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THE TROTTER-KATO THEOREM AND
APPROXIMATION OF PDEs

KAZUFUMI ITO AND FRANZ KAPPEL

ABSTRACT. We present formulations of the Trotter-Kato theorem for approx-
imation of linear Cgp-semigroups which provide very useful framework when
convergence of numerical approximations to solutions of PDEs are studied.
Applicability of our results is demonstrated using a first order hyperbolic equa-
tion, a wave equation and Stokes’ equation as illustrative examples.

1. INTRODUCTION

In this paper versions of the Trotter-Kato theorem [8], [15] for approximating a
linear Co-semigroup T'(t) on a Banach space X are derived, which are useful for
studying convergence of numerical approximations of solutions to partial differential
equations. Our study is motivated by the version of the Trotter-Kato theorem
discussed in [11, Section 3.6]. The goal is to provide a general approach, which is
flexible enough to cover a variety of approximation schemes for infinite dimensional
systems. Of course it is not possible to get precise error estimates at this level of
generality. In order to get those one usually has to exploit the special structure of
a system, what we shall demonstrate in a few situations.

In Section 2 we present a version of the Trotter-Kato theorem which is standard
except for the fact that the state space on which the semigroup is defined is a closed
proper subspace of an ambient Banach or Hilbert space. The approximating spaces
are isomorphic to subspaces of this ambient space but not necessarily of the state
space. Furthermore, we present in this section error estimates for smooth initial
data in the general case and also for analytic semigroups. In Section 3 we discuss
possibilities to verify the basic assumptions of the Trotter-Kato theorem, i.e., how
to establish the stability and the consistency property. Applicability of the results
is demonstrated in Section 4 for a first order wave equation, a second order wave
equation in one space dimension and Stokes’ equation as illustrative examples.

2. THE TROTTER-KATO THEOREM

2.1. Statement and proof of the theorem. Let Z and X,, be Banach spaces
with norms |- ||, || - ||ln, » = 1,2,..., respectively, and X be a closed linear subspace
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of Z. On X a Cg-semigroup T'(-) with infinitesimal generator A is given. The
goal is to construct approximating generators A, on the spaces X, such that the
Co-semigroups Tp,(-) generated by A, approximate T'(-) in a sense which will be
made precise below. We will make the following assumptions:

For every n = 1,2,... there exist bounded linear operators P, : Z — X, and
E, : X, — Z satisfying
(A1)  ||Pn|| € My, ||En|| € Ma, where My, My are independent of n,

(A2) ||EpPpx—z|| > 0asn—ooforalzelX,
(A3) P,E, = I,, where I, is the identity operator on X,.

Assumption (A2) is a consequence of each of the two equivalent statements in the
Trotter-Kato theorem. Therefore when choosing the spaces X,, and the operators
P,, E,, one has to make sure that (A2) is also satisfied. However, (A2) need not
be assumed explicitly in the theorem. In many situations one has X = Z, but
Section 4.3, where we consider Stokes’ equation, presents an example where it is
advantageous to define the operators P,, E, first for an ambient space Z which
contains the actual state space for the equation as a proper closed subspace.

The general setting can be phrased in an equivalent way for subspaces of Z. In
order to see this define the subspaces Z,, of Z and the mappings m, : Z — Z, by

Zn =rangeE, and m,=FE,P,, n=12,....

The subspaces Z,, are endowed with the Z-norm. It is easy to see that the Z,
are closed subspaces of Z and that m, are projections Z — Z,, i.e., 72 = m,
and rangem, = Z,. Furthermore, Tn(t) = E, T, (t)P, |z,, t > 0, defines a Co-
semigroup on Z, with infinitesimal generator A, given by dom A,, = E, dom 4,
and A, = E,AnP, |z,. Assumption (Al) implies that there exists a constant

M > 0 such that
(Bl) ||7Tn||SM7 TL:1,2,,
is true, whereas from assumption (A2) we get

(B2) lim 7,z =2 forall z € X.

n—oo

Note that by the uniform boundedness principle assumption (B1) is automatically
satisfied if (B2) holds for all z € Z. In general we do not have Z, C X. See
Section 4.3 for an example. If one has numerical approximation in mind, then the
spaces Z, are finite dimensional, of course.

Conversely, let Z,, n =1,2,... , be a sequence of subspaces of Z with projections
Tn © Z — Zp, and canonical injections ¢y, : Z, — Z. We assume that (B1) and (B2)
are satisfied. Then obviously assumption (B1) implies (A1) and (B2) implies (A2)
for X, = Zp, P, = mp and E, = . (A3) is trivially satisfied.

The most frequent situation where the setting introduced at the beginning of this
section occurs is when we start with a sequence of finite dimensional subspaces of
Zn, dim Zy, = ky. For each subspace Z,, we choose a basis 27, ..., 2 and define the

mapping py, : Zn — Xn := R*¥ by ppz = (a1,..., a4, )7 for z = Ef;l 025 € Iy,
The norm on X, is defined by ||z||x, = |lp; z||z. If we define the mappings
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P,:7Z— X,, Ep: X, — Z by
Poz =pymnz, 2z€Z,
E,x = an,jlx, z € Xn,

then assumptions (Al) — (A3) are satisfied.

Before we state the Trotter-Kato theorem we introduce the following notation:
Ae GIM,w,X), M > 1, w € R, means that A is the infinitesimal generator of a
Co-semigroup T'(t), t > 0, satisfying ||T(¢)|] < Me*t, t > 0. Of course, if A is the
infinitesimal generator of a Cy-semigroup, then 4 € G(M,w, X) for some M > 1
and w € R.

Theorem 2.1 (Trotter-Kato). Assume that (Al) and (A3) are satisfied. Let A
resp. An be in G(M,w,X) resp. in G(M,w,X,) and let T'(t) and T,(t) be the
semigroups generated by A and A, on X and X,, respectively. Then the following
statements are equivalent:

(a) There ezists a Ao € p(A) N(Now; p(An) such that, for allz € X,

|En(MoIp — Ap) tPpz — (Mol — A) 7'z = 0 asn — oo.
(b) For everyx € X and ¢t >0,
|En Ty (t) P — T(t)z]| - 0 asn— oo

uniformly on bounded t-intervals.
If (a) or (b) is true, then (a) holds for all A with Re A > w.

Proof. If we set Z,, = range E,, and 7, = E,P,, n =1,2,..., then the theorem is
proved if we establish equivalence of the following two statements:

(8) There exists a Ao € p(A) N2, p(Ayn) such that, for all z € X,
|(MNoln — Ap) rmpz — (oI — A)7'z|| =0 as n — oo.

(b) For every z € X and t > 0,
| T (t)mpe — T(t)z|| =0 as n— oo
uniformly on bounded t-intervals.

For the rest of the proof we shall write T),(t) and A, instead of T,,(t) and A,
respectively. It is no loss of generality if we assume that (&) holds for \g = 0.
a) We first show that (&) implies (b). For z € X we define

en(t) = (Tn(t)mn — m,T(t))z, n=1,2,..., t>0.

