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THE RESOLUTION OF THE GIBBS PHENOMENON 
FOR SPHERICAL HARMONICS 

ANNE GELB 

ABSTRACT. Spherical harmonics have been important tools for solving geo- 
physical and astrophysical problems. Methods have been developed to effec- 
tively implement spherical harmonic expansion approximations. However, the 
Gibbs phenomenon was already observed by Weyl for spherical harmonic ex- 
pansion approximations to functions with discontinuities, causing undesirable 
oscillations over the entire sphere. 

Recently, methods for removing the Gibbs phenomenon for one-dimensional 
discontinuous functions have been successfully developed by Gottlieb and Shu. 
They proved that the knowledge of the first N expansion coefficients (either 
Fourier or Gegenbauer) of a piecewise analytic function f(x) is enough to 
recover an exponentially convergent approximation to the point values of f (x) 
in any subinterval in which the function is analytic. 

Here we take a similar approach, proving that knowledge of the first N 
spherical harmonic coefficients yield an exponentially convergent approxima- 
tion to a spherical piecewise smooth function f(0, 0) in any subinterval [01, 02], 

X E [0, 27r], where the function is analytic. Thus we entirely overcome the 
Gibbs phenomenon. 

1. INTRODUCTION 

Spherical coordinates arise in many problems studied by geophysicists and as- 
trophysicists. Methods of representation of discrete functions on spheres have been 
discussed in great detail, as there are many analytical and computational consider- 
ations. One should refer to [10] and [11] for details. In this paper we consider 
the spectral spherical harmonic representation. The spherical harmonics are a 
two-dimensional basis set that automatically remedy the pole problem and offer 
exponential convergence for analytic functions on the sphere. Also many numerical 
algorithms in spherical harmonics already exist. Thus it seems natural to represent 
a function in spherical coordinates with spherical harmonics. 

The spherical harmonic expansion of a function f(O, q) defined on a sphere with 
colatitude coordinate 0 and longitude coordinate q, 0 < 0 < r, 0 < q < 2xr, is 
defined as 
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Definition 1.1. 
00 

(1.1) f(O,q$) = E E av'Yqv(0,q) 
q=O lvl<q 

where the spherical harmonic Yv (0, q) of degree q and order v is 

E>(00) Vl(2q + 1)(q - v)! pV (cos 0)eiV> yv0qs) 47r(q?+v)! p 

in terms of the associate Legendre functions Pq1 (cos0) [3]. 

The orthonormality of the spherical harmonics Yv (0, q) over the sphere imply 
that the coefficients av are given by 

f2lr 1'r 
(1.2) aqv= ] f(O,q$)[gYqv(O,q) *sin0d0dq, 

where [yqv (0, q)] * are the complex conjugates of yqv (0, q). 

The truncated spectral representation of f(0, q) is 
N 

(1.3) 9N(l0,) = avYqv ( I0). 
q=O lvl<q 

Lemma 1.1. If f(0, b) is infinitely differentiable, then gN(0, b) converges spec- 
trally to f (0, 0). 

The proof of this lemma is presented in [10]. 
Now suppose f(0, q) is a discontinuous but piecewise smooth function. The 

truncated series no longer converges exponentially to f. In fact, the Gibbs phe- 
nomenon occurs at the point of discontinuity, causing oscillations over the entire 
sphere (Figure 1) was initially observed by Herman Weyl [12]. 

In this paper it is shown that the first (N + 1)2 spherical harmonic coefficients 
contain enough information to reconstruct a spectrally accurate approximation, 
provided that f(0, q) is a piecewise analytic function. 

Gottlieb and Shu [7] established exponential convergence and eliminated the 
Gibbs phenomenon for one-dimensional piecewise analytic functions assuming 
knowledge of the first N Fourier coefficients or the first N Gegenbauer coefficients 
(in general). First the Gegenbauer coefficients based on the Gegenbauer polynomi- 
als C>(x), which are orthogonal in [-1, 1] with the weight function (1"-_x2)A, 
were obtained from the known Fourier or Gegenbauer coefficients for A - N, and 
then the Gegenbauer expansion was constructed. The convergence was shown to 
be exponential in any subinterval for which the function was analytic. This paper 
follows the same idea, only now in the two-dimensional spherical coordinates and 
with knowledge of the first (N + 1)2 spherical harmonic coefficients. The procedure 
consists of the same two steps as given in [7]: 

1. Using the given first (N+ 1)2 spherical harmonic coefficients, av', based on 
spherical harmonics Yv (0, q), we recover, with exponential accuracy, the 
first m - N Gegenbauer expansion coefficients, based on a subinterval 
[01, 021 C [0, i], qI E [0, 27X], in which the function is presumably analytic. 
This can be achieved for any L1 function, as long as A, the order of the 
Gegenbauer polynomial, is chosen to be proportional to N. The error 
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incurred at this stage is called the truncation error, and is investigated 
in Section 3. 

