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ON DIVISIBILITY OF THE CLASS NUMBER h*
OF THE REAL CYCLOTOMIC FIELDS OF PRIME DEGREE !

STANISLAV JAKUBEC

ABSTRACT. In this paper, criteria of divisibility of the class number At of the

real cyclotomic field Q(¢p + ey 1) of a prime conductor p and of a prime degree

! by primes ¢ the order modulo ! of which is Z—le are given. A corollary of

these criteria is the possibility to make a computational proof that a given ¢

does not divide ht for any p (conductor) such that both Qg-l, p_4—_§ are primes.

Note that on the basis of Schinzel’s hypothesis there are infinitely many such
primes p.

INTRODUCTION

Let I,p be primes such that p = 2] + 1. To consider divisibility of the class
number At of the real cyclotomic field Q(¢, + Cp 1) by primes q it is suitable to
sort primes g according to their order modulo [. The simplest case is the case when
the order of ¢ modulo [ is [ — 1, i.e. when ¢ is a primitive root modulo {. In this
case the problem is completely solved, because it is proved that ¢ does not divide
h*. The proof for ¢ = 2 can be found in [1] and for ¢ > 2 in [4]. According to
complexity, the further case is the case when the order of ¢ modulo [ is Z_Tl, hence

~when ¢ generates the group of quadratic residues modulo /.

In this case we have:

1) ¢ =2. If I =3 (mod 4), then 2 does not divide h*. (For the proof see [2].)

2) ¢ = 3. The prime 3 does not divide A™. (For the proof see [5].)

3) ¢=5. If I =3 (mod 4) then 5 does not divide h*. (For the proof see [6].)

The divisibility of A by a general prime g under the assumption p = —1
(mod ¢q), p# —1 (mod ¢*) was considered in the papers [7], [8].

The aim of this paper is to derive criteria for divisibility of AT by a prime ¢
without any restriction imposed on p (mod ¢). As an application of derived criteria
we shall prove Theorem 7 .

Theorem 7. Let q be prime, q < 23. Let l,p be primes such thatp =21+1,1=3
(mod 4), and let the order of the prime ¢ modulo | be l — 1 or l_Tl The prime q

does not divide h, the class number of the real cyclotomic field Q({p + Cp b.

Note that if [ = 213 +1, where [; is a prime, then each ¢ # 0,1 (mod [) satisfies
the conditions of Theorem 5.
This implies the following Corollary.
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Corollary. Let l1,l,p be primes such that | = 2ly + 1, p = 2l + 1. The prime q
does not divide ht, the class number of the real cyclotomic field Q(¢p + ¢, "), for
g < 23.

* 3k 3k

Let ¢ be an odd prime. Define the numbers Ao, A1, A, ..., Aq_1 as follows:

J
1 .
Ap =0, A; =;—i—, forj=1,2,...,q—1.
=
Let s be a rational g-integer. Put A; = A; for an integer j, 0 < j < q, s = J
(mod q).
Let m,n be natural numbers, m = 1 (mod 2), (m,n) = 1. Associate to the

number n the permutation ¢y, , of the numbers 1,2,..., m—2_—1 as follows:
-1
dmn(z) =+nz (mod m), forz =1,2,..., EQ—

Further, associate to the number n the quadratic form Q, n (X1, X2,..., Xm-1),

2

Qo (X1, Xy X)) = XP+ X3 oo+ X = 3 XiXy,, 1)
i=1

The following theorem holds

Theorem 1. Let q be an odd prime. Let l,p be primes such thatp =2[+1,1=3
(mod 4), p = —m (mod ¢), m =1 (mod 2), m > 0, and let the order of the prime q
modulo [ be Z_Tl Suppose that q divides h*, the class number of the real cyclotomic
field Q(¢p + ¢, '), Then for each divisor n, (n,q) = 1, of the number p +m, the
following congruence holds:

(i)
-1 _ 1
B;_q”z"T =Qmn(Az1, A2, . A1) (mod g).
(it) Ifnq]%m, then
p+m
2q2 = _Qm,qn(A%laA%za' .- aA—%) (mOd q)a
where t = 71,

Proof. To prove this theorem, the following assertion from [4] will be used:
Proposition 1. Let I,p,q be primes, p =1 (mod l), ¢ #2;, ¢ #1; ¢ <p. Let K
be a subfield of the field Q(¢p + '), [K : Q] =1 and let hy be the class number
of the field K. If qlhx, then q|Nq(¢,)/q(w), where

w=b Y x@)+b D x@AAbe Y x(),

=1 (modq) =2 (mod q) i=g—1 (mod q)

with the sums all taken with 1 <1 < p—1, with x(z) a Dirichlet character modulo
p of order I, and b; defined by the expressions
p ((Cp - 1)7

q (q_l‘_l) Ebl(p+b2§',§+---+bp_1§£_1 (mod ¢).
D

The following lemma will determine the coefficients b1, b2, ...,bq—1.
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Lemma 1. Let p =z (mod q). Then
b;=A-:, fori=1,2,...,q— 1.

Proof. We note that the b; can be determined explicitly by multiplying the above
expression through by (—1: In fact we get (taking by = 0 and each by, = by (mod p))

p 7=0 q =1

q—1

(mod q),

s|.g‘;r

=1

since

Lo) Mo 2lomin) 07

q\i (t—1)!
Comparing coefficients we see that b;_q — b; = b_q — by + pd; (mod ¢), where
05 = % if1 <j<q—1andd; =0 otherwise. Adding these congruences together
for j =0,—q,—2q,...,—(n —1)g and noting that by = 0, we obtain b_,q = nb_q +
ﬁ + ﬁ 4+ F (m—z;ﬁ (mod gq), where (m + 1)p > ng > mp and (jp)q is the
least positive residue of jp (mod ¢), by an easy induction. Taking n = p gives that
0=by=pbg+1+1+-- L. = pb_4 (mod ¢) (since %-{— # = 0 (mod q)
for each j), and thus b_; = 0 (mod ¢). Therefore, if 1 < j < p — 1 we write
j = (m+1)p — ng, so that

+o 4 (mod q).

DO | =

1 1 1
bj=b—nq51+§+"‘+a 1+ W
q9

Lemma 1 is proved. O

Let p = z (mod ¢). By Proposition 1 we have

Denote

It is easy to see that w = 27.

Since the order of ¢ modulo [ is l_Tl, according to [10], Theorem 2.13, we have
that ¢ is splitting to two divisors in Q((;). Because [ = 3 (mod 4), it holds that
(5%) = —1, hence if q|Nq(¢,)/q(w), then ¢ divides 7.

The following formula holds
(1) T = Z A?A?X(ij_l) =do+ i1+ dof + -+ di1 ¢

i,j<%
Then ¢|77 if and only if
dy=dy=---=di—1 (mod q).

Let p = —m (mod q), m > 0, m = 1 (mod 2). Hence by = A.. Denote by
r such a number that 7 < I, g" = £n (mod p). Let x(i57') = (/. Then either
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ind(ij~!) = r or r + I, therefore
(2) ij~l'=%n (modp), i,j < g.
The following lemma determines the coefficient d,. of (1).
Lemma 2. Let p=—m (mod ¢), m >0, m =1 (mod 2), ¢" = £n (mod p). For
the coefficient d,., r < I, the following holds:

dr = Z A; A + Z AsAgm

0<j<2 Boj<ie
n Z AiAjn g4+ E A Ajn  noa,
. . - pe=s - m m 2
2p . n—2i
2P < j< 3 Z Pk
for n odd,
dr = E A Asn + E AJLAjﬂ-f-l
m  m m.om
0<j<2 raj<ie
2 3 _7% %_‘-2 n % %+%_1,
B3 Gor e
for n even.

