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ON CONVERGENCE OF NUMERICAL SCHEMES FOR 
HYPERBOLIC CONSERVATION LAWS WITH 

STIFF SOURCE TERMS 

ABDALLAH CHALABI 

ABSTRACT. We deal in this study with the convergence of a class of numerical 
schemes for scalar conservation laws including stiff source terms. We suppose 
that the source term is dissipative but it is not necessarily a Lipschitzian 
function. The convergence of the approximate solution towards the entropy 
solution is established for first and second order accurate MUSCL and for 
splitting semi-implicit methods. 

1. INTRODUCTION 

Many physical problems are governed by hyperbolic conservation laws with non- 
vanishing stiff source terms. These problems could describe the effect of relaxation 
as in the kinetic theory of gases, elasticity with memory, water waves, traffic flows... 
etc. 

These problems can be mathematically described in the scalar case by the fol- 
lowing Cauchy problem: 

(1. 1) ut + f (u)x = q(u), (x, t) E Rx]O, T[; T > O, 

(1.2) u(x,O) = uo(x), x E R. 

In the case of relaxation phenomena, a theoretical study of these problems may 
be found in Chen et al. [4], Liu [13], Whitham [26]. 

Numerical methods have been derived for the approximation of the conservation 
laws including non-stiff source terms in [1], [3], [16], [19], [22]. These methods are 
based on explicit difference schemes. It is well known that explicit schemes are not 
appropriate for the numerical treatment of the stiff source terms, this motivates 
the use of semi-implicit and fully implicit schemes. 

The approximation of the stiff case was recently studied by several authors (see 
[2], [5], [7], [9], [10], [12], [16], [18], [19]), where different methods like asymptotic 
or splitting methods are used. 

The main difficulty, when we deal with numerical solution of stiff problems is 
the wrong location of the discontinuities. This problem has been investigated in 
[2], [5], [7], [9], [10], [12]. 
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Error bounds related to the approximation of (1.1)-(1.2) were derived in [18], 

[19] and [22]. 
In this paper, we give a study of the convergence of the approximate solution 

obtained by semi-implicit, implicit and high-order semi-implicit schemes where the 
hyperbolic part is approximated using a monotone scheme. We also study the 
convergence of a second-order accurate semi-implicit splitting scheme proposed in 
Jin [9]. 

In this study, we do not assume that the source term q is a Lipschitzian function 
with respect to u but we suppose that q' < 0. This hypothesis is realistic since 
it does mean the dissipativity of the source term q in the sense of Chen et al. [4], 
which is the case in the models of combustion ([2], [7], [14]), gas dynamics with heat 
transfer [9] and water waves with friction force of the bottom [26] ... etc. We point 
out that in all these examples and many others, the source term is not Lipschitzian. 
The dissipativity of the source term is also assumed by Chen et al. in [4] and Liu 
in [13]. 

Thanks to the implicit character and to the dissipativity of the source term q 
(nonpositivity of q'), all our proposed schemes are TVD or TVB, entropy satisfying 
at the limit and they are monotone in the first-order accurate semi-implicit case. 
Then they almost possess all the properties as in the homogeneous schemes (q = 0). 

This paper is organized as follows: the next section is devoted to recall some 
preliminaries related to the hyperbolic conservation laws including source terms. 
At first we give a result which summarizes the properties of the exact solution of 
the Cauchy problem when q' is nonpositive. These properties are similar to those 
related to the homogeneous case. In section 3, we give an analysis of a first order 
accurate semi-implicit scheme. Section 4 concerns the study of a fully implicit 
scheme. Section 5 is devoted to the study of a second-order accurate semi-implicit 
scheme. In section 6, we present a second-order semi-implicit splitting method 
together with the study of the convergence of the approximate solution towards the 
entropy satisfying solution of the Cauchy problem (1.1)-(1.2). Finally in the last 
section, we give an extension of the semi-implicit schemes to the two-dimensional 
case. 

2. PRELIMINARIES 

We seek a weak solution to the Cauchy problem (1.1)-(1.2), that is a function 
u E LOO (R x ] 0, T[) satisfying: 

(2.1) J [ut ? f (u)px]dxdt +j uo(x)S(x,0)dx 
0 ],T[ 

=-is faLsT q(u) p(x, t)dxdt 
0 ],T[ 

for all p E C1(IR x [0,T[), with compact support in (IR x [O,T[). 
Let r1 E C2 (R) be a strictly convex function, whose entropy flux function is F, 

that is 

(2.2) 'q'(u)f'(u) = F'(u), Vu E R. 
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The solution of (1.1)-(1.2) is not necessarily unique and the physical one is 
characterized by the following entropy condition: 

(2.3) 

L J [7(U)t + F(u)Wox]dxdt > - jj r (u)q(u)>(x, t)dxdt 

for all positive test functions p E C1 (Rx]O, T[), with compact support in Rx]O, T[. 
Usually the solution u lies in BV, where BV denotes the subspace of Ll con- 

sisting of functions with bounded total variation 

TV(u) - sup f u(x + h) - u(x) I dx. 
h$O0 R I h I 

We observe that in the nonhomogeneous conservation laws case, the charac- 
teristic curves are not straight lines along which the solution u is not necessarily 
constant. 