2. We then apply the previously established exponential convergence proof 
[6] of the Gegenbauer expansion to analytic functions in [01, 021, CE 

[0,27r], when the parameter A is proportional to the number of terms 
retained in the expansion. The error at this stage is labeled the regu- 
larization error. Details can be found in [6]. The results are quoted in 
Section 4. 

Section 5 contains a numerical example to illustrate our results. In Section 2 we 
establish some useful properties of the Gegenbauer polynomials and the associated 
Legendre functions (Section 2 also appears in [7]). 

Throughout this paper, A denotes a generic constant or at most a polynomial in 
the growing parameters, as will be indicated in the text. 

2. PRELIMINARIES 

2.1. Gegenbauer polynomials. In this section we present some properties of the 
Gegenbauer polynomials and the associated Legendre functions which are necessary 
to prove the results in Sections 3 and 4. One should see Bateman [2] for details. 

Definition 2.1. The Gegenbauer polynomial CnA(x), for A > 0, is defined by 

(2.1) (1 - x2) nC (x) = G(A, n)4 E (1 - x 

where G(A, n) is given by 

(-l)nThF(A+ ? )F(n ? 2A) 
(2.2) G(A,n) = 22n1F(2A)ri ? A 1) 

Formula (2.1) is also called the Rodrigues' formula [1, page 175]. 
Under this definition, for A > 0, 

(2.3) C>(1) -F(r + 2A) C 
m !F(2A) 

and 

(2.4) jC4(x)j?Cn(1), -1 < x < 1. 

The Gegenbauer polynomials are orthogonal under the weight function 
(1- X2)>- 2, thus 

X21- 
(2.5) J -x 2)Ck (x)Cn(x)dx = 6k,nhAn 

where, for A > 0, 

(2.6) n C1A 
F(A)(n + A) 

The approximation of the Gegenbauer polynomials for large n and A is dependent 
upon the well-known Stirling's formula for F(x) given by 

(2.7) (27r)2xX+ex < F(x + 1) < (21r)2xx+ 2 e-xe 12 X> 1. 
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Lemma 2.1. There exists a constant A independent of A and n such that 

(2.8) A-1 A2 A(i) < h\ < A AC(c). 
(nr+?A) Cn)<n-(n +?A)n 

The proof follows from (2.6) and Stirling's formula (2.7). 
The following lemma to be used later is easily obtained from the Rodrigues 

formula (2.1). 

Lemma 2.2. For any A > 1 

(2.9) d (1-X2)A 2 CnA(x) = G(,n) (1_X2)Ax3Cn+l (x). 
Lx G(A -1, n ?1) 

The proof follows from taking the derivative on both sides of the Rodrigues 
formula (2.1), and then using it again on the right-hand side. 

The following formula [1, page 176] will also be needed: 

(2.10) CA(X) = ( [Cn+l(x) -Cn(X)) Cn 

2(n +?A) (dx + 

which is true for all A > 0. 
The associated Legendre functions are defined as 

Definition 2.2. 

(2.11) Pl (X) = (1 - x 2- 0l(r < m < 1 
dxm 

Employing Rodrigues' formula for Pl(x), the corresponding Rodrigues formula 
for Plm (x) is 

P1m (x) = (1- ) d (X2-1)1 O< m<l 
21l! dxl+m (2-1' mK1 

The equation (2.11) allows rapid development of many properties of the Plm, 
particularly the recurrence relations [8, page 1005], 

for 1 

(1 - m + 1)P171 - (21 + 1)xPm + (1 + m)PT_1 = 0, 

and for m 

1l- X2p1m+l?mx7 -lm)lm?1 ) l - x2Pm_l = 0. 1/ I + 2mxPm + (I + m) (l- )p - 
These equations lead to other useful relations as well, notably those used in the 

truncation error proofs in Section 3. 

