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NUMERICAL SOLUTION OF PARABOLIC
INTEGRO-DIFFERENTIAL EQUATIONS BY THE
DISCONTINUOUS GALERKIN METHOD

STIG LARSSON, VIDAR THOMEE, AND LARS B. WAHLBIN

ABSTRACT. The numerical solution of a parabolic equation with memory is
considered. The equation is first discretized in time by means of the discontin-
uous Galerkin method with piecewise constant or piecewise linear approximat-
ing functions. The analysis presented allows variable time steps which, as will
be shown, can then efficiently be selected to match singularities in the solution
induced by singularities in the kernel of the memory term or by nonsmooth
initial data. The combination with finite element discretization in space is also
studied.

1. INTRODUCTION

Let H be a separable Hilbert space and assume that A is a linear, selfadjoint,
positive definite, not necessarily bounded operator, with compact inverse, defined
in D(A) C H, and that, for 0 < s <t < T, B(t,s) is a linear operator in H with
D(B(t,s)) D D(A). Consider the initial value problem

¢
(1.1) up + Au +/ B(t,s)u(s)ds = f, forte (0,T], with u(0)=wuo,
0

where f = f(t), u = u(t), us = du/dt. Setting ||v||, = ||AP/?v|| = (APv,v)'/2, where
|l - || is the norm and (-, -) the the inner product in H, we assume throughout the
paper that the operator A dominates B(t, s) in the sense that, for some « € (0, 1],

(12) B s),w)| < Ct—s)*"ollpllwlly, »=0,1,2, p+qg=2.

For 0 < a < 1, (1.2) reflects a weakly singular behavior of B(t,s). When a =1 we
shall sometimes assume that an appropriate number of derivatives of B(t, s) exist
and are also dominated by A; in this case we refer to B(t, s) as a “smooth kernel”.

In the applications that we have in mind, either A is an elliptic second order
differential operator in a bounded domain © C R? with homogeneous Dirichlet
boundary conditions, and B(t, s) is a second order differential operator, or else A
and B(t,s) are discrete analogs of such operators, arising from a finite element
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discretization in the spatial variables. Our abstract framework makes it possible to
treat these cases simultaneously. In the differential operators case, (1.2) amounts
to elliptic regularity, plus a bound for the coefficients of B(t,s). The problem
considered may, e.g., be thought of as a model problem occurring in the theory of
heat conduction in materials with memory, cf. [3]. Equations with weakly singular
kernels occur in [7], [9], [10]. For other references, see, e.g., [16].

We shall consider the approximate solution of (1.1) by means of the discon-
tinuous Galerkin method (cf. [4], [5]), which we shall define below in the present
context. When A and B(t, s) are differential operators, we shall consider also the
discretization in space by finite elements, which will then define a fully discrete
method for (1.1) in this case.

For earlier work on discretization in time or space, or both, of equations such
as (1.1), see, e.g., [1], [2], [8], [11], [12], [13], [14], [15], [16], [17]. As we shall
see in Section 5, a weakly singular kernel in the memory term typically leads to a
singularity in the solution (with respect to time), as do nonsmooth initial data. It is
hence of interest that the discontinuous Galerkin method, as compared to standard
finite difference methods in time, facilitates the analysis of variable time steps and,
also, accepts lower regularity of solutions. These advantages of the discontinuous
Galerkin method are well known in the context of standard parabolic problems, cf.
[4], [5]. However, we point out that our analysis in this paper does not take into
account numerical approximation of certain integrals occurring.

To define our time stepping method, let 0 =tg <t; < --- <t, <---<T be a
partition of the interval [0, 7], and define I, = (tn—1,tn), kn = tn — tn—1. Further
let Vv = Vw4, for ty € (0,7], denote the set of scalar functions on [0, ¢x], which,
forn=1,..., N, reduce to polynomials of degree less than q on I,, with ¢ =1 or 2.
We shall work with functions in Wy = Viy ® D(A'/?); in the differential operator
applications these are functions of (z,t) € Q x [0,¢x], which are either piecewise
constant or piecewise linear in time, not necessarily continuous at the nodes of the
partition.

Letting A(v,w) and B(t,s;v,w) denote the natural bilinear forms on D(A'/2)
generated by (Av,w) and (B(t, s)v,w), respectively, we set, for piecewise smooth
functions V, W, with [V], = V,F — V=, V.F = lim;_;_ + V(¢) denoting jump terms,

N
GV W) =3 [ (0. W) + AV . W)

t N-1
+ [ Bls VW) ds)dt+ 3 (VI W) + (W)

n=1

(1.3)

For B(t,s) = 0 we recognize the bilinear form used in the analysis of the discontin-
uous Galerkin method for a parabolic differential equation.

Multiplication in H of (1.1) by X and integration over (0,ty) show that the
exact solution satisfies

tN
G0, X) = (a0, XP)+ [ (71 X0, ¥X €W
0
The numerical approximation U € Wy is now defined by

(1.4) G (U, X) = (uo, XT) +/OtN(f(t),X(t))dt, VX € Wy.
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We note that this is a time stepping scheme, which determines U successively on
I, forn=1,...,N, when it is known on [0,¢,_1), from

/((Ut,X)+A(U,X)+/t B(',s;U(s),X)ds)dt+(U,f_1,Xj{_1)

In tn—l
tn—1
=(U;_1,Xf{_1)+/(f,X)dt—// B(-,s;U(s), X)dsdt, VX € Wy,
In InJO

where U; = up. The uniqueness of U follows by Gronwall’s lemma provided that
k = max, k,, is small enough (which we shall assume in the sequel without specific
mention), cf. the stability estimate (3.2) in Theorem 3.1 below. The existence in
the case B(t, s) = 0 follows from the uniqueness since, using the eigenspaces of A,
(1.1) can then be reduced to finite dimensional problems. For B(t,s) # 0 and k
small, the problem may be thought of as a small perturbation of the problem with
B(t, s) = 0, which may be solved by the contraction mapping theorem.
We note that U — u satisfies the “orthogonality” condition

(1.5) GyU—-u,X)=0, VX eWy.
Our first error estimate is now as follows. Here and below we set

lg|1n=8}1pllg(t)ll and |glp,1,, =S}1pllg(t)llp-

We shall often also use the analogous notation |g|,, and |g|p, s, where Jy = (0,tn),
and write D, for d/dt.

Theorem 1.1. Let U and u be the solutions of (1.4) and (1.1). Then there exists
a constant C = C(T) such that, for ty € [0,T],

N
U = ulry < Ck|Dfulsy, +C kI Diuly .

n=1

In particular, this error bound is of order O(k?) for a smooth solution wu.

Although the error bound derived in Theorem 1.1 does point at thé interplay
between the regularity of u and good choices of the time steps, it has a form which
makes an explicit choice difficult. For this reason we now present an estimate where
the [1-norm in time has been replaced by a maximum norm. Here and below, we
denote Ly = (1 + log(tn/kn))'/?, which is of moderate size compared to 1/ky,
and we shall always assume the mesh ratio condition k, /k, 11 < w, for n > 1.

Theorem 1.2. Let U and u be the solutions of (1.4) and (1.1). Then there exists
a constant C = C(T) such that, for ty € [0,T],

U5 = u(tn)l|  CLy max (k2IDful, ).