Proof. By (2), ij~! = £n (mod p), i,j < §. Therefore either ¢ = nj (mod p) or
i =p—nj (mod p). Let nj < p. From (1) we get the term A; An;x(ij 1) if
nj < 2and A; Ap-n; x(i571) if nj > 2. Clearly 2= = —1 — % (mod g). From
Elm"—‘i + %} = —1 (mod q) we get A%— = A_p_:np_l'. If p < nj < 2p, then the coefficient
of x(ij7')is A Anj—p and hence A; An; +1- Repeating this procedure we obtain

d, = Z A;%A%+ Z A%A%_,_l-f- Z A#A%+2+.... O
0<j<2 o< i<

The following lemma determines the coefficient d,., g" = +n (mod p) in the
special case when n|9iq’—n—. The reason why we restrict ourselves to such special
coefficients is that in this case it is possible to give such criterion of divisibility A™
that has a simple form (see Theorem 1). If n does not divide 2™ then things are
more complicated and even in the most simple case when n = 3 and 3 does not
divide Piq’—"—, the corresponding criteria have a more complicated form than Theorem
1 (see Theorem 2).
Lemma 3. Let p = —m (mod q), m >0, m =1 (mod 2), g" = £n (mod p). For
the coefficient d., r < I, n|EE™ the following holds:

q—1

q—1 —
b=t (ZA;%A% D AL An,

=1 =1

(3)

q—1

18]
+"'+ZA%A%+HT_3+§ AL’Ani_’_n_—l_)
=1

1=

-3 Ay (moda)
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forn=1 (mod 2),

drEp—f-m (
qn

-1,

. —1 q—1
=1

=1

Q

=1

=) AstAonypy (modg),

forn=0 (mod 2).

Proof. The following congruences hold

s ALAL_”J”"ZA A — i AciA,

0<j<® [iz]=0
q 1 m—1
- 2
_p+tm
> A A= p D ArAniy — > AciAiny,
Pojc2p i=1 [% =1
—1
g-1 e
+m
E: AsAin o Ep2 S AiAwyaa— Y AciAiwan,
m m m m
qn =1 [i_n —n=1
<J<B m p)
fornodd.
And
m—=1
q—1 )
+m
Y A A =" AsAni = 3 AiAiw,
0<i<® i=1 [&2]=0
q 1 m—1
- 2
_p+m
D gl =TT Apdmn - ) Asdowy,
Zej< =1 [&]=1
m—1
2
p+m
Y. AsApmi, ‘ nd | AciAom gy,
2E=D ez [R1=3-1
for n even.

These congruences can be proved as follows. Let n be odd. If s = ¢ (mod q),
then A, = A; (mod ¢). On the basis of this fact it is enough to prove that for each

k=1,2,...,251 the following holds: the set {j|% <j< (—ktll—)p} U {—il [2] =
ki < ’—"2;1} gives p—;’—"— exemplars of the full residue system modulo ¢ for k =
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1,2,..., 2 , and P+m exemplars of the full residue system modulo ¢ for k = %

From n|p 4+ m we get that (m,n) = 1. Hence [2] =k, k # 0 if and only if
km . (k+1)m
7 < < —.

= v, hence m = nqv — p. It implies

Denote 2 +;"

kp

ke _(k+1p
kqu n<z<(k+1)qv —

Multiplying by —1 and adding (k + 1)qu, we get

W<—i+(k+l)qv<l%p+qv.

Denote * = —i + (k + 1)qu. Now we have

k
i< (k—i—l)p; (k+ Lp <i*<@+qv.
n n n n

This provides qv successive natural numbers, hence we have v = p;m exemplars of

full residue systems modulo ¢g. If £ = 0, then the terms A¢ and A, will be missing.
Since Ag = Aqy = 0, the congruence will hold for k¥ = 0 as well. For k = Z%l,

by the same method we get E;;—f exemplars of the full residue system modulo gq.
Summing the congruences we get the required congruence. The same procedure

applies for n even. Lemma 3 is proved. O

In the formula for d,., there is the sum

m2—1
D At Azpi iz
1=1

We shall prove that

i=1 i=1

m—1
b 2 .

—ni ni -1 ni
— + ——] =— <m m [——]) (mod q).
m m m m
The number nt — m [%] is equal to the residuum ni modulo m. It follows
that if ni —m [—Z—:] < %, then ni —m [%] = Pmn(t). fni—m [%] > 2, then
ni —m [Z] =m — ¢m,n(i).
Consider the numbers

fOrXiZA—_i, fOI‘i=1,2,...
Clearly

A 4rnnii) TESP. A%l(m_¢m,n(i))'

Since

_qubm,n(i) + _Hl(m - ¢m,n(7')) =-1,
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there holds

A_ (ﬁm,:(i) = A%l(m—fﬁm,n(z)) (mOd q),

which implies the required relation.
Now we shall express the coefficient dy corresponding to the value n = 1. The
substitution into (3) gives

p+m 2 = 2
ZA A%
i=1 =1

If g|h™, then dy = d, (mod ¢) and hence for n =1 (mod 2) there holds:

g—1
pe (ZA A+ 3 AL Aui g+ +ZA sy ns

i=1
].q
3 s

m—1 m—1
2 q—1 2
Z _ _ptm Z 2 Z 2
— 2. A%A_(ﬁ",’,;n(i) = —2—q—— 2 A'i — 2 A_ﬁl (mod q)

It is easy to prove that Y 7_; ' A2 = —2 (mod ¢). Therefore
9=
p+m< ZA (At~ ZA Apiyq + - %

19
+—ZA Anijn 1+1>

) (mod g),

1
AiAuyns
wAnten;
1

= _van(A_—l7A__2,"-,A—_t
where t = —2_—1

By [8] (proof of Theorem 1), the following holds:

_ _ —1
1 1 11
;ZA#A% + ;ZA#A%H Tk D Ap e
=1 =1 =1
q—1

1
+%;A#A%+n7—l+l

1ni~1—1
The congruence (i) is now proved for n =1 (mod 2). Analogically, the congruence
(i) can be proved for n = 0 (mod 2), on the basis of the congruence

1 g—1 1 q—1 1 q—1

p A An D Aghmpi ot DD AiAuig o +]
=1 =1 i=1
1n?-1 -1

= e (mod q).
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Now we shall prove the congruence (ii). Substituting ng, where ng| %7—"—, instead

of n into the formula for the computation d,., we get for n = 1 (mod 2) the following
sum:

Af(Ar+ Ap+ -+ A1) + Ao(Ar + Ag + -+ Ag1)
1
+~--+§AM2—_1(A1+AQ+"'+Aq—1)~

It is easy to see that A; + Ay +---+ A;_1 =1 (mod g), therefore

Aj(Av+ A+ +Ag )+ A(A1+ Ao+ + Agy)

bt s Ana (At Aot A ) = 5 (mod g)
Analogously for n =0 (mod 2) we get
Af(Ay+ A+ + A1)+ As(AL + Ao+ + Ag1)
ot Ana Eg (mod q).
Theorem 1 is proved. O

We shall show 12 corollaries of Theorem 1.

Corollary 1. Let q¢ be an odd prime. Let l,p be primes such that p = 2l + 1,
I =3 (mod 4), p= -3 (mod q), p # —3 (mod ¢*) and let the order of the prime q
modulo [ be % Suppose that q divides h*, the class number of the real cyclotomic
field Q(¢p + ¢, '), Then 2971 =1 (mod ¢?).