3. TRUNCATION ERROR IN A SUBINTERVAL 

Assume that f(0, q) is an L1 function defined for 0 E [0, i] and q E [0, 27r], and 
that f(0, q) is periodic in q and analytic for 0 in a subinterval [01, 021 C [0, 7n] 

Also assume that the spherical harmonic partial sum of f(0, q) is known 
N 

(3.1) g (0, ) = E E a'jYs'(0,q). 
q=O lvl<q 

The spherical harmonics Yq' (0, are defined by 

(3 . 2) yv ( ?,) = A 1 (2q + 1)(q - 
v)!p (0)s O)ve (3.2) ~ {v(0q$)- 47r (q?+v)! (c 
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where P4 (cos 0) are the associated Legendre functions (2.11). 

The coefficients a' in (3.1) are given by 

r2 r 

(3.3) a = J j f(0, )[Yq (0, )* sin0d0dq$, 

where [Yq (0, )* are the complex conjugates of Yv (0, ) 
It has been shown that g (0, q) will not converge fast to f(0, q) if there exist 

any discontinuities [12]. 
The coefficients of f(0, b) must satisfy 

Assumption 3.1. IavI < A independent of q. 

Note that this is true for f(0, b) E L1. 
The goal is to recover f (0, q) for 0 in subinterval [01, 021 C [0, r], and q E [0, 27r] 

for a fixed Q. The approximation expansion is written in terms of cos 0 because of 
the associated Legendre functions Pqe (cos 0). Since q is fixed, the function f will be 
considered only as a function of 0 and will be denoted by f(0). Hence we make the 
transformation from 0 in [0, r] to ( in [-1, 1] and apply the following definitions. 

Definition 3.1. The local variable ( = cos 0 is defined by 

- 
2 
+ a 
2' 

(3.4) -1 < a?l<<1 

where Ol = cos 01, , = cos 02, and 02 < 01. 

Definition 3.2. The Gegenbauer partial sum is defined by 
m 

(3.5) fM(x) -= f (l)Ci) (x), 
1=0 

where the first m coefficients fA(1) based upon the Gegenbauer polynomials Cl (x) 

with weight function (1- X2) 2 for any constant A > 0 are defined by 

(3.6) fA(l) = 1 j (1xx2)A-Cl(x)f()dx, 0 < 1 < m, 

and the Gegenbauer polynomials Clj\ (x) are defined by (2.1). 

The Gegenbauer expansion of f(x) for the subinterval [ac,,] is 

00 

(3.7) f(E&? + 6) = E Zf (l)Ct'(),\ -1 < ( < 1, 
1=0 

where the coefficients f' (1) are 

(3.8) ff )=E + 6)J(. 
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Of course, f'(1) is not known, but rather an approximation to f'(1), denoted > (1), 
based on the transformation in equation (3.4) of the spherical harmonic partial 
sum, g' (cf + ?). These approximate coefficients > (1) are defined as 

(39) gE'(l) = 1 j - _2)A O> NQ)gN(e +?6)d< 

The truncation error describes how well the coefficients 9>(1) approximate f6(1). 

Definition 3.3. The truncation error is defined by 
m 

(3.10) TE(A,m,N,e, v) = _max IZ(fe(i)-9e (l))Oj (()jv 
1=0 

where f6(1) and gA(l) are defined in equations (3.8) and (3.9). 

Lemma 3.1. The truncation error can be estimated by 

TE (A,m N, ) < E0 I 
CA 

(1) a, ,1/2q + 1)(q -v)! 
q=N+l 1=0 h1 vl<N4,rq v) 

(3.11) x f1(i - ~2)A 2Cl\c)Pq (6ce ? 8)dcljq 
-1 

Proof. Substituting equation (3.8) and equation (3.9) into equation (3.10) yields 

(3.12) 

fEi) -E () = A J( 1 - _ 42)AC2 CjA (f (C6 + 8) _ g ? 

Applying the estimate (2.4) on C>((), and the equations (3.1) and (3.2), the esti- 
mate (3.11) is obtained. El 

It must be shown now that the estimate (3.11) is small. For simplicity of nota- 
tions denote 

(3.13) S>l= J - _2)A C7(q)P'(c4? )dd 

and 

(3.14) IA,1l Sq2'I qv G(A, 1)' 

where G(A, l) is defined in (2.2). 
SA l must be bounded effectively so that the truncation error is small. This is 

done by finding a recurrence relation for IAl,v' S, and then an upper bound for 
jvl <N. 

Lemma 3.2. IqA l satisfies the following recurrence relation 

_TA' = 2 (v+l) -(q+v)I>lll (q-v +1) X_ 1,1+1 q, v 
c(2q+ 1)(v 

? 
2) 

[(q - v) q-l,v (q + v 
? 

