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A PRIORI ERROR ESTIMATES FOR NUMERICAL METHODS
FOR SCALAR CONSERVATION LAWS. PART II:
FLUX-SPLITTING MONOTONE SCHEMES ON IRREGULAR
CARTESIAN GRIDS

BERNARDO COCKBURN AND PIERRE-ALAIN GREMAUD

ABSTRACT. This paper is the second of a series in which a general theory of a
priort error estimates for scalar conservation laws is constructed. In this pa-
per, we focus on how the lack of consistency introduced by the nonuniformity
of the grids influences the convergence of flux-splitting monotone schemes to
the entropy solution. We obtain the optimal rate of convergence of (Az)l/ 2 in
L (L) for consistent schemes in arbitrary grids without the use of any regu-
larity property of the approximate solution. We then extend this result to less
consistent schemes, called p—consistent schemes, and prove that they converge
to the entropy solution with the rate of (Az)™in{1/2:p} in L°°(L); again, no
regularity property of the approximate solution is used. Finally, we propose a
new explanation of the fact that even inconsistent schemes converge with the
rate of (Az)!/2 in L>°(L'). We show that this well-known supraconvergence
phenomenon takes place because the consistency of the numerical flux and the
fact that the scheme is written in conservation form allows the regularity prop-
erties of its approximate solution (total variation boundedness) to compensate
for its lack of consistency; the nonlinear nature of the problem does not play
any role in this mechanism. All the above results hold in the multidimensional
case, provided the grids are Cartesian products of one-dimensional nonuniform
grids.

1. INTRODUCTION

This is the second of a series of papers in which we develop a theory of a priori
error estimates, that is, estimates given solely in terms on the exact solution, for
numerical methods for the scalar conservation law [11]

(1.1a) v+ V- f(v)=0, in(0,T)xRY
(1.1b) v(0) = vy, on R4,

In the first paper of this series [4], we constructed a general approach aimed at
obtaining a priorierror estimates for numerical methods for scalar conservation laws
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by a suitable modification of Kuznetsov approximation theory [12]. We illustrated
the approach by establishing optimal error estimates for the Engquist-Osher scheme
[5] on one-dimensional uniform grids without using any smoothness property of the
approximate solution generated by the scheme; in previous work, (2], [3], [13]-[16],
[18], [19], [20], [22], [24], [26], regularity properties of the approximate solution were
always used (see also [23]). The extension of this result to the case of nonuniform
grids is by no means trivial since the nonuniformity of the grids introduces a “loss”
of consistency (see, for example, Hoffman [9], Pike [21], and Turkel [25]) which,
nevertheless, does not deteriorate the rate of convergence of the global error. This
paper is devoted to the study of this supraconvergence phenomenon, that is, to the
study of the relation between the part of the truncation error generated by the lack
of consistency of the scheme and the global error.

Supraconvergence of numerical schemes has been analyzed in a variety of cases.
For example, Manteuffel and White [17] studied supraconvergence for linear, second-
order boundary value problems, Kreiss et al. [11] for high-order linear differential
equations, B. Wendroff and A.B. White [27], [28] for nonlinear hyperbolic systems,
Garcfa-Archilla and Sanz-Serna [7] for third-order finite differences, and Garcia-
Archilla [6] for the Korteweg-de Vries equation. To illustrate this supraconvergence
phenomenon in our setting, let us consider the standard Engquist-Osher scheme on
nonuniform grids, i.e.,

@it —ul) /At + (FPO (W}, ufyy) = FPO(uf_g,uf)) /A =0,  neNjez,

with numerical flux f¥°(a,b) = f*(a) + f~(b), f* and f~ being respectively the
increasing and decreasing part of f. Asusual, A; = 1/ —;_1/2 denotes the cell
centered around the node z;. Assuming that the solution v is smooth, the (formal)
truncation error is given by TEY (t", z;) = TE,. +TEL,  + TE,’;M, where

visc

At 2, n n A2 1 +A2— n n
TE},. = - Bx(f'* (v])0z0]) — /24Aj T2 B, (1 (v 0507
A? — A2
]+1/2 j—1/2 1(,.n n
+ 4Ag az(f (Uj )azvj )a
A + A —-A; + A,
foo_ (2itL/2 i=1/2 1om n j+1/2 3=1/2 \ prem n
TECOTLS ( 2AJ 1) f (U] )8(EUJ + 2A] I-f (UJ )I a(ltvy )
3 A3
TEf,,= O(—22) + 0(—L2L2) + 0(A8?),
A; A;

where v} stands for v(t",z;) and Aji1/2 = (A; + Aj11)/2. The above terms
correspond respectively to the numerical viscosity of the scheme, to the consistency
of the scheme, and to some “high-order” terms; note that the term TEY . . vanishes
if uniform grids are considered. It is easy to see that the (formal) truncation error
tends to zero upon refinement if A; varies smoothly with respect to j. Convergence
can thus reasonably be expected in this case. On the other hand, if nonsmooth
grids are considered, the scheme is not consistent. Indeed if, for instance, the grids
..., Az/2, Az, Az /2, Az, ... are considered, the term TEZ . does not tend to zero,
and thus neither does the (formal) truncation error TE? (t", z;).

The following numerical example shows that the inconsistency of the scheme on
rough grids does not prevent it from converging at the optimal rate. In Figure 1,
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FIGURE 1. L-error vs. Az for a continuous (top), and discontin-
uous (bottom) solution, on random grids

we display the performance of the Engquist-Osher scheme on the classical example
of the Burgers’ equation with periodic boundary conditions and a sinusoidal initial
condition (see [8] for details).

About 400 randomly generated—and thus non smooth—grids were considered.
The global L'-error at the final time is represented with respect to Az, size of the
largest element. In Figure 1 (top), the exact solution is smooth; the convergence
rate is one. In Figure 1 (bottom), the exact solution exhibits a discontinuity but,
interestingly enough, the scheme converges without any loss in the numerical rate
of convergence. This shows that the (formal) truncation error is a poor indicator
of the quality of a numerical algorithm.

In this paper, we obtain the proper definition of the truncation error and show
how to use it (i) to obtain a priori error estimates for flux-splitting monotone
schemes in nonuniform grids, and (ii) to explain the supraconvergence phenome-
non. Although Sanders [22] did establish an optimal error estimate for monotone
schemes on nonuniform grids, his analysis relied on several regularity properties
of the approximate solution, in particular total variation boundedness. This is a
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point of significant importance, if one recalls that even the simplest schemes, the
monotone schemes, have not been proven to generate approximate solutions with
this kind of regularity, when defined on general triangulations. In this paper, to
obtain our a priori error estimates, we do not use any regularity property of the
approximate solution; as a consequence, we are forced to use suitable definitions
of consistency. Thus, we obtain the optimal rate of convergence of (Az)'/2 in
L>(LY), for consistent schemes in arbitrary grids. We also consider a class of nu-
merical schemes of varying degree of consistency called p—consistent and prove that
they converge to the entropy solution with the rate of (Az)™in{1/22} in L°°(L1).
In both cases, no regularity property of the approximate solution is used.

