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ON NUMERICAL METHODS FOR DISCRETE LEAST-SQUARES
APPROXIMATION BY TRIGONOMETRIC POLYNOMIALS

HEIKE FASSBENDER

ABSTRACT. Fast, efficient and reliable algorithms for discrete least-squares
approximation of a real-valued function given at arbitrary distinct nodes in
[0,27) by trigonometric polynomials are presented. The algorithms are based
on schemes for the solution of inverse unitary eigenproblems and require only
O(mn) arithmetic operations as compared to O(mn?) operations needed for
algorithms that ignore the structure of the problem. An algorithm which
solves this problem with real-valued data and real-valued solution using only
real arithmetic is given. Numerical examples are presented that show that
the proposed algorithms produce consistently accurate results that are often
better than those obtained by general QR decomposition methods for the
least-squares problem.

1. INTRODUCTION

A problem in signal processing is the approximation of a function known only at
some measured points by a trigonometric function. A number of different models
for representing the measured points as a finite superposition of sine- and cosine-
oscillations are possible. One choice could be to compute the trigonometric interpo-
lating function. Then several numerical algorithms are available ([4, 5, 15]). But in
general a large number of measured points are given, such that this approach leads
to a trigonometric polynomial with a lot of superimposed oscillations (and a large
linear system to solve). In practical applications it is often sufficient to compute a
trigonometric polynomial with only a small number of superimposed oscillations.
A different, often chosen approach is the (fast) Fourier transform ([15]). In this
case the frequencies of the sine- and cosine-oscillations have to be chosen equidis-
tant. More freedom in the choice of the frequencies and the number of superposed
oscillations gives the following approach. Given a set of m arbitrary distinct nodes
{6x}7., in the interval [0,27), a set of m positive weights {w?}7*,, and a real-
valued function f(6) whose values at the nodes 6y are explicitly known. Then the
trigonometric function

¢
(1) t(0) = ao + Z(aj cos j6 + b; sin j6), a;,b; €R,
J=1
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of order at most £ < m/2 is sought that minimizes the discrete least-squares error

(2) I —tllr == | D 1£(6k) — t(0k) 2w
k=1

In general, m (the number of measured functional values) is much larger than
n = 2{+ 1 (the number of coefficients to be determined).

Standard algorithms for solving the approximation problem (2) require O(mn?)
arithmetic operations. In this paper faster algorithms are presented which make
use of the special structure of the problem (2). In [17] Reichel, Ammar, and Gragg
reformulate the problem (2) as the following standard least-squares problem: Min-
imize
®3) IDAc — Dg||2 = min,

where D = diag(ws, ...,w,) € C™*™ is a diagonal matrix with the given weights
on the diagonal and A is a transposed Vandermonde matrix

-1
1 z - Z’f
1 22 B z;’_l
A= € g
1 2y o anl

with 2z = exp(ifx). g = [9(21),.--,9(2m)]T € C™ is a vector of the values of a
complex function g(z) and ¢ = [co, ..., cn—1]7 € C™ is the solution vector. With the
proper choice of n and g, it is easy to see that the coefficients of the trigonometric
polynomial (1) that minimizes the error (2) can be read off of the least-squares
solution ¢ of (3) (see [17]).

The solution ¢ can be computed by using the QR decomposition of DA. Since
DA has full column rank, there is an m X m unitary matrix @ with orthonormal
columns and an m X n upper triangular matrix R with positive diagonal elements
such that

DA = QR =(Q:1|Q2) < %l ) = Q1 Ry,

where Q1 € C™*™ has orthonormal columns and R; € C™*™ has positive diagonal
elements. The solution of (3) is given by ¢ = RT'Q¥ Dg. Algorithms that compute
the QR decomposition of DA without using the special structure require O(mn?)
arithmetic operations ([14]). Demeure [9] presents an O(mn +n?+m) algorithm to
compute the QR decomposition of a transposed Vandermonde matrix. This scheme
explicitly uses A7 A.

In [17] Reichel, Ammar, and Gragg present an approach to compute the QR
decomposition of DA that is based on computational aspects associated with the
family of polynomials orthogonal with respect to an inner product on the unit circle.
Such polynomials are known as Szegd polynomials. The following interpretation
of the elements of Q; and R; in terms of Szegd polynomials can be given : @ is
determined by the values of the Szeg6 polynomials at the nodes z;. R; expresses
the power basis in terms of the orthonormal Szegd polynomials. Therefore, the
columns of Ry' are the coefficients of the Szegd polynomials in the power basis.
There exist algorithms for determining the values of the Szegd polynomials at nodes
zk ([17, 12]) which require O(mn) arithmetic operations. The computation of the
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columns of Rl":l relies on the Szeg6 recursion and is closely related to the Levinson
algorithm as (DA)T DA = RT R, is a Toeplitz matrix.
Observe that

Wi wiz wizd e w2t
DA =
W WmZm Wm2zl, o Wmzh

= (¢,Ag, A%g, .., A" )
= UO(qu AQO, AQQO, ceny An_l‘]o)

with ¢ := (w1, .,wm)T,00 = |lall2,q = 05'q and A = diag(z1, ..., zm). Thus,
the matrix DA is given by the first n columns of the Krylov matrix K(A, g, m) =
(g, Aq,...,A™1q). We may therefore use the following consequence of the Implicit
Q Theorem to compute the desired QR decomposition. If there exists a unitary
matrix U such that U AU = H is a unitary upper Hessenberg matrix with positive
subdiagonal elements, then the QR decomposition of K (A, g, m) is given by UR
with R = K (H,e;,m). The construction of such a unitary Hessenberg matrix from
spectral data, here contained in A and qg, is an inverse eigenproblem. Thus the
best trigonometric approximation to f can be computed via solving this inverse
eigenproblem. Because of the uniqueness of the here given QR decomposition of
K(A, go,m), it follows from the above given interpretation of the elements of @
that the elements in U are the values of the Szegd polynomials at the nodes zg.
Thus solving the inverse unitary Hessenberg eigenvalue problem UFAU = H is
equivalent to computing Szegd polynomials.