When ¢ = 2 it is clear that if we interpolate linearly in I,, between U,_; and U,
we will obtain an approximation for u(t) on all of I,, with the same error bound as
in Theorem 1.2; for a smooth solution this thus shows a global second order error
bound. We shall next give a result for the piecewise linear case, which shows that
then (under appropriate smoothness assumptions) the error in the nodal value Uy,
is of superconvergent third order in k.
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Theorem 1.3. Let ¢ = 2 and let U and u be the solutions of (1.4) and (1.1). If
either B(t,s) is smooth and such that also B:(t,s) is dominated by A, or if B(t,s) is
of convolution type, i.e., B(t,s) = B(t —s), then there exists a constant C = C(T)
such that, for ty € [0,T],

[Ty —u(tn)|l < CLy max (kn|Diulsr,)-

We remark that in the quantities such as k;ﬂDg u|r, appearing in Theorems 1.1-
1.3, the number ¢ may be replaced by any m with 0 < m < ¢; with the proper
interpretation m may also be fractional. Note also that, in all of our results, the
variable ty is allowed to vary in the interval [0,T]. Due to the use of Gronwall’s
lemma, the quantities C(T') in our estimates grow rapidly as T increases, cf. [13].

The proofs of our error estimates will be carried out by energy arguments; for
Theorems 1.2 and 1.3 they will depend on the following stability result for the dual
problem to (1.4) with f = 0.

Theorem 1.4. Let tiy € [0,T] and let Z € Wy be given by

(1.6) Gn(X,Z) = (X;,,go), VX € Wy,
where p € H. Then there exists a constant C = C(T') such that
1Z]sn < Cllell,

and, with [Z|n = ¢ — Zy,
N

> ( / (1 +1Z112) dt + 1Z]n]l) < CLllgl-

n=1 In

Note that (1.6) is a discrete version of the backward evolution problem
tN
(L7) —z+ Az +/ B*(s,t)z(s)ds =0, forte (0,ty), with z(ty) =,
: .

where B*(s,t) is the adjoint of B(s,t). The proof of Theorem 1.4 is carried out in
Theorem 3.1 for a related forward equation of the form (1.4) with ug = ¢, f =0. It
is known that Theorem 1.4 holds in the case that B(¢,s) = 0, i.e., when no memory
term is present (see [4], Lemma 6.1). In our case we therefore write the solution in
the form U = V + W, where V is the solution for B(t,s) = 0. It then remains to
show the estimates of Theorem 1.4 for W, which satisfies

N-1
Z/ (W X+ AW, 30 ) d + 3 (W], X5)+ (W X

tN
// X)dsdt, VX € Wy.

The main part of the proof now consists in showing

(L8) / " Wi dt < C@)el.

When B(t, s) is smooth, and also for singular kernels with o > %, this follows at once
from showing that |W||2 is square integrable in time, which is proved by a simple
energy argument. For a < % more technical and somewhat lengthy considerations
show that ¢7||W(¢)|2 is square integrable with v < %, which again implies (1.8).
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We next give some simple examples of how Theorems 1.1-1.3 apply, particularly
with reference to the regularity of the solution and the choice of the time steps. We
start with B(¢, s) smooth. Then Theorem 1.1 shows a O(k?) error bound provided
| Dfu(t)||2 is bounded, whereas Theorem 1.2 gives O(Lyk?), assuming only that
| Dfu(t)| is bounded. Conditions on ug and f for such properties to hold are given
in [17], Theorem 2.3. In particular, for the homogeneous equation (f = 0), when
q = 1, the requirements are uy € D(A2) and ug € D(A), respectively, and when
q = 2, additionally that (A% — B(0,0))uo € D(A) and ug € D(A?), respectively. In
these cases there are, a priori, no pressing reasons to use variable time steps.

Consider then the limited regularity case when ug € D(A) only, still with B(¢, s)
smooth and f = 0. It may then be shown, using the techniques in [14], [15], that

(1.9)  lue@)I] + a2 + tlluee ()] + tllue(@)ll2 + 2 [lue(t)l|2 < Co,  t € (0,71,

so that the bounds for the higher derivatives are singular at ¢ = 0. Then, in the
piecewise constant case, Theorem 1.1 together with (1.9) shows

N
(1.10) U —ulpy < CCO<IcN+k1 + Zkﬁ/tn_l) < CCoL3k
n=2

(we always assume that k, is chosen so that k, < ¢,_1, for n > 2), while Theo-
rem 1.2 similarly gives the slightly smaller bound

(1.11) Uy —ultn)]] < CCoLy 12%){N kn = CCoLyk.
For piecewise linear functions Theorem 1.2 gives

(1.12) 10 = u(ew)ll < CCOLn (ks + max (k2 /ta0)),
while Theorem 1.3 shows the higher order estimate

(1.13) 10y = w(tw) | < CCoLn (ks + max (K /£21)).

Let us now turn to the case of a weakly singular kernel, which, as already noted,
accounts for much of our technical analysis in this paper. We start with the special
case of a kernel of the form B(t,s) = (t —s)® !B and, assume first that uy € D(A)
only (and that f = 0). As we shall see below in Section 5, the estimates of (1.9)
still hold, except the one for ||usu||2, and hence (1.10), (1.11), and (1.12) remain
valid. As for Theorem 1.3, if B = A and if ug € D(A%T%), then |luy(t)|2 < Cto~1L,
and an analysis similar to the above is easily furnished.

We shall see below that, in fact, the second derivatives deteriorate near ¢t = 0,
no matter how smooth the initial data uy are. If ug € D(A'™®), then |luu(t)|] <
Ct>=1 (and u; € C*(Jy, L)) so that, for piecewise linear functions, we have by
Theorem 1.2 (with a fractional power of k1 on I),

(1.14) IUR = ultw)l| < CCoL (kI + max (k2/625)).

Estimates like (1.13) and (1.14) give guidelines on how to choose suitable mesh
refinements. For instance, with T = t3; = 1, choosing the time levels by ¢, =

(n/M)',n=0,1,...,M, we find k, ~ 'yM_ltSY__ll)M. Then taking v = 3 we find

from (1.13) that ||Uy —u(tn)|| < CCoLyM 3 for N < M, while vy =2/(1+a), in
(1.14) gives ||[Uy — u(tn)|| < CCoLyM 2.
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We next consider the case when A and B(t,s) are differential operators of the
form described above, and take H = Ly(€2). We shall then study a fully discrete
method combining time stepping by the discrete Galerkin method introduced above
with the use of finite elements for the approximation in the spatial variables. We
assume that we are given a family of finite dimensional spaces S, C HE () such
that there is a positive integer r, the order of accuracy of {Si}, such that, with
H? = HP(Q) the standard Ly-based Sobolev spaces,

(1.15) inf (v =xIl + RV =x)|) < Ch?||v||g», 1<p<r, veH’NH;.
X h

The approximation U of the solution of (1.1) is now sought in Wy, = VN ® Si
from

tN
(1.16) Gn(U, X) = (uon, Xg) +/ (f, X)dt, VX €Wnn,
0

with Gy (-, ) defined as above, and where wugp, € S}, is a given approximation to uo.
The error equation is in this case, cf. (1.5),

(1.17) GN(U —u, X) = (uon — uo, Xg ), VX € Wnp.

In particular, the right-hand side vanishes if ug, = Prug, where P, denotes the
Ly-projection onto Sp,.

As examples of results in this case we shall present analogs of Theorems 1.2 and
1.3 above. In both cases our proofs will involve domination for discrete analogs of
A and B(t,s). We therefore make the following assumption, which will serve to
transfer domination, i.e., (1.2) from the continuous to the discrete case: Either

(1.18) B(t,s) = b(t,s)A+ Ao(t, s),

where b(t, s) is a scalar function and Ay(t, s) is a differential operator of at most
first order, or the finite element spaces have an inverse property

(1.19) Ixlle < Ch7HIxll, WX € Sh.