To explain the supraconvergence of the numerical schemes under consideration
(which was proven by Sanders [22]) we allow ourselves to use the total variation
boundedness of the approximate solution but only to estimate the term that appears
in the proper truncation error due to the inconsistency introduced by the nonuni-
formity of the grids. We show that the optimal rate of convergence of (Az)'/? in
L>°(L') can be obtained, even for inconsistent schemes, because the consistency
of the numerical flux and the fact that the scheme is written in conservation form
allow the regularity properties of the numerical approximation to compensate for
the lack of consistency of the scheme; the nonlinearity of the problem does not play
any role in this mechanism. To the knowledge of the authors, this is the first rigor-
ous explanation of a supraconvergence phenomenon for hyperbolic problems with
low regularity; the study of B. Wendroff and A.B. White [27], [28] on hyperbolic
systems is formal and applies to smooth solutions only.

Finally, we strongly emphasize that, although all our results are stated and
proved in a one-dimensional framework, they can be immediately extended to the
case of multidimensional problems, provided the grids are Cartesian products of
nonuniform one-dimensional grids. The case of time-varying meshes will not be
considered in this paper since it would add a great deal of complexity to the already
very technical analysis presented. To the authors’ knowledge, no such result is
available in the present context.

The paper is organized as follows. In §2, the numerical schemes under considera-
tion are presented, related technical assumptions are discussed, and the main results
are stated and discussed. In §3, we give a proof of our main result. Concluding
remarks are offered in §4.

2. THE NUMERICAL SCHEMES AND THE MAIN RESULTS

a. The numerical schemes. Given a partition of R*, {t" = nAt}nen, and a
grid or partition of R, {z;1/2 }jez, we define an approximation u to the entropy
solution v of (1.1) (with d = 1) as the piecewise-constant function

(2.1) u(t, z) =uj’, for (t,z) € [t",t""1) X (@j_1/2, Tj41/2),
constructed as follows. At t = 0, the degrees of freedom of u are given by
1 [T+1/2
(2.2a) ud =—/ uo(s) ds.
Aj Tj—1/2

The remaining degrees of freedom are defined by the following flux-splitting scheme
in conservation form:

(2.2b) (™ —ufn) /At +( 12 = fita2) /A5 =0, neN,j€Z,
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where Aj = ;415 — 2;_1/2 and the numerical flux f}, 5 = fj11/2(u], u7,,) has
the form

(233') j7—ll—1/2 :chnt,j+1/2 - quz:sc,j+1/2?
with
n aj+1/2 b]+1/2
(23b) fce'n.t,j+1/2 —A /2 f( Uj ) A] f( _7+1)
and
GOj+1/2 n n
(2.3(3) fmsc,_7+1/2 A 4172 (N(Uj+1) - N(Uj ))»

where A;41/9 = (Aj + Aji1)/2. We assume that the flux fi41/2 is consistent with
the nonlinearity f, i.e., that f;1/2(u,u) = f(u); this is equivalent to assume

(2.3d) ajtr1/2 +bjr172 =Dj11/2.

‘We also require

(236) ma,x{aj+1/2, bj+1/2,0} S Olj+1/2 S Az = SuIZ) Aj,
je
and
(2.30) N'($) 2 | £(5) |
Two standard examples of viscosity N are N(u f | f/(s)|ds (Engquist-Osher

flux) and N(u) = Cu (Lax-Friedrichs flux), where C is chosen as to satisfy (2.3f).
As is well-known, condition (2.3f) ensures the monotonicity of the scheme under a
suitable condition on the size of At which in our case turns out to be the following:

At . .
(2.4a) Zf|| N'(u) || < cfi(g), jez,

J
where

a 2 1/2 Qj+1/2 Qj_1/2
2.4b efl71(j iz iy + :
(2.4) / |Aa+1/2 Aj_1/2 Ajyie Ajoaye
(2.4c) IN'(u) || = sup N'(u(t,z)).

te(Oig‘)

TE

Note that (for the Engquist-Osher scheme, for example) the above stability condi-
tion (2.4) boils down to the usual cfi(j) =1 in the case of uniform grids. It should
also be noted that (2.4) is essentially a condition of the type At < k infjez A;,
where k is a positive constant independent of the grid. It is therefore the smallest
element Ay which limits the size of the time step At. Although customary, such a
condition might be unreasonably stringent for most of the elements. An interesting
alternative is discussed in [1].
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b. Consistency and a priori error estimates. Before stating our error esti-
mates, we need to elaborate on the notion of consistency of the schemes.
The (formal) truncation error TEf(t", z;) for the schemes under consideration

can be split into three terms, TE7;,_ + TES,.. + TE,’:M', defined as follows:

visc

AV i A ;
TE’LJ;SC =é2t_ 8z(f12(v‘;1)azv‘;1,)_ j—1/2 aj 1/22Z ]+1/2a]+1/2 8z(N/(’U;l)8zU;L)
J
bis1ja DAjirje — aj1/a Ay
+ j+1/2 J+1/22A¢'13 1/28j-1/2 Bz(f’(v?)azv;?),
J
bii1js+aj_12 — A, e —
TE,, =TS T g, o) - S22 g N (o),
J J
TEI']:.o.t. = O(Atz) + 7 O(sz)a

A, A . .
where r; = max{=}=*, =¥ }. Note that we can use the consistency of the numerical
J J

flux (2.3) to write

ivryg—b: ; .
TES . = __zi%ﬂ_l/g B, F(1) — 3‘&1/_250‘7_1/_2 0, N (1),
J J

where

0j+1/2 = Gjt1/2 = %AJ’H'
Although it is not clear at this point, it is this structure of the consistency error
TEZ,,, which allows the phenomenon of supraconvergence to take place. What is
clear, however, is that the consistency error is identically zero if both $j+1 /2 and
a;41/2 are constant. It is thus reasonable to measure the degree of consistency of
the scheme by some seminorm related to the variation of 6 and a.

Our analysis shows that the correct quantity to consider is not $j+1 /2 but

1
(2.5) Oj11/2 = Qjy1/2 — §Aj,

and that the consistency of the error should be measured with the following semi-
norm:
Z|w7—2|S(A2)1/2 IC]'+1/2 - Cj—1/2 [
(Az)1/? :
This motivates the following concepts of consistency. We say that the scheme is

p—consistent with respect to the family of grids { {2412 }jez } AzS0 if there are
two nonnegative constants Cs and C, such that

(26b) I 0 Ivar,1/2 S Cﬁ (Ax)p, | « |'ua.r,1/2 < Coz (Aa:)p

If Cs = C, = 0, we say that the scheme is consistent. For example, for the one-
parameter family of schemes

(263') l C Ivar,1/2 = sup
z€R

1
ajy1/2 = 5((1 —0)A; +0A;41),

1 1
bj+1/2 = 5((1 — 0)Aj+1 + GA]'), Qjr1/2 = iAx’
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for 6 € [0,1], we have 6;11/2 = 0 (Aj41 — A;)/2. Moreover, it is clear that the
schemes are consistent for § = 0 regardless of the family of grids. For 6 € (0,1],
these schemes are p—consistent if the grids are such that

> A1 —20; + Ajo | < (Az)Y2 . Cs (Az)P.

|z;—z|<(Az)1/2

This property holds if the grids are p—smooth, that is, if there is a constant x such
that

(2.7) Irn — 1] < K AzP, Tp = SUp Ajil.
jez Bj

Note that for 0—smooth grids like ..., Az /2, Az, Az /2, Az, ..., the schemes above
are O—consistent and clearly inconsistent, except for the scheme obtained with
6 =0.