Let u(x, t) = S(t)uo denote the unique weak solution of (1.1)-(1.2) which satisfies 
the entropy condition. Let us assume that 

(2.4) sup q'(u) C y. 
u 

We recall the following result: 

Proposition 2.1 (see [11]). If uo C L(I(R) nLL(R), f c C1(R), then the problem 
(1.1)-(1.2) possesses a unique entropy solution u(x, t) = S(t)uo satisfying 

i) || S(t)UO IIL(R)) e"Yt(ll uo tIL(R) + I q(O) I t). 
ii) Moreover, for any vo E L? (R) we have 

S(t)uo - S(t)vo IILI(R1)< elt 11 U-V0 -vLl(R) 

iii) If uo(x) < vo(x), then the corresponding solutions satisfy 

S(t)uo < S(t)vo. 

Using Proposition 2.1, we can prove the following: 

Proposition 2.2. If uo c L'(R) n LL1(R),f E C1 (R),,q E C1(R) such that q(O) = 

O and q' < 0, then the problem (1.1)-(1.2) possesses a unique entropy solution 
u(x, t) = S(t)uo satisfying 

i) || S(t)UO ||L-(R)<I| UO IIL-(R)- 
ii) Moreover, for any vo E L??(R) we have 

| S(t)Uo - S(t)Vo ||L1(R)?<I u U- v I L- (R) 

iii) TV(S(t)uo) < TV(uo). 
iv) If uo(x) < vo(x), then the corresponding solutions satisfy 

S(t)uo ? S(t)vo. 

Proof. Taking -y = 0 and q(O) = 0 in Proposition 2.1, we easily obtain the inequal- 
ities i) and ii). We set vo(x) = uo(x + h) in ii) of Proposition 2.1, divide by I h 
the inequality ii) in Proposition 2.1 and take the sup over h, to get inequality iii). 

Property iv) is proved under the general hypothesis in Proposition 2.1. 
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Remark 2.1. If we suppose that q E C1(R) such that q(O) = 0 and q' < 0, then q 
is dissipative in the sense of Chen et al. [4], indeed if we take r7(u) = u2/2 as an 
entropy function and apply the mean value theorem to q, we get 

r1'(u)q(u) = u[q(0) +uq'(()]; minr(0,u) < < max(0,u) = q'(Q)u2 < O. 

Remark 2.2. We observe that under the hypothesis of Proposition 2.2, the solution 
of (1.1)-(1.2) possesses the same properties as in the homogeneous case (q = 0). 

Let h be the spatial mesh size and k be the time grid size related to h by the 
fixed positive number r through: 

(2.5) r = k/h. 

A weak solution of (1.1)-(1.2) is approximated by a function uh defined on 
Rx]O, T[ by: 

(2.6) Uh(x,t) = UJ for (x, t) E Ij x Jn 

with 

Ij x Jn =](j - 1/2)h, (j + 1/2)h[x](n - 1/2)k, (n + 1/2)k[ 
Vj c Z and n < N = E(T/k) + 1 

where E denotes the integer part function. 
With the notation A+cj = cj+l - cj, we have: 

TV(un) = E I A+UnI 
jcz 

and 
11 U IlLl(z) hZ, I uj I 

jczZ 

A numerical scheme is TVD if the approximate solution satisfies: 

TV(un+1) < TV(un) 

and TVB if there exists a positive constant C such that 

TV(Un+1) < C. 

Initial condition (1.2) is projected onto the space of piecewise constant functions 
as: 

(2.7) u = l/ll uo(x)dx Vj E . 

In all of the following, we assume that 

(H) q E C1 (R) such that q(O) = 0 and q' < 0. 

Let g = g(u, v) be a locally Lipschitz numerical flux of a three point conservative 
scheme, locally Lipschitz in both arguments and satisfying: 

1) g(u, v) is nonincreasing in u, 
2) g(u, v) is nondecreasing in v, 
3) g(u, u) = f (u). 
The associated explicit scheme is monotone under the following CFL condition: 

(2.8) 
r max{l g(u, w) - g(v, w) I + I g(z, u) - g(z, v) l} <1 u - v I Vu, v E A, 

w z 



HYPERBOLIC CONSERVATION LAWS WITH STIFF SOURCE TERMS 531 

where 
A = {v E L??(R), jj V 11L?(R)< II Uo IIL (IR)}- 

Remark 2.3. The hypothesis on g can be weakned by taking g as a flux of an E- 
scheme introduced by Osher in [15]. The cases where g is the numerical flux of 
Godunov, Lax-Friedrichs, Engquist-Osher schemes are included in this study. 

3. SEMI-IMPLICIT SCHEME 

In this section, we consider the approximation of (1.1)-(1.2), where we handle 
the source term using implicit schemes and keep explicit the approximation of the 
hyperbolic part. 

For the approximation of problem (1.1)-(1.2), we consider the semi-implicit 
scheme: 

(3.1) u . = un- r[g(uj,' un+i) -g(u>n , u)] + Atq(un+l). 