Proof. By Theorem 1, (i) putting n = 2 we have

+32971—1
%_q— = Qs2(A=1) (mod g).
Clearly @3,2(X1) =0, hence
q-1 _
?;——q%g—q——l =0 (mod q).

If % # 0 (mod q), then 2q_ql_1 =0 (mod q). Suppose that q|%. By Theorem
1, (ii) we have

+3
_p2q2 = Q3’Q(A_Tl) =0 (mod q),
hence p + 3 =0 (mod ¢*)—a contradiction. O

Corollary 2. Let q be an odd prime. Let l,p be primes such thatp=20+1,1=3
(mod 4), p= —5 (mod q) and let the order of the prime g modulo | be l_Tl Suppose
that q divides ht, the class number of the real cyclotomic field Q((, + Cp 1Y, Then
_ 2
Fq_(%) =0 (mod ¢),
where F,, is the nth Fibonacci number (Fp = 0, Fy = 1, F10 = F1q + F, for
0<n)
Moreover, if p % —5 (mod ¢3), then 2971 =1 (mod ¢?).
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Proof. The number p + 5 has the divisors n = 2,4. Therefore by Theorem 1 (i)

p+5297t —1

g g = 9se(AsAs) (modg),

p+5497t—1

2 4 Q5,4(A—T1,A—?2) (mod ).
Clearly

1 2 1 2
P52 = (2 1) )y P54 = <1 2) .

Hence

Qs52(X1,X2) = X2+ X2 —2X1Xo = (X1 — X2)?, Q5,4(X1,X0) =0.

It is easy to see that

2
1
(A%——A_Tz)zz z (mod q).
i<
Therefore
2
g—1 _ 1
2%§—2——1 = ( 3 (mod gq),
¢ e i<
p+54971—1
"~ =0 (modq).
- (mod ¢)
Because 2=1 = 0 (mod q) if and only if %l = 0 (mod q), we get that if
q|h™, then

.| =

Z - =0 (mod gq).

29
5

wip

By [11], for ¢ > 5 there holds

2 1
5 2 5=

9 cic2a
5 <1<F

Q| =

Fq_(%) (mod q),

which proves the first assertion of Corollary 2.
-1
If Zq—q_l % 0 (mod q), then 252 = 0 (mod ¢q). By (ii) we get %;%5 =0

2q2
(mod ¢)—a contradiction. O

Remark. P.L. Montgomery [9] reports no solution of Fq”(é ) = 0 (mod ¢%) with

q <232

Corollary 3. Let q be an odd prime. Let [,p be primes such thatp =2[4+1,1=3

(mod 4), p = —7 (mod q) and let the order of the prime g modulo [ be l—;—l Suppose

that q divides h™, the class number of the real cyclotomic field Q(¢p + ¢, 1), Then
2 2

O X 2 i) =0 meda

4 ic2d 29 £« 39 4528 29 <34
7 <1< FH 7 <1< % 7 <1<% 7 <1<



378 S. JAKUBEC

Moreover, if p % —7 (mod ¢°), then 2971 =391 =1 (mod ¢?).

Proof. The number p+7 has the divisors n = 2,3,6. By Theorem 1 (i) the following
holds

p+72071 -1
—5{—1——————:@7,2(A-71,A_72,A-73) (mod q),
p+7371—-1
TQ_T = Q7,3(A:7laAl72’A_73) (mOd Q)a
p+T76971 -1
D =2 = Qa1 A2, 45) (mod o)
Clearly
1 2 3 1 2 3
sa=tra=(y 3 3) oa=(1 5 3)-
Hence

Q7,2(X1, X2, X3) = Q7,3(X1, X2, X3), Q7,6(X1,X2,X3)=0.
By rearrangement we get

Q7»2(A:71 ) A—TZ , A:7_3)

2 2
1 1 1 1
= -] + -] + - N mod g),
(2802, - (2)(5,) o
1 <i< % H<i<st I<i<i? i<

Therefore we have

il
b
N
A 1]
P
.
N~
[
+
/N
AN
NN
R
.| =
N~
[\
+
[
N
NN
XN
S| =
N~
N
AN
A M
|
N~
g
o
2

p+73771 -1
2q q
2 2
1 1 1
(=) ) () () o
i< i< 1cic 2 i<

p+76771 -1

—— =0 (mod q).

TR ( )
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1

then &7 # 0 (mod gq), M = 0 (mod ¢) and Zq—ql_l = 3q_q_1 (mod ¢) and

2t ql—l ¢ 0 (mod ¢). This easﬂy yields a contradiction.
If

> ) > )( £ (.2, 1) =0 o

2<i< 29 i< 2<i<® 29 i<l
and %}7 # 0 (mod g), then
2971 =31"1 =1 (mod ¢?).

If % =0 (mod q), then by Theorem 1 (ii 2% =0 (mod ¢) and therefore p = -7
(mod ¢3)—a contradiction. O

Corollary 4. Let g be an odd prime, ¢ = 2 (mod 3). Let l,p be primes such that
p= 21 + 1,1 =3 (mod 4), p= —7 (mod q) and let the order of the prime g modulo
I be =2 Suppose that q divides h™, the class number of the real cyclotomic field

Q(Cp-i-C D). Then
Z Z %EO (mod q).

.2 2 .
f<ic 2acic3a

Q| =

Proof. The left side of the congruence (*) can be expressed as the norm of the field
Q(¢3) into Q. If ¢ = 2 (mod 3), then g does not decompose in the field Q((3), and
it implies the assertion of Corollary 4. O

By [3] there holds: For 1 < a < 6, and any odd prime q # 7,
a

By (5) = ot = 3 (Wy(Tab) = 1) (mod o)
where b = 1,2 or 3 with b = +¢q (mod 7), and U, satisfies the recurrence relation
Unis = TUpto — 14Up 41 + TU,,.
The values of Uy, Uz, Us are given in the table below

+a | £b U1 Uz U3
2 1 1 12 15

3 2 |2 |7 |26
1 3 |2 |6 |19
3 1 1 12 |6

1 2 3 11 | 41
2 3 |2 |5 |13
a |a (1 |3 |10

From Corollary 4 and the just mentioned result we get:

Corollary 5. Let q be an odd prime, b = +q (mod 7) where b = 1,2 or 3 and
g = 2 (mod 3). Let l,p be primes such that p = 2l + 1 =3 (mod4), p=-7
(mod q) and let the order of the prime q modulo | be ‘5. Suppose that q divides
h, the class number of the real cyclotomic field Q({p + Cp D). Then

U,(7,1,b) = Uy(7,2,b) = Uy(7,3,b) (mod ¢?).
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Corollary 6. Let q be an odd prime. Let l,p be primes such thatp =2l+1,1=3
(mod 4), p = —9 (mod q) and let the order of the prime ¢ modulo I be I'Tl Suppose
that q divides h™, the class number of the real cyclotomic field Q(¢y + ¢, '). Then

2 2
1 1 1 1
(z ;)+(z ; +(z ) 5 =0 moda
f<i<2 i<y f<i< i<y

Moreover, if p % —9 (mod ¢°), then 2971 =1 (mod ¢?).