1) 
e(2q+31 (v51) (q?v) w X (q-v?1) 

(3.15) ? (q-v)(q + v + 1)( 2) q,v+2' 

See proof of Lemma 3.2 in the appendix. 
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It is now possible to bound S)l of (3.13) by applying Lemma 3.2. 

Lemma 3.3. For SAl in (3.13) where 0 < v < N 

(3.16) 

SqA, I < max(vP, 1) (q + v)! (q 1) ) F(q -A) GG(A, l) 
Sl (q - v?1)! 6 

A F(q) IG(0,1?A)I' 
where G(A, 1) is defined in (2.2) and subject to the conditions 

4 < A < q, 

0 < I < m < N, 

O < v < N < q, 
A -1 > K>2, 

p > 3. 

See proof of Lemma 3.3 in the appendix. O 
Note that the upper bound on i and the lower bound on p are required to 

estimate S" l (see proof of Lemma 3.3 and Lemma 3.4). The lower bound on s 
ensures convergence of the truncation error (Theorem 3.1). These parameters have 
not been optimized. 

An estimate is also needed for S)';f, where -N < vi < 0. 

Lemma 3.4. For SA"1 in (3.13), where -N < v < 0, 

(3.17) 

SA,1I < max(vj, 1) (q+ -1)! (q -)(A )F(q-A) |G(A,1)1 
q,v ~~~(q -v)! 17 I(q) 1G(0,1 +A)!I' 

where G(A, 1) is defined in (2.2) and subject to the conditions 

4 < A < q, 

O < K < m < N, 

0 > v > -N, 
A - 1 > i > 2, 

p > 3, 

INI < q. 

See proof of Lemma 3.4 in the appendix. DH 
Combining Lemma 3.3 and Lemma 3.4 yields the following estimate for SA, 

Lemma 3.5. For SA,l in (3.13) we have the following estimate 

(3.18) 

tSq I < max(1vz 1P, 1) q+ )!(q - I)(A) IF(q- -A) IG(A,1)1 
qlivi - (q -v)! 6A 17 (q) IG(0,l?A)I' 
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where G(A, 1) is defined in (2.2) and subject to the conditions 

4 < A < q, 
O < I < mn < N, 

Hvl < N < q, 
A - 1 > n > 2, 

p>3. 0 

Finally it is possible to estimate in terms of the truncation error param- 
eters A, m, e, and v. 

Lemma 3.6. 

(3.19) 1Sx I < A ( 2 A) m 
1 V (q+v)! 

q -lv (2,EA)A\mm q'n (q -v! 

where A grows at most as (m + A) 2 NP. The estimate is subject to the conditions 

4 < A < q, 
O < I < m < N, 

jvl < N < q, 

A - 1 > c > 2, 

p > 3. 

Proof. Starting from estimate (3.18) and using the definition of G(A, 1) in (2.2), the 
following estimate is obtained: 

SAJ < F(q -A) FG(A11 + q)( + 2A)! 2v+P(q + A)F( ?A | qq v | E-\r(q) G(O! F +A)l (q - v)! 

F(q - A) r(A + ')r(l + 2A) 21+'>(l + A)F(l + A + ) 
- A IF(q) 21l!r(2A)I(l + A + 2) F(l + A) 

q( lv)!! F(P(q -)(q 

F(q - A) F(A)17(m + 2A)2A (q +)) v)1+ 1 p >r(q) - v) 
- \]P(q) 211!r(2A)r(l + A + 2) r(l + A) 

qq-v)!(q-v)! 

? 1'(q -A) r (A) r (l+ 2A)2 1\ q+v!vIP(q 1)'-h 

? A (q - A) r(A)e(m + 2A)2 I(q + v2 P)mAe()! 1 >_ 
< >r(q) m!]F(2A) (q - v)!lv q 

< (A -A)q-,\e-(q-,\) A,\e-,\(m + 2A)m+2,\e-(m+21\)21\ /q + v)! 
E- eAqe-q mme-m (2A)2\e2\ (q -v)! qK 

(m + 2A) m+2 (q + v)! 1 < A 
(2EA)Amm (q-v)! qF 
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Equation (2.2) is used in the second inequality, the monotonicity with respect 
to 1 in the fourth inequality, and Stirling's formula (2.7) in the fifth inequality. [ 

We are now ready for the main theorem of this section. 