For z € dom A, the function u,(t) defined by
un(t) = A ten(t), t>0,n=1,2,...,
is in C'*(0, 00; Z,,) and satisfies
Un = Aptn + T AR AT (t)z,
(2.1)
un(0) =0,
where we have set
A=A - AT,

Indeed, A, T, (t)m,x = T, (t) A, 1,z is continuously differentiable on [0, 00), be-
cause A, 'm,z is in dom A,, whereas A, 'm,T(t)x is continuously differentiable,
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because z € dom A and A, 7, is a bounded operator X — Z,. An easy calcula-
tion proves (2.1).

From (2.1) we obtain by the variation of parameter formula that, for ¢ > 0,
x € dom A,

un(t) = /OtTn(t — T) T A AT (T)x dr.

For z € dom A? integration by parts implies

Un(t) = — A, ' T A AT () + A T ()T A Az

(2.2) t
+ At / Tt — )T A AT (T)zdr, t>0.
0

Here we have used A, T, (t—7)y = — LT, (t—7)y, y € Zy, and LT(7)z = AT (1),
z € dom A. From this representation of u, (t) we obtain the error representation:

en(t) = —mp AR AT (H)x + T (t)mn Ay Az

(2.3) ¢ ) )
+/ To(t — )T A AT (T)zdr, t>0, x € dom A*.
0

In order to prove lim, o €n(t) = 0 uniformly for ¢ in bounded intgrvals, we -
consider the terms on the right-hand side of (2.3) separately. For any T > 0 the
set {T(t)Az | 0 <t < T} is compact. Therefore we have

T A AT (t)z — 0 as n— o0

uniformly on [0,7]. For the second term on the right-hand side of (2.3) this is
obvious, because ||T,(t)|| < Me*t, t >0, n=1,2,... .

Since, for z € dom A2, the set {A*T(7)xz | 0 < 7 < T} is compact, we see that
|A,A%T(7)z|| — 0 as n — oo uniformly on [0, T]. Therefore also the integral on the
right-hand side of (2.3) converges to zero uniformly on [0,7]. Thus we have proved
that lim, o €, (t) = 0 uniformly on 0 <t < T for any x € dom 42. By a standard
density argument we see that this is true for all z € X (note that, by definition
of e, (t), there exists a constant cy > 0 such that supy,<7 |len(t)|| < coe“T||z|,
r€X,n=12,...). o

It remains to prove that

lim |7, T(t)z — T(t)z|| =0 uniformly on [0, 7).
By compactness of {T'(t)z | 0 <t < T} we only have to prove lim,,_, o T,z = z for
all z € X. For z € dom A we get (observing that ker(I — m,) = Z,)
(2.4) T — & = (1, — A Az

This implies lim,, ,oo 7z = x for £ € dom A. The result for z € X follows by a
density argument. B
b) Assume now that (b) holds and that Re A > w. Then

A — Ap) rrpz — (A — A) || < / e  ReX\\ T (ympx — T(t)z| dt.
0

The right-hand side of this inequality tends to zero as n — co by (15), the choice of
A and Lebesgue’s dominated convergence theorem. O
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Remarks. 1. The proof of Theorem 2.1 as given above is a slight modification of
Kato’s proof putting more emphasis on the representation of the error e, (t) which
will be useful in the next subsection.

2. The assumption 4, € G(M,w,X,), n = 1,2,..., or equivalently ||T,(¢)|, <
Me¥t, n =1,2,..., usually is called the stability property of the approximations,
whereas statement (a) is called the consistency property of the approximations.
With this terminology the Trotter-Kato theorem essentially states that, under the
assumption of stability, consistency is equivalent to convergence (as characterized
in statement (b)).

Using the uniform boundedness principle and the standard proof for the fact that
any Co-semigroup T'(+) satisfies an estimate of the form ||T'(¢)|| < Me“*, t > 0, it is
easy to see that on the other hand convergence implies stability (and consequently
also consistency). Compare Theorem 4.4 in [10].

3. Consider the setting used in the proof of Theorem 2.1. With the operators A

and A,, n=1,2,..., we can associate the steady state problems
(2.5) Au= X u—vy, ye€X,

on X and

(2.6) Ay, = Xty — Tny

on Z,. The consistency hypothesis (a) just means that these steady state problems,
for all y € X, have unique solutions u resp. u, which depend continuously on y and
(2.7) lim u, = u.

n— oo
Indeed, the assumptions on the solvability of the steady state problems are equiv-
alent to \g € p(A) NN°2, p(A,) and (2.7) is just the strong convergence of the
resolvent operators, because u = (\gI — A)~'y and u, = (Moln — An) " 7py.

In view of these considerations the Trotter-Kato theorem states that, under the
assumption of stability, convergence of the solutions of the steady state probléms
associated with the semigroup generators implies convergence of the semigroups.
This point of view was stressed in [10], where it was also shown that convergence
rates are also preserved. We shall address this question in the next subsection.

4. The error function e, (t) is continuously differentiable on [0,00), if € dom A
and 7,z € dom A,,, which is certainly the case if the A,’s are bounded. The most
common situation where the A,,’s are bounded occurs when the spaces X,, are finite
dimensional. Then e, (t) is the solution of

én = Apnen + Apnmn AL AT (H)z, t2>0,

2.
(28) en(0) = 0.
This implies
t
(2.9) en(t) = / AT (t — T)mn AR AT (1) dr, - t > 0.
0

From this representation we can get (2.3) by integration by parts directly provided
2 € dom A?. Thus the introduction of u,(t) is not necessary in cases where ey (t)
is differentiable.
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5. A somewhat different proof of Theorem 2.1 can be given using the approach
followed in [10]. Let the setting be that used in the proof of Theorem 2.1 and
define the “elliptic” projections ¢, : dom A — Z,, by

gn =AM A, n=1,2,... .
For 2 € dom A? we introduce the error
fa(t) = Ta(t)gnz — @ T(t)z, ¢20,
which is continuously differentiable. This follows from g,z € dom Ay and ¢, T(t)x =
A, T(t)Az. We have f,(0) = 0 and
flt) = Apfn(t) + mn(I — gn)T(t) Az, t>0.
This gives

fu(t) = / t:f“n(t — 8)Tn(I — gn)T(s) Az ds
0
and
T(t)z - Tn(t)an = - g)T(t)x — /tTn(t — 8)mn(l — ¢n)T(s)Azds, t>0.
0

Observing that, for y € dom A, we have (I —gn)y = (A~! — A m,) Ay we see that
the same arguments used in the proof of Theorem 2.1 give

lim T, (t)gnz = T(t)z, z € dom A,

uniformly on bounded t-intervals. In order to get T, (t)mpz — T'(t)z uniformly on
bounded t-intervals for any z € X one has to choose a sequence (z3) C dom A with
x, — x and to apply the standard arguments to the estimate

IT(t)x — To(t)mnz|l < |T)(@ = z0)]| + [(T(t) — Ta(t)gn)zx|
+ “Tn(t)(ank — )|
< Me||z — @] + [(T(8) — Tu(t)gn )l
+ Me* (|lgnz — zx|l + [lze — mnzp || + I7nll lzx — ).
2.2. Error estimates for smooth initial data. The proof of the Trotter-Kato
theorem as given in the previous subsection offers also the possibility to obtain
error estimates for the approximations. However, because of the generality of The-
orem 2.1 we cannot expect to get error estimates which are sharp in specific situa-
tions. In order to get sharp estimates one has to exploit the special structure of the
problem at hand. See for instance [2] for parabolic equations and [9], [5] for delay

equations of retarded type. In the following let || - ||dom 4= denote the graph norm
on dom A%, a > 0.