We are now ready to state our error estimate which, following [4], is expressed in
terms of the numerical viscosity associated to the scheme under consideration and
in terms of the measure of consistency introduced above.

Theorem 2.1. Let the Courant-Friedrichs-Levy condition (2.4) be satisfied. Let u
be the piecewise-constant solution given by the scheme (2.2) with coefficients satisfy-
ing (2.3), let v be the entropy solution, and set R(vo) = [inf zer vo(x), sup, g vo(x)].
Then

lw(tY) = v(EV) I @) < 2110 — vo [l @) + 8 vo lrv@yy/ 27 | v || (Az)/?
+Clvolrv) (16 lvar,1/2 + | lvar,1/2)
+ [ vo lrv @y (b1(Az)%* + by Az),

where || vy || = SUp,cz SUPy,eRr(vo) Vi(W) and the local viscosity coefficient v; is given
by
oy = Ltz A5+ 2041 Qo2 A5+ 24501
vi(w) =3 ( As 38, T Az s, )W
Gjp1/2 By +28j41 _ bic12 B +2850 o A
+< Az 34, Az 3a, I - @)

The constant C is given by
C=4|N'@) | (" +1/2tN /v ) (1 + bo (Az)'/),

and the constants by, by, and by are locally bounded functions that depend solely

on the quantities || f'(v) ||At/Az, || f'(v) ||/l v ||, and {tV || vy [|}Y/? . Moreover, if

the entropy solution has a finite number of discontinuities on each compact set

of (0,T) x R, we can take ||v| = s vij(v(t,z — 0),v(t,z + 0)), where
zE
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V]‘(’U_,’U+) = SUDPyely=Avt v~ Vo] |1/j(u;'u_,'v+)| and

- 1 Aj +2A; Aj+2A, 1\ N(w
Vj(u;v ,v+) =§{(aj+1/24§xj_ﬂ+aj_l/2 J 3Aj] 1)[ [i])]
Aj + 2A,7'+1 A]’ + 2Aj_1 [F('U)]
+ aj+1/2—————3Aj —0j-1/2 34, 0]

R )
SR T }

In the above expression, [v] = vt —v™, [F(v)] = f;'_)r f'(s) sgn(s — u)ds, and
W()] = fvv:r N'(s) sgn(s — u) ds.
An immediate consequence of this result is the following.

Corollary 2.2 (p—consistent schemes). With the notation and under the as-
sumptions of Theorem 2.1, if the scheme is p— consistent, we have

lu@™) — o) 1w < 21lwo —vo llr@) + 81 vo lrvmyy/ 2t v || (Az)/?
+ O((Az)min{p3/4}y,

For consistent schemes, we have that 6;,1/2 =0, aj41/2 = , and we can write

i) < |0 vy - B8 ()2 | +ow),
where
0 (5 (55 + ) =21+ (5 # glre =1 =11 ) W)
<CN'(w) (Aa)",

for g—smooth grids. Thus, Theorem 2.1 gives the following result.

Corollary 2.3 (Consistent schemes). With the notation and under the assump-
tions of Theorem 2.1, if the grids are g—smooth and if the scheme is consistent, we
have

Hu(™) = o) 21w < 2[luo — o llLs ) + 8| vo lrvayy/ 26N | v || (Az)'/?
+ O((Ax)min{1/2+q,3/4}),

where

0 ) - B (|

vy ||= sup
o weR(wy) | AT

Note that even for 0—smooth grids, the optimal rate of convergence of O((Az)/?)
is achieved by the above schemes.

c. Sketch of the proof. In what follows, we give an overview of the proof of Theo-
rem 2.1 which is given in full detail in §3. We start with the following approximation
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inequality [4, Proposition 7.6]. If e(t") denotes the error || u(t") —v(t") ||L1(r), then

e(t™N) < 2¢€(0) + 8 (e + &l (W)II) [vo lrv®y + 211 /() | | vo lrv(r) At

+2J}1_)rr; 1<sup { B} (u,v5t™) /W (t™) — Eaiss(un, v;t™) /W (™)},

where the so-called dual form Ej,, (u,v;t™) is, in this case, nothing but the trun-
cation error and the form FEg;s(un,v;t™) contains the information on the entropy
dissipation (or “hyperbolic coercivity”) of the numerical scheme. The third term
in the right-hand side reflects the fact that the scheme is first-order accurate in
time. The parameters €, and €; are auxiliary positive numbers that will be suitably
chosen after obtaining the estimates of the forms E3,, (u,v;t™) and Eg;ss(un, v;t™).
The functions w, x, and W are auxiliary functions to be precisely defined in §3.a.

Since the numerical schemes under consideration are monotone, it can be easily
proven that

_Ediss(uha v; tN) S 0,
under the condition (2.4) on the size of At.

To estimate the dual form E}, (u,v;t™), we first show that it is bounded by the
truncation error

Ey,(u,v;t™) <TE(u,v;t"),
and then we obtain the corresponding estimate.
To illustrate the estimate of E%; (u,v;t™), let us consider that both the entropy
solution v and the “approximate solution” u are smooth. We also assume that the
functions a, b, §, and « defining the coefficients of the numerical scheme are smooth

functions. In this case, the truncation error TE = TE(u,v;T) can be written as
the sum of the following three terms

T T
TEyisc = / / / / Az V (u,v;2') rp dz’ dt’ dz dt,
0 JRJO JR
T T
TBeons = - / / / / {5z'($/)F(U,’U)+azf(a:')./\f(u,v) Vo da dt’ da dt,

TEh.o.t

F(u,v) Qugt dz’ dt’ dzx dt

+/0 /R /0 /R {P(2') F(u,v) + Q(&') N (4,v) }puze da’ dt’ dz dt,

where, in order to render as clear as possible the manipulations that will be per-
formed, we abbreviated v(¢,x) by v, u(t’,z’) by u, and the auxiliary function
o(t,z,t',z') by p. The functions V, F, N' and F are related to the numerical
viscosity coefficient

v(w;z') =g§i—) N'(w) + 2(231—)2;;:—(:62 f(w) — 5% (f'(w))?,
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and to the functions f and N as follows:

V(u,v;x’)=/u v(s;2') U’ (u — s) ds, F(u,v):/u F(s)U (u—s)ds,

N(u,v) = uN’(s)U'(u—s)ds, f(u,v)=/u(f’(s))2U’(u~s)ds,

v

where U(w) = |w|. The functions P and Q satisfy
P Lo, | Qllzom < (Az)?/2.