Unitary Hessenberg matrices have special properties which allow the develop-
ment of efficient algorithms for this class of matrices. Any n X n unitary Hessen-
berg matrix with positive subdiagonal elements can be uniquely parametrized by
n complex parameters, that is

H = G1(71)G2(72) - Gn(vn)

for certain complex-valued parameters |vx| < 1,1 < k < n, and |y,] = 1. Here
G (k) denotes the n x n Givens reflector in the (k, k + 1) plane

Gi = Gi(vi) = diag(I—-1, [ _ozk % ] yIn—k-1)

with v, € C,0x € R, |v4|? + 0 =1, and
k
Gn(yn) = diag(In-1,—Vn)

with 4, € C, |vn| = 1. The nontrivial entries -y, are called Schur parameters and the
o are called complementary Schur parameters. Ammar, Gragg, and Reichel make
use of this parametrization in [2] by developing an efficient and reliable algorithm
(IUQR-algorithm) for solving the inverse unitary Hessenberg eigenvalue problem.
The algorithm manipulates the n complex parameters instead of the n? matrix
elements. An adaption of the IUQR scheme to the computation of the vector
¢ = Q¥ Dg can be given, which requires O(mn) arithmetic operations. After
computing the vector ¢/, the least-squares solution ¢ = Rl—lc’ of (3) can be obtained
using an algorithm closely related to the Levinson algorithm. Reichel, Ammar, and
Gragg present in [17] an O(n?) algorithm to compute Rl'lb for an arbitrary vector
beCr.
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The algorithms proposed by Reichel, Ammar, and Gragg in [17] construct the
least-squares solution € of (3) in O(mn + n?) arithmetic operations. The coeffi-
cients of the optimal trigonometric polynomial ¢ of (2) can be recovered from ¢.
This representation of ¢ is convenient if we desire to integrate or differentiate the
polynomial or if we wish to evaluate it at many equidistant points on a circle with
a center at the origin. If we, on the other hand, only desire to evaluate ¢ at a few
points, then we can use the representation of ¢ in terms of Szegd polynomials. For
details see [17].

In [3] Van Barel and Bultheel generalize the method by Ammar, Gragg, and
Reichel to solve a discrete linearized rational least-squares approximation on the
unit circle. Further generalizations are given by Bultheel and Van Barel in [6].

In [16] Newbery presents an algorithm for least-squares approximation by trigo-
nometric polynomials which is closely related to the computation of Szegd polyno-
mials. This O(n?) algorithm and its connection to the algorithms presented here is
discussed in [11, 13].

The method proposed by Reichel, Ammar, and Gragg to solve the real-valued
approximation problem (2) computes the real-valued solution using complex arith-
metic by solving an inverse unitary Hessenberg eigenvalue problem UYAU = H,
where a unitary Hessenberg matrix is constructed from spectral data. Now H =
G1(71)G2(72) - - Gn(yn) can be transformed to G,G% by a unitary similarity trans-
formation (see [1]), where

71 01

o1 M
Go=G1(1)G3(73) - - - Goy(n+1)/21-1 (Vo[ (n+1)/2)-1) = _073 ?
3 3

is the product of the odd numbered elementary reflectors and

1

o —Y2 02
G. = Ga(72)Ga(a) - - - Gopny2) (Vafny2)) = o2 W

is the product of the even numbered elementary reflectors. Here [z] =
max{s € N|i < z}. G,, G, are block diagonal matrices with block size at most two.
Thus the inverse unitary Hessenberg eigenvalue problem U¥ AU = H is equivalent
to an inverse eigenvalue problem Q7 (A — \I)QG. = G, — AG., where a Schur
parameter pencil is constructed from spectral data.

In this paper numerical methods for the trigonometric approximation are dis-
cussed which rely on this inverse eigenvalue problem for Schur parameter pen-
cils. Especially, an algorithm is developed which requires O(mn) arithmetic opera-
tions to solve the real-valued approximation problem (2) using only real arithmetic.
The following approach for solving the approximation problem (2) is considered:
(2) is reformulated to a real-valued least-squares problem ||Df — DAG||, where
D € Rmxm A ¢ Rmxn, fe R™, ?e R™. This least-squares problem will be solved
via an QR decomposition of DA. As DA is a real m x n matrix with full col-
umn rank, there exists a unique “skinny” real QR decomposition Q1R1 of DA
where Q; € R™*" has orthonormal columns and R; € R™™ is upper triangular
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with positive diagonal entries [14, Theorem 5.2.2]. First it is shown that the Q-
factor of the QR decomposition of DA is the unitary matrix ) which transforms
A = diag(z1, ..., 2m) to Schur parameter pencil form G, — AG.. The R-factor of
the desired QR decomposition is a modified Krylov matrix based on G,G%. The
computation of R implicitly yields the Cholesky factorization of a bordered block-
Toeplitz-plus-block-Hankel matrix with 2 x 2 blocks. An algorithm for inverting
the upper square subblock of R is given. B B

In Sections 3 and 4 algorithms for computing )1 and R; are developed, which
use only real arithmetic and require merely O(mn) arithmetic operations. For
that purpose the effect of the transformation matrix él on the real and imaginary
part of A = diag(z,...,2m) = diag(cosfy,...,cos6,,) + @ diag(sinfy, ...,sinb,,) is
considered.

Numerical results are given in Section 5. We will see that the proposed algorithms
produce consistently accurate results that are often better than those obtained by
general QR decomposition methods for the least-squares problem.