Let us set 

(3 . 2) ~ ui+ =u- j -r[g(un, un+ 1)-g(u> 1, un)]. 

Then the scheme (3.1) may be written 

(33) tn+1 ni+1 

For the properties of this scheme, we prove: 

Proposition 3.1. If the CFL condition (2.8) is satisfied, then 
i) The scheme (3.1) is monotone. 
ii) 11 Un+1 1L-(Z)<?1 Un IIL-(Z). 
iii) TV(un+l) < TV(un ). 

Proof. To show that the scheme (3.1) is monotone, let us suppose that 

Urn < VnVj E Z. 

Using (3.3), we have 
n+1 - Vn+1 =n+1 - n+ + Atq(uin+l) -V U3 -V iM~. Atq(vj.+). 

Hence 
un+1 - vjn+'][1 -Atq' (,gn)] = U-n+l _ V; +1 

Since the scheme (3.2) is monotone under the CFL condition (2.8), then 
un < Vn ==E -n+l < -n+l u _ _ 

Using the nonpositivity of q', we obtain 

Unj < Vjn lj E Z. J - J 3 
Taking into account the CFL condition (2.8), we show easily that 

jj 
1jL(Z)<II U IIL(Z) 

and 
TV(u +l ) < TV (un) . 

Using (3.3), we have 
0+1 _ Atq(u n+1) = un+1 

Thus 
/- / n Am Un 31 _ -n ll 
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But q' is non-positive, then we obtain: 

|| U IL(Z)<II1 U IIL(z) 

and 
T(Un+1 ) < -(n+l 

Using the former inequalities, we get 

jj U IIL-(Z)<II U IIL-(Z) 

and 
TV(un+1) < TV((Un). 

Let us now return to the existence of a solution of (3.1). 

Proposition 3.2. If uo E L'(Z), then the scheme (3.1) admits a unique solution 
(Un+1 ) E L?? (Z) . 

Proof. The function 
x x - Atq(x) 

is differentiable and strictly monotone since q' < 0. 

Then the equation 

(3.4) U. Atq(u+1) - 

admits a unique solution Unl+1. 

By Proposition 3.1, this solution un+1 belongs to L'(Z) if uo belongs to LI (Z). 

Remark 3.1. One can show easily that if u0 belongs to L'(R), then uo belongs to 
Lo (Z). 

Theorem 3.1. If uo E LI (R)nL1 (R), f E C1 (R), q E C1 (R) su ch that q(O) = 0 and 
q' < 0, then under the CFL condition (2.8) the approximate solution Uh constructed 
by the semi-implicit scheme (3.1) converges in L lo.(Rx]O,T[) towards the entropy 
satisfying solution of (1.1)-(1.2), as h tends to zero. 

Proof. From Proposition 3.1, the sequence (Uh) is bounded in L??(Rx]O,T[) n 
BV(R x x]0, T[), then by Helly's theorem, we can extract a subsequence still labelled 
(Uh) which converges towards u in L lo (Rx]0, T[). Let us now prove that u satisfies 
the entropy condition (2.3). To do this we write the semi-implicit scheme (3.1) in 
the form: 

(3-5)~ ~~~u+ U in - r[g (ujn ) Un+ l) _-g (U~,7 1) Uj ) ] 

(3.6) Un+1 = j;L+l + Atq(un+1). 

The scheme (3.2) is monotone (under the CFL condition (2.8)), then using a 
result of Tadmor [21], there exists a numerical entropy flux Fj-1/2 associated with 
the entropy r1 such that 

(3.7) r7QUin+) )- r(uin) + r/+F9nUl/2 < 0. 

From (3.7) and the convexity of r1 we obtain 

(3.8) r7(uj+) -qr(ui) + rA+Fj7 1/2 <r (ujn1)(un+1 - 
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Multipying (3.8) by Wpjh(Wpj = p(jh, nk)) (W being any positive test function 
with compact support) and taking the sum over j and n, we get 

(3.9) E h(rq(u i - 
) (u ) ) + , kZ+(FjA112)(. 

nj nj 

< /h1(Ujn+l)(Uin+l n+)n 

n,j 

We denote by A (resp. B) the left-hand side (resp. the right-hand side) of the 
inequality (3.9). Using discrete integration by parts we get 

A =- kh((ujn+ ) ((,-n+l -pjl)/k - E hkFjn+1/2 (n o? - (p')/h. 
n, n, 

Hence 

A = -JJ [r(Uh(x, t))(Whh(x, t))t + Fh(x, t)(Whh(x, t))x]dxdt 
O ].T[ 

where 

Fh(x,t) =Fjn 1/2 if (x,t) c](j- 1)h,jh[x]nk, (n + 1)k[ 

Vj E Z and n < N = E(T/k) + 1. 