Before estimating the truncation error T'E, let us compare it with the (formal)
truncation error TE/, which is the sum of the following terms:

TE!, (t,z) = %At 8m(f’2(v(t, x)) O,v(t, z)) — @) Ope (N (v(2, 2)))

- §<b x) - a(z)) e f(0(2,2)))
TEcons - _{6 )) + oy CE)a N( (t x))}’
TE,’:O.L = O(At2) + (’)(A:c ).

We see that the definition of the (formal) truncation error TE/ collapses when
v is a nonsmooth function. However, the truncation error TE remains defined
even if v and u are only bounded and measurable. Moreover, in the expression
of the truncation error T'E, it is possible to integrate by parts very easily due
to the fact that the functions v = v(¢,z) and u = u(¢/,z’) are always evaluated
at different points; this key feature was introduced by Kruzkov [11]. In order
to compensate for this “doubling of the variables,” the auxiliary function ¢ is
introduced and is defined to be an approximation of the product of the Dirac
delta functions with support {¢t = t'} and {z = 2’} respectively; more precisely,

otz t', 2’y = {w((t —t')/e:)/e:} {n((x — 2') /€x) /€ }, where w and 7 are positive,
even, smooth functions of unit mass and support in [—1,1].

We are now ready to estimate T'E. To estimate T'E,;s., we integrate by parts in
the variable z and use the definition of the function V(u,v;z’) to obtain

T T
TE‘visc=////Aﬂ?V(U;ZL‘/)UxUI(U—’U)(pxdl‘/dt/dxdt
0 JRJO JR
T T
SMII%II//I%I{// lmdx’dt’}dxdt
0 JR 0 JR

<2C, '”'Z—V““” v || Az,

where Co = T |vo|ry®) W(T), and where W (s) is the antiderivative of w(s/e;)/e;,
since

// | 0o | da’ dt’ dz dt < Inltve W (T), //|vx|dxdt< T [volzv m)-

€z
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To estimate the consistency truncation error, T'E..ns, We integrate once again by
parts in the variable z and use the definitions of the functions F'(u,v) and N (u,v):

TEcom=—/OT/R/OT/R{&y(a:’)F(u,v)+az/(:c’)./\/(u,v) }oo da’ dt’ dx dt
T T
—////{5w'(xl)f/(”)+04x'($/)N/(’U)}U'(u—*v)vx(pdx’dt’dxdt
o JRJo Jr

<[ e { [ [ eloe) ) wa
//|N/U)||’Uac {// | oz (z') | do’ dt}dxdt

Az)l/?
<261 (14 B ) (B o + 10 on),
where C; = Cy ||[N'(v)||, since
T
//<p|(z/(x’)|dx’dt’_<_2W(T)(1+
0 JR

Finally, to estimate T E}, , 1, we integrate by parts in z, use the definitions of F'(u,v),
N (u,v), and F and proceed as before to get

At
TEpo: <Cy { (20 Inlzve 4 +2(__”QL’ZM}

Az)l/?
( 6) ) ”"7||L°°(]R) |C|var,1/2~

€ €z €2

Now, we pick 1 such that:

Inlrvey=1+¢ [0 lrvey =2+e+1/e, [[nlleeo@w = (14¢€)/2,
and insert the above estimates into the right-hand side of the approximation in-
equality. To prove Theorem 2.1, we simply have to minimize the right-hand side
of the approximation inequality with respect to the parameters €, €, and €. It
turns out that the optimal parameters are ¢, = O((Az)Y/?), ¢, = O((Az)3/4),
and € = O((Ax)'/4). The estimates of the truncation errors then take the form

T Byise(u,v; T) /W (T) <Cj (Az)'/?,
T Eecons(u, v; T) /W (T) < C1 (16 |var/2 + | @ lvar,1/2)5
TEh.o..(u,v;T)/W(T) < Cy (Az)*/*,
where the constants C}, i = 0,1, 2, are independent of Az for Az small enough.

d. An explanation of the supraconvergence. To illustrate the idea that allows
the supraconvergence phenomenon to take place, we only need to show how to
exploit the structure of the term T E.,,s to obtain a better estimate. Since both
terms of T E..ns are similar in structure, we concentrate only on the first:

T T
0=_ / / / / 8ur () F(u,v) 5 da’ dit’ d dt.
0 JRJO JR

Note that if we do not want to use the variation of § to estimate ©, we can exploit
the fact that it is possible to integrate by parts, this time with respect to z’, to get
an estimate involving a bound on the L*-norm of § only. It is this structure of the
consistency error (which, as we saw in §2.a, is a reflection of the consistency of the
numerical flux and the conservativity of the scheme) which allows the phenomenon



558 BERNARDO COCKBURN AND PIERRE-ALAIN GREMAUD

of supraconvergence to take place. The price to pay, however, is that we must give
up the restriction of not using regularity properties of the approximate solution wu,
as we show next.

Thus, to estimate ©, we integrate by parts in the variable 2’ and use the definition
of the function F'(u,v) to obtain

0=-— /0 ’ /R /O ’ /R Flu,v) 0 (8(z') — 8)r da’ dt das it

:/OT/R /OT/R {U' (u—) f'(u) up oz + F(u,v) 9o } {6(a') — 6} da’ dt’ dz dt
=/0T/R /OT/R U'(w—v) { f'(u) Yooz + [ (V) vz 02 } {6(z') — 6} da’ dt’ dz dt

S/OT/R|f’(u)||ux/|{/0T/R|80x|{6(x')—5}dxdt}dx'dt'
[ Lrronel{ [ [ o166 -5 as'at } aoa

At this point, it becomes clear that in order to estimate ©, we must obtain a
bound on the L®-norm of u and on its total variation. Since u is the “approximate
solution” of a monotone scheme in one-space dimension, it is well-known that we
have

I /() | | w ] Loogo,en vy <IIF (@) |10 lrvwy,

With the above regularity property of the “approximate solution”, we can obtain

040

61| Lo my/m
—;M— |77|TV(1R),

where || 6 || oo ®)/R = infseg || 6 — 6 || oo (r), Since

r r |77|TV(R)
//|%,|dx'dt'=//|%|dxdt5 o IMIV®) yy oy,
0 JR 0 JR €z

This implies the following upper bound for the consistency error:

161lLoo®y/r + [l @l Lo m) /R

TEcons (’U,, v; T) <4Cy | n ITV(]R) €
x

The error estimate follows as in the previous section. A discrete version of the
above argument can be easily obtained which, under the notation and assumptions
of Theorem 2.1, leads to the error estimate:

[u®™) —o(EV) [lr@) € 21luo — o lz2(w)
+ 8o v (w) \/2 tN (lvo | Az + 2 N'(0) | (16 [l Loy /R + [l @[] oo m)/R))
+ (b1 (AZ)3* + by Az) | w0 Ty (w),
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which gives the optimal rate of convergence of (Ax)'/2, as expected. Although the
above error estimate is new, we are more interested in the technique to obtain it
since it sheds light into the supraconvergence phenomenon. As we have just shown,
the optimal rate of convergence of (Azx)!/? can be obtained even though the scheme
is not consistent because the consistency of its numerical flux and its conservativity
makes possible for the lack of consistency of the scheme to be compensated by the
regularity of its approximate solution u. The fact that the problem is nonlinear
does not play any fundamental role in this mechanism.