Proposition 2.2. Let the assumptions of Theorem 2.1 be satisfied and, for any
Ao € p(A) N(Noey p(Ar), set Ap(Xo) = En(Moln — An) ™ Py — (Mol — A)™! Then
the following is true:

a) For any T > 0 and any o > 0, there exists a constant v = y(T,a) > 0 such that

| EnT (t) Poz — T(t)z|| < v[|[An(Xo)l2(dom 4=, x) | Zlldom ae+2, 0<t<T,

for all z € dom A*t? andn=1,2,... .
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b) If, in addition, the semigroup T'(-) is analytic, then for any T>0,e>0 and
a > 0, there exists a constant v = y(T,e,a) > 0 such that

HEnTn(t)Pn33 - T(t)x” < 7||An()‘0)llﬁ(dom Aa,X)“x“domAa+1+€a 0<t< T)
for all z € dom A%+ andn=1,2,... .

Proof. As in the proof of Theorem 2.1 we can assume without restriction of gen-
erality that 0 € p(4) N~ p(A,). Furthermore, for the proof we adopt the
same setting as in the proof of Theorem 2.1 and write again T,,(t) and A, instead
of Tp,(t) and A,, respectively. Correspondingly we also set A, = A~' — A-lm,,
n =1,2,... . In the following ‘const.” always denotes a positive constant which
does not depend on z or ¢t (in the given sets) and may have different values at
different occurrences.

The proof for part a) is straightforward, estimating the terms on the right-hand
sides of (2.3) and (2.4). We have to observe that the restriction of the semigroup
T(-) to (dom A%, || - ||ldom a=) is also of type G(M,w,dom A%) and ||APz|qom 4« <
const. ”deom ActB.

For the proof of part b) we observe first that in case of an analytic semigroup the
representation (2.3) of e, (t) is valid for x € dom A'*®, § > 0. The integration by
parts which leads to (2.2) can also be performed under the present conditions. We
only have to observe that for an analytic semigroup we have T'(7)z € dom A*, k =
1,2,...,7 € X and 7 > 0. Furthermore, we have to use the estimate ||A%T(7)z|| =
|AY 8T (1) AM+ox|| < const.r—HS||T(T) A 2|, 7 > 0, x € dom A'HP,

We only have to consider the integral term on the right-hand side of (2.3),
because for the other two terms and the term on the right-hand side of (2.4) we
see immediately that, for ¢ > 0,

|AZ||ldom 4= < const.||z|lqom aetr, = € dom A%+,
and
IT(£) Az | dom A~ < Me“T|| Az|ldom A= < const.||z|qom ae+1,

for z € dom A%*! and 0 <t < T. For the integral term we get the estimate

¢
H/ To(t — )T A AT (1) d7 ||
0
o T
< MET Al a3 | I4°T (7)o ani
T
< const.||An]| £(dom Aa)X)/ | At AYeT(7) 2| dom ae dT
0

T
1

< COnSt.||An||£(dom AO‘,X)/ gy ||A1+€T(T)x”dom AdT

0

< ConSt~||An||£(dom Ax X)) ”deom Actlte

for z € dom A**t!*¢ With respect to properties of fractional powers of closed
operators which have been used in this proof we refer to [11], for instance. d

In case of second order parabolic equations with a selfadjoint uniformly elliptic
operator it was shown in [2] that we can take e = 0 in part b) of Proposition 2.2.
Using basically the same ideas as in [2] we can prove an analogous result for analytic
semigroups on a Hilbert space with arbitrary selfadjoint infinitesimal generator.
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Proposition 2.3. Let Z and X, be Hilbert spaces and assume that (Al), (A3)
are satisfied. Furthermore, assume that A generates an analytic semigroup on X
and that the A, are selfadjoint bounded operators on X, with the property that,
for a Xo € p(A) NN, p(An), the operators A, — Xol,, are dissipative, i.e., A, €
G(1, Ao, Xy,). Then the following is true:

a) For any T > 0 and any o > 0 there exists a v = (T, ) > 0 such that
[EnTn (t)Paz — T ()] < ¥l An(X0)ll £(dom a=,x) %] dom ae+2
for all t € [0,T) and all x € dom A>T,

b) Assume that in addition statement (a) of Theorem 2.1 is true. Then for any
6 > 1 and a > 0 there exists a v = (6, ) > 0 such that

1 En T (t) Poz — T ()| < vl An(X0)ll (dom a,x) %]l dom aa+1/2
for all t € [1/6,6] and all z € dom A®+1/2,

Proof. The general setting is as in the proofs of Theorem 2.1 and Proposition 2.2,
respectivley. Instead of equation (2.8) we first define v,(t) = te,(t), which, for
x € dom A%, a > 0, satisfies

Up = Apvp + en(t) + tA,m A AT ()2, t >0,
v, (0) = 0.

By the variation of constants formula we get

¢ ¢
v (t) = / To(t — T)en () dr + / AT (t — T)mn AT AT (T)x dr, t>0.
0 0

Integration by parts in the second integral gives

en(t) = % /0 To(t — T)en () dr — m AL AT (t)x
(2.10) + % / ot — )m Ay AT(r)z dr
0

¢
+ %/ To(t — T AT A*T(T)z dT, t>0, 2 € dom A%
0

Observe that |[TA?T(7)z| = |[TA?~°T(r)A%z| < const.r~'*||A%z| for z €

dom A%, which guarantees that the last integral in (2.10) exists. Analogously one

sees that the other integrals also exist. From equation (2.8) we get, for x € dom A%,
en(t) = A en(t) — T AR AT ()2, t > 0.

