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GLOBAL AND SUPERLINEAR CONVERGENCE OF THE
SMOOTHING NEWTON METHOD AND ITS APPLICATION
TO GENERAL BOX CONSTRAINED VARIATIONAL
INEQUALITIES

X. CHEN, L. QI, AND D. SUN

ABSTRACT. The smoothing Newton method for solving a system of nonsmooth
equations F(z) = 0, which may arise from the nonlinear complementarity
problem, the variational inequality problem or other problems, can be regarded
as a variant of the smoothing method. At the kth step, the nonsmooth function
F is approximated by a smooth function f(-,ex), and the derivative of f(-,ex)
at z* is used as the Newton iterative matrix. The merits of smoothing methods
and smoothing Newton methods are global convergence and convenience in
handling. In this paper, we show that the smoothing Newton method is also
superlinearly convergent if F' is semismooth at the solution and f satisfies a
Jacobian consistency property. We show that most common smooth functions,
such as the Gabriel-Moré function, have this property. As an application, we
show that for box constrained variational inequalities if the involved function is
P-uniform, the iteration sequence generated by the smoothing Newton method
will converge to the unique solution of the problem globally and superlinearly
(quadratically).

1. INTRODUCTION

Let p,qg : R* — R™ be two smooth (continuously differentiable) mappings and
X be a closed convex set in R™. The general variational inequality problem,
GVI(X,p,q) for short, is to find a vector x € R™ such that

(1.1) qz) e X, (y—qx)Tpz)>0 for allyc X.

It is known (for example, see [10] for a proof in the case that g(x) = z) that
GVI(X,p, q) is equivalent to finding a zero of the following nonsmooth equation

(1.2) q(z) — x[gq(z) — p(2)] = 0,
where IIx is the projection operator onto X under the Euclidean norm. Equation
(1.2) is called the generalized normal equation in [39]. GVI(X,p,q) is a gener-

alization of variational inequalities and general complementarity problems. The
variational inequality problem is to find an x € X such that

(1.3) (y—x)Tp(x) >0 for allyc X.
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The general complementarity problem, GCP(p, ¢) for short, is to find an z € R"
such that

(1.4) q(z) >0, px)>0, q(z)"p(z)=0.

When ¢(z) = x, GCP(p, q) reduces to the nonlinear complementarity problem of
finding an « € R™ such that

(1.5) >0, p(x)>0, zTp(x)=0.

A lot of effort has been spent on complementarity problems and variational inequal-
ities, for a comprehensive survey see [20], [37].

In this paper we focus on general box constrained variational inequalities, i.e.,
we assume that in (1.1) X has the following box form:

(1.6) X={zeR|I<z<u},

where | € {RU{—00}}", u € {RU{+00}}" and [ < u. In this case GVI(X, p, q) will
be denoted by GVI(l,u,p,q). GVI(l,u,p,q) includes two very useful models: gen-
eral complementarity problems and box constrained variational inequalities while
the latter is actually equivalent to what is called mixed complementarity problems
in some papers [2], [4], [9], [18]. Furthermore, GVI(I, u, p, ¢) models many important
problems in engineering, management and economics [20], [37].

When X is of the structure (1.6), problem (1.2) is equivalent to

(1) q(z) — mid(l,u,q(z) —p(z)) =0.
Here mid(-) is the median operator, i.e., for three vectors a,b,c € {R U {£oo}}"
and a < b,
a; ife; < a;,
(mid(a,b,c)); = mid(a;, bi, ) = ¢ ifa; < ¢ < by, i=1,...,n.
b, if b; < ¢,
If g(z) = z, (1.7) reduces to
(1.8) z —mid(l,u,z — p(x)) = 0.

Since the median operator is piecewise smooth, (1.7) and (1.8) are systems of
nonsmooth equations.