3. PROOF OF THEOREM 2.1

In this section, we prove our Theorem 2.1. This section is closely related to
section 7 of [4] in which we establish the same result for the Engquist-Osher scheme
defined in uniform grids. Thus, we shall use the same notation and omit detailed
proofs when those are variations of similar proofs in [4].

a. The approximation inequality. We start by displaying the following inequal-
ity proven in [4, Proposition 7.6]. If e(t") denotes the error || u(t") — v(t") |1 (w),
then

e(t") < 2€(0) +8 (ex + el f (W) [vo lrvey + 21 f/(v) | [vo lrvmy At
+2 lim sup {E%y (u,v;t™) /W (t™) = Egiss(un, v;t™)/W (™)},

W=X1<n

where, in this case, the form Egs(up,v;t") is given by

N
Eaiss (un,v; tN) //ZZLRED o(t, ) ¢(t, z, t" T 2;) Aj At dz dt,

n=0 j€Z

where the local rate of entropy dissipation LRED/(c) is given by
n L[
LRED;(e) = At / i1 (P, (u}) —pj(s)) U" (s — c) ds
/n+1 (P3(u}_y) —pi(s) U" (s —c)ds

t 2 o B0~ Ve~

At a;p12 bj_iye At ojri2 Q1)
pj=s— (T - ) f(s) - (4
J Jj+1/2 j—1/2 J j+1/2 j—1/2

2 aj—1/2 Qj_1/2
2 T2 pgy 4 TITY2 ),
Dj A s f(s) - (s)

) N(s),

L LRV T e SRV

s),
AVERY?: Ajiay2 )
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and the dual form E3,, (up,v;t") is given by
tN tN
E (up,v;th) = — / / / / Uu(t',z') —v(t,z)) it z,t',2') do dt dz’ dt’
o JrRJo JR
tN
-I-/ / / U, z') — vV, z)) oV, z,t', ') de dt do’
o JrJR
N
—/ //U(u(t’,a:’) —vg(x)) (0,2, ¢, ') dz dt dz’
o JrJR
phls i ¢(t: Z, tn+1’xj) - ¢(t’xatn+l)xj+1)
- z Z o Je Gj+1/2

o e AVERY?:

¢(t: x,tn+1’xj—1) - ¢(t’$a tn+1,xj) }
AVIRYZ:
- F(ul',v(t, 7)) dr dt At

N-1 tN
t) ’tn+1, i) — t:x,tn+1a j
+ZZ/ /{_%'+1/2¢( z ) = Zy+1)
0 JR

+ bj—1/2

n=0 jez AVERY?
¢(t7 Z, tn+1a :Bj'—l) - ¢(t, z, tn+1a x])
+C¥J_1/2 Aj__l/g
N (uf,v(t, x)) dz dt At.
The function U(:) is nothing but | - |, and F(u,c) and N (u,c) are defined as

follows:
31)  Fluc)= / L P U (s—c)ds, N(uye)= / N U (s — ) ds.

The function ¢ is given by

1 [%i+1/2
(3.2 statie) =5 [ el t,s)ds
A] wj_1/2

where the function ¢ = (¢, z,t',z’') is defined as follows:

(3.3a) 0 =we, (t—t)n (x—1), (z,t), (2',t') e R x R,
where €; and €, are two arbitrary positive numbers and

1 s 1 s
3.3b (s) =—w(S =L,
(3.3b) we (8) = w(Z), Mea(s) = — ()

for any s € R. For future reference, we also set

¢
(3.3¢) W(t) = / we, (s) ds.
0
Finally, the functions w and 7 are smooth approximations to x = xo and ., where
(1+6)/2, for [z < (1-¢€)/(1 +e),

Xe(z) =q (L+€)? (1~ |z])/4e, for |z € [(1—¢€)/(1+e),1],
0, elsewhere .
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It is easy to verify that we can find a sequence of functions 7 such that

(3.4a) Jm [nlrve =[xelrvay = 1+¢
(3.4b) Lm0 |rv @) = |Xelrvm) = 2+e+1/e
(3.4¢) Jm 7 llze@ = I xe @y = (1+€)/2.

b. Estimate of Eg;ss(up,v;t™). To estimate Eg;ss(un, v;t™), it is enough to follow
the proof of the corresponding result in [4, Proposition 7.1].

Proposition 3.1. Under condition (2.3f) on the wiscosity term N, and if the
Courant-Friedrichs-Levy (CFL) condition (2.4) 1is satisfied, the local rate of en-
tropy dissipation LRED[*(c) is nonnegative. Hence

—FEgiss(un,v;t™) < 0.

Sketch of the proof. The above conditions ensure that the functions pj- (s),i = 1,2,
3, are nondecreasing in s. The result follows from this fact and the definition of
Ediss(uh,v;tn)' O
c. Estimate of E¥, (un,v;t").
Proposition 3.2. We have

lim sup {E},(u,vt")/W(t™)} < TEWyisc + TEWeons + TEWh o1,

WX 1<n< N

where

TEWoise(u,v;t™) < Co { 2 'ﬂlf—"@ (1+ g)}HV,,H,

T

)(

(At) IanV(R) £ 1] +2 (Am)zlz’ ITv®) ( éf)},

At (Aa:)

TEWCOTLS(U’ v tn) <2¢4 (1+ ) ||77||L°°(R) (|6|var,1/2+ |a|var,1/2)a

1+
t €x €z €t

TEWh.ot.(u,v;t™) <Cy {

where CO = tnh}OlTV(]R) and 01 = C() ”f/(’l.))”
To prove this result, we proceed in several steps.

First step: Relating the dual form Ej, (u,v;t) to the truncation error.
We start, by suitably relating the dual form to the truncation error. To do that, we
will need the following averages of the function ¢:

tn+1

(35a)  $(t,a ", z;) = le / é(t,,5,3;) ds,
1/2  pzijp1+l541p
(3.5b)  (t,x,t" T, 351 /0) = A / o(t,z,t", s) dsdp,
j+1/2 J=1/2 Jz;+A; p

where @(t, z, "1, z;41/2) has been defined in such a way that the following equality
holds:

R t n+1 AN n+1 .
(3.5¢) bu(t,z, " x4 )0) = otz ") — ¢ty t ,$3+1)‘

AVERY?:

With the above notation, we have the following upper bound for E,, (un,v; t).
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Lemma 3.3. We have

N-1 tN
At
* 4N n n
Egio(un, v;7) < E E /0 /R—z Aot (t, z, t" T ;) F(ul,v(t,x)) drdt At

n=0 jE€Z

N-1 N
+ Z/O /R‘i’}‘(t,x)N(u;‘,v(t,a:))da:dmt

n=0 jEZ

N-1 N
-2 /O /R dr(t, ) F(ul',v(t, z)) dwdt At,

n=0 jE€Z

where

&’f(t, T) = G412 bu(t, z, t™ 1, Tiy1/2) +bi—1/2 bu(t, z, t" 1, Ti_1/2)

— At
— Ao, (t,z,t" T z5) + —2—A]~¢,t(t, z, t" " x5),

and

Vi(t,z) = — O‘j+1/2€£w(ta x»tn+1,fﬂj+1/2) + aj—l/2¢§w(ta z, t"t, Ti_1/2)-

To prove this result, we use the fact that v is the entropy solution and make
some algebraic manipulations; see the proof of the similar result [4, Proposition
7.9].