2. A REAL-VALUED APPROACH

New, fast algorithms to solve the discrete least-squares approximation are devel-
oped, particularly algorithms which solve this problem with real-valued data and
real-valued solution in O(mn) arithmetic operations using only real arithmetic. In-
stead of the approach used by Reichel, Ammar, and Gragg the following real-valued
linear least-squares problem is considered. Since

ao
1 sinf; cosf; --- sinff; coslh, Zl t(61)
1
1 sinf,, cosf, --- sinff,, costl,, b:Z t(07'n)
(47
A t = 1

it follows with D = diag(wy, ...,wn) and f= (f(61), ..., f(8m))T that
@ 1 = tlle = |D(F = B)llz = ||DF ~ DAG}..

As proven in [11] the matrix (DA)T(DA) belonging to the normal equations
corresponding to (4),

(DAY (DAY = (DA)TDF,

is a bordered block-Toeplitz-plus-block-Hankel-matrix with 2 x 2 blocks. In partic-
ular

T

DATpi=| "
| T+ H
Ty
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with the symmetric block-Toeplitz-matrix

Ay A Ay Az o o Apg
AT 4, A Ay oo o Ao
A%" A{ A Ay e e Apg
T = Ag Ag A{ Ao . Ag_4 e R%x%
: : : . Ay A
Ag—1 ATZF—Q AFZF—s AFZF—4 e A? Ao
and the symmetric block-Hankel-matrix
By B By -+ Bya By
By B, By -+ By.i By
o B, By By -+ By B c R2X2¢
Byy By By -+ Boy_g B3
Bey By Bey1 - Bagz Bago
where
240 =1

_ Yopet pcosg() -2 ey "-’g sin j, .

245 = ( Zin—-l > sin 6, EZZ; wf, cosjl, )’ J=12..,0-1,

2B, = . Sopeywacos(j+2)0, ST, wasin(f + 2)6,
TN\ Yheiwpsin(G+2)8, YL wpcos(j +2)6,

m m m
T = ng, x;f = (ng sin j0,, wa, cosjly), J=2,3,..,L
p=1 p=1 p=1

The minimum norm solution ¢ of the linear least- -squares problem (4) can be
computed by using the QR decomposition of DA. Since DA has full column rank
n = 2£+1, there exists an m xm orthogonal matrix @ and an m xn upper triangular
matrix R with positive diagonal elements such that

DA =QR = (Q1]Q2) ( }(%)1 ) = Q1 Ry,

where Ry € R™*"™ has positive diagonal flements and @; € R™*™ has orthonormal
columns. The minimum norm solution ¢ of (4) is therefore given by

t=R'QDf.
Moreover
(DAY'DA = RTR,.

Thus R; is the Cholesky factor of (DZ)TDZ. Implicitly we have to compute the
Cholesky factorization of the special bordered block-Toeplitz-plus-block-Hankel-
matrix (DA)TDA.

Algorithms that compute the QR decomposition of DA without using its struc-
ture require O(mn?) arithmetic operations. In this paper we present algorithms
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for the solution of the least-squares problem (4) that implicitly compute the QR
decomposition of DA and require only O(mn) arithmetic operations.

Let A = diag(e',...,e"%), then because of cosf = (e + e~%) and sinf =
2 (e — e7) it follows with g = (wy, ..., wy,)T that

~ 1
DA = S[(A+(A™)%)g, =i(A=A")g, (A+AT)g, ..., —i(A° = (A7) )q, (A*+(A™))q).
Let k(A, g,£) be a modified Krylov matriz

5(A, q,0) = [q, Aq, A q,A%q, (A®)?q, ..., Alq, (AT)fq] € Cx(EHD),

whose columns are the vectors of the Krylov sequence {q, Aq, (A)2q, ..., (AF)¢q}
based on A interleaved with the vectors of the Krylov sequence {Agq, A2q, ..., A’q}
based on A.

Then we have

DA = 35(A,0,0) i1 = 2h(8,q,OF

The idea is to compute the QR decomposition of DA from a QR decomposition
of k(A, g,%) by solving an inverse eigenproblem similar to the approach of Reichel,
Ammar, and Gragg in [17]. For this we need the following lemma which is a
consequence of Theorem 2.12 and Theorem 3.2 in [7].

Lemma 1. Given n distinct complex numbers {\;}7_, on the unit circle and asso-
ciated positive weights {V,f }r_1, there is a unique unreduced n x n Schur parameter
pencil G, — AG, (with positive complementary Schur parameters) and unique uni-
tary matrices Q@ and P such that

Qfe; = a5t vr, -y vl 7,

QA - X)P =G, - )G,

A =diag(A, ..., An),

where oo = (X p_, V3)7.

The lemma shows that the reduction of A to an unreduced Schur parameter
pencil G, — A\G. = Q¥ (A — M)P is unique if the first column of Q is given.
Choosing

Qer=05'q, a0 =lglle,
and using
A* = (QG.GIQ™M* = Q(G.GI"Q",
we get

Mg =00Q(GoGHYee;  and  (AH)Eq = 00Q(GeGH)¥e,.
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That is
k(A q,£) = ooQler, GoGHe,G.G ey, (G,GH)2ey, ..., (G.GH) ey, (GG ey
= 00Qkr(G,GH e1,0) =: 0oQR.

