1). O

Remark 3.1. Note that for symmetric weight functions the series (3.1) is a variant
of Freud’s formula (cf. [2, p. 308], [3])

o0

O g p—

¢, m(2)ma1(z)’

v=n

The terms in the expansion (3.1) are of order O(z~(7+4+1) for |2| — oo, i.e.,
they tend to zero very rapidly. A rather good approximation to K,(z) is obtained
by taking only a few terms of (3.1) instead of the whole series. But most important
for our purposes is the structure of the expansion (3.1). It reduces the determination
of the maximum modulus of K,, on &, to studying the terms of the series.

z
1 . 7Tn+2u(z)7rn+2v+2 (Z)
fized zy € {5 (o+07") ,% (0—07")} the following is valid:
If né%x|1/1,,(z)| = |, (20)| for all v > 0, then néaélen(z){ = |Kn(20)].

EAS zZ&Cy

Lemma 3.1. Let ¢ > 1 and ,(2) := ,me€N,v>0. For

(e+07') > 0 and

DN =

1
Proof. If zy = 3 (o+ g_l), equation (2.1) shows that 7y,

therefore |1, (20)] = z/;,,(% (e+¢7')) >0forv>0.
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If 29 = %(,Q— 0™'), then (2.1) shows |mm(20)] = (—1)[%142F]-" 7, (%) and

therefore |9, (20)| = i (—1)" ¢u(% (e—071)) for v > 0.
In both cases there exists ¢ € [0,27), depending on 2y and n but not on v, such
that |, (20)] = ei191gzy(zo) for all v > 0. Hence, it follows from (3.1) with fixed

1
we{;(e+e™),5(e—e)} that

[e0) o0
Cn+42v+42 Cn42042 i
max | K, (2)| < MTEVTE hax z2)| = —_— 20)| = e K, (2
e ()] < 35 22 a4} = 35 PR ) = ),
i.e., Kn(2) attains its maximum modulus at zg € &,. O

Theorem 3.1 in connection with Lemma 3.1 is the key for locating the maximum
point of |K,(z)| on &, for Gaussian quadrature rules with respect to symmetric
weight functions w on (—1,1), for which w(z)+/1 — z? is increasing on (0,1) or
w(z)/v/1 — z? is decreasing on (0,1). The main result is presented in Theorem 3.2,
whose proof is given in the next section.

Theorem 3.2. The kernel K, of a Gaussian quddmture rule with respect to a
symmetric weight function w on (—1,1) satisfies
(a) if w(z) V1 — 22 is increasing on (0,1), then

. 2.4139, n=2,
max | K, (2)| = Kn(5 (0+07')) for o> g} = 2.0017, n=3,
z€E, 2 V3

21+ V3), n>4;
(b) if \/1% is decreasing on (0,1), then

i — *
ma.X|Kn(z)| = |Kn(_ (Q_ 4 1))' fO?" 0 Z On»
z€E, 2

where o, :=1+ V2 ifn>1 is odd, and if n > 2 is even, ,Q; 1s the greatest zero of
o —12 2 _2y2 (n+1)? (n +3)?
dn() == (e—e™")"—4—(0"—07") ((Qn+1 o 1)z + (0" 8+ gn3)2 )

In Table 1 the parameters g}, of Theorem 3.2b are displayed for several values of
n. They are calculated with Newton’s method and rounded towards the last given
digit. Obviously, o converges rapidly towards 1 4+ v/2 with increasing n.

TABLE 1
n On n o
2 | 2.670603007 12 2.414213696
4 | 2.439298097 14 2.414213568
6 | 2.415739045 16 2.414213563
8 | 2.414287922 20 2.41421356237
10 | 2.414216825 100 | 2.414213562373184
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4. PROOF OF THEOREM 3.2

The proof of Theorem 3.2 rests on Theorem 3.1 and a study of the terms v,
(cf. Lemma 3.1). In terms of the Chebyshev polynomials of the first and second

kind, the problem reduces to the maximization of the quotients - Ir and ) n+2(z)

on &,, and of Yo = and m on &,, respectively. We ﬁrst investigate these
quotients and then combine the respective results of Lemmas 4.1 — 4.4 to get a
short proof of Theorem 3.2.