Theorem 3.1. Let the truncation error be defined in (3.10). Let A = aEN and 
m = /3EN with 0 < a, /3< 1, A-1 > r, > 2, and p > 3. Then for lvl < N 

(3+ 2a~) 0+2oe EN (3.20) TE(aeN, 3N, N, e) < A ( 2a o2zc,0 ) 

where A grows at most as Nl+P. In particular, if at = 3 < 22, then 

(3.21) TE(aEN, aEN, N,ce) < Ap'', 

where 

(3.22) p ( 2 < 1. 

Proof. The theorem follows from the definition of the truncation error (3.11) 

TE (Am N,E v) < E I C'\(1) E lavly( +)q-! 
q=N+l 1=0 IvN 

X< J( -2> 22) C, + C)dejp 

Recalling the bound on SI, in (3.19) 

I ,1 < A(m + 2A)m+2\ 1 |(q + v)! 
qlliI- (2EA),\mm qIK (q - i)!' 

the assumption (3.1) 

laqvl < Al 

and the estimate of h\ in (2.8) 

A-1 ( +A)CC(l) < hA < A( A (1), 
(n +/\) n-(n+/\)C 

the truncation error estimate is obtained 

TE(A,m,N,c,v) < A (2q+1)(m+2A)m+2\ 
1 

Z Z 47r (2cEA)>\mm l, 
q=N+l IvI?N 

Substituting in the values A = aECN and m = pN, 

((i 
+ 2a) +2e e-N TE(aeN, /N, N, e) < A ( 2ao + ) 

where A grows at most as N1+P. 
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4. REGULARIZATION ERROR 

For the one-dimensional case, as shown in [7], the second part of the error, called 
the regularization error, is caused by the finite Gegenbauer expansion based on a 
subinterval [oe, /3] c [-1, 1] approximation to a function f(x) which is assumed 
analytic in this sub-interval. Instead of f(x) on a subinterval [oa, /3] c [-1, 1] as 
in [7], we now have f(0,q5) on a subinterval [01,02] C [0,7],q$ E [0,27]. The 
regularization error will be the same result as shown in [7]. We will thus just quote 
the result (substituting f (0, 4) for f(x)). 

Assume that f (0, q) is an analytic function on [01, 02] C [0, 7], E [0,27], satis- 
fying: 

Assumption 4.1. There exist constants r > 1 and C(r) such that, for every k > 0, 

(4.1) max dk (0q| < C(T)-' k, 0 < 27w. 
01?0?<02 dxk Tk" 

This is a standard assumption for analytic functions. T is the distance from 
[01, 02] to the nearest singularity of f(0, 0) in the complex plane (see for example 
[9]). 

As in the case of the truncation error, the approximation expansion is in terms 
of cos 0. Recall the transformation that was made previously from 0 in [0, 7r] to the 
local variable ( in [-1, 1]: 

x(() = +, 

- 2 

+R 

-1 < o?<l 

where ae = cos0, /,3 = cos 02, and 02 < 01. 

Consider the Gegenbauer partial sum of the first m terms for the function 
f (ES + 6): 

m 

(4.2) fm(() = ZfeA(l)c\ ( ), 
1=0 

with (, e and 6 defined above, and the Gegenbauer coefficients based on [oa,3] 
defined by 

(4.3) f^j(i) = + - _2)' CjAQ()(cce ? 8)de. 

The regularization error in the maximum norm is defined by: 
m 

(4.4) RE (A, m, e) = max f (cE + 6)) - Z N (lC | 
1=0 

The following estimate of the regularization error, when A - m, is obtained: 

Theorem 4.1. Assume A = aym where ay is a positive constant. If f (0, q) is ana- 
lytic in [01, 02] C [0, 7], ~0 c [0, 27r], and satisfies Assumption 4.1, then the regular- 
ization error defined in (4.4) can be bounded by 

(4.5) RE (-ym, m,ce) < Aqm, 



RESOLUTION OF THE GIBBS PHENOMENON FOR SPHERICAL HARMONICS 709 

where q is given by 

(4.6) q E(1 + 2-y)1+2y 

T21+2-Yf(1/-( + -Y)l+-y 

which is always less than 1. In particular, if ay = 1 and m = 3EN where 3 is a 
positive constant, then 

(4.7) RE(3N, 3N, e) < AqEN, 

with 

(4.8) q ( 27) D 

Combining the estimates for truncation error and regularization error it is pos- 
sible to obtain the main theorem of this chapter, showing the complete removal of 
the Gibbs phenomenon for a discontinuous function on a sphere. 