Next, we need to relate the functions ¢ and ¢ as defined in (3.5). The relations
we need are displayed in the following result, which can be obtained by using simple
Taylor expansions.

Lemma 3.4. We have

- A+ 24,
¢(tax)tn+l)x]’+1/2) = ¢(t, Zz, tn+1,xj) - ]quﬁz(t,w,t”“,xj)
Zj+3/2
+ / 'P.7+(x/) Pa' (t7 , tn+1’ CL'/) dz’
Tj+1/2

‘TJ'+1/2 ! 1 ! !
+ / Q') paras (b5, ™+, ') e,
xT

j—-1/2

and

Qg(t) z, tn+1, 33]'_1/2) = ¢(t, Z, tn+1» Illj)

L Bt 28 +§Aj‘l¢w(t, z, "1, z))

Tj+1/2
+/ Q5 (z") arar (t,z,t" 2’) d’

Tj—1/2

Fime ’ 1,0\ 3.0
+/ Pj_(x)(pm/m/(t,x,tn'i' ,x')da’.
z

j—3/2
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The polynomials P and Q* are given by

P+(:13’ _ (:I"J'+3/2 B :L./)S P—( /) . (x/ - xj—3/2)3

NPV Y VRPY.VIEE
"~z = Dip12)®+ (Ajs12)® A — A
+ ) = (:12 Tj—1/2 j+1/2 j+1/2 + j+1 v o —
Q ( ) 6Aj+1/2Aj 12A.7 ( ¥l 1/2)»
_ (Tjpr2 — ' — Djo12)® + (Ajo12)® | Ajoi — A
n_ &y j j j . .
Q (ZL' ) - 6Aj—1/2 Ag + 12 Ag (3.7]+1/2 z )

With the above lemma, we can now rewrite the upper bound of E}, (up,v; t)
as the sum of three terms. The first, T'Ey;s.(u, v;tV), is that part of the truncation
error which contains the information of the viscosity of the numerical scheme. The
second term, T'Econs(u,v;t"), contains information concerning the consistency of
the numerical scheme; indeed, if the scheme is consistent, then TE;ons(u, v; tV ) =
0. We emphasize that to define this term, the definition of §;,1/2, (2.5), must
be used. The third term, TEj .+ (u,v;tY), contains the high-order terms in the
truncation error and, as expected, will be dominated by the term T E,;sc(u, v;tY)
and T Econs(u,v;tV).

Lemma 3.5. We have
E;w(uh, ) tN) S TEm'sc(ua v tN) + TEcons (u, CH tN) + TEh.o.t. (u) v tN)»
where

N-1 tN
TEyisc(u, v;t") = Z Z./o A VISC[ (v(t, z);t, ) dadt At

n=0 jE€Z

N-1 At
- Z/ P, ot ) S5 u(t, 2,0, 25) do Ay At
R

n=0 j€Z

N-1
+ Z Z/}R F(u;-‘,v(to,x))%%(o,x,t”“,xj)dx Aj At,

n=0 j€Z

N-1 N
TEcons(u, v; tV) = Z E/o /R CONS(u(t,x);t,x) dx dt At,

n=0 j€Z

N-1 N
TEho.(u,v;tV) = Z Z/ /RHOT}"(v(t,x);t,x) dz dt At
0

n=0 jE€Z

N-1
+ E Z/R F(u?,v(tN,w))%qﬁz(tN,w,t"'”,xj)dxAj At

n=0 j€Z

= At
-y /R P 0(t®,2)) e a 0,2, 0 a) do A AL,

n=0 jE€Z

The ‘viscosity’ term' VISC*(c;t, x) is given by

time cent visc
VISC (c;t,x) =VISC(c;t,x) + VISC (¢;t,x) + VISC T (c;t, 2),
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where
time n n At ntl
VISC}(c;t,z) = F(ul',c) {E_Aj Gt (t,z,t" z5) ),
cent A ; 2 A i
VISC (¢t ) =F(uj,c) {aj+1/2—’—+——6-—3i1

Aj+20 i
- bj‘l/z—i—-—é——u} ¢mm(t, z,t +1,$j),
visc " n A-I-QA
VISC; (e, x) =N(uj ,C) {aj+1/2 __L_a__ﬂﬂ
A; +2Aj_1

+aj_1/2

6 }¢mz(t,x,tn+1,xj)'

The ‘consistency’ term CON S (c;t,z) is given by
cent visc
CONSJ (c;t,x) =CONSJ (c;t,x) + CONS[ (¢, 2),
where
cent ™

CONS] (C; t, 17) =F(u;‘,c) (_6j+1/2 + 63'—1/2) ¢z(t)x’tn+17wj),

C’O]\]S‘7 (C, t, m) :N(u;‘, C) (——O!j+1/2 + aj—l/Z) ¢m(t, Z, tn+1, (IJJ)
Finally, the ‘high-order’ term H OTj"(c; t,x) is given by

time cent visc

HOT}(c;t,x) =H8Tf(c; t,x) + HOT [ (c;t,x) + HOT [ (c;t, 2),

where
time —
HOT?(@L‘”) =F(u;l, C) {AJ ¢z(ta :I:,tn+1,l‘j) - AJ' ¢z(tax,tn+1,$j)

At
+ TAJ- bat(t,z, t" 25) },

cent n Tj+3/2 T ntl ,
HOTj (C; t) (IJ) =y ~ aj+1/2 / R7 ((IJ )Qom’m’z(ta (Il,t , T )d:l?
T

G+1/2

_a Tt L ntl o g/
J+1/2 Qj (") arara(t, 2, t" 7, 2") d
x

j—1/2

AR ’ SN
- Y5-1/2 / Q;(“’)‘Paﬂ’m’r(taw,tn—'- ,@') dz
z

i—1/2

Tj—1/2
— Yj-1/2 / Pj— ((IJ/) @m’m’x(t, Z, tn+1, (IJ/) dz’ } F(u;"" C),

Tj-3/2
visc n Tj+3/2 ey ntl ,
HOT [ (c;t,x) = —aj+1/2/ P (2') purarz(t, 2, £, 2') dz
Tjt1/2

— o AR AN L 2 dg!
j+1/2 Qj (l‘ )‘Pz’z’z(t,wa y T ) z
z

i—1/2

Fa+1/z ’ 1 ’
taj-1/2 / Q;(ZJ )Qom'r’r(t’x’tn-‘- ,1;/) dx
z

i—1/2

Tj—1/2
+ Qj-1/2 / Pjﬁ (17/) Qom’m’m(t’x,tn+1’$/) dx’ }N(ugn» C)'
z

§—3/2
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Second step: Estimating TE,;.(u,v;t"). In this section, we prove the following
result.