Making use of Lebesgue's theorem we prove that 

i| J|T[ (Uh(X t))(Wh(X, t))t + Fh(x, t)p(x, t)x]dxdt 
O.]0T[ 

| f JOT[(u 
t + F(u)px]dxdt. O ].T[ 

Let us now return to the limit of the right-hand side B of (3.9) 

B =YEh'(un+l)(un+l - n+l )Q9Th 

n,j 

= ESkhq'(Un+1)q(0+1)WRn 
n,j 

Hence 

B | f,[1'(uh)q(uh)Phdxdt; 
R 0,T[ 

as h tends to 0 

B - JO|T[ r1((u)q(u)pdxdt. 
I. ]0. T 

Then the limit u (of the subsequence) is a weak solution which satisfies the 
entropy condition (2.3). The entropy solution being unique, the whole sequence 
(Uh) converges towards the entropy solution of (1.1)-(1.2) as the step h tends to 
zero. 

Remark 3.2. Under other hypotheses on q' and f', a similar result to the former 
one, was proved by Schroll et al. in [19]. 

Remark 3.3. For the numerical solution of scheme (3.1), one can use a Newton 
method to linearise the source term, that is: 

q(un+1) = q(un) + q'(un)(un+1 - up). 
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4. FULLY IMPLICIT SCHEME 

Now, let us consider a fully implicit scheme in the form: 

(4.1) Uj1 = 0 - r[g(uin+l, un+l )-g(u,i7.,un+l)] ? tq(un+1). 

First, we introduce as in [25], the operator T, defined on piecewise constant 
functions by 

(Tv(uh))j = Uj- Vr[g(uj,Uj+1) -g(uj-1,,uj)] ,Vj E z, 

where v is a parameter satisfying v > 0, and Uh = (Uj)jZ. 
The following result is proved in [25]. 

Lemma 4.1 ([25]). Let Uh = (uj)jz be a piecewise constant function. If the pos- 
itive parameter v is sufficiently small such that 

(4.2) 

vrmaxl g(u,w) -g(v,w) I + Ig(z,u) -g(z,v) I <1u-v IVu,v E A, 
w,z 

then 
i) || Tv(Uh) |L-(z)?<H Uh HILo(Z) 
ii) TV(Tv(uh)) < TV(Uh)- 

Next, we prove 

Proposition 4.1. The approximate solution given by (4.1) satisfies the following 
properties: 

i) jj Un+1 IILOO(Z)<Ii un 11L 

ii) TV(un+l) < TV(un). 

Proof. i) Using the operator T., the scheme (4.1) may be written: 

Un+1 = V Un+ 1 T,(__n+l) + 1 Atq(un+1). 
U 1+ v,Ur +i? T(~ 1)+1 

Applying the mean value theorem to q, we get 

[1 - V Atq/ + = V _U_ + T1ju n+1). 

Taking into account the non-positivity of q', we obtain 

11 U_ _L(Z)< 1 11 Un |L(Z)| + Tun+1) HIL-(z) 

By making use of Lemma 4.1, we have 

11T(un+1) 11L-(Z)<II1 Un+1 11L(Z 

Hence 

|| U n+1 IL(z)< 1 + Un |L?L(z) + 1 + Hun+l L(Z 

Thus 
1+ || Un+1 IIL?(Z)< H| Un ||L-(z) 

Then 
1 1 U + I-Z< l 1-Z 
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ii) From (4.1), we have 

n+1 
- = 1 ? T(u>U-ulj) ? 1 ? -(T 

+ z\t 
1 + At[q(uj+1) q (Uj- )]. 

Hence 

[ + A t q / ( C / 2)n(l + 1 U j )l 
1 + 

=-1 + (u7,1ni -Ujn) + 2 [(T,(un+l))j+l -(T 

q' being non-positive, we get 

In+1 _n+1 I I 

UtneI - 

ujn I +1 
1 

[(T,(un+l))j+l - 

(TV(un+1))j] 
Summing up the last inequality over j E Z, we obtain 

TV(Un+1) < K TV(un) + 1 TV(Tv(Un+1)) 

Using Lemma 4.1 again, we obtain 

TV(un+1) ? TV(un) + TV(un 1). 

Hence 
TV(un+1) < TV((Un). 

Then 
TV(Un+1) < TV(un). 

That is, the scheme (4.1) is TVD. 

Proposition 4.2. The scheme (4.1) admits a unique solution un+1 E L'(Z). 

Proof. The scheme (4.1) may be written in the form 

(4.3) Un+1 + r[g(u,n+1 unj) -ng(uj7,+u+n)] - Z\tq(un+l) = U . 

Let us introduce the operator T: L' (Z) L??(Z) defined by 

T(u)j = uj + r[g(uj, uj+1) - g(uj, uj)] - Atq(uj) Vj E Z 

To prove the existence of a solution scheme (4.1), it suffices to prove that the 
operator T is invertible. To do this, we show that there exists a positive constant 
C such that 

|| T'(u)w IILO(Z)>? C 11 W IILO(Z) VW E L(Z). 
We have 

[T' (u)w]j = wj + rg/ (uj, uj+i)wj + rg/ (uj, uj+i)wj+i 
-rg/ (uj 1,uj)wj - rg$ (uj 1,uj)wj - Atq' (uj)wj 

Let 
T'(u)w = b 

with 

bi = [1 + aj+1/2 - bj-1/2 -Atq'(uj)]wj - aj1/2w 1 + bj+1/2wj+l; 

thus 

I bj 1> [1 + aj+1/2 - bj-1/2 - Atq/(uj)] I wj |-aj-1/2 I Wi-I I +bj+1/2 I Wj+1 
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Taking the sup over j E Z, in the last inequality, we get 

|| b IL-(z)>11 W IIL(Z), 

that is 
|| T'(u)w IL-(z)?>I W IIL(Z); 

then there exists a unique solution of (4.1) in L?(Z). 