A considerable number of generalizations of Newton-type methods [15], [21], [23],
[29], [35], [36], [44], [47] have been developed for solving nonsmooth equation

(1.9) F(z) =0,

where F' : ™ — R™ is locally Lipschitz continuous but not differentiable. Some
of these methods solve a linear complementarity problem or a linear variational
inequality problem at each step. A natural extension of the classical Newton method
for solving (1.9) is

(1.10) "t = gb — Vo R(2),

where V is an n x n matrix in a generalized Jacobian of F at x*. For this method,
only a system of linear equations needs to be solved at each step. There are several
possible definitions of generalized Jacobians. We will discuss them in the next
section. It was proved in [40], [43] for the generalized Jacobians in the sense of
[7] and [40] that the sequence generated by (1.10) superlinearly (quadratically)
converges in a neighbourhood of a solution z* of (1.9) if F' is (strongly) semismooth
at * and all matrices in the generalized Jacobian of F' at * are nonsingular. Since
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most common nonsmooth functions, such as convex functions, piecewise smooth
functions, the Burmeister-Fischer function which is useful for nonsmooth equations
arising from the nonlinear complementarity problem [16], and their compositions
are semismooth functions, this extends the superlinear convergence theory of the
classical Newton method to the nonsmooth case. The function

(1.11) F(z) = q(z) — mid(l, u, q(z) — p(x))

is (strongly) semismooth if p and g are (twice) smooth. Globally and superlinearly
convergent methods for solving (1.9) can be constructed by combining this theory
with some global convergence techniques. Applications of this theory to the nonlin-
ear complementarity problem and the variational inequality problem can be found
n [8], [11], [12], [13], [14], [25], [27], [30], [31], [33], [34], [38], [48], [51]. For a general
survey on this development, see [26].

Another approach for solving (1.9) is the smoothing method [2], [3], [4], [18],
[28]. The feature of smoothing methods is to construct a smoothing approximation
function f : ™ x R4 — R™ of F such that for any € > 0, f(-,&) is continuously
differentiable and

|E(z) — f(z,e)]| =0 as € —» 04 for allz e R,

and then to find a solution of (1.9) by (inexactly) solving the following problems
for a given positive sequence {ex}, £ =0,1,2...,

(1.12) f(z, &) =0.

In [4], Chen and Mangasarian introduced a class of smoothing approximation func-
tions for nonlinear complementarity problems. Gabriel and Moré [18] extended
Chen-Mangasarian’s smoothing approach to box constrained variational inequali-
ties (1.8). Another class of smoothing approximation functions for general com-
plementarity problems (1.4) was given in [5]. Problems (1.8) and (1.4) are special
cases of general box constrained variational inequalities GVI(l,u,p,q). The mer-
its of the smoothing method are global convergence and convenience in handling
smooth functions instead of nonsmooth functions. However, (1.12), which needs to
be solved at each step, is nonlinear in general.

The smoothing Newton method can be regarded as a variant of the smoothing
method. It uses the derivative of f with respect to the first variable in the Newton
method, namely

(1.13) =gk tkfm(xkaek)_lF(xk)’

where ¢, > 0, f.(z", &;) denotes the derivative of f with respect to the first variable
at (x*,ex) and t; > 0 is the stepsize. The smoothing Newton method (1.13) for
solving nonsmooth equation (1.9) has been studied for decades in different areas [1],
(5], [6], [22], [32], [42], [46], [50]. In some previous papers, method (1.13) is called a
splitting method because F(-) is split into a smooth part f(-,&) and a nonsmooth
part F(-)— f(-,€). The global and linear convergence of (1.13) has been discussed in
[42], but so far no superlinear convergence result has been obtained. In this paper
we will address this problem by investigating the relation between the derivative
fz(z,€) and the generalized Jacobian of F' at z. We define a Jacobian consistency
property and show that the smoothing approximation functions in [4], [5], [18],
[42] have this property. Under mild conditions, we prove that the sequence {z*}
generated by the smoothing Newton method is bounded and each accumulation
point is a solution of (1.9). Furthermore, the convergence rate is superlinear if F' is
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semismooth at the solution and the smoothing approximation function satisfies this
Jacobian consistency property. Moreover, the convergence rate is quadratic if F' is
strongly semismooth at the solution. In particular, for box constrained variational
inequalities if p is a uniform P-function, then the smoothing Newton method has
three advantages:

e Solving a linear system of equations at each step;
e Guaranteeing that {z*} is bounded and converges to the unique solution;
e Having superlinear convergence rate.