Theorem 1.5. Let U and u be the solutions of (1.16) and (1.1), respectively,
and assume that (1.15) and (1.18) or (1.19) holds. Then there exists a constant
C = C(T) such that, for ty € 10,7,

= _ < _ p » q9| D4 .
U5 = u(t)ll < O (luon = woll + 12 sup u(®)lz» + max (kiIDful,))

Theorem 1.6. Let ¢ = 2, let U and u be the solutions of (1.16) and (1.1), and
assume that (1.15) and (1.18) or (1.19) holds. If B(t,s) is smooth and such that
also By(t,s) and By (t, s) are dominated by A, then there exists a constant C = C(T)
such that, for ty € 10,7,

Uy —u(tn)|l < CLy (llUOh —uol +h" sup [lu(t)||nr
0<t<tn

2

+ max, {kf}(Z |Diuls,1, + /Otn [lull2 ds) })

The plan of the paper is as follows: In Section 2 we show the error estimates of
Theorems 1.1-1.3, assuming the stability result of Theorem 1.4, which is proved in
Section 3. The completely discrete case with finite elements in the spatial variables
is analyzed in Section 4 and some examples of the use of the error estimates are
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given. Finally, some examples of regularity results of the type used above are shown
in Section 5. Some technical lemmas are collected in Section 6.

We finally remark that on several occasions we claim existence of solutions of
our problems in specified functions spaces, as a result of the corresponding a priori
estimates. Such results can be justified using the Faedo-Galerkin method based on
eigenvector expansions associated with the operator A, cf., e.g., [2], Theorem 1, for
an example in the context of integro-differential equations.

2. PROOFS OF THE ERROR ESTIMATES

In this section we prove the error estimates of Theorems 1.1, 1.2, and 1.3. The
proofs of the latter two results are based on the stability estimates of Theorem 1.4.
In all of the proofs we use the linear interpolation operator II, which maps smooth
functions of ¢t onto Vi, and which is defined, forn =1,..., N, by

(Ig); = g(tn), ifq=1,2, and /I (Tg) () dt = / g(t)dt, ifq=2.

Then II approximates the identity operator to order g, i.e.,
(2.1) Ilg — gl1, < Cky'|D{"gl1,, for0<m<gq.

Note in particular the case m = 0, which means that II is stable with respect to
| - |r,. Writing

U—-—u=U—-Tu) + (Iu —u) =0+,

we thus have access to bounds for 7. For the other term 6 € Wy we note that the
“orthogonality” relation (1.5) yields

Gn(0,X)=-Gn(n,X), VX €Wy,
where, by integration by parts in definition (1.3),

NV, W) 2/ — (V,W,) + A(V, W) + /OtB(-,s;V(s),W)ds)dt
N-1

= > Vi, W) + (Vi , Wy).

(2.2)

Using also the defining properties of II, we conclude that 8§ € Wy satisfies the
equation

(2.3)  Gn(0,X)=— /O " (A(n,X)—i— /0 tB(-,s;n(s),X)ds) dt, VX € Wy.

Proof of Theorem 1.1. By (2.1), n is bounded as desired. To estimate § we choose
X =0 in (2.3), and after a simple calculation we obtain

tN

N-1 tN
210511 + 31165117 + 3 Z 6] 112 +/0 1013 dt = — Al 0) dt

24 /tN/ dsdt—/tN/ ,0) ds dt

=Ry + Ry + Rs.
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Here, R; < fOtN Inll2 dt 16|, and, by assumption (1.2) and a change of order of
integration,

tn t tN
Ry<C /0 /0 (t — 82 jn(s)[la ds 0(8)| dt < C / il d 0]

Further, using also Schwarz’ inequality and in the last step the technical estimate of
Lemma 6.3 (with § = 0), combined with the arithmetic-geometric mean inequality,
we have

Ry<C /0 ’ /0 (t — ) 110(s) 1 ds 0(8)]]1 dt

<o [ ([ a-ortoemnas)’a)( [ rorar)”

tn t 135
< [Ttw-v0 [loldsar+d [ oigae
0 0 0

Clearly, since ¢ = 1,2, we have (recall that |v] s, = sup;c(g ¢, lv(@)])
< - + < - +
01 < max (1071 +10310) <2 mavs 1011+ _max_ 16lall + 1651,

and hence
N-1

013, < C max (10712 + 3 6hal1> + 6 7).

n=1

We therefore conclude from (2.4) and the above that

2 N 2 N 2 t 1 ’ 2
OB+ [ Wit <o( [ nlede) +C [ -0t [oliasas
0 0 0 0

Denoting the left side by ¢ and the first term on the right by ay, we have, since
t<t,fortel,,

N tn
on < an + CZ/ (ty —t)* 1t / 0] ds
n=1 I, 0

N
<ay +CZ/ (tx — )2V dt .
n=1 In

Using a variant of Gronwall’s lemma (Lemma 6.4 below) and (2.1), we find

tN N N
85, < C / Inllzdt < C'S" al(T = Dulaz, < C'S kI Dfuls s,
0

n=1 n=1

Since U — u = 6 + 7, this completes the proof. O

Proof of Theorem 1.2. We shall estimate Uy — u(ty) by duality. Let Z be the
solution of (1.6) with [|¢|| = 1. Since 1y, = 0 we have

(UJTI _u(tN)a‘p> = (‘91?/’90) = GN(e’ Z),

so that, in view of (2.3),

25)  (Uy —ulty), o) = — /0 " (A(n, Z) + /0 tB(-,g; n(s), Z) ds) dt.
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Using assumption (1.2) and Theorem 1.4, we obtain

tN
Uy — ultn),0)| < Clnlsx /0 1Z]l2dt < CLnlnl,

which proves the theorem. O

Proof of Theorem 1.3. Again we use the error representation (2.5) and Theorem 1.4.
Switching the order of integration in the memory term in (2.5) yields

Wy —utm) == [ (A 2+ [ B0, 7060 d5)

tn

=_/OtN (an(0), 200+ [ A7B*(5,0)2(5) Z/ (An, K

t

where

K(t)=Z({t)+ " A71B*(s,t)Z(s) ds.

Since 7 is orthogonal to constants (recall that ¢ = 2), we have

t
‘/ (An,K)dt’=’/ (An@, 5o+ | Kuds) gkn|n|2,,n/ 15| ds.
In In In

tn—1

Hence

Uy —ultn), ) < max, (kulla, Z / 1K de.

Since n = Ilu — u may be estimated by (2.1), it remains to prove

N
(2.6) > / || K| dt < CLy.
n=1 In

If B(t,s) is smooth, then, for ¢t € I,

Ki(t) = Zy(t) — A7'B*(t,t) Z(t) + " A™1B}(s,t)Z(s) ds.

t

We note that (1.2) gives ||A"1B*(¢,t)|| < C and similarly, under our present as-
sumptions, ||A™1B;(s,t)]| < C, and hence (2.6) easily follows from Theorem 1.4.
If the kernel is of convolution type with B(t, s) = B(t — s), then

K(t) = Z(t) + A~ /tNB*s—t)Z() £+ A /tNt Z(s +t) ds.