Proof. The number p + 9 has the divisors n = 2,4,8, which follows from p+ 9 =
21 +10 = 2(I + 5) = 2(4k + 3 + 5) = 8(k + 2). Therefore, we have

¢92=(1 2 3 4>,¢94=<1 2 3 4>,¢98:(1 2 3 4)
’ 2 4 3 1 ’ 4 1 3 2 ’ 1 2 3 4
Hence
Qo,2(X1 X5, X3, X4) = Qo.4(X1 X2, X3, X4)
= X2+ X2+ X2 — (XX + X1 Xa + X2 X4),
and
Qo,5(X1X2, X3, X4) =0.
By rearrangement we get

QQ,?(A_TlaA_TZaA?aA_T‘l)

2 2
1 1 1 1
= =1 + -] + n - mod gq).
(9. Zz 7’) (2 24 l) ( Zz 1) 2 24 t ( )
§<i<g i<y g<i<l F<i<i

The rest of the proof is the same as in the case of Corollary 3. a

To prove the remaining corollaries, the following fact will be used.
1. If n = £1 (mod m), then the permutation ¢, , is identical and therefore
Qm,n(Xl,X% ce- aXmT—l) =0.
2. If nyng = 1 (mod m), then the permutations @, n,, Gm,n, are inverse and
therefore
Qm,nl (Xl’XQ’ .. 'aXm—l) = Qm,nz(XlaXZa s aXm_l )

2 2

Corollary 7. Let q be an odd prime. Let l,p be primes such that p = 2l + 1,
=3 (mod 4), p= —13 (mod q) and let the order of the prime q¢ modulo | be 5*.
Suppose that q divides h*, the class number of the real cyclotomic field Q(&+¢, b,
Then

Qi3 2(A-1, A2, A3, A_4,As,As)
13 13 13 13 13 1
EQ13,3(AI—§aAI_;aAI_§aAI_4’AI—§’AI—6)EO (mOd q)

Moreover, if p £ —13 (mod ¢3), then
2971 =31"1 =1 (mod ¢?).
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Proof. The number p + 13 has the divisors n = 2,3,4,6,12. By Theorem 1 (i) we
have

p42—q13 2‘1';— 1 _ ng,z(A;_;,A;—;,A;—g’A%’AI—?’A%f) (mod q),
PRI Qualdgy A Ay Acg Asg ) (mod o)
p-—i2-q13 4‘1—;— 1 _ Q13,3(A;_31aA;—§vA;—§’AI—§"AI—§”AT—§) (mod gq),
p;ql?’ ——6q—;_ L= Qus2(Asz, Az, Asg, Ay, As, Ace)  (mod g),
1%1_2‘7:;;1 =0 (mod q).
If either

QIS,Q(AI_;,AI_;aAﬁ%aA;_;’A%aA;—g)7_é0 (mod q)
or

Q13,3(A;_§,A;_§,A;_§,A;_§1,A%5,AT_§) Z0 (mod q),

then %;3 # 0 (mod g), hence 12q;1'1 =0 (mod g¢) and this yields a contradiction.
O

Corollary 8. Let q be an odd prime. Let l,p be primes such that p = 2l + 1,
1 =3 (mod 4), p= —17 (mod q) and let the order of the prime q modulo | be 1.
Suppose that q divides ht, the class number of the real cyclotomic field Q({p +¢p b,
Then

Quro(A-2,A2,A3, A4, A5, A_c,A_7,As)
17 17 17 17 17 17 17 17

EQ17’4(A%71_,AI_72,AI_$,AI_;l,AI_;,AI_;S,A ,AI_,YS)EO (mod g).

=7
17

Moreover, if p # —17 (mod ¢?), then 297! =1 (mod ¢?).
Proof. The number p + 17 has the divisors n = 2,4,8. By Theorem 1 (i) we have

p+172071 1
D e = QualAg A Ay Ay Ay Ay A Ay (mod g),
p+174e 1 1
% —q——=Q17,4(A;_71,A;_g,A;_;,A_;;,A;_g,A;_g,A;_;,A;_g) (mod g),
p+1781"1 —1

2q q EQ17,2(AI_71,AI_72,AI_73,A_I74,AI_75,AI_76,A_I_72,A;_78) (modq).
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If either Q172 Z 0 (mod ¢) or Q17,4 # 0 (mod g), then % # 0 (mod q) and
ﬁ_;———l # 0 (mod q). The first and the third congruence imply that
9¢-1 1 gi—l_1
¢ q

therefore %l =0 (mod g)—a contradiction. O

(mod g¢),

From now on, the function values of quadratic forms will be omitted, i.e., instead
of Q1g,2(....) we shall write Q19,2.

Corollary 9. Let q be an odd prime. Let I,p be primes such that p = 2l + 1,
1 =3 (mod 4), p=—19 (mod q) and let the order of the prime q modulo | be Z_Tl
Suppose that q divides ht, the class number of the real cyclotomic field Q(( +
(1) Then Qg2 = 0 (mod q). If Qo3 # 0 (mod q), then 2971 = 1 (mod ¢?).
Moreover, if p Z —19 (mod ¢?), then 2971 =1 (mod ¢?).

Proof. The number p + 19 has the divisors n = 2, 3,6. Hence

+192¢ 1 1
u 2 —‘q—“‘ = Qo2 (mod q),
+1939-1 1
PO =l Qus (moda),
q q
p+1969-1 — 1
5o o = Q19,3 (mod q).
q q

If Qo2 # 0 (mod g¢), then %l # 0 (mod g). The second and the third
congruence imply that
q—1 _ q—1 _
3 1_6 L mod q)
q q

which is not possible, because QQ—;'l #0 (mod q). If Q193 #0 (mod g), then

-1 _ 1 q—1 _
P82 fod g,
q q
and it follows that 2971 = 1 (mod ¢?). O

Corollary 10. Let g be an odd prime. Let l,p be primes such that p = 21 + 1,
=3 (mod 4), p=—25 (mod q) and let the order of the prime q¢ modulo | be 1-71
Suppose that q divides h™, the class number of the real cyclotomic field Q(G+¢, b.
Then
Q252 =Q253=0Q54=0 (mod q).
Moreover, if p #Z —25 (mod ¢®), then 2971 = 3971 =1 (mod ¢?).
The proof is analogous as for p = —13 (mod q).

Corollary 11. Let q be an odd prime. Let l,p be primes such thatp =2l+1,1 =3
(mod 4), p = —m (mod q), pZ —m (mod ¢%), m >0, m =1 (mod 2) and let the
order of the prime q modulo [ be l—;—l Suppose that there exist divisors ny,ng of the
number p+m such that ningy = +£1 (mod m) or ny = +ny (mod m). If q|h™, then

n?™'=nd™' (mod ¢?).
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Proof. Since ning = 1 (mod m) or ny = £ny (mod m), we have
Qm’nl (Xl, XQ, ceey Xm—l) = Qm,nz (Xl, XQ, e ,XmT—l) (mod q),

2

and hence

ptmni™ =1 _ptmnit-1
= mod q).
2q q 2q q ( )
The Corollary now follows from p'{—qm Z0 (mod q). d

Corollary 12. Let q be an odd prime. Letl,p be primes such thatp =2l+1,1=3
(mod 4), p = —m (mod q) and let the order of the prime ¢ modulo | be l'Tl Suppose
that q divides b, the class number of the real cyclotomic field Q((, + Cp LY. Then
for arbitrary nq1,ng such that ninq|p + m, (ning,q) = 1, the following congruence
holds.