As can be seen, R is an m X n upper triangular matrix whose diagonal elements are
products of the complementary Schur parameters. Therefore the upper n x n block
of R is nonsingular with positive diagonal elements R;; = 01 - - 0;_1. Moreover

Rioi = Rigi+1
Rioiv1 = —01-:02i-172 ¢ i=1,..,¢
Roit12i42 = =01+ 02i%2i+1

Thus we have DA = 2 QRF with RF =

2 2Im(Ri2) 2Re(Ri2) 2Im(Ria) 2Re(Ri4) --- 2Im(Ry, 2¢) 2Re(R1,2¢)

0 i(R23 — R22) R2s + Roz i(Ras — R2a) Ras + Ras -+ i(Rg 2041 — R2,2¢) Ra2e41+ Raj2¢
0 iR33 R3z  i(Ras — R34) R3s+ R3a -+ i(R3204+1 — R32¢) Rae+1 + R3,20
0 0 0 i(R4s — Raa) Ras+ Rasa --+ i(Ra04+1 — Ra2¢) Rae41+ Ry2e
0 0 0 iRs5 Rss -+ i(Rs2e41 — Rs,2¢) Rs2e+1 + Rs,2¢

i(Ra2e,2041 — R2e,20) Roe2e41 + Rae,2¢

: : : : : iRopy1,2041 Rogy1,2041

0 0 0 0 0 . 0 0

0 0 0 0 0 cee 0 0

In order to get a unique “skinny”, real-valued QR decomposition of DA from
the above, 2 x 2 blocks of the form

(i) (- )
91 92j-1 ( iO’Qj O'Qj

have to be transformed to upper triangular form with positive diagonal elements.

Choosing z2; = 03;+|1+72;|* € R, s2; = 09;/\/T2; € Rand coj = (1472;)/,/Z2; €
C we get

01...%._1( —i . ) ( _szj] ;z_; ) ( —i(ia-l;j%?) (1 ;2?‘27) )
( (1+ Re(yz;))  Im(v2;) )
0

e 2 ) 2 ._l .. .
= 2(0‘2j + 14+ 725]%) 2010251 o2

and with

. 1Cok  —1Sok
Cor, = diag(Iog_ _° Tr—op—
2k g( 2k—1, Sok ok ydm—2k 1),

Ce =CoCs+++Cop € cmxm

we obtain C.RF = R such that Risan mxn upper triangular matrix with positive
diagonal elements. Let Q= QCH. Then a QR decomposition of DA is given by
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where @1 are the first n columns of Q and R is the upper n X n block of R. Since R
has positive diagonal elements, this “skinny” QR decomposition has to be unique.
Therefore @1 and R; are real—valued matrices with Q; € R™*" and R; € R™*",

The minimum norm solution t of the least-squares problem (4) is obtained by

t= 200_1}}1_1@{1Df.

In order to solve the trigonometric approximation problem via the approach
discussed here, we have to solve the inverse eigenvalue problem QT (A — A\I)Q =
Go — AGe. In [11, 12] different methods for solving this problem are discussed: the
Stieltjes-like procedure for orthogonal Laurent polynomials, the generalized Arnoldi
procedure for unitary diagonal matrix pencils, and the algorithm for solving the
inverse eigenvalue problem for Schur parameter pencils. Each of these methods
requires O(m?) arithmetic operations to compute @, the Schur parameters v, ...,
Ym, and the~complementary Schur parameters o1, ...,0m,—1. As only the first n
columns of @ (and @) are required, these methods can be stopped after n steps
without solving the entire inverse eigenvalue problem. Simple modifications of these
algorithms yield O(mn) algorithms to compute the first n—1 Schur parameters and
to compute Q¥ Df = CZQ¥ Df. The solution of (4)

ID(F =B)ll2 = ||Df - DA#s = |Q7Df - 7Rﬂ|2
is now obtained by computing
205 ' R1(QY DY).
AsR= CeRF and F and C. are known and easily invertible, we have to invert the
upper nxn block of R = k(G,GE, e1,£). In [11] two O(n?) algorithms are developed
to invert R = k(G,GH,e1,£), that is to compute S = [s1, sg, ..., 8,] € R™*™ with

RS = I. Numerical experiments show that the following of the two algorithms
yields better results.

Algorithm 1
algorithm to invert x(G,GE,e1, k)
input : N = 2k+1, {v;}}L,,{o;}}L,
output : S = [s152...s§] with N(Gon,el, kK)S=1I
ti=e;,51=1
forj=1,2,..,N—1 _
tiy1 =05 (Jt; +;15%)
if j4+1 even
then Sj41 = TJ—'—-Sltj'l-l
else sj41 = I hEm
end if
end for

where
J = [es,€3,...,en,0],
j:j = [ej,ej_l, ...,62,61,ej+1, ...,CN],
f{]ﬂ_l = [€2j,€2j—2,62j—4, ...y €4, €2,€1,€3, °~we2j—1,e2j+1,62j+2,m,eN]a

71
I2j = [ezj_l, 62]'_3, 62]'_5, 0y €3,€1,€2,€4, ..., 62]'_2, egj, egj+1, ceey eN].
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This algorithm was obtained by the observation that soi is a permutation of the
2kth column of the inverse of the Krylov matrix K(H,ej,2¢) and sax+1 is a permu-
tation of the (2k + 1)st column of the inverse of the Krylov matrix K (H,e;,2£) =
K(H,e1,2¢) :

2 2 17
ler, He1, H?ey,..., H" e1| Iox So = €,
— -2 —or =
ler,Hei, H e1,.... H e1]lokt182k+1 = €2k+1-

Since (K (H,e1,2¢)) K(H, e,2£) is a Toeplitz matrix, the inverse T’ = [ty ..., t,] of
K(H,e;,2¢) can be computed by a simple modification of the Levinson algorithm
yielding t1 = ey, tj41 = O'j_l(th +v;1;t5).

3. COMPUTATION OF Q4

In this section algorithms for computing él are developed which use only real
arithmetic and require merely O(mn) arithmetic operations. Observing the effect

of the transformation él to the real and imaginary part of A = C + iS,C =
diag(cos by, ...,cos8y,), S = diag(sin b, ...,sin 8,,) we obtain

Q{Cél = Xa
@?Sél = Y7
élel = 0()_1(w17 "’)wm)T)

where @1 e R™*" X is a (204 1) x (2£ + 1) symmetric pentadiagonal matrix of
the form

r T &
r T T &
@ z x = &
& z x T D
& = = T &

& =z T xr &b
S =z T T
D T x

and Y is a (20 + 1) x (2£+ 1) symmetric bordered block tridiagonal matrix of the
form

T | D
dlx z|z S
r T|T T
x xz|lx | S
S |z |z
r z|lx z|x ©
(5) O z|xz x|z
r z|x xT|T O
S z|x T|T T
T z|x x
e zlzrz
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Here x denotes any real-valued, & any positive and & any negative matrix element.
The elements of the second subdiagonal of X are strictly positive, the elements of
the third subdiagonal of Y are less than or equal to zero.