There are a wide variety of algorithms for the solution of variational inequalities
with box constraints [4], [9], [13], [18], [27], [45], [48]. As said before, some of them
have nonlinear subproblems. The algorithm proposed in [8] for nonlinear comple-
mentarity problem (1.5), which is a special case of the box constrained variational
inequality problem, has the above three properties. The algorithms proposed in
[27], [48] based on a differentiable merit function (for a survey on merit functions,
see [17]) for the box constrained variational inequality problem have the above
three properties if p is a strongly monotone function, which is a stronger condition
than that of a uniform P-function. Hence, as an application, we present a method
for solving the general box constrained variational inequality problem with better
convergence properties.

This paper is organized as follows. In section 2, we define the Jacobian consis-
tency property. In section 3, we present the smoothing Newton method in detail
and prove that the method is globally and superlinearly convergent. In section 4,
we discuss the application of the smoothing Newton method to GVI(l,u, p,q) and
verify various assumptions. In section 5, we give some final remarks and point out
the possible availability of the smoothing Newton method to the order complemen-
tarity problem and the variational inequality problem (1.3).

We let || - || denote the Euclidean norm of ™ and let

Ry ={e|e>0,eeR}
and
Riy ={e|e>0,eeR}
We denote the set of all nonnegative integers by N = {0, 1,...}.

2. JACOBIAN CONSISTENCY PROPERTY

Let H : R™ — R™ be locally Lipschitz continuous. According to Rademacher’s
theorem, H is differentiable almost everywhere. Let Dy be the set where H is
differentiable. There are several definitions of generalized Jacobians of H, which
can be used in the generalized Newton method. The B-differential of H [40] is
defined by

OpH(z) ={ lim H'(z*)}.

-
mkEDH

The generalized Jacobian of H at z in the sense of Clarke [7] is
OH(z) = convdgH (z).

The superlinear convergence of (1.10) is established for these two kinds of general-
ized Jacobians in [40], [43]. Some other variants of Jacobians and their perturba-
tions are used in the literature [48], [49], [51]. A general range of different kinds of
generalized Jacobians, which are associated with superlinear convergence of (1.10),
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is discussed in [41]. In this paper, for the function F, we use a kind of generalized
Jacobian, denoted by O¢F and defined as

OcF(z) = 0F1(x) X 0F(x) X ... X OF,(z).

This definition can be seen as a special case of the C-differential operator discussed
in [41] and is more suitable to the discussion in this paper.
We are now able to define the Jacobian consistency property.

Definition 2.1. Let F' be a Lipschitz continuous function in ™. We call f :
R™ x Ry — R™ a smoothing approxzimation function of F if f is continuously
differentiable with respect to the first variable and there is a constant x > 0 such
that for any z € ®™ and ¢ € R4,

(2.1) [1f(z,e) = F(z)]| < pe.
Furthermore, if for any z € %7,
(2.2) 15%1 dist((V,f(z,€))T,0cF(x)) =0,

then we say f satisfies the Jacobian consistency property.

Remark 2.1. In condition (2.1), ue may be replaced by any nondecreasing function
o : Ry — R4 such that ¢(0) = 0 and o(¢) > 0 for ¢ > 0. In this paper, however,
we will restrict our discussion to (2.1), because it makes the analysis significantly
simple.

For simplicity, in the remainder of this paper we denote

fm(il?,E) = (fo(x’s))T'

It was proved in [42] that for any continuous function F' by using convolution we
. can construct a smoothing approximation function f of F'. We now investigate the
cases in which f has the Jacobian consistency property.

Chen and Mangasarian [4] introduced a class of smoothing functions for the
nonlinear complementarity problem (1.5). Gabriel and Moré [18] extended Chen-
Mangasarian’s smoothing approach to the box constrained variational inequality
problem (1.8). The result in [18] may be easily generalized to the function F'
defined in (1.11). Let p : ® — R be a density function with a bounded absolute
mean, that is

(2.3) - / ” \slp(s)ds < oo.

— 00

Define the smoothing approximation h(z,e) = (hi(x,€)) to the mid function in
(1.11) by

hi(z,e) = /oo mid(l;, ui, qi(z) — pi(z) — s)p(s)ds.