It follows by a direct calculation that K is differentiable for ¢t # ¢,, n =0,..., N.
In fact, for ¢ € I,,, we have

t

tn N-1
K(t) = Z(t) + A‘1</ B*(s—1)Zi(s)ds + Y B*(ti—t)[Z] — bty — t)ZK,),
l=n

where Z; denotes the piecewise constant function obtained by differentiation of Z,
and the sum is empty if n = N. Noting that (1.2) implies | A~1B*(¢)|| < Ct*1,
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we get

N tn tN
S [mdas [Ciatare [T 6otz
n=1 I 0
tN
+cz/ -0 ldtn[Z]lnw/ (1 — )" dt | Zy,

In l=n

and after changing the order of integration and summation,

N tn N-1 l
3 /, Kl dt < C / ||zt||dt+cz||[zm|z / (t— )V dt + C| Zy|
n=1vIin = n

N—-1

<o / I e+ 32 1iZ1al + 1231).

which proves (2.6) and thus completes the proof. O

3. STABILITY

The object of this section is to prove our main stability result, Theorem 1.4,
for the backward evolution problem (1.6). It is convenient to carry out the proof
for a related forward problem obtained by a change of variable ¢ — ty — t. More
precisely, setting Z(t) = z(ty — t) in (1.7) yields

¢
Z+ AZ +/ B(t,s)2(s)ds =0, t € (0,tn); 2(0) = ¢,
0

where B(t,s) = B*(ty —s,ty —t). A similar consideration applies to (1.6), which
is thus equivalent to a forvvard problem of the form (1.4) with f = 0, ug = ¢,
with a different kernel, namely B(t, s), and a reversed mesh. By noting that B(t, s)
satisfies (1.2), and inverting the mesh ratio condition, we see that Theorem 1.4
follows from the following theorem, where Ly = (1 + log(ty /k1))Y/2.

Theorem 3.1. Let ty € [0,T] and let U € Wy be defined by

(3.1) Gn(U, X) = (9, XJ), VX €Wy,
where ¢ € H. Then there ezxists a constant C = C(T) such that
(3.2) [Ulsx < Cliell,

and, if kng1/kn < w forn > 1, a constant C = C(T,w) such that, with [U]yp =
UO+ - ¥,
N

(33) S ([ (10 4 101) e+ %1 < CLaslel

n=1 In

We begin by proving (3.2).
Proof of (3.2). With X = U in (3.1) we have

tN
SN IZ + 310512 + QZII[U] I1” + /0 U113 dt

tN
= (¢, Ug") / / B(t,s;U(s),U(t)) ds dt.
Hence, since (o, Uy) = 3 (llell? + U512 = | [Uo]|?), and in view of (1.2), we get
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N-1

IURI2+ D U ||2+2/ U1 dt

n=0

tN t
< ||90||2+C'/0 ||U(75)||1/0 (t =) HU(s)ll1 ds dt

2 tw 2 tw ! _ oa—1 2
< el + Ul dt +C (t—s)* " |U(s)ll1ds) dt.
0 0 0

By application of Lemma 6.3 to the last term we obtain

N-1 tN
WA 12+ 3 U2 + /0 |2 dt
n=0

tn t
< lg|? + oT® / (b — £)2) / |U(s)2 ds dt,
0 0

and Gronwall’s lemma (Lemma 6.4) gives (as in the proof of Theorem 1.1)

N-1 tN
(3.4) IO+ > Ul +/O U7 dt < C(T)|gll>.
n=0

Hence, we have estimated the nodal values Uy in the desired way, and the proof
will be complete once we have proved

(3.5) / Ul dt < C(T)gll, forl<n<AN.
In

In order to show (3.5) we take X (t) = (t—tn—1)Us(t) for t € I,,, X (t) = O otherwise,
n (3.1) to obtain .

/1 (t—tu )|V dt = — / (t— tu_1) AU (), Un(t)) dt

(3.6) " . "

—/ (t—tn_l)/ B(t,s;U(s),Us(t)) dsdt = Ry + Ra.
I, 0

Here, for Ry we have, by means of an integration by parts and (3.4),
Ri=—} [ = ta) GIUOIEde = —elU7 I+ [ U1 dt < OOl

For Ry we use (1.2), Schwarz’ inequality, an inverse inequality, and Young’s in-
equality (Lemma 6.1), to obtain the estimate

t
Rz [ (1=t 1>||Ut<>||1/<t—s>a 07 (s)]y ds d
<Ck2/ ||Ut||1dt+0/ / (t—s)> Y U(s )||1ds) dt

tn
<c / \U|2 dt + o> / V|2 dt < O(T) / WU dt < C(T) gl
I, 0 0

Since Uy is constant on I,,, we have
2
(37) ([ wrlar) =2 [ - tavlvielP
In I,

and hence the above estimates prove (3.5). O
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The remaining result (3.3) will be proved by splitting U into two parts U =
V+W, where V € Wy is defined by the purely parabolic discrete problem obtained
by setting B =0, i.e., VX € Wy,

(3.8) Z/I Vi, X +AVX)dt+Z Iy XY+ (Vi©, X) = (0, X7).

For the “parabolic part” V of U we havg the following result. In particular, (3.3)
holds with U replaced by V. Recall that Ly = (14+log(ty/k1))*/? and kpy1/kn < w
forn > 1.

Lemma 3.1. With [V]y = V' — ¢ we have, for the solution of (3.8),

tN N
Vil +2 /0 WIE dt+ S 1Vl = ol

n=1
N

Sota [ (IR + VI deot VI l?) < ol

n=1 n

and

N
S ([ QW+ W) de 4 VIcal) < Gl

n=1

We refer to Lemma 6.1 of [4] for the proof of this lemma. We now turn to the
estimates for W which is the solution of

N
> [ (wix )+A(WX)dt+Z[Wm )+ W5, X5
(3.9)  n=tvln

tN
/ / (t,s;U(s), X(t))dsdt, VX € Wy.

Our aim is to show first that
tN N
(3.10) [ Wihde < o@uLlel.
0

In the case of a smooth kernel (aw = 1 in (1.2)), and also in the case of a singular
kernel with o > %, this will follow at once from

tN ~
(3.11) /0 W2 dt < O ol

which we shall derive in a simple way in Lemmas 3.2 and 3.3. Since, as follows from
the discussion in Section 5 below, ||w||2 = O(t*~!) where w is the continuous in
time analog of W, we do not expect (3.11) to hold for @ < %, and we shall therefore
show instead essentially that tYAW (t) € La(Jy, H), with v < 3, which implies
(3.10). We begin with the case of a smooth kernel.

Lemma 3.2. Let W be the solution of (3.9). If B(t,s) is a smooth kernel, then

tN 5
/0 Wl dt < C(T)Enlol.
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Proof. We shall show (3.11) which clearly implies the desired result. With X(t) =
AW (t) in (3.9) we have, by a straightforward calculation,

tN
LWl + LW + QE:MW 12+ A W2 dt

/tN/ ,8;U(s), AW) dsdt.

Using the bound for B in (1.2) with @ = 1, and Schwarz’ inequality, the term on
the right may be bounded by

tN t iN tN t 2
o [T [ Wwelasasy [Ciwigae [T [ wids)
0 0 0 0 0

Since U = V 4+ W we hence have
N tN 2 tN t

(3.12) f W2 dt < CT(/ V2 dt) +CT/ / W2 ds dt.
0 0 o Jo

In view of Lemma 3.1 the first term on the right is bounded by C(T)L%||¢|/%, and
by an obvious estimate for the second term, we now have

N

[ Wiz < iz som . (k[ i)

n=1

The desired result now follows by the standard discrete Gronwall lemma. O

Lemma 3.3. The conclusion of Lemma 3.2 remains valid if B(t,s) is weakly sin-
gular with o > %

Proof. In this case we obtain instead of (3.12)

/JtN ||W||§dt§C/tN /t(t_8)0‘_1||V(3)H2ds)2dt
+0/m / — ) W ()2 ds)

Here, Young’s inequality (Lemma 6.1) and Lemma 3.1 show that the first term is
bounded by

tn N 2 N
0/ $2a-2 dt(/ ||V||2dt) < T L2 |yl
0 0

For the second term we use Schwarz’ inequality to obtain the bound

cT?~ 1Zk/ |W |2 ds.