= Qm,m(A%,A—Wz,.. ,A_#) +Qm,n2(A—71,‘A%12,- ..,A_%) (mod q),
where t = =L,
Proof. Since ("1"2);_1'1 = ”g_ql 14 ng‘ql =1 (mod g¢), the preceding congruence
implies Theorem 1 (i). O

The following example shows the possibility of applying the congruence of Corol-
lary 12 in order to find out the divisibility of the class number A' of the real
cyclotomic field Q((, + ().

Example 1. Let p = —11 (mod 43). If p # £+2 (mod 11), then 43 does not divide
the class number A™. If p= 42 (mod 11) and 43|h™, then

p+11 =243°.pi'p32 ... po»,
where p; = +1 (mod 11), for i =1,2,...,n.

Proof. Let 43°|p+11 and 43°*! does not divide p+11, where 1 < s. Put n; = %,
ny = 2. Then it holds:

Q11,2n, (Asg, Ass, Az, Ay, Ag3)

= Q11,n, (Asg, Ass, As1, Aoz, Ags) + Qu1,, (Asg, Ass, Azi, Aoz, Agz)  (mod 43).

In the following we shall write quadratic forms without arguments. Because 43 =
—1 (mod 11) we have 2n; = pz,)il = +p (mod 11). Because Qm,n = Qm,—n, it is
enough to consider the cases p = 1,2,3,4,5 (mod 11).

1) p=1 (mod 11), then Q11,1 =0 = Qu,% + Q11,2 (mod 43). From Qu,% =
Q11,2 we have Q11,2 =0 (mod 43).

2) p=2 (mod 11), then Q11,2 = Q11,1 + Q11,2 (mod 43), hence in this case we
do not have any information, as Q11,1 = 0.

3) p = 3 (mod 11), hence Qu1,3 = Q1,3 + Qu1,2 (mod 43), 3 = 7 (mod 11),
3.7= —1 (mod 11) therefore Qu,% = Q11,3 and we get that Q11,2 =0 (mod 43).

4) p = 4 (mod 11), then analogically as in the preceding cases we get the con-
gruence Q11,3 = 2Q11,2 (mod 43).

5) p=5 (mod 11), then we get Q11,3 =0 (mod 43).
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By substituting Asg, Ass, As1, A7, Agz we have Q11 2(Asg, Azs, Az1, Aoz, Agz) =
Q11,2(9,33,15,20,10) = 11 (mod 43) and Q11,3(9, 33, 15,20,10) = 39 (mod 43).

Hence Q11,2 i 0 (mOd 43), Q11,3 ?-é 0 (mod 43), and QII,B ;Té 2Q11,2 (mod 43)
By this we proved that if p # +2 (mod 11), then 43 does not divide ht.

The preceding calculations show that if p+11 had another divisor than 2 different
from +1 (mod 11), then 43 would not divide A™. Therefore p + 11 must have the
above mentioned form. O

Throughout the rest of the paper, we shall consider the divisibility of ™ by the
concrete primes g = 7,11,13,17,19,23. Theorem 1 and its corollaries would not
sufficiently solve this task. The reason is that for some m (e.g. m = 11), only one
suitable divisor of p + m is known, namely n = 2.

In what follows, B; resp. B;(X) will denote a Bernoulli number resp. a Bernoulli
polynomial.

Theorem 2. Let q be an odd prime. Let l,p be primes such thatp =2l +1;,1=3
(mod 4), p= —m (mod q), form=1,3,5,...2¢g—3, m =0,2 (mod 3) and let the
order of the prime q modulo [ be "Tl Suppose that q divides h™, the class number
of the real cyclotomic field Q((p +(;'). Then the following holds:
I. m =0 (mod 3).
(i) if ¢ =1 (mod 3), then
p+m3l—1 1 1
grite . cp oz
2q q + 97972 \3
(ii) if ¢ =2 (mod 3), m +2 < g, then

3011 2 1
ptmdt” —1 + =B, (-) =C, (mod g).

Cr  (mod gq).

2q q 9 3
iii) if ¢ =2 (mod 3) and m + 2 > q, then
(iif) q
p+m3i~t—-1 1 1\
2q q ng—2 3 = Cm (mOd q)'
II. m =2 (mod 3)
(i) if ¢ =2 (mod 3), then
p+m3i~t—-1 1 1\
% . + ng_z =C, (mod q).
(i) if ¢ =1 (mod 3), m+2 < g, then
p+m3i~t—-1 2 1\ _
% 7 + ng_g =C, (mod q).
iii) 2f ¢ =1 (mo , m+22>q, then
1 d3 2 h

3e-1_1 1 1
PemdT L s (1) =6 e

2q q 9
where
mrt =t k-1 1
— 2 _ ) ) v .
Cp = 2 AL ;A%@A-iz+l+ M ;73_14_1,4%,

3i$mi=(r¥10d q)
and k= 742 (mod ¢), 0 < k < q.
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Proof. By Lemma 2, for the coefficient d,., where g" = +3 (mod p), we get

dr=3 Z A%A%—i— Z A%A%_H.

0<i<k E<i<t
Then we proceed similarly as in the proof of Lemma 3. The corresponding congru-

ence will be obtained from the fact that g|h™ implies dg = d, (mod ¢), using the
following results of [8]. O

Theorem 3. Let q be an odd prime. Let l,p be primes such thatp=2l+1,1=3
(mod 4), p=—m (mod q), form=1,3,5,...2¢—3, m = 0,2 (mod 3) and let the
order of the prime q modulo | be I_Tl Suppose that q divides h™, the class number
of the real cyclotomic field Q((p + ¢ 1Y, Then the following holds:

(i) m =0 (mod 3), ¢ =1 (mod 3), then

p+m+4g371 -1

2 q = Qm+4q,3(A—W1’A—72, .. "A_Tf{) (mOd q)a
where t = 44tm=1
(if) m = 0 (mod 3), ¢ =2 (mod 3), then
+m+2¢397t -1
P 2 g q = Qm+2q,3(A—?1aA1__n2a cee ,A_;t{) (mOd Q)’
where t = 24+-m=1
(ili) m = 2 (mod 3), ¢ =1 (mod 3), then
+m+2¢3971—1
P 2 1 q EQm+2q,3(A_;15A_72a"‘aA—;t{) (mOd q),
where t = 24tm=1
(iv) m =2 (mod 3), ¢ =2 (mod 3), then
+m+4¢3771 -1
d 2q g q = Qm+4q,3(A—;1, A—;% o aA—%) (mOd Q)’
where t = 4i+—;”;1.

Proof. (i) If m =0 (mod 3) and ¢ = 1 (mod 3), then because p = 2 (mod 3) we
have p + m + 4¢ = 0 (mod 3) and the assertion (i) follows from Theorem 1 (i).
Further we proceed analogously. 0O

Lemma 2 of [8]. Let n, k be integers such that nk Z0 (mod q). Then
q_l A

- %Bq_z (%) (mod q).

Lemma 3 of [8]. Let n be an odd number. Then

Ln—2)B, (%) +  n—4)B,s (%)

n2

-1 o=l nd—l —1
cii b —B o 2 )9~ ~ .
+ +nQqu(n> p (mod q)



386 S. JAKUBEC

By Lemma 2 of [8] we get

Ky Ky 1 1
Z AiAnip1 = ZAiAni + ﬁBq—Z (ﬁ) (mod g),

=1 =1

! ! 1 1\ 1 2
ZAiAm—}—Q = ZAiAni + ﬁBq—2 (5) + ﬁBq—Q (;) (mod q),

=1 =1

= = 1 1\ 1 2
ZAiAm+”T—1 EZAiAni + EBq_Z (—7;> + ﬁBq—2 (;)

i=1 i=1
n—1
+-o+ qu(;> (mod q).