2_ 2

Lemma 4.1. The function g(z) := with s,t € (0,1) has the property that

2% —s
22 _ t2
on every ellipse £, with ¢ > o* := 4(1 +1/3) there holds

1 _ .
9(5 (e+e ) ifs<t,

max |g(z)| =
g(% (e—07") s>t

z€E,

Proof. Using polar coordinates z = 1(u+u™') € &,u = ge®,0 € [0,2m),0 > 1,
there follows

PP = -|-2—452|2
(41) =4 ((g2 + 072 +2—45%)% — 4(2 — 45?)(0? + 07 2) sin? 0 — 4sin’ 29)

|z

(42) =% ((g2 +072 -2+ 45%)? + 4(2 — 45%) (0% + 072) cos? 6 — 4sin® 20).
In the case s < t, (4.1) together with az(p) := 1 (0* + 0~2) shows that
() = (ag(0) + 1 — 25%)? — 4(1 — 25?)az(p) sin? f — sin® 20 < ( (0+0~1))2
gz (ag(0) +1 — 2t2)2 — 4(1 — 2t2)as(p) sin®  —sin® 20 — gigleTe
for all z € &, if and only if ¢1(8) < 0,6 € [0, 27), where
©1(0) = 8az(0)((1 — 25?)(1 — 2t%) — a2(p)) sin? O + 4(az(0) + 1 — s? — t2) sin® 20
= {a2(0)((1 — 2s*)(1 — 2¢) — a3(0)) + 2(az(e) + 1 — s*> — t?) cos® O} sin” §.
In the case s > t, (4.2) shows that
o()? = (a2(0) — 14 25%)2 + 4(1 — 25?)aa(p) cos® O — sin® 20 <l
(ag() — 1+ 2t2)2 + 4(1 — 2t2)ay(p) cos?  — sin® 20 —
for all z € &, if and only if ¢2(6) < 0,0 € [0, 27), where
©02(0) = 8az(0)((1 — 252)(1 — 2t) — a2(p)) cos® O + 4(az(0) — 1 + 5% + t?) sin® 20
= {a2(0)((1 — 2s*)(1 — 2t?) — a3(0)) + 2(a2(0) — 1 + s* + t*) sin® O} cos® .
Obviously, ga,,(@) <O0for 6 € [0,27), v = 1,2, if and only if
dy(0) = az(0) (1 — 25*)(1 — 2t*) — a3(e)) + 2(az(e) + (-1)"(s* +* — 1)) <

0.
For s,t € (0,1) the conditions (1 —2s%)(1 —2¢2) <1 and (-1)"(s2+t2—-1) <1
v = 1,2, are valid. Hence,

d,(0) < —a3(0) + 3a2(0) + 2 = —(az(0) + 1)*(a2(0) —2) <0

if az(0) —2=3(®+072) —220, ke, 0> 2(1+3) = 0"
Consequently, ¢, (6) <0 for all § € [0,27) and v = 1,2, if p > p*, which proves
the assertion. O

(% (=0 )P
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Remark 4.1. The proof shows that ¢* is the smallest parameter for which the state-
ment in Lemma 4.1 holds for any choice of s,¢ € (0,1). In the case s < t the limit
o* is attained for s,t — 0, and in the case s > ¢ for s,t — 1.