The proof is again concluded by the standard Gronwall lemma. O

The case of 0 < a < % is more involved and requires some preparations. In
addition to the technical lemmas of Section 6, we shall need the following simple
identity, where we use the piecewise constant function ¢ — ¢ defined by

(3.13) t=t,, fort€ (tp_1,tn)-
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Lemma 3.4. If § € R, X € Wy, and Y (t) = £X(t), with t defined in (3.13),
then

N N-1
> [ ®. v O e+ X (XD + (XY

N—
= 1 IX5 2+ 381X+ 3 Z th Xl - § Z (- £2) 17112
Proof. This follows by a straightforward calculation using Y,F =t} X} O

Lemma 3.5. Let W be the solution of (8.9). If B(t,s) is weakly singular with
0 <a <1, then we have

tN
| el ¢ < ol

Proof. With X (t) = {7 2*W(t) in (3.9) we have, in view of Lemma 3.4, the bound
for B in (1.2), and Schwarz’ inequality,

SV IWR I+ 5t WS + 5 Z tot i I Wlall?

2

-1

-3 1(t;i‘f—t—2a)uwm+ | ol a
<o [T EEwn -9
<t [emwenrare [T [a-gr o) @

After deleting nonnegative terms on the left side we hence have

tn . 2% . t 2
/ P wElid<C / (t—a / (t—s)a”lllU(s)[hds) dt.
0 0 0

Recalling that U = V + W and ¢ < £, we have by Lemmas 6.2 (8 = %) and 3.1,

tn R t 2 b
/ (t_"‘/ (t =) HV(s)lh ds) dt < C’/ VI dt < Cllel?.
0 0 0

Similarly, since § < £, Lemma 6.3 (with § = 0) shows

[ [t )

< /0 tN ( /0 (= )7 (5o ()] ds)2 dt
<cre /0 Mt — et / 620 ()| ds dt.
0

& 3
1l

Nt_m/ (t,s;U(s), W(t))dsdt
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Replacing t by £ in the upper limit of the inner integral, we hence have

tN N tn
| rrmwora <l o3 ([ w-nmta [T wie g as),
n=1

n

and the proof may be completed by Lemma 6.4. O

Lemma 3.6. The conclusion of Lemma 3.2 remains valid also if B(t, s) is weakly
stngular with 0 < a < 1.

Proof. Recall the assumption &, t1/kn < w for n > 1. This time we shall show
tN
(3.14) | Ew ol < cmw Bl

for %—a <y < %, from which the result obviously follows since 2y < 1. Throughout
this proof we use the abbreviation C = C(T,w).
With X (t) = t2YAW(t) in (3.9) we now have by Lemma 3.4

tN
W3 + LW |2 + QENMAM%M+A 2w ()13 dt

N— tn ¢
=3 Z (n+1 —tfﬂ)llW;II?—/O 527/0 B(t,s;U(s), AW (t)) ds dt.

Using the bound for B in (1.2), and Schwarz’ inequality, the last term on the right
may be estimated by

tN t
c FWW@M/@—$”WW$M®ﬁ
0 0

tn tN N t 9
<3 /0 #r\w)l3dt +C /0 (t7 /0 (t—s)o‘_lllU(s)”gds) dt.

Hence, we have
N—

tN
| el < }j(wy4%wwn2
" tN . t 2
+C/ (m/( s)a_1[|V(s)[[2ds> dt
0

tN 2
+ c/ w/ — ) W (s)llds) dt = Ry + Ry + Ry,
Here, by the inequality (14x)?Y—1 < z for z > 0, and the assumption kyt1/kn < w,
tyy —tn! =t <(1 + Eng1/ta)?7 — 1) < knyity T < wknty 12,

so that, by the inverse estimate k,|W |} ; < C [, ||[W/|] dt, and Lemma 3.5,

N-1 tN
Ri<w )y kat PWE < CTQaJ’Q"’_l/ 2w @2 dt < Cliell*.
0

n=1

We now turn to R, and note that

(3.15) B <O((t-s)T+8Y27 ), for0<s<t.
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This inequality clearly holds for s,t € I; because s < § = ¢ then. For t > ¢; the

inequality is obtained by combination of £ < (14+w)t, for t > t;, with the elementary
inequality ¢7 < (¢t — s)Y 4+ s7, for 0 < s < t. In view of (3.15), we thus have

iN 2
R2<C/ / — 8) 1|V (s )||2ds) dt

tN t 2
T CT2a+2’y—1/ (t1/2—a—'y/ (t _ S)a—ls‘y—l/Q (§1/2”V(s)“2) ds) dt.
0

0

Using first Young’s inequality (Lemma 6.1) on the first term and Lemma 6.2 (with
B =) on the second one, and then Lemma 3.1, we get

Ry < CTd (( [ i)+ [ t‘nwt)n%dt) < OL el

For R3 we use the inequality {7 < C((t —8)7sTVE + §'7), for 0 < s < t, which is
proved in the same way as (3.15). Hence, by Lemma 6.3 (with § = v and § = 0),

R <c/tN / (t—s a+7‘1s‘7(§7||W(s)H2)ds)zdt
+C/” / )L (57| W (s)])2) ds)zdt
sc:ra/ (ty — )%~ 1/t§2’7||W(s)H§dsdt.
0 0

Replacing ¢ by # in the upper limit of the inner integral, and recalling the estimates
of Ry and Rz, we now have, with C = C(T,w),

tn tn

| Ew g < oLl + cz / v = [ W) dsat,

0

and the proof is completed by Lemma 6.4. O

Altogether, from Lemmas 3.1, 3.2, 3.3, and 3.6, we infer that

tN ~
(3.16) [ W0lds < o) nlel.
0

To complete the proof of Theorem 3.1 it remains to show the following.

Lemma 3.7. Let U and ¢ satisfy (3.1). Then

N
([ 1wt +10h-a) < CT,0) Enle
Proof. First, (3.6) and (1.2) imply

/ (b=t 1)U (1)t

n

t
SknlUth"(/l ||U]|2dt+C/I /O(t—s)a_lllU(s)Hgdsdt).
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In view of (3.7), and k,|Ulr, < C [, |[U| dt, we obtain

i) [ wdasc( [ e[ (¢ = ) U (E)ads dt),

and the estimate of U, follows from (3.16) by a change of order of integration.
Finally, taking X (¢) = [U],—1 for t € I,, X (t) = 0 otherwise, in (3.1), we get

Wl = = [ @)+ AU, 0 - [ [ Bt 5 U(s), Ul 1) dsde
<Ot ([ Qi+ 10 aes o [ [ a9 uelhsa)

and the estimate of [U],,—1 follows from (3.16) and (3.17). O

4. THE COMPLETELY DISCRETE METHOD

In this section we consider the completely discrete method for solving (1.1) using
the discontinuous Galerkin method for the discretization in time, combined with
finite element approximation in space, and prove Theorems 1.5 and 1.6. Thus we
now assume H = L2(Q), and that A and B(t,s) are partial differential operators
of the form described in Section 1, and that S, C H}(Q) satisfies (1.15). The
completely discrete solution is now defined by (1.16).