Theorem 4. Let q be an odd prime. Let l,p be primes such thatp=21+1,1=3
(mod 4), p = —m (mod q), form = 1 3,5,...,2¢—3, m =3 (mod 4), and let the
order of the prime q¢ modulo | be =* Suppose that q divides h™, the class number
of the real cyclotomic field Q(¢p + Cp 1), Then the following holds:

(1) ifmTJr?’ < q, then

p+mdil—1 1 1\
5 . 8Bq_2 1) = Cp  (mod g).
(i) of ™2 > q, then
p+m3it—-1 1 1\ _
2(] q + SBq-Q 4 = Cm (mOd q),
where

m 1

k-1
ZA ZA_zAMHJr > __41.1+1A_#-,

i=1 i=1
4iZm (mod q)

and k= ™2 (mod ¢), 0 <k < gq.
Proof. Analogous to the proof of Theorem 2. O

To prove that q does not divide A™ for p = —1 (mod q), the following Theorem
5 will be necessary.
Let j be an integer, 0 < j < 2¢, § =0 (mod 2). Define the sums

a5t j—1 q— Jj— 1
S; = A; .
’ Z ¢ > 2jz+k Z Z 2ji + k
S = ed) = =1 ede)
2ji$_é—k: (mod q) 2jiZ—k (modq)

Theorem 5. Let q be an odd prime. Let l,p be primes such that p = 21 + 1,
1 =3 (mod 4), p= —1 (mod q), and let the order of the prime ¢ modulo | be 5L
Suppose that for each j such that S; =0 (mod q) there exists n, (n,2q) =1, n|p+1
such that Sj» # 0 (mod q), where j* = nj (mod 2q). Then g does not divide h*,
the class number of the real cyclotomic field Q(¢p + ¢ h.
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Proof. Let 2¥|p + 1 and let 27! not divide p + 1. Let n be a divisor of p + 1,
(n,2q) = 1. Denote M = 2**!n. We shall compute the coefficient d,., r < [ in (2),
where ¢" = £ M (mod p). By Lemma 2 we have

dr = Z Ai A + Z AiApipr + ...

0<i<fz B<i<2
It implies that
M _q 1
+1 1) im &
d"' =S5+ u S AAM1,+k IIlOd q)»
qN 2
k=0 =1
where
251 . =1 »
S = ZA i A + Z AiAprigr + ZA Apiga + Z A;Aprits
i=1 =all =1 FEs)
251 1
+ +ZAAM1+ M_gt Z AiAMz‘+%—1'
=1 7;:%-_1
Therefore
F-1g-1 q-1 o )
S = . Az'AMi+2k + Z A; Z itk
k=0 i=1 2kl k=1
2 k=1 (mod2)

MiZ—k (mod q)
By Lemma 2 of [8] and Lemma 3 of [8] we get

M
T 1lg-1

M Ma1 -1
Z ZAiAMi+2k =-7 (2 + ——————~—>
k=0 i=1 q
M_1
1 % k
B By (M) (mod g)
k=1
k=1 (mod 2)
If g|h™ then d,. = dy (mod q), hence
p+1 1 e p Tl pt1
S+ — 7 1+ — Z Z iArivk | — 3 ZAiAM'H-k = B (mod g).
k=0 i=1 k=0 i=1
By [8] we have
M_q q—1
1 3 1Mt —1
1+ v AiApik = T3 4 (mod q).
k=0 =1
The congruence
p+1MIT -1 M 1M -1
N e el i | = d
oF 7 + 5 |3 +1]+S5=0 (modyg)

follows.
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Substituting for S we get

SIS
L
oR
L

p+1MI1 -1 1 1 ( k )
ika B S S a— B (L
2q q S — Mi+k 2M pat M
2 k=1 (mod 2) k=1 (mod 2)
MizZ—k (modq)
By Theorem 1, g|h™ implies that
p+1MI~1 -1
L " =0 (modgq
5 7 ( )
Therefore
q-1 B A1
1 1 k
DS - L By (#) (mod )
Rapri} Pt Mi+k 2 pot M
2 k=1 (mod 2) k=1 (mod2)
MiZ—k (mod q)
By Lemma 2 of [8] and Lemma 3 of (8] we get
q-1 51 1 it 51 1
@ LA Y gpmeXA X e do
jm gkl k=1 i= k=1
2 k=1 (mod2) k=1 (mod2)
MiZ—k (mod q) MiZ—k (mod q)

Clearly

2q-1 1
Z Mi—l—kzo (mod q).

k=1
k=1 (mod 2)
Mi#Z—k (modq)

Therefore the congruence (4) can be rewritten as follows

) g—1 .
q—1 Jj—1 1 2 Jj—1 1
E A; E — - E A; E —— =0 (mod gq),
PEPTEL k=1 Zjit+k o k=1 2ji+k
2 k=1 (mod 2) k=1 (mod2)
2jiZ—k (mod q) 2jiZ—k (modq)

where j = 2Yn (mod 2q).

Let 2°|p+1 and let 2°*! not divide p+ 1. If p runs through all primes of the form
21+1, then the numbers 2 (mod 2q) run through the set {j|j = 2,4,6,...,2¢—2}.
If S; # 0 (mod g) for all j = 2,4,6,...,2¢ — 2, then ¢ does not divide ht. Let
S; = 0 (mod gq) for some j. For this j there exists the corresponding coefficient
dr, 7 < 1, where g" = +2"*! (mod p). Consider the coefficient d,, ' < I, where
g" = 42tn (mod ¢), nlp+ 1, (n,2q) = 1. If g|h™, then d. = d,v = dy (mod g).
Hence S;+ =0 (mod g¢), where j* = nj (mod 2¢). Thegrem 5 is proved. O

Theorem 6. Let q be an odd prime. Let 1, p be primes such thatp =2l+1,1=3

(mod 4), p = —1 (mod q), the order of the prime q modulo | be 55—1 and let the

congruence 2971 = 3971 =1 (mod ¢?) not hold.
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Suppose that q divides h™, the class number of the real cyclotomic field
QG + ¢, LY. Then for each k, (k,q) = 1, the following congruence holds:

k=t —1
kT = Q1+qu,2ﬂq (A_l, A_Q, ey A_t) (mod q),
where t = kq.
Proof. By Theorem 1 (i) put n = p—H;qzﬁ = %%l + k If g|h™, then similarly as
in the proof of Corollary 1 we get p2_4:]1 = 0 (mod ¢?) and hence n = k (mod ¢2).
Clearly n = ’il;f—k‘l = % (mod 1 + 2kq) and Theorem 6 is proved. O

Theorem 7. Let q be prime, q < 23. Let l,p be primes such thatp=2l+1,1=3
(mod 4), and let the order of the prime ¢ modulo l be l — 1 or l_Tl The prime q

does not divide b, the class number of the real cyclotomic field Q(¢, + G b,

Proof. 1f the order of ¢ modulo ! is [ — 1, then ¢ does not divide h* by [1] and [3].
Suppose that the order of ¢ modulo [ is I'Tl For ¢ = 2,3,5, Theorem 7 was proved
in the papers [2],[5],[6].

Now we shall prove that ¢ does not divide h™ for ¢ = 7,11,13,17, 19, 23.

Let p = —1 (mod ¢). By a computation we get that S; =0 (mod ¢) if and only
if either j = ¢—1 or j = ¢+ 1. Since 3|p+ 1, by Theorem 5 we get that ¢ does not
divide AT. On the basis of the Remark after Corollary 2, the case m = 5 need not
be considered.