Theorem 4.1. If uo E L(I(R) n L1(R), f E C'(R),q E C'1(R) such that q(O) = 0 
and q' < 0, then the approximate solution Uh constructed by the implicit scheme 
(4.1), converges in Li c (Rxx]O, T[) towards the entropy satisfying solution of (1.1)- 
(1.2), as h tends to zero. 

Proof. Using Proposition (4.1), the family of the approximate solution (Uh) is 
bounded in L?(Rx]O,T[) n BV(Rx]O,T[) then by Helly's theorem, we can ex- 
tract a subsequence still labelled (Uh) which converges towards u in Ll c (R x ]0, T[). 
We show now that u satisfies the entropy condition (2.3). 

Let r1 be a convex entropy function, with entropy flux F(u). Multiplying (4.1) 
by <q(un+1), we obtain 

(4.4) 
, 

( n~+1 ) (Un+ 1- un) + rr' (un+1) [g(un+1 , un+1) - g(u7i _un1 j)] 

=Aktq / (Uj+ 1)q (un+i) 

The function r1 being convex, then 

r (un+l) r7(un) < r17(un+i) (un 
i - j); 

thus, (4.4) gives us 

(4.5) 
1(Unl- )_(Un)) + r -/(Un+l)[g(Un+I Un+l)_g(un+I un+I)] 

< Atr1 (Ujn+i )q(0n+1 

Next, we add to both sides of (4.5) the quantity 

A+F(uj) = A+ (F(uj) + r1' (uj) [g(uj-1, uj)-f (uj) 

We now obtain 
(4.6) 

7I(Ujn+l) _ T(Ujn) + rA\+_(uj) <-_r(,A+71/(Ujn+l)) [g(Ujn+l, uen.+l )] 

A + [1/ (Un+ +1) f (uj - F(uj )] + 't?,/ (Un+ )q(0+ ) 

We have 
Un+1 un+1 

(4.7) A+F(uj) = F (w)dw - w w 
n+1n (an+l i f ( /n+1 

Un+1 f 3+1 

A+[7/(+1 f ( 
n 

- ri"1(w) f(w) dw. 

and 
Un+1 

(4.8) A+?1]'(un+1)) [g(Un+I, unj!+I ] 
+ 

[gu>nI unj+Ir'w)w 
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Substituting (4.7) and (4.8) into (4.6), we get 

(4.9) 

- ) (un) + rA+_F(uj) <] rh//(w)[g(ub+1 tunt )-f (w)]dw 

+A\trB (ujn+1) q (ujn+ ). 

Thanks to the hypotheses on the signs of gl and gl the first term of the right- 
hand side of (4.9) is nonpositive, then 

(4.10) ?7(Unl) _- r(un) + rA+F(uj) < At</(un+l )q(u0+1). 

As in the proof of Theorem 3.1, multiplying (4.10) by Wqjh(qpo' = (p(jh, nk)) and 
taking the sum over j and n, we get at the limit (as h tends to zero) 

(4.11) 

L/ jO,T[71(u) pt + F(u)iox]dxdt >- f ]j r (u))q(u)>p(x, t)dxdt; 
I 0,T[ R 0,T[ 

that is the limit u satisfies the entropy condition. 

Remark 4.1. We point out that the former result was proved without any CFL 
condition. 

5. MUSCL TYPE SEMI-IMPLICIT SCHEME 

To construct quasi second-order accurate scheme, as in [23],[24], we assume that 
the initial values form a piecewise linear distribution: 

(5.1) u n(x) =u + (x - xj)6j , Xj1/2 < X < Xj+12, 

where 
(5.2) 

J aMinr Ijn 1, I un-un /h, Iu 0-u> I I /h} 

6jn = t if of sgn(6jn) = sgn(u>nI - u0) = sgn(un -u_, 

1 0 otherwise, 
with 

wtn = (ujn+l - u>n)/(2h). 

PRom (5-2) there exist Oj+1/2 and 1/2such that 
0 < an </2 1 and 0 < 

? n1/21 

and 

(5.3) j= ?+l/2(u +l - u)/h = Ij-l/2(uj - u>i)/h 

We will need the initial boundary values inside cell j: 

( Un+/2 U + h/2 8jn, 
(5.4) - 

I j-1/2,+ = un- h/2 8jn. 