Lemma 4.2. Let w and w be symmetric weight functions on (—1,1) with w(x) >
0, z € (0,1). Then the quotient g, := Tn/mn of the corresponding nth—degree
orthogonal polynomials m, and 7, has the property that on &, with ¢ > ¢* :=
122(1 ++/3) there holds

1 ~ . .
(a) rré%x|qn(z)| = qn(§ (o+07h)) if w/@ is increasing on (0,1),
(b) rré%xlqn(z)l = Qn(% (o—07")) if w/w is decreasing on (0,1).
Proof. Using the notations of Lemma 2.1, we see from (2.1) that

~ 5]

_M_&Hw

gn(z) = = .
() Cn g T2 — (x,(:))2
If w/w is increasing on (0, 1), Lemma 2.1 shows that mfc") > Egcn), k=1,...,[3]

Applying Lemma 4.1 to each factor yields Lemma 4.2a.
If w/w is decreasing on (0, 1), Lemma 4.2b follows again from Lemma 4.1, since
now the inequalities :vgcn) < ?c'fc"), k=1,...,[%], hold by Remark 2.1. |

Lemma 4.3. For n > 1 we have on every ellipse £, with p > o, that
o—o!

7 _
2[Un(§ (Q'_' e 1)) Unta(

)

(e—o™)

max
z€E&,

Un(2) Unt2(2)

N | =

where 0, := 1+ /2 if n is odd, and if n is even, 0, is the greatest zero of

n 2 2
dn(g) = (Q - 9_1)2 —4- (Q2 - Q_2)2 ((Qn-l-'(l ++91—)n—1)2 + (Qn+(:;n++93_)n_3)2> .

For n even, one has 02 > 04 > -+ > 0p > nlgréo o =1+V2.

n even

Proof. Let z = 2(u+u™?) € £, with u = e®, 6 € [0,27), 0 > 1, and

. z _ (w+u ) (u—ut)?
¢(Z) = Un(Z) Un+2(2) - z(un—i-l _ u—n—l)(un+3 — u—n—3)'

Short calculations using elementary properties of the trigonometric functions yield
for the numerator

(w+u™)(w—u™)? = |’ +u7%) - (u+u™)?

=(e— 0o+ o) —4(4sin?20 + (0 + 071)((0 - 07) — 45in®0)) cos? 0
= h1(9),
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and for the denominator
|(un+1 _ u—n—l)(un+3 _ u—n—3)|2

= |(u2n+4 T u—2n—4) _ (11,2 + u—2)|2
\ 2
_ ((02n+4 + 072" %) cos(2n + 4)0 — (92 + 9—2)00520>

+ ((92""'4 — 0" Y sin(2n + 4)‘0 —(0* — 07 %)sin 20)2

= (" + (D)o 2 (@ + (~1)"e ) + 4(cos(2n + 4)0 + (—1)" cos 26)°
—2(0"3 4+ (=)o " *)2((—1)" + cos 2(n + 1)6)
—2(0" ! + (=)o " H2((=1)™ + cos 2(n + 3)0)

=: ha(6).

Hence, the condition |1(2)]* < [4(
(6) <0 for 6 € [0,27), where

©(0) := ha(5)h1(0) — hi(F)h2(0)
= —4h2(§){4 sin20+ (040 )% ((e— 07 1)* - 4sin® 0)} cos® 0

% (,Q — g_l))|2 is valid for z € &, if and only if

(4.3) - 2h1(g){2(cos(2n +4)0 + (—1)™ cos 26)
(@ 4 (1) (1) + cos2(n + 1)6)
— (@ 4 (D)™™ (1) + cos2(n + 3)0)}.
For n odd, the assertion immediately follows since
0(0) < —4hs(5)o+ 0 )2 ((e—01)? —4) 0?0 <0 if 0200 i=1+V2

For n even, one obtains from (4.3), using the quantities a,,(0) and the inequality
cos?(2m + 1)0 < (2m + 1)2 cos? § (cf. [6, Lemma 3.1]),

p0) < —256 2., (0) 2 5(0) a3 (@) (0 — ') — 4) cos® 0
+64a3(0)(e? — 072 (@20 0) cos*(n+ )0 + a2, (¢) cos?(n + 3)0)