Theorem 4.2. Consider a L1 function f(0, q) analytic in [01, 02] C [0, 7r], q E 
[0, 27r], and satisfying Assumption 4.1. Assume that the first N spherical harmonic 
coefficients 

2 7r '7r 

aq= j j f(0, q) [Yqv (0, q)] * sin 0 dOd, 

for Hvl < N < q, are known. Let 9>(l), defined in (3.9) for 0 < I < m be the 
Gegenbauer expansion coefficients of the Gegenbauer partial sum, defined in (3.5), 
based on the subinterval [01, 02], q6 E [0, 27r]. Then for A = m = /3N with 3 < 2 

m 

(4.9) max f(c< + 6) - ZeA ()C C(() < A (qEN + q-N) 

1=0 

where 
= 27,3 ~ 27c ) 

qT -(2)< 1, qR - (2)< 1 
2 ~~~~32T <1 

and A grows at most as Nl+P, where p > 3. 

Proof. Just combine the results of Theorem 3.1 and Theorem 4.1. 

5. NUMERICAL RESULTS 

In this section we show numerical results for one example. Suppose we are given 
the function 

cos(30 + sin 4O 0 < 0 < 
(5.1) f(2~sn$ 4 <0<2 

Note the discontinuity at 0 = . We use N = 20, 40, and 80 latitudinal points 
0 C [0, 7r], and 36 longitudinal points 0 C [0, 27r]. 

Notice in Figure 1 that the Gibbs phenomenon is prevalent at both boundaries 
as well as in the middle. The spherical harmonic expansion of f (0, q) produce the 
L, errors displayed in Table 1. Although the errors away from the discontinuity 
appear to slowly converge, oscillations can be seen all over the sphere. 
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1 0 

0.0 

2 

-1 0 

-1 5 

(la) (lb) 

FIGURE 1. Spherical harmonic approximation for 80 latitudinal 
points. (la) is the contour plot, (lb) is the cut at / = 2 

TABLE 1. L1 errors for the spherical harmonic expansion of the 
function f (O, v) 

N average error error at 4 error at error at 0 

20 .16 6.3 x 10-2 .75 .96 

40 9.7 10-2 1.3 x 102 .73 .96 

80 6.1 X 10-2 1.9 X 10-2 .72 .96 

Fixing v = Of E [0, 27r], the Gegenbauer approximation is obtained in the fol- 
lowing way: 

1. The spherical harmonic expansion approximation g' (0, of) on the subinterval 
[01, 02] is computed from the given spherical harmonic coefficients a'q 

2. The first m - N Gegenbauer coefficients for each fixed value of 

3e>(2) = (()9N(Ee + Of)< 

are approximated for A N. 
3. Finally the Gegenbauer expansion approximation 

m 

gmE(0,qf) 
= E Z (l)C1 (0) 

1=0 

is formed for the first m Gegenbauer polynomials. 
The results shown in Figure 2 show that the Gegenbauer polynomial harmonic 

expansion approximation simultaneously eliminates the oscillations at both bound- 
aries (for each subinterval). 

The L1 errors of the Gegenbauer expansion where N is the number of latitu- 
dinal points, A is the order of the Gegenbauer polynomial, and m is the number 
of Gegenbauer polynomials is seen in Figure 3 and in Table 2. (The number of 
longitudinal points remains constant.) The errors listed in both of the tables are 
for the interval [0, 2 ]. 
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3 3- 

2 2 

- I *1~~~~~~~~~~~~I 

0 I 

0 1 2 3 4 5 6 0 1 2 3 4 5 6 

(2a) (2b) 

FIGURE 2. (2a) Gegenbauer approximation for 40 latitudinal 
points. (2b) Gegenbauer approximation for 80 latitudinal points 

og(error) Gegenbauer Expansion Approximation 

-1 - < A NLAT 20,40,80 NLON 36 

-2- 

-3 

-5 

-6- 

-7 

-8 
0.0 0.5 1.0 1.5 2.0 2.5 3.0 8 

FIGURE 3. Errors in log scale for the Gegenbauer expansion ap- 
proximation of f(0, q). The solutions for each subinterval [0, j], 
[i, r] are found separately for q 2 

TABLE 2. Errors for the Gegenbauer approximation of the function 
f (0, 0) using 36 longitudinal points 

N A m average error error at | error at 2 error at 0 

20 1 2 1.9 x 10-2 1.1 x 10-3 8.6 x 10-2 .39 

40 7 3 6.3 x 10-4 7.4 x 10-6 3.3 x 10-3 6.1 x 10-4 

80 8 5 5.2 x 10-5 1.2 x 10-7 2.4 x 10-4 3.4 x 10-6 
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6. NOTES 

This paper did not address some important considerations, which will be ad- 
dressed in future papers: 

1. The parameters A and m have not been optimized. 
2. The approximation gets worse for large latitudinal N. The error seems 

to occur in the spherical harmonic approximation, where there is a con- 
siderable amount of computation taking place. We used the subroutines 
from the NCAR library to compute the spherical harmonic partial sum. 