We begin by introducing discrete analogs Ay, By(t,s) : S, — Si, of A, B(t, s) by

(41) (Ahw, X) = A("/}aX)a (Bh(tas>¢ax> = B(tas;waX)a V¢aX € Sha
and recall the following analog of (1.2).

Lemma 4.1. Assume that (1.2) holds and that either (1.18) or (1.19) is satisfied.
"Then, for Ay, and By(t,s) defined in (4.1), forp=10,1,2, p+q=2,

|(Br(t, s)v, X)| < C(t — 8)* A2 | A ||, V4, x € Sh

Proof. This is a trivial modification of the proof in [17], pp. 142-143, where the
case.of a smooth kernel B(t, s) was treated. O

In our analysis of the completely discrete method for (1.1) we introduce for the
approximation in the spatial variable the Ritz-Volterra projection defined as the
operator Vj, : C([0,T], H') — C([0, T, S), given by

(4.2) A((Vau —u)(t),x) + /Ot B(t,s; (Vau—u)(s),x)ds =0, Vx € Sh.

We note that for ¢ = 0 (and for all ¢t € [0,T] if B(t,s) = 0), V,u reduces to the
standard Ritz projection defined by

A(Rpu —u,x) =0, Vx€S).
Lemma 4.2. With V,u defined by (4.2) we have, fort € [0,T],
t
1(Viw)@®) = u(®)]| < Ch ()0 + ] (t = 5)* Mu(s)llus ds), for1<p<r.
0

Proof. This is a minor modification of the proof given in [11], Proposition 2.2. O
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Proof of Theorem 1.5. As in the proof of Theorem 1.2 we shall use duality. Let
llell = 1, and let Z now be the solution of the spatially discrete analog of (1.6)
(with Wy replaced by Wy 1,). Further, let W = IIVj,u, where II is the interpolation
operator defined in Section 2. Then we have

(Uy —ultn),9) = Uy — Wi, 9) + (Wi —ulty), ) = R+S.
Here, using (1.6) and the error equation (1.17),
R=GN(U—VV,Z) = (U()h —’U,O,Z(T)-FGN(’U,—VV,Z) ER] +R2,

and hence by (2.2), [Z]y = ¢ — Zy, and the definition of the Ritz-Volterra projec-
tion,

N

N
RetS=Y [ (~@-w2)+Aw-w2)
+ [ Blsi = W(s),2)ds) dt = S (= W) 2]

n=1

N
zz/ (- (w=W,2) + AViu— W, 2)
n=1"1In N

-I-/O B(:, 8; (Vou — W)(s), Z) ds) dt—Z((u—W);,[Z]n).

n=1

Application of Lemma 4.1 and Theorem 1.4 (with H = S, A replaced by Ay, and
I - ||z replaced by ||Ap - ||) now shows

N
Re+ 8 < lu=Wioy - ([ 1zl dt+ 11211
n=1 n

tn
+ CIth — WlJN / ||AhZ” dt

0
< CLN(|u — WlJN + |th — W|JN).
Here, in view of the stability of II (see (2.1) with m = 0), we have
lu =Wl + Vau = Wiy < C(I(I1 = Dulsy + [Vaw —ulyy).-

Using also the obvious bound for R; together with (2.1) and Lemma 4.2, this
completes the proof of the theorem. O

For the proof of Theorem 1.6 we shall also need the following estimate for the
Ritz-Volterra projection, where || - ||2 = ||A - || as before.

Lemma 4.3. Let B(t,s) be smooth with B(t,s), Bi(t,s), and By(t,s) dominated
by A, and assume that either (1.18) or (1.19) hold. Then

P t
1D A (Vi )] < O( S Ikl + [ Nullads), forp=0,1,2.
1=0 0
Proof. For p =0 we have by (4.2), for x € Sy,

(43)  (An(Vaw)(£),x) = (Au(t),x) + /0 B(t, 55 (Vi — u)(s), X) ds.
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Taking x = Ap(Viu)(t) and using Lemma 4.1 we get

t t
14n (Vi) (B)] < [u(®)]l2 + C / 1A Vaul| ds + C / lull2 ds.
0 0

Gronwall’s lemma then gives

45Vl < C(lute)l+ [ Nl ds),

which is the desired result when p = 0.
For p = 1 we have, by differentiating (4.3),

(DeAn(Vaw)(t), x) = (D Au(t), x) + B(t,t; (Vau — u)(t), X)

+ " Bult, 5 (Ve — u)(s), ) ds,
0

and the result clearly follows using the domination assumption for B;(t, s) and its
consequences for By, ;(¢, s) by Lemma 4.1.
The case p = 2 obtains by further differentiation and similar arguments. a

Proof of Theorem 1.6. We consider again the representation for Ry +.5 in the proof
of Theorem 1.5. Now we have, since Z(t) = Z | + (t — t,_1)Z, and Viu — W is
orthogonal to the constants, cf. the proof of Theorem 1.3,

tN N
[ At - w2 ] = | 3 [ (na =W, ¢~ ta)22)
0 n=1 n
S CLN 1212XN (an(H — I)Athuhn).

We also have, again in the same way as in the proof of Theorem 1.3,

N t
| / / B(t, 55 (Vaw = W)(s), Z() dt| < CLv_masx (kal (11— 1) A Vi, ).
0 0 1<n<N

The right-hand sides of the latter inequalities are now estimated using Lemma 4.3.
Also, using the properties of II,

N
‘Z (/I (u— W, Z)dt + ((u—W);,[Z]n))‘

N
> (/1 (u = Vi, Z) dt + (u = Vi), 1Z)a) )|

< CLy|Vhu — UlJN < CLyh™ sup  |ju(t)|a-,
0<t<tn

and the proof is concluded as in Theorem 1.5. O

Corresponding to the examples given in the introduction we shall now give a few
examples in the fully discrete context. We observe first that in the case of a smooth
kernel B(t,s) and a smooth solution of (1.1), and with an appropriate choice of
ugr, Theorems 1.5 and 1.6 show, for piecewise linear functions (¢ = 2), nodal error
bounds of orders O(h"™ + k?) and O(h” + k?), respectively.

We consider now the case of the homogeneous equation (f = 0) and initial data
ug “smooth” but not “higher order compatible” in the sense that ug = 0 on 92
but Aug # 0 on 9. Let thus 4 be an arbitrary number with v < ;11. Then AY
does not require boundary conditions, and therefore ug € D(AY*!). It then also
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follows from elliptic regularity that AYB(t,s)A~""! is a bounded operator. By
Corollary 5.1 below (trivially modified to the case of a smooth kernel), applied to
the general differential equation case, we then have

(4.4) [w(®) 22 < C.

Further, in the smooth kernel case, one may show that then [lus (¢)|| < C#7~! (and
us € CY(Jn, L2)). Thus, from Theorem 1.5, in the smooth kernel case, for r > 2,
q = 2, with gy, appropriately chosen (recall the remark following Theorem 1.3),

- 2v+2 | .14y 2 71—y
10 —ut)ll < CLy (A7 4 k1™ 4 max (k2/6,70)).
Similarly, one may show that ||Aus(t)|| < Ct7~2, so that, from Theorem 1.6, for
r>2q=2,
10 = u(tw)ll < CLy (W77 4 k™ 4 max, (K2/6°7)).