< —256 ai+1(0) ai+3(9) a} () dn(0) cos” 0,
with d,, as defined in the lemma.
Obviously, d,(0) < 0if o < 1+ V2. For o > 1+ /2, by Lemma 2.2c, one
obtains dy,(0) < dny2(0) < lim dn(0) = (e — 0~ ") — 4, and by Lemma 2.2d that
n—00
dn(0) is a strictly increasing function of ¢ (for fixed n). Hence, for each even
n > 2, there exists a unique parameter o, > 1+ V2 with d,(9,) = 0; moreover,
On > Oni2 > lim o, =1+ V2. For p > op, this yields d,(g) > 0 and therefore
n—oo '
©(0) <0 for 6 € [0,2m).
Combining the results for n even and n odd yields the assertion. O

Remark 4.2. Equation (4.3) shows that ¢(%) = ¢/(3) = 0 for all ¢ > 1. Since
©(0) < 0,60 € [0,27), the point § = § must be a local maximum of ¢ and therefore
¢" (%) < 0. Differentiating o (6) twice yields from (4.3)

30”(%) — —8(@"+1 + (_1)n0—n—1)2(gn+3 + (_1)n0—n—3)2(g+ 9_1)2(3\”(9),
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where
dn(0) == (0—071)? -4

i \ng2 22 (n+1)? (n+3)?
0@ -0 (G iy * @ Core)

For n even, we have d, (o) = Jn(g) and the equation d,(0) = 0, ie., ¢"(5) =0,

characterizes the optimal parameter for the maximum relation to hold (i.e., g, is

optimal for even n). For n odd, there holds lim d,(0) = (¢ — 0 !)* — 4, i.e., the
n—0o0

parameter 9, = 1 4+ /2 is asymptotically optimal in the sense that for n — oo
Lemma 4.3 cannot hold for any smaller parameter.

Lemma 4.4. For n > 2 we have on every ellipse £, with ¢ > ¢, that

Tn(2) Tnt2(2)

_ (e+eo™)
2Tn(% (e+e7%)) Tn+z(% (e+e7))

max
z€E&,

where the parameter g, is the greatest zero of

- 2 —1\2
R 2 o+o! 2 0t
dn(0) == (n+2) (—————————Qn+2 n g—"—2> +n (—g" n .Q_"> -1
In particular, Gy = 2.41388, 33 = 2.00166, g, < Y2(1+ /3) forn > 4.

Proof. Again writing z = 2(u+u™1), u = %, 0 € [0,27), 0 > 1, yields

. z _ 2(u+u~t)
¢(Z) = Tn(Z) Tn+2 (Z) - (un + u—n) (un+2 + u—'n—2)
and
2 _ a?(o) —sin? 0
e (a%(g) — sin? n0> <G%+2(9) —sin?(n + 2)9) '

Hence, the condition |1(2)|? < (¢(% (o+ g'l)))2 is valid for z € &, if and only if
() <0 for 6 € [0,27), where
¢(0) :=a2 (o) sin®(n + 2)0 + a2, (o) sin® nd

2(,9,2
_ M sin? @ — sin?(n + 2)@sin” nd.

ai(e)

Employing sin? mf < m?sin®@,m € N (cf. [6, Lemma 3.1]), yields

¢(9)<—M&}(g) sin?0  with dn(0) := (n+2)? 2@?(9) +n2a"{(9)

ai(e) Q) a3(o)
According to Lemma 2.2d, for each n there exists a unique parameter g, with
dn(0,) = 0. Since glirgo dn(p) = —1, this implies p(0) < 0,6 € [0,27), if o > 2, and

the assertion follows.
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Applying Newton’s method yields g2 := 2.41388 and g3 = 2.00166. Because of
an(0) > bn(e) and Lemma 2.2b one obtains for n > 4 and ¢ > 322(1 +/3)

~ n 2 n?
aa(0) < ai(o) ( 22;?; i b%(m) !