3. The errors are an order of magnitude worse at the discontinuities than 
anywhere else. This is of course to be expected, but there are possible 
ways to improve upon this error that have not been addressed. 

4. We are assuming exact knowledge of the points of discontinuity. When 
this information is not available, methods for locating discontinuities 
must be employed. 

The author would like to acknowledge David Gottlieb for his enthusiastic support 
and consistently helpful advice. 

APPENDIX 

Lemma 3.2. IA l satisfies the following recurrence relation: 

1Al = _ 2(v + 1) 1 (q + vu) I1 +? _ (q - i' + 1) 
q, (u ? 2)c(2q+l) _(q- ) q-1,v (q + ii + 1) ,i?il 

+ ZJIA, 
(q-uv)(q + v + 1)(? + 2) q,?+2 

Proof. Pql(t), for t E [-1, 1], is defined in [8] by 

(A. 1) ql(t Hz)lt22 Cq>-_ 2 (t), 

where 

(A.2) H(u)- 2u) 

Also the following relations for the associated Legendre functions are given in [8] 

(A.3) 

VjyP -+(t) [2( + (t)+ 2(v +1) Pq 

(A.4) 

PV/'- 2+1(t) =2+ [(q -v) (q - v + 1)Pq'+,(t) - (q + v + 1) (q + v)Pq_ (t)] pq 
~2q + 1 

For clarification purposes, let x = x(() = e6 + 6, and also 

a = (q-v), 
b = (q+v), 
c = (q-+?1), 
d = (q+u+1). 
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The definition of Pq'(t) in equation (A.1) is substituted into equation (3.13) to 
obtain 

51= H(uo) f (j _2)AI-2CA(()(1 X2)2C+ (x)d& S-11 
2Cq-(x-1 

Then applying the Rodrigues formula (2.1) and integrating by parts yields 

1 +2'q Uff(V) (l-6)A-2Cl((,(lx2,-2dq-v 
2' ii~~)I- J X)-' (1_X) 

_ G(u+2,q-u)H(u) J2d [1 2 
<2)A-2C (()(1- 2-21 2 dXq-v~~q- 

dx q'2 (1-X2) 
- 

The equation (2.9) is used and Rodrigues' formula (2.1) is applied again to obtain 

H(u)(2u + 1) G(A[ 1) 1 
V+ 

3 

+(u)(2+ ad _ ux(1 42)A-2cA(6)cl(O)(1 - )2dz X2 4 

Applying the definition of G(A, 1) in (2.2) and the definition of Pq'(t) in (A.1) yields 

- (+c) cG(A-1 l?1) j - 4ThAAC3Ail l(x) 1 - 

1 j (1 42,>-2CA(()p> l(x) dV 2 1 ~ ~ ~ ~ 1 

Using equations (A.3) and (A.4) gives 

(A.5) 

G(A, 1) [1_2-3C- bp p c 

E(2q+ 1)G(A-1,1+1) J a1P 2) Acul(6) (bPq>(x) d x d 

(A.6) 

+ 2(v + 1) f(12Cl(() ad pq (X)-(PqX))d& 

Finally substituting equation (3.13) into equation (A.5) yields 

______ (q?u ) 1l1_(q - + 1) Aiii 1A,l - [(q+Zu)IA-1Y+ (q-Z+u?)I>ll 
E(2q + 1) , (q -/) q-l,, (q + v + 1) q+l,,J 

+ I1Al + IA,l 
q,ii+2 +2(u+1) q, 
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Lemma 3.3. For SA in ( 3.13) where 0 < v < N we have: 

Sq\,'| < max (vP, 1) (q + v)! (q - 1) ) F(q -A) , G(A 1) - (q -uv+1)! e A F(q) JG(O,l? A)~ 

where G(A, 1) is defined in (2.2) and subject to the conditions: 

4 < A < q, 

O < I < m < N, 

O < v < N < q, 
A -1 > n>2, 

p > 3. 