This observation motivates the following theorem.

Theorem 1. Letn =20+ 1 < m. Let C,S € R™*™ be symmetric matrices with
C?+8%=T1andCS =SC. Letu = (wy,...,wm)T € R™ withuTu = 1. Then there
exists a unique m X n matriz Q@ with orthonormal columns such that

QTCQ =X,
QTSQ =Y,
Qel =u,

where X is a symmetric pentadiagonal matriz withx; o ; > 0, andY is a symmetric
matriz of the desired form (5) with ya1 > 0,Y2j43,2; <0 and y2;42,2;—1 = 0.

Proof. See proofs of Theorem 3 and Theorem 4 in [11]. O

The existence proof in [11] constructs the matrices @1, X, and Y columnwise in
a Lanczos-like style from the equations

Czjj = leja

5q; = Q1y;-
The first column of @1 is given, the second column is found using the equation
Sq1 = Qlyl. The subsequent columns of él can be computed using only the
equation Cg; = Qiz,. This construction leads to an O(mn) algorithm for the
computation of él,X ,and Y. A problem (as for every Lanczos-like algorithm) is
the loss of orthogonality between the columns of @1.

In the following a different algorithm for computing é, X, and Y is developed,
which builds up the matrices X and Y successively by adding two new triplets
(cos bag, sin boy, wor) and (cos Oz 1,8in 02511, wak+1) at a time (similar to the idea
of the IUQR-algorithm by Ammar, Gragg, and Reichel in [2]). That is, an orthog-
onal matrix @ is constructed such that QTe; = g = o5 (w1, ..., wm)T and

(") (c o) 5 ()
(0 %) V)

where X is a symmetric, pentadiagonal matrix with positive entries on the second
subdiagonal and Y is a symmetric bordered block tridiagonal matrix of the form
(5).

For our constructions we will use the following notation (as given by Bunse-
Gerstner and Elsner in [7]). For 1 < j < k < n we denote by Q(j, k, z) the House-
holder transformation defined below, which eliminates the entries j + 1 through &
in the vector z € C", i.e.,

Q(j,k,2)z € span{ex, ..., €5, €xt1,...,n}.
Here we have

1
QU k,2)=1— ——2va,
( EE
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where v# = (0, ...,0,%; + (signZ;)a, 551, ----» %, 0, ..., 0) and a = (Zfzj |zi|?)2. If
z is real, then Q(j, k, z) is a real matrix. Note that

Q(jvkvz) = diag(-[j—b@v[n—k:)'

For any M € C™*™ the vectors consisting of the columns and rows of the matrix
are denoted by the corresponding small letter as muq,...,Myn and Miy, ..., My,
respectively. @ denotes any matrix element not equal to zero, ® denotes undesired
matrix elements.

In the following m = n is assumed for simplicity. For n = 3 the desired construc-
tion is trivial. Let n > 3,n odd. We are given u = (w1, ...,wn)T,C = diag(cy, ..., Cn)
and S = diag(sy, ..., sn) where c? + 52 = 1. Assume that @ has been computed
such that Qu = (w1, w2, x,0,...,0) =/, and

C1 S1
C'=QCQ" = c2 ,  §=QSQ" = 82 ,
X' Y’

where X’ and Y’ are (n—2) x (n—2) matrices of the desired form. Let Q(1,n,u') =
Q(1,3,u') = Q1, then we get Qv = (z,0,...,0)T and

z z z ® ®
r T T T ®
r T T T x
® =T x T x x
® ® x = x x x
X(1)=Q1C'QT= z =z =z =z )
x T T r T
x x r T
T r T
z T ®@ ®
r T T T
® = T =T
® T T T x T T
x T x x
x x x x x x
Y(l)les/Q?= x T x x T T
x x T T r x
x T T T r T
T x r x
T T r T

Now a sequence of similarity transformation is performed to transform X,y and
Y(1) to matrices of the desired form. The first two steps are straightforward. Due to
the desired form of the first columns/rows of X and Y, first we have to transform
the first column/row of Y(1y to the desired form, then the first column/row of the
X-matrix. Determine Q(2,n, (Y(1))«1) = Q(2,4, (Y(1))+1) = Q2 and transform X,
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and Y(;):
T z Tz @ ®
rz xx T z Q@ ®
r r T T X ®
® = T T =T x
X=Xy =] ® ® 2 ¢ 2 2 =« ,
® ® = =z T T
r T T T T
r @ 0 0
Q@  z T T ® ®
0 =z z z z ® ®
0 =z =z 2 z= =z T
r x x T X X
Y(Q) = QzY(l)Qg = ® ® T = = T T x
® ® x* x= = x x x
r x T T T T
r T T T T T

Next choose Q(3,n,(X2))«1) = Q(3,5,(X(2))«1) = Qs to bring the first col-
umn/row of X5y to the desired form

r z © 0 O
r r©r z z ® ®
Q@ z z z z ® ®
0 =z =z zz 2z 2 ®
X@ =Xl =] ° g 5 » 2 o o @ ,
® ® =z x = T T
r =z T T T
z O
Q x T T z ® ®
r z z z ® ®
r = x T T X
r T T T T T
Y(3) = QgY(g)Qg = ® ® = = =T x T T
® ® =z = = =x T T
T x T T T T
r T T T T T

Now different ways to further reduce X sy and Y(3) to the desired form are possible.