Taking inner products with e, (t) on both sides, observing that by selfadjointness

of A,, we have

_1d

—{en(t), A7 en (1))

Re<en(t)’A1:1én(t)> - §dt

and integrating from 0 to ¢, we get
¢ 1 t
/ llen(7)]|2dT = §<en(t), A ten(t)) — Re/ (en (), T Ap AT (7)) dT
0 0

1 [t I
<5 [NenlPar+; [ mnatoyslfar, 120
0 0
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where we have also used dissipativeness of A,,. Consequently we have
t tpt
/ len(7)|2dr < / ImnAn AT(7)z|2dr, ¢ >0, 7 € dom A°.
0 0

From this we get

(2.11)
1/2 t ) 1/2
I3 [7ute - mentyarl < 1 ([ 1monar) ([ eatrirear)
- 1/2
S]\4‘[\4'%;_1/26'“]'7:“A'"v”l:(domA"‘,X) /HAT(T)”(QiomA“dT) ) t>0.
0

In order to prove part a) we choose € dom A%t Then ||AT(7)z|ldom ae <
Mel“\T||z||gom ao+1 Which shows that

”—/ t - T en )dT” < ConSt'”An”[:(domAa,X)||33||domA°‘+1,
for ¢t € [0,T].
The second and third term on the right-hand side of (2.10) can easily be esti-

mated by const.||An||z(dom a«,x)[|Z|ldom ae+1 for all t € [0,T] and = € dom A>T
For the fourth term we get

”—/ (t—r1) WnAnTA T(r xdr”
1 t
SConSt'”AnHE(domAa,X);/ T||A2T(T)9U||domAadT
0

1 t
< const A caom a7 [ I7(7) Aol 4o
0
< const. || An | 2(dom a>,x) 1% ]| dom Ax+1

for 0 <t <T and z € dom A>+T,

For the proof of b) we choose x € dom A*T'/2 and observe first that selfad-
jointness of the A, together with (&) implies that also A has to be selfadjoint.
Consequently we have

IAT (1) || 3oim e = AT (7)2||* + | AT () A%]?
ld 1/2 1/2
= §E<T T)AY 2, T (1) AY )
+ ——<T T)Aa+1/233 T(r )Aa+1/2z>, >0,
and consequently
t
1
/0 ”AT(T):E”?iom A“dT < §”T(t)A1/2x||<2iom A < COl’lSt.”ﬂ:”iom Aetl/2s t>0.

This and (2.11) prove that

H_/ t_ T)en(T )dTH < COHSt'HA'n“E(domA"‘,X)Hx”doon“*'l/2
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for all t € [1/6,6] and all x € dom A*+1/2, For the other terms in (2.10) we get the
analogous estimates if we observe

/Ot||AT(T)a:||domAadT < c01f1st.||Al/2av||dOm Ac /OtT_l/QdT,
/OtTHAQT(T)deom AedT = /OtT“Ag/ZT(T)Al/ZdeomA“dT
< const.||AY2%||gom 4= /Otr_l/2d'r
for ¢ € [0, 4]. 0

Remarks. 1. Note the difference in the two statements of Proposition 2.3. The
first one requires € dom A>*! but gives an estimate on intervals [0, 7], whereas
the second one requires z € dom A*+/2 only and gives an estimate on compact
t-intervals which exclude ¢ = 0. The assumption, that the consistency property (a)
is satisfied, in part b) is only used in order to prove that A is also selfadjoint.

2. Without restriction of generality we take the setting used in the proof of Propo-
sition 2.2 and set (note that A, = A71 — A1)

F(n) = ”Annc(dom Ax X)-
This means that for any = € dom A® we have

(2.12) IA™ 2 — AT mnzl| < F(n)||2ldom ac-

If we observe that u = A~'z resp. u,, = A, 'm,x are the unique solutions of the
steady state problems

Au=2x resp. Apup, =TT
we can rewrite inequality (2.12) as
(2.13) v = unll = llu = gnull < F(n)l|Auldom a= < F(n)|[ulldom aa+:-

Therefore Proposition 2.2, a) can be stated as follows: If the estimate (2.13) is
true for an approximation scheme for the steady state problem Au = z, then we
have the same rate estimate for the corresponding approximation scheme for the
Cauchy problem @ = Au, u(0) = z, provided z € dom A%*? (i.e., € dom A and
Az € dom A>*1). This shows that the results of this section are closely related to
results in [10]. For instance, the assumption that the estimate (2.13) is satisfied is
exactly the assumption in [10] that “Theorem T” is true for X = dom A**! (see
(10, p. 130]). Proposition 2.2, a) essentially is Theorem 4.2 in [10] with the differ-
ence that in [10] the estimate is for T),(t)gnz — T'(t)x instead of T,,(t)mp,z — T'(t).
Furthermore, the results of this section show that the smoothness assumption
z € dom A*™2 can be relaxed considerably. In case of general analytic semigroups
in Banach spaces we need z € dom A*T1*¢ (Proposition 2.2, b)). If in addition we
assume that the spaces are Hilbert spaces and the generators are selfadjoint, then
z € dom A**! resp. x € dom A**1/2 is sufficient (Proposition 2.3).
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3. HOW TO ESTABLISH STABILITY AND CONSISTENCY

In order to apply Theorem 2.1 one faces the following major difficulties:

a) In general it is very difficult to verify the stability property, i.e., to prove that
A, € G(M,w,X,),n=1,2,..., for some M > 1, w € R, when M > 1 is
necessary.

b) Direct verification of the consistency property (a) involves computation of the
resolvents (Al — A,)~!, which in general is almost impossible.

Of course, the Hille-Yosida generation theorem for Cy-semigroups tells us among

other things that A, € G(M,w, X,) if A € p(A,) for ReA > w and
M

(Re X — w)k’
But to establish these inequalities for the powers of the resolvent operators in par-
ticular for the approximating generators A, is in most cases (i.e., except M = 1)
impossible. In general, the only way to verify the stability property is to use dissipa-
tivity estimates possibly after renorming the spaces X,, with uniformly equivalent
norms.

Concerning the consistency property one tries at any case to avoid computation
of the resolvent operators (A, — A,)~! and direct verification of condition (a).
Usually it is very easy to compute explicit representations of the approximating
generators A,. Therefore one would like to replace (a) by a condition involving
convergence of the operators A, to A in some sense. The following result is well
known, the proofs perhaps are different (see for instance [11]):

(An — ML) 7% < ReA>w, k=1,2,... .

Proposition 3.1. Let the assumptions of Theorem 2.1 be satisfied. Then state-
ment (a) of Theorem 2.1 is equivalent to (A2) and the following two statements:

(C1)  There exists a subset D C domA such that D = X and (MI - A)D
=X fora X > w.
(C2)  For all u € D there ezists a sequence (Tn)nen With T, € dom A, such that

lim E, %, =u and lim E,A,u, = Au.
n—o0 n—oo

Proof. Without restriction of generality we can assume Ao = 0 for the proof. We
first prove that (a) implies (A2) and (C1), (C2). To this end we first set D = dom A
which implies AD = X, i.e., (Cl) is satisfied. In the proof of Theorem 2.1 we have
already shown that (a) implies (A2) (compare (2.4)).

We next fix u € dom A, choose z € X with u = A~z and set @, = A, P,Au.
Then we have

E, u, —u= EnA;Ian — A7z >0
as n — oo by (a). Furthermore, we have (using (A2))
EnApty, — Au = B Ap A Prx — AA 2 =E,Po,x —z—0

as n — o0o. Thus we see that (C2) is also true.