Lemma 3.6. If (2.3) and (2.4) hold, we have
TEyise(u,v;t") < 2C MI%‘/(R—) (1+ g) Iy || Az,
T t

where Cy = tNon|TV(R) W(tN)-

We need the following auxiliary result whose proof can be found in the proof of
[4, Lemma 7.13].

Lemma 3.7. We have

N-1
sup { > wet(t—t"“)At} <2(1+ éf) W ().

te(0,tN) L 75 €t

Proof of Lemma 3.6 . As in the proof of [4, Lemma 7.11], it is enough to consider
an entropy solution v that is everywhere smooth except on a single discontinuity

curve C = {(z(t),t) : t € (0,tV)}.

We have
N-1
TEyisc(u, vt Z ZE t”‘H,x:, ) A;AL,
n=0 j€Z
where

2(t+, z;) //{F( ot ) 2 L pualt, 07 ay)

. A, +2A<
+F(uj)v(tax)) a_’i+1/2‘7—]+1
64,

Aj+2Aj—1> +1
=bj_1p— o |$ea(t, 2, 1", Ty)
T Lo :

A +2A;
+ N (uf, vt z)) | ajp1o =L + 2844
6A,;

%)% (t,z, "L, xj)} dxdt
J
- / F(u’?, v(tN, x))%QSm(tN, z, t" L, x;)dx

A
/F u U 0 IZI t¢x(0»x,tn+1’xj)dx'

+ aj_l/g
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A couple of integrations by parts yields

o7 e (1 Aj +2A; A; :
— +1 +2A,_ 1
:(tn+1,xj)=—A ‘/_oo {5AtFt+<aj+l/2—J€A]—+ - j_1/2#>FZ

A'+2A'+1 A +2A_4
-I-(a- R P R S A LI e

A + 2A_7+1 AJ‘ + 2A]'_1
/ /x(t){ —AtF; + (%+1/2 64, bj_1/2 64, F;

A, 42041 Aj+20,,
+<a~ e L i S M L M it V8 O dzdt

tN
1 /] Aj+ 204 B +28j1
- [ {-gaumi + (anp SRR -y SR

Aj+ 20,4 Aj+ 20,
+ (a‘ 1 24_ +a'—1 24_>[N’J}¢ dt?
j+1/ GAj j=1/ GAj z

where the last integral is understood to be along the discontinuity line C.

The jump of a function G(v) across C at a point (z(t),t) is denoted [G] =
G(v(t,z(t) +0)) — G(v(t, z(t) — 0)).

Setting 7; = v;(u;v(t, z(t) — 0),v(¢, z(t) + 0)), where v;(u;v~,v") is defined in
Theorem 2.1, we get

tN z(t) )
E(tn—{—l,ajj) = ——/0 {/ Ujvg Pz dx + U; [U]¢:c + /( ) z"/jvzqﬁz dCL‘} dt.
—00 z(t

Proceeding again as in [4], we set

175l = sup sup |5,
te(0,tV) ueR
z€R
and thus
(3.6)

22l < ) [ { / z:) oelleldo + ol + | :) |vz||¢z|da:}dt.

We would like to analyze further the dependence of ¥/; with respect to u. Setting
v#(u) = vj(u;v~,v") and taking into account (3.1), direct calculations yield

1U(w—vH) -U'(u—v~ A +2A;
tgu,j#(u)=5 ( ) ( ){(Otj+1/2 J 341

vt —o— 3AJ
A +2A 4
+aj—1/2_L§—A—j_j'—) N'(u)
Aj + 2044 A;+2A;_4
+ ( a. U ZEIT p _J___J_)f/(u)
( ]+1/2 3A] v 1/2 3A]

_ Atf(v+) - f(v—)f/(u)}

vt —ou~
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Therefore v#(u) is constant for any value of u which does not lie between v~ and
vt. This implies that

sup |v# (u)| = sup v# ()| = v;(v™,vT) Az,
u€eR u€lv~ Avt w7 vot]

Inserting v;(v™,v™") in the bound (3.6) and using the definition of ||, ||, we get,
since v is the entropy solution
tN

z(t) o0
T Evisc(t, v; ") < Touz||vol| Ax/ {/ |vz| dz + |[v]] +/ Ivzld:c}dt
0 —00 z(t)

< Tauth|U|L°°(0,tN;TV(]R))HVv” Az

< Taust™ | vo l7v @) llvo|| Az,

where
N-1
Touz = sup {E Z |¢z(t, z, tn+1’xj)| AjAt}
SolE=e
1 N-1
< {/ ——In’(y)ldy} sup { D we, (t— ™) At }
R €z te(0,tV) \ 7
Taking Lemma 3.7 into account achieves the proof. O

Third step: Estimating TE .ns(u,v;tV).

Lemma 3.8. We have
1/2)

At Az
TEcons(U,'U; tN) S 2C’1 (1 + E_t') (1 + (——6—)_— ” n “L""(R) (I 6 I'uar,l/2 + 'a |var,1/2),

where Cq = tN|vo|TV(R) (|N' () || W (tN).

Note that if the scheme is consistent, the upper bound for TE ons(u,v;t") is
equal to zero, as expected.
We will need the following simple auxiliary result.

Lemma 3.9. We have

1 Azx)1/2
= Do 82— 8ol <(1+ %) |6 lvar,1/2-

¥ lz_wjlgea: e

Proof of Lemma 3.8. The consistency error T'E;,ps(u, v; tV ) is the sum of two terms
of the form

N-1 tN
0=-Y 5 [ [ (@0g.0(ta)) 662,872 (Govajo = Gorpa) ot At

n=0 j€Z

one of which has { = § and G = F, and the other ( = o and G = N. Thus, it is
enough to get an estimate for ©.

To do that, we assume that the entropy solution v is smooth; see the proof [4,
Proposition 5.5]. First, we integrate by parts in the z variable to obtain

o=y > / / (G}, v(t,2))), &t 2, t" 1, 25) (Ggaye — Cjorjn) dwdt At

STauz tN ” N/(U) ” IUOITV(]R)a by (2‘3f) and (3'1)’
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where
N-1
Tous = sup {Z Z¢(t7w»tn+1)xj) |Cj+1/2 - Cj—1/2 | AjAt}
te(0,t™) \ ;. 5o jez
z€R
= > G172 = G-/l
n z—z;|<eq +1/2 1/2
< ”77“L°°(R) sup { Z we, (t—t +1)At}{ | | J j }
te(0,tN) U ;5o €z
Taking Lemmas 3.7 and 3.9 into account achieves the proof. O

Fourth step: Estimating TEh,o‘t,(u,v;tN).
Lemma 3.10. Suppose that the conditions (2.3) are satisfied. Then,

At)? Az)?|n At
TEh,o,t,(u,v;tN) Scl{( ) 'anV(R) ” f/ ” +2( 113) 'Z |TV(R) (1_'__)},

€t € € €t

where Cy = t™vo|ry ) ||f (v)| W (™).