The semi-implicit scheme may be written: 

(5.5) 
= - +1/2,_ u,i+1/2,+)- 1/2,_, 1/2++)] + kq(0+l) 
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Let 

A = {v E L (R), | v L??(R)?<I UO L??(R)I} 

Proposition 5.1. Under the CFL condition: 

(5.6) 

rmax{I g(u,w) -g(v,w) I + I g(z,u) -g(z,v) 1} < 2/3 1 u - v I Vu,v A A 
w,z 

the approximate solution given by the semi-implicit scheme (5.5) satisfies 

i) || Unll IILK(Z)<Il Un 11 

ii) TV(un+1) < TV(un). 

Proof. The scheme (5.5) may be written in the form 

(5.7) u n+ = Uj,+ + kq(Uj n) 

where 

(5.8) jn+l = u, -_r[g(Un+l/2Un gUl/2n+) -9(U>1/2 UyA/2,+)]- 

Using (5.3), the incremental form of the scheme (5.8) gives 

(5.9) u.+ t ,z (n_ n1 Dn (nI_U, ( 3-112(u j-u>i) + D 1+1/2(u j+l - u) 

where 

( C>-1/2 = raj,(1 + 1/231/2 - 1/2a 
(5.10) 

j D+12 -=-rb>(1 -1/2/37+1/2 + 1/2+1/2 

where 

a n [g(Un Un g(Un Un-U a; _ +1/2-, J+1/2, +) - J-1/2,-, U+1/2,+)](Uj+l/2, j-1/2-) 

and 

u+ = 1l/2,-, U+1/2,+) -(u-l/2,-, U1/2+)]/(Uj+1/2,+ 3-12,+) 

Under the CFL condition (5.6), we have 

D+l1/2 > 0, Cj_/2 > 0 

and 

D,+1/2 + 07+1/2 < 1. 

Hence 

1 fin+1 1L??(Z)< Un IL-(Z) 

and 

TV (fn+l) < TV (Un). 

Taking account of q' < 0 and using the same method as in the proof of Proposi- 
tion 3.1, we get the properties i) and ii). 

Proposition 5.2. If uo E L?(Z), then the scheme (5.5) admits a unique solution 

(Un+I) E L?? (Z). 
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The proof of Propositon 5.2 is similar to that of Proposition 3.2. 
To prove the convergence of the approximate solution towards the entropy solu- 

tion, we modify slightly the limitation formula (5.2) by taking: 

(5.11) 

aMin{ I 6 1, I Un+l- u /h, Iui - u /h, Cho' 1} 
Ejn M if a = sgn(7jn) = sgn(Uniu -u ) =sgri(uJ - 

1 0 otherwise, 

where C > 0; 1 > ae > 0. 
Next, we prove 

Theorem 5.1. If uo E L??(R) nfL1(R), f E C'(R),q E C'(R), such that q(O) 
0 and q' < 0, then under the CFL condition (5.6), the approximate solution Uh 

constructed by the scheme (5.5) converges in Ll(QRx]O, T[) towards the entropy 
satisfying solution of (1.1)-(1.2), as h tends to zero. 

Proof. Making use of Proposition 5.1, we show that (Uh) constructed by the scheme 
(5.5) is bounded in L?(Rx]O,T[) nBV(IRx]O,T[); then by Helly's theorem, like in 
the first-order accurate case, we can extract a subsequence still labelled (uh) which 
converges towards a weak solution u of (1.1)-(1.2), in Ll (IRx]O, T[). To prove that 
u is the entropy solution, we rewrite the scheme (5.5) in the form: 

(5.12-a) Ui+I = Un -r[g(un, un+)- (unI, u?)], 

(5.12-b) 
un+I = -jn+' _ r[(g(un/2_,u>/2?) -g(Ujn, u1)) 

-( (Un/2 , u>l/2+) + g(U>n , Un))] + kq(un+I). 

The scheme (5.12-a) is monotone under the CFL condition (5.6), then using a 
result of Tadmor [21], there exists a numerical entropy flux Fj-1/2 associated with 
the entropy r1 such that 

(5.13) ](ifn+l) _- 7(Un) + rA+Fjn /2 < 0 

From (5.13) and the convexity of r1 we obtain 

(5.14) ?7(unll) _- 7(Un) + rA+Fjn /2 < <11(un+I)(un+I _ -n+I) 

Multipying (5.14) by qpo'h(qp?' = (p(jh, nk)) and taking the sum over j and n, we 
get 

(5.15) Zh(?1(u + )- (ui))(pj +ZkA+(Fj-l/2)S 
nj n, 

< Eh7j /(Un+1) (U n+I - 
fin+l)),,n; 

n,j 
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thus 
(5.16) 

S h(ri(u" +) - n(u0)) p' + E k(A +Fjl/2) on 

n,j n,j 

< Zrh2/2< (Ujn+l)(a>n-_67n1, + 6n+_ a- b 
n,j 

+ E khrT/(Ujn+1)q(0+ )(pn 
n, 

Using (5.11), we have 

(5.17) jn I <Ch a. 