I. Case ¢ =7

By the assumption of Theorem 1, we have that the order of ¢ modulo [ is Z_Tl

Therefore
7 l
b= <7> o <?> '

Since | = 3,5,6 (mod 7), then p = 2l +1 = 4,6 (mod 7). Therefore m = 1,3,
i.e. either p=—1 (mod 7) or p = —3 (mod 7).
For p = —3 (mod 7) by Corollary 1 we get
p+326 -1
7 = 0 (mod 7).

By Theorem 2, I,(i) we have

p+335-1 1 1\ _
VR +QB5 3 =C3 (mod7).

By computation,

6 _ 1
3 7 L =6 (mod7), C3=6 (mod7), Bs (§> =6 (mod 7).
Hence
p+3 6 _
6 11 +9_6 (mod 7),
which is a contradiction
p+326—1
T = 0 (mod 7).

II. Case ¢ =11
Analogously for ¢ =7 we get m =1,5,7,9,17.
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1. m=7,p=-7 (mod 11).
By Corollary 3, if 11|h¥, then

2 2

1 1 1
O} IR D ikl IS (D IR I (D ol
Ucic22 Ricl Uaic22 i<
By computation, we get that this sum is 102 +32+3.10 = 7 (mod 11), therefore
11 does not divide ht.
2. m=9,p=-9 (mod 11).
By Corollary 6, we have
2 2

1 1 1

E =] + g =1 + E -
1oz b 22 oad b o2 b 22 _,_ 44
5 <1<’ B <<% 5 <i<% <<y

=624+724+6.7=6 (mod 11).

—

0 (mod 11).

~

Therefore 11 does not divide hA™T.
3. m=17,p=—17 (mod 11).
By Corollary 8, it is enough to prove that

Q17,4(A_I?1,A%,AI_?,A%,AI_;,A%,AI_;,A%) #Z0 (mod 11).

By computation we have
Q17,4(A_I71,A%,Aﬁ,A%,A%,A%,A%,A%) =3 (mod 11),

therefore 11 does not divide A™T.
II1. Case ¢ =13
In this case we have m = 1,5,7,17, 19, 23.
1. m=7,p= -7 (mod 13). By Corollary 3,
2 2
1 1 1
DRSS IR B DR I B DN >
B<ic2s i< LBcic2s B i<

=324+52435=10 (mod 13),

1
L

39
7

therefore 13 does not divide ™.

2. m=17, p=-17 (mod 13).

By computation, using Corollary 8, we get that

A =1,As=8,A3=4,A4, =1,A5 = 9,46 = 7,A7 =9, A3 = 1,Ag = 4,A1p =
8, A1 =1,A15=0.

For the permutation ¢17,2 we have

5 (1 2 3 456 7 8
72=1\2 46 8 75 3 1)’
hence

Quro(X1, X2, ., Xg) = XF+ X2+ + X2 — (X1 X0+ Xo Xy + - + X3 X1).
By computation modulo 13 we get
A-s = A3 =4,A-2 = Ag=T7,A

—3
8A s =As =9, A7 = Ag=1,As =
17 17

...I .
Slo \1|
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Hence
Q172(4,7,4,0,8,9,1,1) =11 (mod 13),

therefore 13 does not divide A™T.
3. m=19,p=—19 (mod 13).
By Corollary 9 we have that

Q19,2(8, 1,7,1,8,0,1,4,9) =6 (mod 13),
therefore 13 does not divide ht.

4. m =23, p= —23 (mod 13).
By Theorem 1 (i), putting n = 2, we get

+23212 -1
p26 13 EQ2312(A;_31,...,A_2_§1) (mod 13).
By computation we have
p+23
— =1 13).
56 (mod 13)

Further we proceed using Theorem 2, III, (iii). The congruence (iii) can be
rewritten as

p+m3il -1 1 <1> RE | 1
L =B o)+ A+ ——A; (mod q).
2q q 9 q—2 3 q 1 ; ( q)

By substitution m = 23, ¢ = 13 and by computation we get 31:3_ 1 =8 (mod 13),

Bii () =7 (mod 13), Aoy = Ay =1, 0, 75 A4; =2 (mod 13).
This implies the congruence

p+23
=1 1
8 % (mod 13),
which is a contradiction with the congruence
p+23
=1 13).
56 (mod 13)

The case III, ¢ = 13 is solved.

IV. Case ¢ =17

By computation we get that the corresponding values of m are m =1, 3,7, 15, 25,
29, 31.

1. m=3,p=-3 (mod 17).

By Theorem 1 (i) and Theorem 2 I.(ii), the following congruences hold:

p+3216 -1

YR =0 (mod 17),
Ii3316_1+23 1 =C; (mod 17)
34 17 g w\3) =% ot

where

12
1
_ A2
Cs —A11+i=52 1_1:14—31.
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By computation we get that C3 = 5, By; (%) = 8 (mod 17). Therefore

10’i3 =7 (mod 17),
p+321—-1
YT 0 (mod 17),

—a contradiction.
2. m=7,p=-7 (mod 17).
By Corollary 3 it is enough to prove that

2 2
i e B - ] #0 (mod17).
(1_7721_;% Z) (%;% ! 171<ZZ<3_;4_ 7’) 51 7’)

3. m=15,p=-15 (mod 17).
In this case by Theorem 1 (i) we have

+15 216 —
p34 —— =Qup(Asy,. . Asy)  (mod 17).

By computation we get

16 __ 1
P "::415 ?_1_7_ = Q15(10,1,5,10,2,16,12) (mod 17),

hence
p+15
13 5 = =2 (mod 17).
By Theorem 2 I, (i) we have
p+15
10——— s = =7 (mod 17),

—a contradiction.
4. m =25, p=—25 (mod 17).
By Corollary 10, it is enough to prove that
Q25,2(10,12,5,8,5,12,10,0,1,16,2,10) #0 (mod 17).
By computation we get
Q252(10,12,5,8,5,12,10,0,1,16,2,10) =6 (mod 17).
5. m =29, p=—29 (mod 17).
By Theorem 1 (i) we have

p+29216—1_
31 17 =Q2.2(Az1,...,Az1)  (mod 17),

p+29416 -1
31 17 =Q22(Ac1,...,Az1)  (mod 17).

By computation we get

p+29 _ ;
13 31 =11 (mod 17),
p+29 _

9 31 =8 (mod 17),

—a contradiction.
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6. m =31, p=-31 (mod 17).
By Theorem 1 (i) we have

P-;-431 21617— 1 = Q310(A oy ’A_s—lf) (mod 17),
E—;—4_3131617_ 1 _ Q31’3(AE—11’ . ,,A_s_lls) (mod 17).
By computation we get two congruences
p-;431 21617‘ L 213 (mod 17),
11;’4_“31?7‘ L 213 (mod 17),

—a contradiction.

V. Case ¢ =19

By computation we get that m =1,7,9,11,13,17,21, 31, 33.
1. m=7p=-7 (mod 19).

By Corollary 3 it is enough to prove

2 2
1 1 1 1
-] o+ 2l o+ = = | #0 (mod 19).
7 7 7 7 7 7
By computation we have that the left side is equal to 13 (mod 19).
2. m=9, p=-9 (mod 19).
By Corollary 6 it is enough to prove that

2 2
1 1 1 1
) T -] + - - 0 (mod 19).
IQZSS/L 38276 4 192'38l 382‘76 ¢ $ ( )
5 <u<F 5 <i<G T<Z<T T<1<T
By computation we have that the left side is equal to 2 (mod 19).
3. m=11,p=-11 (mod 19).
By Theorem 1 (i) we have
p+11218 —1
38 19
By computation we get that

Qll 2( 1_11 A—_s) = Qllyg(ll, 14, 1, 15,5) =15 (mod 19)

11

=Qu2(A=,...Ass)  (mod 19).