In order to prove that (A2) and (C1), (C2) imply (a) we use the identity
(3.1) E A P, — A7 = E, (A7 Py A — P)A™ + (B P, — )AL
For z € AD we choose v € D with 2 = Au and set u, = AP,z = AP, Au.
Furthermore, for u, we choose U, according to (C2). Then we get

||ﬂn = Puulln = ”Pn(Enﬂn —u)|ln < M| EnTy ~ u” —0
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as n — oo and

[ = wnlln < 145 || AnTr — PoAulln

< A NPl 1 En Antin, — Aul| — 0

as n — o0o. Note that ||A; | is uniformly bounded, because A, € G(M,w, X,,) for
all n. The last two estimates prove that

”Pnu - un”n < ”Pnu _ﬂn”n + ”ﬂn - u””n - 0

as n — oo. This estimate together with (3.1) and (A2) implies
| EnAy Pz — A7 || < || En(un — Pow)|| + | EnPru — ull
< MQHUn - nu”n + ”EnPnu - u” —0

asn — oo for all z € AD. A density argument finishes the proof for (a) (note that
|EnA;, P, || is uniformly bounded). O

Remark. In fact, conditions (C1) and (C2) provide a formulation of the consistency
property which is essentially the original one. See for instance [12, Chapter 3| for
difference approximations.

The example in Subsection 4.1 below demonstrates the usefulness of conditions
(C1) and (C2). However, in many applications, in particular if the abstract Cauchy
problem is the abstraction of a PDE-problem, the generator A is defined via a
sesquilinear form o, which is given on a densely and continuously embedded sub-
space V of the state space X. Then the approximating generators A, usually are
defined by sesquilinear forms o, on the approximating state spaces X,. These
sesquilinear forms ¢, are obtained from restrictions of ¢ to appropriate subspaces
Vi, of V' which are isomorphic to X,. Of course, in such a case one would like
to establish the stability and consistency property by using the approximating
sesquilinear forms o,. Instead of formulating some general results in this direc-
tion we demonstrate the ideas by the examples in Subsections 4.2 and 4.3. The
main reason for this approach to the problem is the fact that usually one has to ex-
ploit the special structure of the problem under consideration, which makes it very
difficult to provide simple general conditions which cover a wide range of special
cases.

Parabolic problems allow much stronger results, which will be presented in a
different paper.

4. EXAMPLES

In this section we demonstrate applicability of the results developed in the pre-
vious sections. As already mentioned in the introduction the goal is to show that a
variety of concrete situations is covered by the general framework presented in this

paper.
4.1. A first order hyperbolic PDE. In this example the role of the operators

P, and E,, appearing in conditions (A1)-(A3) and the usefulness of Proposition 3.1
are demonstrated. Consider the first order hyperbolic PDE

9 9
(4.1) au(t, x) + %u(t, z)=0, z¢€(0,1),

u(t,0) = 0.
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The equation is studied in three different state spaces: X = L*(0,1), X = L%(0,1)
and X = Cy(0, 1), respectiyely, where Cy(0, 1) is the space of continuous functions
on [0,1] vanishing at = 0. It is not difficult to show that the linear operator A
defined by

Ap=—¢', ¢ € domA,

with dom A = {¢ € X | ¢ is absolutely continuous on [0,1] with ¢’ € X and
#(0) = 0} generates a Cg-semigroup on X. The numerical method analyzed here
is the first order finite difference scheme

up—1(t) — ug(t)

—u(t) = =1,...
(4.2) a0 Az » k=Leom,
U()(t) = 0,
where col (u1,...,u,) € X, = R™ and u(t) represents an approximating value for

u(t, z) at the k-th nodal point zx = k Az with Az = 1/n. From equations (4.2) it
is clear that the approximating generators A,, on R™ are given by

1
(Anu)y = E(Uk—l —ug), k=1,...,n,

where we set ug = 0.

Case 1. X = L'(0,1).
Let P,, E, and || - || be defined as

n
Eu= ZukX(a:k_l,zk]’ u € Xnp,
k=1

Tp
(Pad)s = i/ $(z)ds, 1<k<n, dcX,
AN

n
lulln = Az Jukl, weE X
k=1

It is easy to show that the conditions (A1)-(A3) are satisfied. For an element
u € X, \ {0} the elements v in the duality set Fy,(u) C X} are given by

v = Azlul|ln(ai,. .., an),
where ay, = sgnuy if ug # 0 and |ag| < 1 if up = 0. Then it is easy to see that
(Apu,v) <0 for all v € F,(u),

which establishes the stability property.

In order to verify the consistency property we choose D = domA = {¢ €
C*(0,1) | #(0) = 0} which establishes condition (C1) in Proposition 3.1 with w = 0.
For u € dom A we define 4, € X,, by

(4.3) tn, = col (u(z1),...,u(zn)).
Then simple computations show that
| Entin, —ullpr < Az flu’| 21,
which proves lim,,_. o Ent, = u.
Furthermore we have

_ 1 &
1B Antiy, — Aullzr < = ;

Tk T
/ |u'(T) — u/(0)| do dr < w(u'; Az),
ZTh_1

Tk—1
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which proves lim, o EnAnt, = Au. Here h — w(u';h) denotes the modulus of
continuity for u'. Consistency now follows from Proposition 3.1.

Case 2. X = L?(0,1).
Let P,, E, be as in Case 1 and || - ||, be given by

n
Jull2 = A@“Z lug|?, u € X,.

In this case the inner product on X,, is defined by (u,v), = (E,u, E,v)r2. Then
stability is obvious from

n
(Apu,u), = Z(uk_luk — ug?) €0, u€ Xn.
k=1

In order to verify consistency let D = dom A and define @, by (4.3). We have

Ty 2
1B — ul < Z / ([ W) ar
Tr—1 T

/x (zp, — T / |u' (o) |*do dr
/ |/ ()] / 1(ack —T1)drdo

<32 [ ot aar =

which tends to zero as n — oco. Concerning A, i, we have

B Aniin — Aull2, < (Aix)zzn:/m (/w () _u’(a)|da)2d7
AJ} Z/mk 1A:E/ ]u ) —u/( | dodr

<w(u;Ar)? -0
as n — o0o. This finishes the proof of (C2) in Proposition 3.1.

Case 3. X = Cp(0,1).
Assume that P,, F, and || - ||, are defined as

M:

b
Il
—_

I
TTM§

(Az)? || |[Z2,

l\.’)l)—l
l\.’)l)—l

E,u= ZukBk(:ﬁ), u € Xy,

(Pro)e = d(zk), 1<k<n, X,

”u”n - 1mkaé{ |uk|’ RS Xn’

where the first order B-spline Bi(z), k=1,...,n, for 0 <z <1, is given by
n(z —zk-1), T € [Tr—1,2k],
(4.4) i) = {nlawia =), 7€ on vl
otherwise.
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Obviously, assumptions (A1)—(A3) are satisfied. For (A2) one has to observe that
E, P,u is the first order spline interpolating u at the meshpoints.
For u € X,, the elements v € F),(u) are given by

v, — ) [ullnsgnui for k=1,
7o for k # 1,

where 7 is an index such that |u;| = maxy |ug|. Then it is easy to see that (A, u,v) <
0 for all v € F,,(u), i.e., the stability property is satisfied.