Taking account of (5.16), we prove that (5.15) gives as h tends to 0 

L/8 J(0,[71(u) 
pt + F(u)iox]dxdt >- J/ r-((u)q(u)so(x, t)dxdt; 

0 ],T[ 0 ],T[ 

that is u is the entropy solution of (1.1)-(1.2). The uniqueness of this solution 
implies that the whole sequence (Uh) converges towards the entropy solution u, of 
the Cauchy problem (1.1)-(1.2). 

The fully second-order accurate (in space and time) may be achieved as it was 
proposed in [24], by advancing the cell boundary values, to be used in the flux 
function, to the intermediate level tn+1/2 = tn + 1/2k. Using (5.4) we get the 
advanced bondary values 

(5.18) 

jn+12,22- =j?+1/2 _-r+1/2i )-f(u A1/2,+)] + k/2q(u+1/2,-), 

| Un.+1/22+ = U,ln.2 r/2[f (un+l/2 - f(Unl/2+)] + k/2q(Un1/2i+) 

The full semi-implicit scheme is: 

(5.19) 
u+1 n _[g(U+u UU.'1/ +)-12 U. U.U+1/2", Un_1/2 + k(UnU). 

6. SECOND-ORDER RUNGE-KUTTA SPLITTING SCHEME 

We focus in this section on the study of the convergence of a second-order accu- 
rate splitting scheme described in Jin [9]. 

As in the former sections, to ensure the existence of an entropy numerical flux, 
let g be a numerical flux of a three point monotone scheme, as it was defined in 
section 2. 

We consider the splitting Runge-Kutta scheme: 

(6.1-a) Uj* =un - z\tq(U), 

(6.1-b) U(1) =Uj*-rA+gj_l/2, 
3 

(6. 1-c) u =U41) + Atq(u**) + 2Atq(u*), 

(6.1-d) U(2) = u A**-rA+gj** 

(6.1-e) U n+1 = 1/2(un + U2)). 
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Proposition 6.1. Under the CFL condition: 

(6.2) 
r max{I g(u,w)-g(v,w) I + I g(z,u)-g(z,v) } ?1 uu-v Vu,v E A 

w,z 

and 

(6.3) At sup I q'(u) j<1. 
uEA 

The scheme (6.1-a)-(6.1-e) admits a unique solution (un+1) C L' (Z), and there 
exist two positive constants Ci and CE such that 

i) 

11 un+1 |loC Ci 11 u? 1100, 

.i) 
TV(Un+l) < C2TV(u?). 

Proof. Let 
su= SUp q'(u) I 

uEA 

From (6.1-a), we have 
u + Atq'( )u nu 

Thus 

(1-aAt) I u; 1<1 u . 
Using (6.3), we have 

(6.4-a) I ui 1<1 ui I /(1 - aAt). 

From (6.1-b) and the properties of the used flux g, we obtain 

IUf1) 1'1 U*. I 

Hence 

(6.4-b) I u(1) 1<1 Un I /(1-oaAt). 

(6.1-c) gives 

u*- Atq**)uU**-u(4) + 2Atq(u>); 
q' being nonpositive, then 

I Uj** 1'1~ u(1) I +2a/\t I uj*I 

Making use of (6.4-a) and (6.4-b), we get 

(6.4-c) 1 U** 1< 
I + 2aAt 

I 
n 

I 

Using again in (6.1-d), the properties of g (under the CFL condition), we obtain 

U(2) 1<1 uj** 

From (6.4-c), we deduce that 

(6.4-d) U (2) 
17< 

1 + 213/At U n 

Making use of (6.1-e) and (6.4-d), we get 

(6.4-e) 1 o+1 1< 1 + (af/2)At I 
- 

3 a utI. 
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Then, we obtain 

(6.5) |u7 +1 ? [+ (J/2)At]n+l I uO 1<II-caAt 
Taking into account 

n < N-E[T/(At)] + 1, 

then 
[1 + (a/2)At]n+l < exp[(3/2)caT]. 

I aAt 
Hence 

11Un+ lloo Cl 11 U0 00 

where 
Ci = exp[(3/2)aoT]. 

The assertion ii) related to the Total Variation may be proved by a similar 
method. 

Theorem 6.1. If uo E L?? (R) nL1 (R), f E C' (R), q E C' (R), such that q(O) = 0 
and q' < 0, then under (6.2) and (6.3) the approximate solution Uh constructed by 
the scheme (6.1-a)-(6.1-e) converges in Ll c(IR x]O, T[) towards the entropy satisfy- 
ing solution of (1.1)-(1.2), as h tends to zero. 

Proof. FRom Proposition 6.1, the sequence (Uh) is bounded in L??(Rx]O,T[) n 
BV(IR x]O, T[); then by Helly's theorem, we can extract a subsequence still labelled 
(Uh) which converges towards u in Ll c(IR x]O, T[). Let us now prove that u satisfies 
the entropy condition (2.3). 

Let r1 be any convex entropy function associated with (1.1), with entropy flux 
F(u). 