In the case of a weakly singular kernel and ug € D(A7), v < %, the blow-up
of uy as t*~1 for small ¢ may interfere with the above result. We still have (4.4)
and also, with u = v 4+ w, cf. Section 5, [lw(t)|| < Ct*, and |lwy(t)|| < Cto'.
It is easily seen that then w; € C*(Jy, La). Furthermore, v; € C7(Jy, L2) and

lvee(8)|| < Ct7~1 so that u; € CP(Jy, Ly), where 8 = min(a, ) and |lug(t)| <
CtP~1. We therefore obtain from Theorem 1.5, in the case r > 2, ¢ = 2,

Uy = u(tw)| < CLx (B + k2 4 max (k2/4,75)).

5. SOME REGULARITY ESTIMATES IN THE WEAKLY SINGULAR CASE

The purpose of this section is to elucidate the regularity properties in the weakly
singular case by studying the example of a singular kernel of convolution type,
B(t,s) = (t — s)* !B, where B is time independent, in the case of a homogeneous
equation, i.e., f = 0. Information of the type we are presenting about the behavior
of the solution for ¢ near 0 was used in the introduction and Section 4 in discussing
the application of our error estimates.

For motivation, we consider first the problem

t
(5.1) uy + Au + / (t—s)*TAu(s)ds =0, t >0; u(0) = uo,
0

i.e., the case B = A. The analysis may then be carried out by eigenvector expansion,
and is reduced to the study of the scalar equation

¢
(5.2) Y+ Ay + /\/ (t—s5)*"ty(s)ds =0, t € (0,1); y(0) =1,
0
where A is an eigenvalue of A. It may be seen that y(¢) is bounded independently
of A and continuous as t — 0+ and hence |y’ ()| < C\. Differentiating, we find that
¢
y" 4+ My + My (0) + /\/ sy (t —s)ds =0,

0
and it follows that ;
(5.3) y'() ~ X+ O(N?), ast—0+.

Interpreted in terms of (5.1), this means that if ug € D(A?), then ||uy| = O(t*™1)
as t — 0, and that more regularity of uy does not remove this singularity at ¢ = 0.
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For the purely parabolic problem, i.e., when B = 0, the solution is u(t) = E(t)uo,
where E(t) = exp (—tA) is the analytic semigroup generated by —A, and

(5.4) | DEE(t)ug|l2; < Ct~* 47D ||ug|las, if uo € D(AY), 0 <1<k +3j,

where [ may also take on fractional values. (This estimate is also easy to prove
by eigenvector expansion.) In particular, in the differential operator application,
the solution has an arbitrary number of derivatives in both x and ¢ for € £ and
t > 0. Note that the condition that uy € D(A") incorporates various compatibility
conditions of ug on 99).

In the case of a weakly singular kernel of the form B(t,s) = (t — s)® 1B, the
solution u(t) may be written as u(t) = v(t) + w(t), where v(t) = E(t)ug, and where
w(t) solves

(5.5) w + Aw = — /t(t —5)* 'Bu(s)ds, t >0; w(0)=0.
0

Our aim is now to prove estimates for low order derivatives of w in the case that
ug € D(A). Combined with (5.4) these yield estimates for u. More precisely, we
shall show the following result which means, in particular, that our present case is
no worse, with respect to singular behavior, than the case above when B = A.

Theorem 5.1. If ug € D(A), then we have

(5.6) | DFw(t)|o; < Ct* 5| lugll2, forj=0,1, 0<k-+j<2.
We begin with two lemmas.

Lemma 5.1. Let g(t) be a function with values in H satisfying

(5.7) lg(®)ll < Cot™=! and |lg/(B)]] < Coto~2.

Then, with E(t) the semigroup generated by —A, we have

|E(t)]]2 = ||JAF ()| < CCot*™Y,  where F(t) = /Ot E(t—s)g(s)ds.

Proof. We have, since AE (o) = —F'(0),
t/2 ¢

AF(t) = ; AE(t —s)g(s)ds+ /t/g(DSE(t —s))g(s)ds = Ry + Ra.

Here, by (5.4) and (5.7)

t/2
| Rl < CCO/ (t—s)"ts* ds < CCt* L.
0

Integrating by parts,
t

Ry = g(t) — B(t/2)g(t/2) - / E(t— s)q'(s) ds,

t/2
and the desired result follows. O

Lemma 5.2. Let g(t) be a function with values in H. Then

| [ B9 [t -orgtoraoas|, < [t lsto)l
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Proof. By a switch of order of integration and a change of variables we have

/Ot E(t-s) /Os(s —0)*tg(0)dods = /Ot (/Ot—a B(t—o—T7)ro! dr) (o) do.

Application of Lemma 5.1 to the inner integral immediately proves the lemma. O

Proof of Theorem 5.1. We begin with the case k =0, 7 = 1. Letting u = v+ w on
the right in (5.5) and using Duhamel’s principle,

(5.8) v = / E(t =) / (s —0)* 'Bu(s) dods

—/ E(t—s)/ (s —0)* 'Bw(o)dods = R + R,.
0 0

Writing B = (BA™1)A, we have from Lemma 5.2 and (1.2) (the assumption that
A dominates B) that

t
|Rall2 < C / (t — 0)* (o) lado-

Further, by the boundedness of E(t) we have, again using Lemma 5.2,
IRu]l2 = n/ ABE(t — s)/ — 0)*" Y BAY)E(0) Aug do dsH

<0 [t~ o1 IB(o) Al do < Ol
Thus ’
lw()ll2 < Ct*|luoll2 + C/Ot(t —0)* Hw(o)llz do,
from which the result follows by Gronwall’s lemma, cf. Lemma 1 in [2] and (6.1)

below.
We shall next show (5.6) in the case k = j = 1. Differentiating (5.5) we have

t
(5.9) wey + Aw; = —t%"1 Bug — / 1 Buy(t — 5) ds.
0

Setting u = v 4+ w and noting that Aw(0) = 0 by the already proven case of (5.6)
and hence w:(0) = 0 by (5.5), we have, by Duhamel’s principle,

wy(t) = — /t E(t — s)s* ' Bug ds
0
(5.10) - /t E(t—s) /s(s —0)* ' BE;(0)uq do ds
0 0

t s
—/ E(t—s)/ (s —0)* ' Bw;(0)dods = Ry + Ry + Rs.
0 0

By Lemma 5.1 and (1.2), we find
[Rills < Ct*Hluoll2-
Further, for Ry we have

IRs 2 = “ /Ot AE(t — s)BA™g(s) dsH,
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where, using that E'(0)uy = —E(0)Auy,
¢ ¢
g(t) = / (t—s)* 1AE(s)Augds = / s* LAE(t — s) Aug ds.
0 0

We shall apply Lemma 5.1. By that lemma, ||g(¢)|| < Ct* ! ug||2. For the estimate
required for ¢'(t) we write

g(t) = </0t/2 + /t:Q )so‘_lAE(t —8)Aug ds = g1(t) + ga(t).