By Theorem 2 11, (ii) we have

+1138 -1 2 1
pT 19 + §B17 (g) = Cll (mod 19),

where

5 5
0112214;_11—21411114 3+1+Z_31+ _1_1517 (m0d19),
— —1

=1 11
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1

p+11 _
3 33 =15 (mod 19),

Therefore

p+11
18 35 =12 (mod 19),

—a contradiction.
4. m =13, p= —13 (mod 19).
By Corollary 7 it is enough to prove

Q13,2(A;_§,. —§') #0 (mod 19).
But
Q13,2(11,14,15,3,10,1) =3 (mod 19).
5. m =17, p=—17 (mod 19).
By Corollary 8 it is enough to prove
Qi72(Az1,. ., A=) £0  (mod 19),

but

Q17,2(15,1,3,11,11,5,14,10) = 18  (mod 19).

6. m =21, p=—21 (mod 19).
By Theorem 1 (i) we have

p+212% -1 _
35 19 = @ua2(dg,.. Asw)  (mod 19),
p+214% -1
33 19 =Q2a(Az1,...,Az0)  (mod 19).

By computation we get

Q212(13,0,15,1,3,11,11,5,10) = 4

(mod 19),
Q21.4(13,0,15,1,3,11,11,5,14,10) =3 (mod 19),
which gives a contradiction.
7. m =31, p=—-31 (mod 19).
By Theorem 1 (i) we have
p+31218 -1
38 T=Q31,2(Ag_11,...,A::31T5) (mod 19),
p+3131%8—

33 19 _Q313( -1, A—3_115) (mod 19),

Q31,2(3,5,10,11,1,13,1,11,10,5,3,0,15,11,14) =4 (mod 19),

@31,3(3,5,10,11,1,13,1,11,10,5,3,0,15,11,.14) = 3

(mod 19).
By computation we get

p+31
= 1
38 3 (mod 19),

3
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p+31

23 =7 (mod 19),

18
—a contradiction.

8. m =33, p=—-33 (mod 19).
By Theorem 1 (i) we have

p+33218 -1
33 19 = Q33)2(Ag_31,.. "A_3—%36) (mod 19),
p+33418 -1

33 19 = Q33,2(A SRR A—S_lse) (mod 19)
By computation we get

g
L

Q33,2(10,15,11,11,1,14,13,14,1,11,11,15,10,0,5,3) = 18 (mod 19),
Q33,4(10,15,11,11,1, 14, 13,14,1,11,11,15,10,0,5,3) =1 (mod 19),
—a contradiction.

VI. Case g =23

The possible values for m are m = 1,3,5,7,11,15,17, 25,31, 35.
1. m=3,p= -3 (mod 23).
By Theorem 1 (i) we have

p+322 -1 _
TR =0 (mod 23).
By Theorem 2 I.(ii) we get

p+332-1 2 1
Pt ZBy (2) = 23).
6 23 Tgbul\z)=Cs (med2
By computation we obtain that C3 = 19 (mod 23), Ba1 (3) = 13 (mod 23), —a
contradiction.
2. m=7,p=-7 (mod 23).

By Corollary 3 it is enough to prove

N 2 2
1 1 1 1
-1 + -1 + - ~ | #0 (mod 23).
7 7 7 7 7 7
By computation we get that the sum is different from zero (mod 23).
3. m=11, p=—11 (mod 23).
By Theorem 2 II.(i) we have

23 _;_ 46
7<7,< 7

+1132 -1 1 1
pT 23 + 5321 (g) = 011 (mod 23),

where
5 5 11 1
Cu= YAy =Y A A Y A= (o)
i=1 i=1 i=1 11
Hence

p+1132 1
= 23).
T 53 22 (mod 23)
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By Theorem 1 (i) we have

+11222 -1
p% 55— =Qualds,...Azs) (mod 23)
Therefore

p+11218 —1

I — =1
35 19 7 (mod 23),

p+1132 -1
6 =22 (mod23),

—a contradiction.
4. m =15, p= —15 (mod 23).
By Theorem 1 (i) we have
p+15222 — 1
46 23
By Theorem 2 I.(ii)

p+1532 -1 2 (1)

EQ15’2(AI_51,'”AT_E?)E4 (mod 23)

16 23 —9— 21l T ) = C15 (mOd 23)

3
By computation we get a contradiction.
5. m =17, p=—17 (mod 23).
By Corollary 8 it is enough to prove

Qura(Azy,...,Azs) #0  (mod 23),

17

o

Qura(Ass,..., A=

6. m =25, p = —25 (mod 23).
By Corollary 10 it is enough to prove

Q25’4(A_—_1_,...,A—2_152) ?:"0 (mod 23),

25

) =8 (mod 23).

[
9

Q25,4(A_2—%, .. .,A—2_152) =11 (mod 23).

7. m =31, p=-31 (mod 23).
By Theorem 1 (i) we have

p+31222 1

16 23 = 31’2(A§_11"‘.A:31T5)513 (mod23),
p+3132 -1 B
——116__—23_:@31’2(14;_11,“‘14%):15 (m0d23),

—a, contradiction.
8. m =35, p= —35 (mod 23).
By Theorem 2 II. (i) we have

+3532 -1 1 1
L 16 55 T gB2 (—) =C35 (mod 23),

3
by computation we get the congruence

p+15322 -1
10 73 =10 (mod 23).
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By Theorem 1 (i) we have

p+35222 -1 .
16 23 :Q3572(A§_;,...A—3_157) =0 (mod 23),
—a contradiction. Theorem 7 is proved. (I

(S)]
~

© 0N O WD

e o
TR WD~ O

Now we give the values of j such that S; =0 (mod ¢) for ¢ < 173 (see Theorem

q=29, j =4,28,30,54 16. ¢ = 101, j = 38,100, 102, 164
q=31, 7 =30,32 17. ¢ =103, j = 102,104
q=37,j=36,38 18. ¢ = 107, j = 68,92,106, 108,122, 146
g=41, j = 40,42 19. ¢ =109, j = 108,110
q =43, j = 34,42,44,52 20. ¢ =113, j = 112,114
q =47, j = 46,48 21. g =127, j = 12,26, 116,126,128, 138, 228, 242
g="53, j =14,48,52,54,58,92  22. ¢ =131, j = 130,132
q =61, j = 36,60,62,86 23. ¢ =137, j = 76,80, 136,138,194, 198
. ¢ =67, j = 66,68 24. ¢ =139, j = 56, 138, 140, 222
.q="T1,j="70,72 25. ¢ = 149, j = 2,126, 148,150,172, 196
. q="T3,j="72,74 26. ¢ = 151, j = 84,150,152, 218
.q="719,j="78,80 27. ¢ = 157, j = 12,156, 158, 302
. q=283,j=28284 28. ¢ = 163, j = 162, 164
. ¢ =289, j = 88,90 29. ¢ = 167, j = 166, 168
. q=97,j =96,98 30. ¢ =173, j = 80,172, 174, 266

By Theorem 5, putting n = 3, we obtain that ¢ does not divide A™ for ¢ < 173.

By computation it was verified that the assumption of Theorem 5 (putting n = 3)

is satisfied for all ¢ < 857.
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