2

ai(o) 32
<325+ -1= -1<0,
~ b0 (e—071)%(e* +072)?

which shows g,, < Aé—ﬁ(l + \/5) for n > 4. O

Remark 4.3. There holds ¢(0) = ¢'(0) = 0 for all o > 1. Since ¢(f) < 0 for
0 € [0, 27), the point § = 0 must be a local maximum of ¢ and therefore ¢ (0) < 0.
The equation Jn(g) =0, ie., ¢"(0) = 0, characterizes the optimal parameter for
which the maximum relation is valid (i.e., @, is optimal).

Proof of Theorem 3.2. According to Theorem 3.1, the kernel K, of the Gaussian
quadrature rule satisfies

)
Cn+2v i :
Kn(z) = —C—+j:2+_2 w"(z) with wy(z) = 7Tn+21/+2(z)7r’n+2 (Z)

, V20,

v=0
and by Lemma 3.1 it is sufficient to study max [ (2)|,v > 0.
z€&y

(a) Let w(z) v/1 — z? be increasing on (0,1). In terms of the Chebyshev polyno-
mials T;,, the functions v, for n > 2,v > 0 can be rewritten as

_ z Tn+2u(z) Thi2v42 (z)
(4.4) V) = o D T2 () Tmsaul2) Tsomsa(2)

Lemma 4.2a (with @(x) := (1 — 22)~1/2) yields for ¢ > %2(1 +/3)

1 -1 1 1
Tnt2v(2) Tniovea(2) | _ T"+2"(§ (e+o7)) Tn+2u+2(§ (e+e )).

max
Tnt2v(2) Tny2v+2(2)

z2€E,

7Tn+21/(% (Q-I- Q_l)) 7T'n+21/+2(% (0 + Q_l))’
moreover, Lemma 4.4 (with the parameter 9,,42,) shows for ¢ > pn42, that
eto™t
2 Tn+2u(% (04 07")) Tnsav+2(
These two relations together with (4.4) imply

z

max
Trt20(2) Tnyov12(2)

z€E,

(9+@‘1))'

N

1 -
max [, (2)] = (5 (e +07")) for 0 > max{@niz, ¥2(1 4 /3)} and v > 0.

Since g, < 4(1 ++/3) < 83 < 02,n > 4 (cf. Lemma 4.4), we set o := g, for
n = 2,3 and o} := 3?(1 + \/5) for n > 4. Then each term ),,v > 0, attains its

maximum modulus at % (04 ¢ ") for all ellipses &, with ¢ > g},. Lemma 3.1 now
delivers the assertion.

(b) Let w(z)/v/1 — z? be decreasing on (0,1).
Similar to the first case, we use the Chebyshev polynomials of the second kind, U,,,
and get forn > 1,v >0,

_ z Un+2u (Z) Un+2u+2(z)
(45) V) = G D nrrs2®) Tosan(?) Tvavsa()’
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Lemma 4.2b (with w(z) := v/1 — 2?) yields for ¢ > % V2(1 4 V/3)

Unt2v(2) Untavy2(2)| Un+2u(‘2‘ (0— )) Un+2u+2(£ (e—e™))

Tn42v (Z) Tn42v+2 (Z)

max

z€E, ’

= : -
7Tn+21/(§ (Q_ 0 1)) 7Tn—|—2u+2(2 (Q 0 1))
moreover, Lemma, 4.3 (with the parameter 9,,12,) shows for ¢ > 9,12, that
-1
0—0
; .
2|Un+2u(‘" (Q ))Un+2v+2(2 (Q e 1))'
These two relations and (4.5) imply for ¢ > gn42, > i(l ++/3) and v >0

max 1, (2)| = (5 (e — 0™))] = L
2I7rn+21/(§(0_@ ))7rn+2u+2(2 (Q Q—l))l

z

max
Un+21/ (Z) Un+2u+2 (z)

z€E,

Since sup @n+2v = 0n (cf. Lemma 4.3), each term 1), v > 0, attains its maximum
v>0

modulus at %(g— g_l) for all ellipses £, with ¢ > g,. Lemma 3.1 yields the
assertion with ¢}, = p,. O

5. APPLICATIONS

Theorem 3.2 permits us to locate the maximum modulus of K, (z) on suitable
ellipses £, with o > g, for a great variety of Gaussian quadrature rules. In this
section some special weight functions satisfying one of the conditions of Theorem
3.2 are studied.