By application of the mean value theorem to (6.1-a), (6.1-c) and using the exis- 
tence of an entropy numerical flux Fj-1/2 since (6.1-b), (6.1-d) are monotone, the 
equalities (6.1-a)-(6.1-e) give us 

(6.6-a) 7(u*) = ?7(Un) - Atq(uj* >(yl), 

(6.6-b) rn(l)) < r(u*) 
-rAFj-1/21 

(6.6-c) 1(u*) ) (uSl)) + At[q(u**) + 2q(u*)] "(Y2), 

(6.6-d) rn(US2)) < r(u**) -rAF** 

(6.6-e) q(u01) < 1/2[n(un) + ?1(uS2)]. 

By adding (6.6-a)-(6.6-d) and multiplying by 1/2, we get 

(6.7) r,(U(2)) < 7(UTn) - r/2A+Fj*_1/2 -r/2A+Fj**1/2 

-1/2Atq(u>*) (yi) + 1/2At[q(u**) + 2q(u*)] "(y2). 

FRom (6.6-e) and (6.7), we have 

(6.8) r1(uj+) )- r(uj) + r'A+(1/2Fj*>l/2 + 1/2Fj*1/2) 

? -1/2Atq(u>*) (yi) + 1/2At[q(u**) + 2q(u*)] (Y2). 
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Using a similar method as in the previous section, we get at the limit (as h tends 
to zero) that u satisfies the entropy condition (2.3) and then the whole sequence 
(Uh) converges to the entropy solution of (1.1)-(1.2). 

Remark 6.1. The condition (6.3) is a consequence of the presence of the negative 
coeffecient (-1) in the first equation (6.1-a). (6.3) may be automatically satisfied 
if At is small enough. 

7. EXTENSION TO THE TWO-DIMENSIONAL CASE 

We consider now the two-dimensional Cauchy problem: 

(7.1) ut + fi(u)x + f2(u)y = q(u); (x,y,t) E R 2x]O,T[;T > 0, 

(7.2) u(x, y, 0) = uo(x, y); (x, y) E E&2. 

In this case, we assume that 

uo E LlO(R2) nL1 (R2) nBV(R 2). 

Let r1(u) =1 u-c l, c E E, and 

Fi (u) = sgn(u - c) (f (u) - f (c)), 

F2 (u) = sgn(u - c) (f2 (U) - f2 (C)) . 

The unique entropy solution of (7.1)-(7.2) may be characterized by the following 
Kru2kov ([11]) entropy condition: 

(7.3) J f [n?(u)t + F1(u px + F2(u)>p]dxdydt 
22 ]0,T[ 

> - sgrn(u - c)q(u)p(x, y, t)dxdydt 
22 0O,T[ 

for all test positive functions So E C1 (R 2 x]0, T[), with compact support in 1R2 X]0, T[. 

Let 
At 

'r=A 
and 

At 
sA= 

y' 

We consider the numerical fluxes gi(u,v), i = 1,2, which are assumed to be 
locally Lipschitz functions in both arguments and such that: 

1) gi(u,v) is nonincreasing in u, 
2) gi(u,v) is nondecreasing in v, 
3) gi (u, u) - fi (u), 

for u, v, w, z E A where 

A = {v E L'(IR2), IvI - L(R2) < IIU0 jLc(R2)}, 

KiWZ (u, v) = Igi (u, w)-gi (v, w) I + Igi (z, u)-9i (z, v) 

for i = 1, 2. 
The CFL condition is 

(7.4) rK lzl (u, v) + sKW2z2 (u,v) ?<I u-v _ . 
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For the approximation of equation (7.1)-(7.2), we often use the semi-implicit 
scheme: 

(7. 5) Uin+I = nij - r [g, (Un , Un ,g,+,,j (Un 1 ,' jUn , j)] 

-S [92 (Uinj vUin j+I - )92 (Uin,j_1, uin j) ] + A tq (Un +I) . 

As in Propositon 3.1, we can prove 

Proposition 7.1. Under the CFL condition (7.4), we have the following proper- 
ties: 

i) The scheme (7.5) admits a unique solution (Un+1) E L??(Z x 2), 
ii) The scheme (7.5) is monotone, 
iii) || Un+I 1IL(Z2)<11 UnIIL(Z2) 
iv) TV(un+ ) < TV(un), 

where 

TV(un) = , - uin I Ay + E g - un, I Ax. 
i,jEZ i,jEZ 

Theorem 7.1. If uo E L'(IR2) nfL1(1R2) n BV(R2),f C' (R),q E C' (R), such 
that q(O) = 0 and q' < 0, then under the CFL conditon (7.4), the approximate solu- 
tion Uh constructed by the semi-implicit scheme (7.5) converges in Ll (IR 2x]O, T[) 
towards the entropy satisfying solution of (7.1)-(7.2), as h tends to zero. 

Proof. The proof of this theorem is similar to that of Theorem 3.1, where we can 
use a result of Crandall-Majda [6] related to the existence of an entropy numerical 
flux in the case of the two-dimensional monotone case. 

The implicit case may be analysed like the one-dimensional case in section 4. 

Remark 7.1. We did not consider here the second-order accuracy, since we know 
(see [8]) that we cannot construct a TVD second-order accurate scheme in the 
two-dimensional case. 
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