One possibility is (analogous to the Lanczos-like algorithm to compute é) to reduce
X(3) columnwise to the desired form. If Y(3) is transformed in the same way, then
Theorem 1 gives that Y(3) is transformed to the desired form as well. Numerical

tests solving (4) showed that such a method for computing é did not produce good
results for all test examples. This method which works essentially on X produced
very poor results if the values 0 are chosen equidistant in the interval [0, 7).

A different possibility to further reduce X(3) and Y(s) is described below. We
transform the second column of X 3 to the desired form by Q4 = Q(4,n, (X(3))+2) =
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732

Q(47 6, (X(3))*2)

®Q 8 8 8
QR ® 8 8 8 8

o® &8 8888

08888
O 8 888RQ
8 8 8 oo

8 8 O

T
L=

Xy = QuX(3)Q

© 88
80

® &

®®

Yy = Q4Y(3)QF

Subsequently the second column of Y(4) is transform to the desired form by Qs

Q(Sa n, (}/_(4))*2) = Q(57 7, (}/(4))*2)

8 8
R® 8 8 8
R R 8888
®R® 8 8888
® 8 88 88K
88 88 8QQ®
08888
08888
88 80
8 80
Il
SR
<
)
<
10
&
I
=
b

8 8
8 8
QR 8 8 8 8§
®® 8888
OR® K8 88K Y Y
O® K8 888K Y
O 88888
8 8 88 88O

88 88Q3Q

S swgsgdoo

8 O

Il

SRe)

&

S

>~

10

<

I

D

>~
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As C'+1iS is unitary, @sQ4Q3Q2Q:1Q(C +i8)QTQT Q7 Q3 QT QY = Xs) +i¥(s) =
Zs is 1£1itary; that is Z(5)Z(I§) = [ and esI_)fzcially Z;c;l(Z(g,))zg(Z(s))mc =
(Zs)13(Z(5))g3 = 0 as well as 341 (Z(5))16(Z(5))7, = (Z5)13(Z(5)),5 = 0.
From (Z(5))13 = (X(5))13 = (X(g))lg # 0, we get (Z(s))eg = (Z(s))73 = 0. Thus we
obtain

r T ©
r T T @
Q T x T
Q z x z T ® ®
r z xz z T ® ®
r r T T T Q@
X = ® r x T T X ’
® ® x = T x= T
® ® z = T T T
r x T X T
r @
Q T T T O
r r x <
r rz z T T T ®@ ®
Q rz r z xz T @ &
T T r r T T .
Yoy = T T r T T X ’
® ® r x z T T =T
® ® r z z = T <X
r x T x T X

the third columns/rows of X5y and Y(s) are in the desired form. Choosing

Qs = Q(6,8,(X(5))x4), X(6) = Q6 X(5)Q, Y6y = QsY(5Q8,

and

Q7 = diag(Is, —1,I,-7)Q(7,9, Y(g))xa), X(7)= Q1 X(6)QF, Yir)=Q7Y(6Q7,

the fourth columns/rows of X(s5) and Y5y can be transformed to the desired form.
As above we can argue that the fifth columns/rows of X7 and Y(7y are in the desired
form. Now we have the same situation as after the construction of X(s), ¥(s), solely
the undesired elements are found 2 rows and columns further down. Therefore these
undesired elements can be chased down along the diagonal analogous to the last
two steps. This gives rise to the following sequence of similarity transformations
to add two new triplets (cos Ok, sin Ook, wak ), (cos Oa41, 8100041, wak+1) to X’ and
Y.
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Algorithm 2
TUQR-like algorithm to add two new triplets (cos fa, sin O2, way),
(COS 02k+1,sin 02k+1,w2k+1) to X’ and Y’

Q1=Q(1,3,v), X = Qlc’Qf, Y = le’Q{
Q2=Q(2,4,Y:1), X = Q2XQ%, Y = QYQ¥
Q3 =Q(3,5,X.1), X =Q3XQT, Y =Q3YQT
forj=4,..,n—2

if j even

then Q; = Q(j,j + 2, X« j—2)

else Q; = Q4,5 +2,Ys ;_3)

end if

X =@,XQF, Y =Q;YQT

end for
if y21 <0
end if

forj=3,...,n

end if
end for

if XJJ_Q <0
then Qn+j = diag(IJ_l, —1,In_j), X = Q'ﬂ+JXQ£+jv Y = Qn+jYQ3;+j

Qn-1= Q('n - 1,"7"X*,n—3), X = Qn—lXQZ_ly Y= Qn—lYQZ;_l

then Qi1 = diag(l,—1,In_2), X = Qui1XQL,,, Y =Qn1YQT

The last statements of the algorithm ensure that

y21 >0
Tk k-2 > 0 for k € {3, 4,6,8, ,n}
Theorem 1 gives
Yk k—3 > 0 for k € {5,7, 9, ,n}

The given algorithm can easily be modified to an O(mn) algorithm for computing
Q, X,and Y from {6;x}7, and {wp}7,. If m >n =20+ 1, it should be observed
that only the relevant n x n block in X and Y is required. For even m only one
new pair of data has to be added in the last step; the transformation matrices @Q;
reduce to Givens rotations. For more details and the modified algorithm see [11].

Numerical tests solving the trigonometric approximation problem showed that
this method for computing @ did not produce good results for all test examples.
Choosing the 6y equidistant in [0, 7) we obtain good results. But for ), equidistant
in [0, 27) this method does not work very well.