For the consistency property, we again choose D = dom A and 4, € X, for
u € dom A as in the previous cases. Then we have

lim ||Entn — ulleo =0,
n—oo

because F, i, is the first order spline interpolating the continuously differentiable
function v at the meshpoints. Moreover, we get for numbers & € (zr_1, 1) the
estimate

1B Anin — Aulloo = || S MBk oo =l =3/ (6) Belloo
k=1

<l = >/ (2k) Belloo + pnax |u' (zk) — o' (&)
k=1

<l — Zu’(azk)BkHoo +w(u;Az) -0 asn — oo.
k=1

The first term on the right-hand side tends to zero, because Sory u (zk)By is the
- first order spline interpolating the continuous function u’ at the meshpoints (note
that «/(0) = 0). This finishes the proof for (C2).

4.2. A second order wave equation in one space dimension. This example
demonstrates how to use sesquilinear forms in order to prove stability and consis-
tency of approximations. We consider the wave equation

(4.5) 88:2 (t,x) = E%U(t,x), 0<z<1,
with boundary conditions
u(t,0) =0,
kau(t 1)+ =—u(t,1)=0, k>0
ot Oz

Defining 21 = v and 2z = %u one can write (4.5) as the system of first order
equations

a Z1 _ 0 ]. Z1
= #(2)-(2 0 C)
with

z1 (t, 0) =0 and kZQ(t, 1) + %Zl (t, ].) = 0.
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a) Well-posedness of the problem. Let the Hilbert space V = {¢ € H'(0,1) | ¢(0) =
0} be equipped with the norm ||¢|y = (fol |¢I|2d$)1/2 and set Z =X =V x L?
(L? = L%*(0,1)). The linear operator A on X is defined by

dom A = {(¢1,02) € X | ¢1 € H*(0,1), ¢2 € V and kda(1) + ¢ (1) = 0},
A1, ¢2) = (¢2,97) for (¢1,¢2) € dom A.

It is easy to verify that A is m-dissipative and thus generates a Cp-semigroup on
X (note that A is densely defined, because X is a Hilbert space).
For ¢ = (¢1,¢2) € dom A and ¥ = (Y1,12) € X we set

U(¢’ %Z)) = <A¢a ¢> = <¢2a¢1>f/ + < /11377Z)2>L2
1
~ [ (st + o) d
If also ¢9 € V, then we can integrate by parts and obtain (using also the boundary
condition at z = 1)

1
(4.7) o(6,9) = /0 (6404 — 6104) dz — Kpo(1)hn(1).

This equation makes sense for all ¢, € V = V x V. Trivially V' is densely
embedded in X. We define the sesquilinear form ¢ : V x V — R by (4.7). It is not
difficult to see that ¢ € V is in dom A if and only if |o(¢, )| < K(¢)||¢| x for all
Ppev.

b) The approzimating spaces. We consider a mixed finite element method and try
to approximate solutions of (4.6) by

ZA0(tx) = ai(t)Bi(x),
(4.8) =
22t x) = Zﬂi(t)&-(w),

where z; = i/n, i = 0,...,n, B;(x) are the first order B-splines defined by (4.4)
and S;(-) = %X(xiﬁl,zp,l)m(O,l) fori=1,...,n. We define X,, =V,, x H,, where

Vn={¢€f/|¢=zai3ﬂ a’ieR}>

i=1

n
Hy={p €L’ |¢Y =) BS; B €R},

i=1
are equipped with the inner product induced from V resp. L2. As projections
X — X, we choose the orthogonal projections P, = (P,(Ll), P,(f)) and set B, = P,
i.e., E, is the canonical injection X, — X. Obviously, assumptions (A1)-(A3)
are satisfied. Since P,(Ll) is the orthogonal projection ¥V — V, with respect to
the V-inner product, it is easy to see that, for f € V, P,(ll) f is the first order
spline which interpolates f at the meshpoints z; = i/n, i = 0,...,n . Note that

£(0) = (PV£)(0) = 0.
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c) The approzimating operators. Since X, is not a subspace of V', we cannot define
0, to be the restriction of.o to X,,. However, D,, = V,, x V,, is a subspace of V', so
that we can define the sesquilinear forms &, : D, x D,, — R by 6, = ¢ |p, xD,,-
Moreover, the spaces D,, are isomorphic to X,,, an isomorphism 4, : D, — X,
given by

in(u,v) = (u, PPv)  for (u,v) € D,

A simple computation shows that

PP ¢ = Xn:aisi for ¢ = Zn:aiBi € Vn.
i=1

i=1
We define the sesquilinear forms o, : X,, x X,, by

1 1

y) =o(iy 'z,i,y), ,y€ Xn,

and the approximating operators A, by

on(z,y) = 5n(i;1$, iy

(Apz,v) = op(z,v), =z,vEX,.

From this it is easy to compute the matrix representations for the operators A,
with respect to the bases By,...,B, of V,, and S1,...,5, of H,. Let

T = (iaiBi,iﬁiSi) and A,z = (i%Bi’Zn:&Si)-
=t =1 i=1 i=1

We set a = col (a,...,an), 8 = col(B1,...,08n), ¥ = col(m1,...,Vn) and 6§ =

col (61,...,0,). Then simple computations show that
(4.9) Qnd=—-H,a— F,8 and ~=0,
where
2 1 0 0 2 -1 0 0
1 2 -1 2
Qn = % 0 0l, H,=n| 0 0],
2 1 2 -1
0 0o 1 1 0 0o -1 1
0 -+ --- 0
F, =
0 0
0 0 k

We note that the matrix
0 I,
_Qrlen _Qr_len
is nonsingular, which follows from det @, # 0, det H, # 0. This in particular
implies 0 € p(A,), n=1,2,... .



38 KAZUFUMI ITO AND FRANZ KAPPEL

d) The stability property. For z € X,, we have
(Apz,z) = on(z,2) = o(iy i, x) <0
by (4.7), i.e., A, € G(1,0,X,,) for all n.

e) The consistency property. We have already shown that 0 € p(A) NNow; p(4An).
For (f,g) € X let (u,v) = A7'(f,9) and (un,vn) = A Pu(f,9). From A(u,v) =
(v,u") = (f,g) we conclude v = f and (u”,4) = (g,) for all ¢ € V. Integration
by parts and (u,v) € dom A imply

(4.10) — /9"y = (g,9) + kf(1)y(1) forally € V.