Proof. (by induction) For u = 0 

= J (1 2C)C(\)Pq(e -+A)dp 

sq ( 2-2 ()2 q(6 + a 

Upon defining 

F\ 
J - ( 2)A - CA(C> (e)C l 

+6)d, 

the equality holds 

sq,v=O = q,'l q 2 

FqA t is the integral evaluated in the Legendre case, [7]. Using Lemma 3.7 of [7] 

FA,'1 <A (P(q-A) IG(A,1)1 
q - \1F(q) IG(0,1I+ A) | 

where A grows at most as q21-1 and G(A, 1) is defined in (2.2). Therefore for O 0 

A,1 < q! (q-1)(A-h) F(q-A) IG(A, l) 

Sq,o - (q +1)! A P(q) IG(O,1+A)I 

Applying the recurrence relation for I 

q, 

in (3.15) to SqA ' yields 

SAl _ + 2) (q_-__)_(q + _ + 1) SA 

+ GG(A, 1) 2(v + 1) 

G(A - 1,1 - 1) vE(2q + 1) 

x [(q - u1)(q - ii + 1)S-\-11j+1 - (q + u)(q + 1' + 1)S>-i2f+11. 
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Thus 

SA,l +v2 ( +v)! (q l)- 6 

X r(q-A) IG(A,1)1 
X (q) IG(O,I?+A) 

+ 1 (?+l)(uP) IG(A,1)I 
eS A IG(O, ? + A)I 

+ qr(q- ) q-22 v) 
( X [(q - 11)(q - V/ + 1) r'(q+2 - A) V/q - + V)! (q - 1 )-e- 

q r(q -1) (q- v)! J 
and therefore 

tsA, I (q+v'+2)! (q-1)(-K)]F(q-A) IG(A, lA 1 
5q,+2 ? [(- i + 2)" (q-uv-1)! A F(q) IG(O,1+A)1 

v 
___ (q-v)(q+?+1) 

L\v +2} (q++2)(q?+1)(q-u+1)(q-u) 

+(V + I)l/P-l 

(vi + 2)P-1 

x (q - v)(q - + 1)(q - A+1)(q- A) 

< \/(q + vJ + 2)(q - v + 2)(q - vJ + 1)(q - v)(q - 1)q2 

+ ~~(q + v>)(q + zv + 1) (q -1) 

+\/(q+L/+2)(q+ u+l)(q+ i)(qi-)(q-1-2)q) 

Hence 

|SA I |< (V? 2)" (q + v + 2)! (q-1)(A ) r(q-A) IG(A, 1)1 
q,l?+2 

< 2 (q - v - 1)! Eu F(q) IG(O,1 +A)I 

Lemma 3.4. For Sq",' in (3.13) where -N < u < 0 we have: 

ISA,lI < max(IvIP, 1) (q + - 1)! (q - l)(A\) F(q - 
A) G(A, 

l) q, v I ~(q - v)! F I(q) JG(0, 1 + A)~ 

where G(A, 1) is defined in (2.2) and subject to the conditions: 

4 < A < q, 
0 < 1< m < N, 

A -1 > K > 2, 

0 > i > -N, 

p > 3, 

NI < q. 
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Proof. Starting with the recurrence relation 

SA'1 (v - 2) \'1 
q,y2 v(q-_ +2)(q? + -1) qS, 

+ G(AG(Aj 1) 2(v - 1) 1 1 S) -,[+s_SA-1;?+1 
G(A- 11- 1) vE(2q+1) (q-uJ+2)(q+uJ- ) q+l172 q-l,7 

Choosing r = v-z, so that 0 < r < N, the following recurrence relation is obtained 

(A.7) 

SA r ( (r?2) 51, q,-(n+2) n(q + ? + 2)(q - -1) q, 
+ G(A 1) 2(r1 + 1) 1 

G(- 1,-1) rE(2q + 1) (q + r + 2)(q - -1) 

It must be shown that 

|A,7| < maxu 1P)! (q )! A) F(q A) |G(A, l) | 

where G(A, 1) is defined in (2.2) and with the same parameters 

4 < A < q, 
0 < l < m < N, 

o < Kr < N < q, 
A - 1 > i > 2, 

p > 3. 

For r1 0 the same first inductive step as in Lemma 3.3 is used. 
Substituting into the recurrence relation (A.7) above, the inequality is directly 

obtained 

qSA,+ < (7 + 2)P (q- q-3)! (q-1)(A-K) F(q-A) IG(A,1)1 
q) ,- (-+2)l- n V(q+r+2)! A F(q) JG(O,l +A)K 
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