A detailed analysis of the method shows that in each step matrices of the form

Tk+2,k  Th+2,k+1 Yk+2,k  Yk+2,k+1

X, = Tk+3,k Tk+3,k+1 Y, = Yk+3,k  Yk+3,k+1
Tk+4,k  Thk+4,k+1 Yk+a,k  Yk+d,k+1

0 Tk+5,k+1 Yk+5k  Yk+5,k+1

are transformed to

OO O8
oo 8 8
coww
ocooww
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In our method, the first columns of X and Yj are transformed to the desired form.
Theorem 1 shows that the second columns of X and Yj also have the desired
form. Implicitly the fact was used that the two second columns of X; and Yj
are linearly dependent on the two first columns. Because of rounding errors the
linear dependency is lost after only a few steps of the algorithm. The theoretically
generated zeros in Xy and Y} are affected with increasing rounding errors.

Numerical tests suggest that the dissimilar treatment of the four column vectors
is the main reason for the increasing rounding errors. A method that uses all four
vectors for the computation of the desired transformation could perhaps solve this
problem (or at least diminish it). As the four vectors

Tr+2,k Tp42,k+1 Yk+2,k Yk+2,k+1
Tk+3,k Tk+3,k+1 Yk+3,k Yk+3,k+1

x b b b
k+4,k Th+4,k+1 Yk+4,k Yk+4,k+1
0 Tho+5,k+1 Yk+5,k Yk+5,k+1

span a two dimensional subspace of R%, the matrix

Th4+2,k  Tk4+2,k+1 Yk+2k  Yk+2,k+1

M, = Tr+3,k Thk+3,k+1 Yk+3,k Yk+3,k+1
Tr+a,k Thtdk+1 Ye+a,k  Yk+4,k+1

0 Tht5,k+1  Yk+5k  Yk+5k+1

has rank 2. Thus My has only 2 (nonzero) singular values o; and o2. The compu-
tation of an SVD of M}, requires information of all 4 column vectors. Therefore the
idea is to compute the desired transformation by an SVD of Mj. From the SVD
My, = UpXi Vi, with Uy, Vi, € R**4 unitary and Xy = diag(o1,02,0,0) € R*** we
obtain

r r I X
r T I X
Ui My = By Vi = 0000
00 0 0

A Givens rotation to eliminate the (2,1) element of U M}, transforms this to the
desired form

r r T x
0 z =z x
0 0 0 O
0 0 0 O

Numerical tests (see Section 5) showed that this computational approach of the
here developed method for the trigonometric approximation problem produces con-
sistently accurate results similar to those of the method by Ammar, Gragg, und
Reichel.

A different way of computing the desired transformation using all four column
vectors is the use of the rank-revealing QR decomposition of M [8]. With this
approach the here developed method produces slightly poorer results than with the
SVD approach. As the operation count for an SVD of a 4 x 4 matrix is not much
higher than for the rank-revealing QR decomposition, all tests in Section 5 were
done using the SVD approach.
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4. COMPUTATION OF Rj*

In this section an algorithm for inverting the upper n x n block of Ris developed
which uses only real arithmetic and requires merely O(n?) arithmetic operations.
From Section 2 we have

R=CRF e R™"™  withn=20+1,
R = k(G,GH e1,0) € C™*™,
F = diag(2,K,K, ..., K) € C"*™,

-1 1
e (7 1)

Ce =CyC4---Cy € C™™,

. iCQk -—-iSQk
Cor = diag(Iok—1, 2 I—ak—1)-
S2k Cok

From Co(GoGH)F = (CeGoCT)*C, and Co(GoGHY* = (CoGoCT) C. for 1 < k < £
follows

C.R=C.e1,GoG e1,G.G ey, (G,GH)2ey, (G.GH) ey, ..., (G.GH), (G.GH)e]
= [el»CeGngel? (CeGch)el» ) (CCGOCg)eela (CeGch‘)eel]
- K(CCGOCZa €1, E)a

where k(C.G,CL, e1,£) is an upper block triangular matrix of the form

r r r ¥ X T X r X
r r r x T X r
r *r Tr T T X r X

r r T X r
r r T x r X
r T r T
r T r X

8

o8
[

with T = K(Ce,23G0,2e+1C’£2€, 61,5).

Let S = [s1, 82,.-., S2141] € R™ ™ be the inverse of the upper triangular matrix
TF, that is of the upper n x n block of R. Then the vectors s; are the solutions
of the equations Y Fsy = ey, for k = 1,...,n. Noting that the last n — k columns of
T F have no influence on the solution of these equations since the last n — k entries
in sy are zero, we have to solve

[e1, (CcGoCT)er, (CcGoCT)en, ..., (CeGoCT)er, (CoGoCT ke, ¥] Fsop = eop,
[61» (CeGocg)ela (CeGocz)ela ooy (CeGocg)kelv (CeGocz)kel» *]F32k+1 = €2k+1-
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Tedious calculation yields (for a detailed derivation see [11]) for k =1,2,...,£ —1

1
-1
Sok42 = x2k+2,2k[(§Pk - 332k,2k1)32k — T2k—2,2k82k—2 — T2k—1,2kS2k—1

- $2k+1,2k32k+l]»

1
-1
82k+3 = x2k+3,2k+1[("2‘Pk - x2k+1,2k+11)32k+1 — T2k—1,2k+152k—1 — L2k, 2k+1S2k

— Tok42,2k+152k+2)

where the relevant first 2k 4+ 1 columns of Py are given by:

Pyey = 2es,
Prey = ey,
Prej =ej_o+ejy2, j=3,4,..,2k+1.

If 51, 89, s3 are known, then sy, ss, ..., $,, can be computed from the above formulae.
For sq, s2, s3 we have

[ela (CeGocz)ela (CeGoC;I‘)ela *]F[Sla 82, 33] = [61, €2, 63]
or
[2e1,2Ye1,2X eq, %][s1, 2, 83] = [e1, €2, €3).

This is equivalent to

1 yu1 zn S11 S21 831 100
21 0 ya1 zo 0 s s3 |=(0 10
0 0 31 0 0 833 0 0 1

Thus s1, s2,53 can be computed directly from the above equation. We obtain the
following O(n?) algorithm for computing the inverse of the upper n x n block of R.