To prove the above result, we rewrite TE} ;. (u, v;t") as the sum

time

N cent N visc N
TEhot (uv;t") + TEhot. (u, vt ) + TEpos (u,v;t),

with the obvious notation, and estimate each of the above three terms. The follow-
ing estimate can be easily obtained by following the techniques used in the proofs
of [4, Lemma 7.12] and [4, Lemma 7.13] and by using (2.3f).

Lemma 3.11. We have

time At 2 n
TEh.o.t.(u,’U;tN) <C; —(__)_elteﬂ{@ I 1.
x

To estimate the two remaining terms, we need a couple of simple auxiliary results.

Lemma 3.12. We have

1
+_ | pt+
p; = l Pj ”L°°(:cj+1/2,$1+3/2) g Aj'”’

q;- = “ Q;’- “L°°(CBJ+1/2,CBJ+3/2) S ~ ma'X{Aj’Aj“"l}’

— o

Qj— = QJ_ |IL°°(1:J+1/27$J+3/2) <5 ma’x{Aj—l’Aj}’

—= o

pj— = | Pj— ”L°°(5°j+1/2,933+3/2) S 3 Aj—l'

This result follows easily from the definition of the polynomials Pji and Q;!E in
Lemma 3.4.
Lemma 3.13. Suppose the conditions (2.3) are satisfied. Then we have

1

w5 = aj12 |0+ lajrae g + 10521214 + 104172105 < 5 (Az)?,

2
pA— + + - — 1 A 2
Rj =y pioy +leyrielay + a2 la + a2 pjg 35( z)*.

The proof follows easily from the preceding lemma and conditions (2.3e) and
(2.3f). We can now estimate the two remaining terms.
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Lemma 3.14. Suppose that the conditions (2.3) are satisfied. Then,

cent A 2 /
Tl o (uy vt W () <0y BT v (o | Aty

+
€z €t
v18C A 2|0 At
TEhos (u,v;tN) /W (tY) gCl(__f)_le_z_lw 1+ 6_)
x t

Proof. We only have to prove the first estimate since the second is similar and the

upper bounds for x; and &; given in Lemma 3.13 are identical. To do that, let
cent
us rewrite TE} o+ (u,v;t"V) as the sum ©; + O3 + O3 + O, with obvious notation.

Next, let us estimate the first term

0 = Nf > fotN/R F(u)',v(t,2)) aj41/2

n=0 j€Z

Ty+3/2
. / P (a') pziara(t, z,t" ') da’ da dt At.
Ty+1/2
We can assume that the entropy solution v is smooth since the general case can
be obtained by a standard density argument; see the proof [4, Proposition 5.5].
Integrating by parts in the variable x, taking absolute values, and changing the
index 7, we get
tN

o< [ [ 17ea)]unto)]| Tits) o,
0 R

where

- Fatse N
Ti(t,x) = Z Z|aj_1/2] fo / | @urar (t, @, t" 1 2') | da’ At.

n=0 jEZ Tyi-1/2
Proceeding in a similar way with ©9, 03, and ©4, we get

N
cent t

T B o (uy03tV) < / | £ ((t,2)) || et 2) | T(t, ) da dt
0 R
where

N1 Tit1/2
T(tz) = Z Z Kj | parar (t,2, 8", ') | da’ At.

n=0 jEZ Ty-1/2
Thus, by (2.3f),

cent

TEh.o.tA(ua'U;tN) <Touzx tN “ N’ ” 'UO 'TV(]R))
where

Tous = sup T(t,x)
z€R,te(0,tN)

<§A_x)f{/ n"(y)|dy} sup {wa (t—tn+1)At}
~ 22 e te(o,tV) L 135 ’

Az)? |
BN v Aty vy
t

x
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by the definition of ¢ (3.3), by Lemma 3.13, and by Lemma 3.7. This completes
the proof. O

Lemma 3.10 follows easily from Lemmas 3.11 and 3.14.

d. Proof of the error estimate. To obtain the error estimate, we proceed exactly
as in [4]. If we insert the estimates obtained in §3.b and §3.c into the approximation
inequality of §3.a, and we take the auxiliary function 7 as in (3.4), we obtain

e(tV) < 2€(0) +8 (& + el F/' (W) |vo lrvwy + 211 /() | |vo l7v (r) At
At
+20, { o [nlrvy 'ZV“R) 1+ 6—)}111/,,”
t

€T

At Azx)i/?
+4Cl(1+6_t)(1+ ( 6) )'ln“Lm(R) (lélvar,1/2+|a|var,1/2)
x
At)? Az)? | n At
+2C1{( ) Inlrvw) 4l +2( ) lz lTv®) (1_'__)},
€t €1 €z €t

where Cp = t"|vo|ry®) and C1 = Co || N'(v) ||. The estimate of Theorem 2.1 is
then obtained by eliminating the parameter At by taking into account the CFL
condition (2.4) and then taking the very same optimal values taken for the case
treated in [4], namely,

&= N [0 [ Az/2, &= A (M), €= A(Az)/A.

This concludes the proof of Theorem 2.1.

4. CONCLUDING REMARKS

In [4], we proposed a general theory of a priori error estimates for scalar con-
servation laws, based on the original Kuznetsov approximation theory [12]. In
the present paper, this approach is applied to flux-splitting monotone schemes on
(Cartesian products of ) nonuniform grids. The nonuniformity of the grids brings up
a problem of consistency and supraconvergence that has no counterpart in the case
of uniform grids. Indeed, the global error of these schemes seems to be insensitive
to the deterioration of the part of the (formal) truncation error due to the lack of
consistency of the schemes.

This supraconvergence phenomenon has remained unexplained until now. In
this paper, we identify the proper truncation error and show that optimal error
estimates can be proven without using any regularity property of the approximate
solution provided the schemes are “consistent enough.” On the other hand, we show
that the regularity properties of the numerical approximation can compensate the
lack of consistency of the scheme because of the special structure of the part of
the truncation error generated by the lack of consistency of the scheme. This
special structure does not have anything to do with the nonlinear nature of the
problem. Instead, it is a reflection of the consistency of the numerical flux and
the fact that the scheme is written in conservation form. It is thanks to this that
the supraconvergence phenomenon takes place. Let us point out that our analysis
does not rule out the possibility of supraconvergence for schemes written in non-
conservative form. To settle this question, the tools provided in this paper can be
easily used.
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The application of our approach to problems defined on general multidimensional

grids, to nonsplitting numerical fluxes, and to high-order accurate methods are the
subject of forthcoming publications.
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