Example 5.1. Consider the Gegenbauer weight functions w(®(z) := (1 —=x )
a> —1. Here 1 — 22w (z) = (1 £2)**3 s increasing on (0, 1) f-l<a<-1

and w(® (z)/v1— 2% = (1— xz)o‘ 7 is decreasing on (0,1)ifa > 1. Thus, Theorem
3.2 is applicable for a & (1, 1).

Theorem 5.1. The kernel Kf(ba) of the Gauss—Gegenbauer quadrature rule with
respect to w(®)(z) = (1 — 2?)*, a & (=3,1), satisfies on every ellipse £, with
0oy

a1 :

EP (G (e+e0™) if —l<a<-Ln>2
max | K (z)| = g
KOG (e~ el fazfn>1.

The parameter g}, is for a € (—1, —%] the one of Theorem 3.2a and for o > % the
one of Theorem 3.2b. '

In a few special cases, for example the Gauss—Chebyshev quadrature rules of the
first and second kind (cf. [7, 8]) and more generally the case o = k — 3,k € N

(cf. [11)), a detailed analysis yields a smaller parameter ,Q( *) < o;, for which the
maximum relation in Theorem 5.1 is still valid. This analysis uses very special
features of the weight function and the corresponding orthonormal polynomials. In
the remaining cases o € (-—%, %) the method presented is not applicable since the
necessary inequalities between the zeros of the corresponding orthonormal polyno-
mials and the zeros of the Chebyshev polynomials are not valid (cf. Lemma 2.1).
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Nevertheless, a different method can be applied in these cases. This approach to-
gether with the discussion of the special cases o = k — %, k € N, will be presented
in a forthcoming paper.

Example 5.2. Let p,, be a polynomial of degree m, symmetric on (—1,1) and

positive on [0,1] and consider the symmetric Bernstein—Szegé weight functions
1— 2\
wi®) (z) = (P—Z;))—’ a= :I:% (cf. [12]). Theorem 3.2 can be applied if appropriate
m
assumptions on p,, are made. For example, v/1 — x2 wﬁn_ v 2)(3;) = pml(m)

ing on (0,1) if and only if p,,(x) is decreasing on (0,1), and wi/? (z)/V1—122 =

is increas-

pml(m) is decreasing on (0, 1) if and only if p,,(x) is increasing on (0,1).
o
In the important case m = 2, Theorem 3.2b holds for wgl/ 2) (z) = vi-a" with
) x2 + d2
d > 0, and Theorem 3.2a holds for w§_1/2)(:c) = with d > 1.

V1—x2?(d? — 2?)
We note, that there exist some explicit representations for the kernels K,(lm’a) of
the corresponding Gaussian quadrature rules (cf. [10]). It is as yet unresolved how
these can be used to determine szé%xw,gm’a)(z)] or to derive smaller parameters

than those of Theorem 3.2.

Example 5.3. Consider further special weight functions:

(a) For w(®)(z) := e (1 - 2%)* a > 1, Theorem 3.2b is applicable since
% = e_mz(l — 22)* % is decreasing on (0, 1).

(b) For w(*(z) := |z|7(1 — 22)%, a € (—1,—3], v > 0, Theorem 3.2a is appli-
cable since w(®") (z) VI — 22 = |z|"(1 — 22)**3 is increasing on (0, 1).

(c) For w(®(z) := —(1 — 2?)* log(1 — 2?), a € (=1, —3], Theorem 3.2a is appli-
cable since w(® (z) V1 — 22 = —(1 — z2)*"2 log(1 — 22) is increasing on (0,1).
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