Algorithm 3

algorithm for inverting the upper n x n block of R
input : X,y11,y21 N
output : S = [s1,82,...,89141] with R1S =1
81 = 21,61
s2 = (2y21) " (—y11e1 + e2)
s3 = (2231) " (—ya w21e2 + e3 — (y57 y11221 + 11)e1)
sa =55 (AP — w221)s2 — w1281 — x3253]
for k=5,6,..,20 +1
if k even
then j := (k — 2)/2
else j := (k —3)/2
end if
sk =g pool(3P5 — Th—2,k—2D)Sk—2 — Tkt k—25k—4 — Th—3 k—25k—3
~Tk—1,k—28k—1]
end for

5. NUMERICAL RESULTS

We present some numerical examples that compare the accuracy of the following
methods for solving the trigonometric approximation problem (2):
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- AGR : the algorithm proposed in [17] as sketched in the introduction. The
least-squares problem (3) ||DAc — Dg||2 = min is solved via QR decomposition of
DA, where the desired Q-factor of the QR decomposition is computed by an inverse
unitary Hessenberg eigenvalue problem and the inverse of the upper square subblock
of R is computed by an algorithm closely related to the Levinson algorithm (with
complex arithmetic).

- ver2.1 : the algorithm proposed in [11]. The least-squares problem (4)
||Df— D;ﬁsz = min is solved via QR decomposition of DA, where the desired
Q-factor of the QR decomposition is computed by an inverse eigenvalue problem
for Schur parameter pencils [11, 12] and the inverse of the upper square subblock
of R is computed by Algorithm 1 (with complex arithmetic).

- ver4.l : the algorithm proposed in [11]. The least-squares problem (4)
||Df— szﬁmz = min is solved via QR decomposition of DA, where the desired Q-
factor of the QR decomposition is computed by simultaneous reduction of the real
and imaginary part of A to a compact form (to X and Y') as discussed in Section
3 (using the SVD approach) and the inverse of the upper square subblock of R is
computed by Algorithm 3 (with real arithmetic).

- linpack : The least-squares problem (4) ||[Df — DA%||; = min is solved via
the explicit formation of the matrix DA and the use of the LINPACK [10] routines
sqrdc and sqrs] (with real arithmetic)

For comparison of accuracy we compute the solution #; of the system
min||DAE — Df||; in double precision using the NAG routine FO4AMF. The figures
display the relative error ||t — Z4]|2/||fal|2 Where £ is the coefficient vector computed
in single precision by the method under consideration. Each graph displays the er-
rors for m = 50 and increasing values of n. The arguments of the nodes are either
equispaced in the interval [0, 7), [0,3/27) or [0,27) or the arguments are randomly
generated uniformly distributed numbers in [0,27). The weights are all equal to
one, the elements of the real vector f are randomly generated uniformly distributed
numbers in [—5, 5].

A comparison of the methods AGR, linpack and ver2.1 is given in Figure 1,
a comparison of the methods AGR, linpack and ver4.1 is given in Figure 2. The
graphs at the top of Figure 1 and Figure 2 display the relative errors in the coefficient
vectors for equispaced nodes in intervals smaller than 27. As n increases, and
the problem becomes more ill conditioned, the LINPACK routines are the first
to produce inaccurate results. ver2.1 produces errors that are somewhat smaller
than AGR, while ver4.1 produces errors that are about the same as AGR. The
graphs at the bottom of Figure 1 and Figure 2 display the relative error when
the arguments are equispaced in [0,27) and when the arguments are randomly
generated uniformly distributed numbers in [0, 27). In the first case the LINPACK
routines and ver2.1 produce smaller errors than AGR, while ver4.1 produces slightly
larger errors. Note that in this case we are computing the Fourier transform and
thus the FFT is a better method for solving this problem. When the arguments
are randomly generated uniformly distributed points in [0,27) the least-squares
problem is relatively well conditioned and the algorithms AGR, ver2.1 and ver4.1
yield roughly the same accuracy as n gets close to m.

‘We obtained similar results to those in Figure 1 and Figure 2 with other choices
for the nodes and the weights. For more numerical examples and a more detailed
discussion see [11].
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— | AGR
—-— | ver2.l
------ linpack
o M= 50, equispaced arguments in [0, pi) , M= 50, equispaced arguments in [0, 3/2pi)
10 T T " T 10 T - — .
107 1 10°
10" 10"
b b
E 10° g 10°
(5]
10" 10°®
10"° 107
10 10
140 10 20 30 40 50 4 50
10 - n - 10 n .
o M= 50, equispaced arguments in [0, 2pi) o, Mm= 50, random arguments in [0, 2pi)
10 — T T T 10 .
10° 10°
10" 10"
8 6 B a6
E 10 E 10
T e
10* 10*
10" 107
10 10
140 10 20 30 40 50 140
10 - n 10 -

FIGURE 1
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—— | AGR
—— | verd.l
------ linpack

m = 50, equispaced arguments in [0, 3/2pi)
0
10 — 10 . : : —

rel. error
rel. error

m = 50, equispaced arguments in [0, 2pi)

©

10

rel. error
—_
o,

rel. error

FIGURE 2
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The numerical experiments have shown that generally the method ver2.1 pro-
duces more accurate results than the method AGR. On the other hand, method
ver2.1 requires about 3 times as much time to solve the problem than method
AGR. For the discussed examples the method linpack requires more time than the
method AGR, and is the method that produces inaccurate results first. The method
ver4.1 uses only real arithmetic (as opposed to the methods AGR and ver2.1 which
use complex arithmetic). The relative errors in the coefficient vector produced by
ver4.1 are about the same as those produced by AGR. AGR, ver2.1 and ver4.1 are
algorithms to solve the trigonometric approximation problem in O(mn) arithmetic
operations, while the method linpack requires O(mn?) operations.

6. FINAL REMARKS

This note is a partial summary of [11].
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