We next derive an equation analogous to (4.10) for the approximations. By
definition of the A, we have, for arbitrary (¢n,¥,) € X,

(4'11) <Pn(f, g)a (¢m"/}n)> = <An(una'vn)a (¢n31/}n)> = U(irjl(un,vn),irjl(d)m wn))
We define &, ¥n € Vi by 7 (tn, vy) = (tn, Tp) and i (¢, ¥n) = (6n, ¥n), e,
Uy = P,(lz)ﬁn and v, = P7(12) in From (4.11) with ,, = 0 we obtain

(P fsdn)y = (Tn,bn)y  for all ¢, € Vi,

This proves Pél) f = 9, and consequently

n

vp = PPPMf (=) f(x:)Ss).

i=1
Again using (4.11) we get (also using 7,,(1) = (PSV £)(1) = £(1))
(4.12) —(up, 1) = (P2 g, Pbn) + k(1) (1) for all g € V.
We choose @, = P{"u € V,. Then we get from (4.10) with 4 = 1, and (4.12)
(a, =, b)) = (PPg, PPbn) — (g, 4n)
(4.13) <P(2)g 9, P(z)"/} > < P(Z)"/}n "/}n>
= <ga P7S,2)77Z)n - ¢n>, for all ¢n S Vn

Here we have also used (u',9/,) = (u, )y = (P,(Ll)u, 1/3,1)‘7” = (@,,9.). Equation
(4.13) implies
|<ﬂn - Um"])n>\7| <llgllzz sup ||P7(12)>2n = XnllL2
% lly <1

for all 1Zn €V, with ||7Z)n||‘~, < 1. Taking @Z)n = ||tn — Un|| 7 (U — un) we get
(4.14) [ = wally < gl sup 1P %n = Knllza-

Xn n

“)271”\'/51

By compactness of {x € V | ||x|ly < 1} in L? we see that the right-hand side of
(4.14) tends to zero as n — co. Thus we have

(4.15) |tn —unllyy = 0 asn — oo.

Since v € H? and 4, = P,(Ll)u is the first order spline which interpolates u at the
. meshpoints, we also have

(4.16) |in —ullg =0 asn— oo.
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Finally we get

IEnAL Pa(f.9) — A7 (f,9)I1% = 1l (ns vn) — (u, )% = [[(un, POPYD ) — (u, )]
= |lun — ull? + PP PV - fII3
< 2w = @nll% + 20|Tn — unll? +21POf = fI32 +20f — PP fI35.

From (4.15), (4.16), the fact that Py f is the interpolating first order spline for f
and that P,(f) f is the orthogonal projection of f onto H,, we conclude that
1Bn AL Pa(f,9) = AT (f,9)l =0 asn— oo
for all (f,g) € X. Therefore we see from Theorem 2.1 that, for all initial conditions
(U’(Oa ’)a %(05 )) € X,
”En (Z'SLl) (ta ')a 27(12) (ta )) - (U(t, ')a %(t’ )) ”X —0 asn— oo

uniformly on bounded ¢-intervals. The approximations 2D (t,z), 2 (t, z) are given

by (4.8), where a(t) = col (a1(?),...,an(t)) and B(t) = col (B1(t),...,Bn(t)) are
solutions of

da

E _ﬁ’

dg
Qn% =—-Hya— FnIB

with initial data «(0), 3(0) determined by

(S w08, Y 5:0)8:) = Pa(u(0, ), S4(0,).

4.3. Stokes equation. This example demonstrates that it is useful to consider
situations where X is a closed proper linear subspace of Z, because it can be very
natural to choose the spaces X, as subspaces of Z but not of X. Consider the
homegeneous Stokes equation (e.g., see [14] resp. [4] for the stationary case)

u; + grad p = A,
(4.17) divu=0, z€Q, t>0,
u |1"= 0, t> Oa
where  is a connected bounded open set in R, N = 2, 3, with Lipschitz continuous

boundary I'. Of course, A denotes the Laplacian in RY.

a) Well-posedness of the problem. We shall consider solutions of (4.17) in a weak
sense. We introduce the following spaces (see [4], [14]):

V= {veDQ)?" |divv =0},
V = closure of V in W = HA(Q)V,
X = closure of V in Z = L*(Q)".

Equivalently the spaces V' and X can be defined as V = {v € W'| divv = 0} and
X = {v € Z | divv = 0}, where the derivatives are understood in the distributional
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sense (see [4, Corollary 1.2.5 and Theorem 1.2.8]). On W we introduce the inner
product

N
o(v,w) = Z/Qgradw -gradw; dz, v,weW,
i=1

which is equivalent to the standard inner product. Of course, V and X are equipped
with the inner products coming from W resp. Z. Furthermore, V is dense in X
with continuous injection. The inner product o (-, ) and therefore also its restriction
to V x V satisfies the estimates

lo(u,v)| < |lulvilvllv, wveV,
(4.18) | )
o(u,u) = |luly, weV,
which show that ¢ is bounded and coercive. Therefore the operator A defined by

dom A = {u € V| there exists a k = k(u) such that
|o(u,¥)| < k|l x for all ¢ € V},
(Au,¢) = —o(u,9), wedomA, Y€V,

is the infinitesimal generator of an analytic semigroup 7T'(-) on X and, moreover,
0 € p(A). The operator A is explicitly given by

dom A =V nH*Q)Y,
Au=7nAu, uecdomA,

where 7 is the orthogonal projection Z — X (see also [16, Section IIL.1]). In
order to define the approximating generators we shall use the following variational
formulation of (4.17) (see [4] for the stationary problem):

'(—i_<u(t, .)’¢>Z = —O'(U(t, )a"/)) + b('d),p(t’ ))7 t> 0, ¢ € W

(4.19) a
b(u(t’ ')a M) =0, ¢t=>0, L(Z)(Q)’
where L3(€) = {x € L*(Q) | [,xdz = 0} and
b(v,p) = / pdivodr, (v,u) € W x L3(Q).
Q
Note that “grad” is an isomorphism from L2(Q) onto {y € H-*(Q)V | (y,v) =
0 for all v € V} (see [4, Corollary 1.2.4]).

b) Setting of the approzimation framework. For linearly independent elements ¢7 €
HY(Q)N,i=1,...,k,, and p? € LE(Q),i=1,...,m,, we define the spaces

W, = span (¢7,...,¢% ), Hp,=span (u},...,ul )
and the subspaces V,, of W,, by
Vi = {6 € Wy | b6, 1) = 0 for all u € Hy}

equipped with the V-norm. Furthermore, we define X,, to be V,, equipped with the
L?(Q)N-norm. Note that neither V,, is contained in V nor is X,, in X, because H,,
is a proper subspace of LZ(12).
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Let P, be the orthogonal projection Z — X,, and E,, be the canonical injection
Xn — Z. Then obviously (Al) and (A3) are satisfied. The sesquilinear forms o,
and the operators A, are defined by ¢,, = o |y, xv, and

(Apz,y) = —on(z,9), z,y € X,.
Since (4.18) is also true for o, we conclude that 0 € p(A4,), n=1,2,..., and
(Apz,z) = —0(z,2) = —||z||¥ <0, =€ X,,
which establishes the stability property.