Here
t/2
g1(t) = (t/2)°‘_1AE(t/2)Au0 — / so‘_lAQE(t — s)Augds,
0

and clearly, using (5.4), |lg;(t)|| < Ct* 2||lug||2. Further, by integration by parts
and a change of variables, we have

t
g2(t) = / s*"ID,E(t — 5)Aug ds
t/2
t/2
=t*"Aug — (t/2)* 1 E(t/2) Aug — (a — 1)/ (t — 8)* 2E(s) Aug ds.
0
Differentiating this expression with respect to time, and proceeding as for ¢/, gives

the same bound for g} as for ¢}, namely, ||g5(t)]| < Ct* 2||lug|ls. We may then
apply Lemma 5.1 to obtain

IRall2 < Ct2uolla-
Finally, from Lemma 5.2 and (1.2) we find

t
H&MSC/U—®”WwwMMa
0

Thus (5.10) gives

t
mmmhsmwwwm+0/u—@*wwwmwm
0

and a variant of Gronwall’s lemma, cf. Lemma 1 in [2], yields the desired estimate.
‘We may now also easily treat the case j = 0, k = 2, i.e., estimate wy; by use of
(5.9), splitting the last term on the right there as

t t/2 t
/ s* 1 Buwy(t — s)ds + / s* 'BE(t — s)Augds + / s* 1 BE;(t — s)ug ds.
0 0 t/2
We then apply the result already derived for j = k = 1 to estimate the first term
and use integration by parts in the last.
The case k =1, j = 0 is treated in a similar fashion using (5.5). O

In our discussion at the end of Section 4 we also used the following:
Corollary 5.1. Let v < 1. Ifup € D(A'™7) and ||[AY*YBA='7|| < C, then
(5.11) [u(®)ll2+2y < Clluoll2+2y-

Proof. This follows by applying A!*7 to (5.8), noting that (5.11) holds with u(¢)
replaced by v(t), and proceeding as before with the appropriate modifications. O



68 STIG LARSSON, VIDAR THOMEE, AND LARS B. WAHLBIN

Finally, we present a fact used in the discussion of Theorem 1.3 in the introduc-
tion.

Corollary 5.2. If B= A and ug € D(A%**?), then
Jug (B2 < Ot Hluola+2a-

Proof. By the discussion in the beginning of this section it suffices to show that for
the solution of (5.2),

)\Iy//(t” < C)\2+ata—1.

Writing y = v + w = e~ 4+ w we have by Theorem 5.1 (with H = R,B = A =
multiplication by M) that |w”(¢)] < At*~!. The appropriate bound for v follows
from (5.4). d

6. SOME TECHNICAL LEMMAS

In this section we state and prove three inequalities and a variant of Gronwall’s
lemma, that we have used several times above.

We begin with the following variant of Young’s inequality, which follows at once
by the standard Young’s inequality for convolutions on R by extending the functions
by 0 outside the interval [0, T].

Lemma 6.1. If f € L1([0,T]) and g € L2([0,T7]), then

([ ([ re-9s0ra)a)” < [Csena [ #ouw)”

We continue with a special case of an inequality of Hardy, Littlewood and Pélya,
adapted from Theorem (6.20), p. 187, in [6].

T

Lemma 6.2. Ifa,3>0, k = (fol(l —t)a1ghl dt)2, and f € L2([0,T)), then
T t 2 T
/ <t1/2_°‘_ﬁ/ (t —s)2 1P~ 12f(s) ds) dt < /-c/ F2(t) dt.
0 0 0
Proof. With o = s/t we have

t 1
t1/2-a=p / (t—s)* 1P V2 f(s) ds = / (1-0)*e? 2 f(to) do,
0 0

and, by Minkowski’s inequality for integrals (see [6], p. 186),

(/T (/1(1 — 0)° 1P 12 f(15) d0)2 dt)1/2
o \Jo
< /1 (/T (1- U)‘)‘_1¢7ﬁ_1/2f(tov))2 dt) . do
o \Jo
= /01(1 - 0)0‘_10ﬁ_1/2</0T fA(to) dt) i do.

Since fOT f2(to)dt <ot fOT f2(t)dt for 0 < o < 1, this proves the desired inequal-
ity. O

The following is a generalization of Lemma 2 in [2].
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Lemma 6.3. Ifa>0,0<6< 3, p= fo t)e+Ho=1¢=28 4t and f € L([0,T)),
then

T t 2 T t
/ (/ (t —s)t=1s70 f(s) ds) dt < ,uTO‘/ (T - t)a_l/ f2(s)dsdt.
0 0 0 0
Proof. By Schwarz’ inequality we have
t 2 i t
(/ (t —s)>t5= 1570 f(s) ds) < / (t —s)2to-1572 ds/ (t — s)2t1f2(s) ds,
0 0 0
where, for 0 < s <t < T,
t
/ (t =)ot =2 dr = =% < T (t — s)_‘s.
0
Hence

/OT(/Ot(t_ )a+6 1 —5f(s)ds) dt<,uT°‘/ / ) 1f2( ) ds dt.

The integral on the right side is equal to

/OT/Otso‘_lfQ(t—s)dsdt=/0Tsa_1/sTf2(t—8)dtd8
=/OTs°‘_1 /OT_sf2(7')d7'dsZ/OT(T—t)O‘_1 /Oth(T)det,

which yields the desired result. O

A well known version of Gronwall’s lemma states that if ¢ and a are nonnegative
functions with a increasing, then

o(t) < af(t —I-K/ y*~1g(s)ds, fort € [0,T],
implies ¢(t) < C(K, a,T)a(t), fort e [0,T],

(6.1)

cf. Lemma 1 in [2]. The following is a discrete version of this, that we have used
repeatedly in our treatment of the case of a weakly singular kernel. We remind the
reader that k = max, k,,.

Lemma 6.4. Assume that0 < a <1, K >0, ¢n,any >0, ay <ayny1 for N> 1,
and § = Kk*/a < 1. If, for ty € (0,7,

(6.2) ¢n <an+ Kz w(a) n®n, where w%’% = / (ty — ) tdt,
In

n=1

then
oy <C(6, K,a, T)ay, foritn € (0,T].
Proof. We begin by showing that, for 0 < a« <1, § > 0, we have

N
(6.3) S Wil <ow{TY, j<N-1,
n=j+1
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where C' = fol(l —t)P~1te=1 dt. This follows from the following calculation, where
we employ the inequalities (t, —s)*~! < (t —s)*~! and s < t;:

IRGRCESS / / (tx =)7Lt — )" L dtds

n=j+1 n=j+1

:/Ij(/tj (i — )7 (¢~ 5)° dt) ds
</ (/m( P76~ )" dt) s

=C / ty — sy ds = Cw{T.

Next we note that, in view of the given inequality (6.2),

N-1
on <any+ K Z w%’;% + Kw(a) NoN, N 2>1.
n=1

Since ng\‘,l)N = Kk /a <6, we get

(6.4) by < (1-6)" 1<aN+KZw(a) ) N>1

n=1

Then we prove, by induction, that, for [ =1,2,...,
N-1
(6.5) b < O K Loy T (an + Y wilgn), tn € (0,71,
n=1

This is clearly true for [ = 1. For the induction step we use (6.4) to get

Nz—:lwg\gf;l)a)qbngC(é,K,l,a,T)(NZ ((lnl)a)an+ Z ((l 1)01)2 (a) )

n=1 n=1

where, to estimate the first term, we note that

Z w((z DM (Z w((z 1)a)) =C(,a,T)ay,

and, by switching the order of summation and using (6.3),

N-2 N-1
Zw (- 1)a)z @ =3 ( Yow WD) (a))% <C(l,a) Zwﬁ\lf?‘ﬁﬂ
n=1 j=1 n=j+1
This proves (6. 5)
Finally, we choose [ such that o —1 > 0. Then w(la) fI —t)le—lgt <

T'*~1k,, so that (6.5) implies

N-1 ;
bn < O K,0,T) (an + Y kntn), € (0,T).
n=1

The result now immediately follows by the standard discrete Gronwall lemma. O
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