¢) The consistency property. We impose the following conditions on the spaces W,
and H,,:

(i) For all u € V there exist elements w, € W,, n=1,2,..., with

(4.20) lu —wn|lw — 0 asn — .

(ii) The uniform inf-sup condition (see [4]) is satisfied, i.e., there exists a constant
B > 0 such that for all n

(4.21) sup b{twn, 1tn) > BllpnllL2y for all pu, € Hy.

wnewn\{0}  Wnllw

We identify W,, and H,, with their duals and define the operator ¥,, : H, —
Wy =W, by

<\I’nl~bn,wn>W = b(wn,,u/n)a Wn € Wn’ Un € Hn
From (4.21) we get

II\I’nﬂnll‘?V = sup Q’M — sup b(wnnu’n)

(4.22) wn EW,\{0} |lwn || w wn €W\ {0} W
> 5||ﬂn||L2(Q), un € Hy.

This proves that ¥, is injective. The dual operator ¥} : W,, — H,, is given by
Vv, = b(Un,), vy, € W,. It is easy to see that ker U = V,. Thus we have
range U5, = (ker ¥,,)+ = H, and range ¥,, = (ker ¥;,)* = V. Thus E, = ¥}, |2
is a bijective mapping V.- — H,, (see also [4, Lemma 1.4.1]). Moreover, =% is the
adjoint of =, : H,, — V- defined by Z, 1, = ¥y, pin, pin € Hy,. For the norms of =,
and = we get

—_ —% b(wnnuln)
= vy =Ellceve i,y = sup .
IEletn vy = VEnllecv iy = 500 o) Tinlamca T
wn€V,;"\{0}
Therefore it follows from (4.22) that
—\ —1 —_——1 1
(4.23) NED N, vy = 1B e a0,y < 5

Given w, € W, and u € V we define f € H, by (f, pin) 12(q) = b(u — wn, pi,) for
all yi, € H,. We set z, = () "' f € V,;-:. This implies

<E;Zn,/«Ln>L2(Q) = b(2n, pn) = (f, ,U'n>L2(Q) =b(u — Wn, fin), fin € Hp.
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Moreover, (4.23) implies

1 (£, pn) 2 ()
zallw < =\ fllzecny = = TR
lenllw < Sllfllz2@ = 5 pein il
1 b(u — wy, 1
1w bu — wn, pn) < — |11l 1w — wallw,
B uncinfoy lenllzzo)

[b(v, )l

————"——_ The element v, = w, + 2
MO ol |l 220 -

where [|b]| = SUPyew\{0}, ucL3

satisfies (note that uw € V

)
b(vn, Nn) = b(zn, Nn) + b(wm Nn) = b(u — Wn, Nn) + b(wna Nn)
b(u, un) =0 for all p, € Hy,

i.e., v, € V,. Therefore we have
b
o= vl < = wallw + oullw < (14 B o= .

This and assumption (4.20) imply that for all u € V' there exist ©,, € V,, such that
(4.24) lim ||ju —,|lw =0.
n—od
Let ¢ € X be given. Then by density of V in X there exists a sequence (vg) in

V with ||¢ — vg]|z — 0. By (4.24) there exists for each vy an element 7y € Vj such
that ||vx — Ux||z < 1/k. But then ||¢ — Tz — 0 and consequently

(4.25) lim lg— Pagllz =0

(note that X, = V,, as sets). This also proves (A2). In order to establish the
consistency property we first observe that 0 € p(4) N>, p(A,). For ¢ € X we
choose u € dom A such that ¢ = Au and set u, = A,'P,¢ € X,,. For u we choose
Up € Vo, n=1,2,..., such that (4.24) is true. By definition of A and A,, we have

o (Uy Up, — Tp,) = (P, Un, — Tn) 7,
0 (Un, Up — Tp) = (PndyUn, — Un)z
and consequently
(Un, — Uy Uy, — Tn) = (U — Uny Up, — Up) + (P — @, Un — Tn) 2.
Observing (4.18) we get
[tn = Onllw < [Ju = Unllwllun = nllw + 1 Pndp — @l z[lun — nllz
< N = Bnllw (Ilu = Ballw + Kl|Pag = ¢l12),

where K is the embedding constant for the embedding W — Z. This together with
(4.24) and (4.25) implies

(4.26) nh_{%o “un - 'UnHW =0.
Using the definitions of u and u,, we see that

||A_1¢ - E’nA;,anQb”W = ”u - un“W

< Nlun — Onllw + o —Tn]lw — 0 asn — oo
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by (4.24) and (4.26). This in particular implies that the consistency property (a)
is true. By Theorem 2.1 we get

lim_ [T, (6)Pag — Tl = 0
uniformly on bounded t-intervals for each ¢ € X.
In order to see how one computes T,,(t)Po¢ set ®" = (¢7,...,¢7 ), M™ =

(uT,...,pp, ) and assume that u,(t) = ®"ay(t) together with p,(t) = M"B,(t),
an(t) € RF», B,(t) € R™ solve

%(un(t)"ﬁbn)Z = _U(un(t)a¢n) + b(¢n,pn(t))’ t>0,
(4.27) b(un(t), p1n) = 0, ¢ >0,

un(o) = Pn(;s’

for all ¥, € W, and p,, € H,. The second equation in (4.27) implies that u,(t) €
Xp, t > 0. If we take ¢, € Xp,, then b(¢n, pn(t)) =0 and (4.27) implies

o un(©),¥n) 7 = 0 (un(t), ) = (Ann(8) )7, £20,

un(0) = Pro,
for all ¢, € X, or, equivalently,
Un(t) = Apun(t), t>0,
un(0) = P,o.

This proves u,(t) = T, (t) Pn¢, t > 0. Equations (4.27) imply that «,(t) and G, (¢)
satisfy

Qndn(t) = _Snan(t) + Bnﬁn(t)a t>0,

(4.28) an(t)'B, =0, t>0,

where
Qn = << ?’¢Z>Z)i,k=1,.‘.,k‘n

B = (61 0)) v, -

’ S”:(U( ?’(ﬁ;;))ik—l kn

=Ly hn

From (4.18) it is not difficult to conclude that rank B, = m,, < k,. The second
equation together with the first equation in (4.28) implies

0= Brén(t) = —BrQ, ' Snan(t) + BEQy ' Bnfn(t), t>0.

Because of rank B,, = m,, the matrix R, := B;f Q,, !B, is positive definite and
therefore R;; ! exists. This implies
(4.29) Bu(t) = Ry BrQu Span(t), t2>0.

Then the first equation in (4.28) gives
(4.30) dn(t) = (In - Q;anR;IBg)Q;ISnan(t), £>0.

An easy computation shows that (a2)TB,, = 0 implies a, (t)T B,, = 0, where a,,(t)

is the solution of (4.30) with initial value a.
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Remark. As already mentioned above we can prove stronger results in case the
semigroup is analytic. Using the parabolic character of this problem one can show
that

Tim_ ([T, (6)Pad = T@)dllw = 0
uniformly for ¢ in intervals [1/6, §] for arbitrary § > 1.
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