— 00

Let
(2.4) f(z,e) = q(z) — h(x,e).

Following Lemma 2.3 and Theorem 3.3 in [18], we can show that f; is continuously
differentiable with respect to z and satisfies (2.1) with g = y/nk. Hence f is a
smoothing approximation function of F.
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Now we show that f has the Jacobian consistency property. For ¢ = 1,2,...,n,
it is easy to verify

(2.5)

{pi(z)} if gi(x) — pi(w) € (s, ws),
opFi(z) {gi(=)} if gi(x) — pi(w) & [ls, wil,
{gi(x), pi(x)} if gi(z) — pi(z) = 1; or () — pi(z) = .

Following Lemma 2.3 in [18] again, we have
, (qi(z)—pi(z)—li)/e )
26 (Lmoh=d@-( [ p(s)ds | (d}() — ().
(gi(z)—ps(z)—us) /e

Hence for any fixed z,

l&}?ol(fz(x’e))l

pi(@) if gi(z) — pi(z) € (L, wi),
_ q;(x) if Qz(x) pz(x) [lzauz]
B R )< (@) = pi(@) it o) - pile) = 1
g(@) - (5" p S)ds) g(x) —pi(x))  if gi(z) — pi(z) =
Since f ds and [;° p(s)ds are in [0,1], we obtain (2.2). Hence f has the

Jacoblan consastency property
The limit (2.2) implies that for any § > 0 there is an ¢(z,6) > 0 such that for
any ¢ € (0,¢(z, 9)]
dist(fz(x,€), 0cF(x)) < 6.
Based on the Gabriel-Moré function, such e(z,8) for GVI(l,u,p, q) can be chosen

as follows.
Let

v(@) = min o) - pi(@) — Ll lg;(@) — (%) — uyl :
(2.7) ai(z) — pi(x) # bi, 5 () — pj(x) # uj}.
Since fooo s7lds = oo, (2.3) implies that the density function p satisfies
s [sPp(s) = 0.

Thus we may choose a positive constant 7 < 1 such that for any v with |v| € (0, 7],

1 2
p(—) < v
W
This implies that for any € € (0, 7]
—1/e 0o o q
(2.8) {/ p(s)ds,/ p(s)ds} < / —ds =¢.
—o0 1/e 1/e S

If ||¢’(z) — p'(z)|| = 0, then by (2.6) from any ¢ > 0, fz(z,€) = ¢'(z) € OcF(x).
Suppose that ||¢'(z) — p'(x)|| # 0. Let

. V(x)é
it 3 e @ - P @l

e(z,6) =
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If ¢i(x) — pi(x) & [li, w;], then F; is differentiable at = and F)(z) = ¢}(x). Hence in
this case for any ¢ € (0,e(z, 6)],

(72 (2, ) = F'(2))sll
(@i (@) =pi (@)1 /e
(2.9) = ( / p(S)d8> llgi(z) = pi ()
(

qi(z)—pi(z)—u;i)/e

( /[ Slgd) lai(x) — o} (a1

< ;x—)llq;(w) — (@)l

IN

<5
where the first inequality follows from (2.8) and 7 > /().
If g;(x) — pi(x) € (li,uws), then F; is differentiable at « and F}(z) = p!(z). Hence
in this case for any ¢ € (0, (z, §)]

I(fe(z,€) — F'(z))ll
(qi(z)—pi(z)—1;) /e
(2.10) = (1 - / p(S)dS) llgi (x) — pi ()]
(

qi(z)—pi(z)—ui)/e

(gi(z)—pi(z)—ui)/e oo
= (/ p(s)ds +/ p(s)ds) llgi(z) — pi (@)
(

—00 qi(z)—pi(z)—l:)/e
2, ,
—|lgi(z) — pi(z
7@ llgi (=) — ()l
<é/vn.
If ¢i(z) — pi(x) = ; or gi(x) — ps(x) = u;, then
(fo(x,€))i = ¢i(x) — Ae(gi(z) — Pi(x)),
where A € [0,1]. Thus in this case (f;(z,¢)); € OF;(z) for any ¢ > 0.
Hence, in any case, we have

dist((fz(z, €))s, OFi(x)) < 6/v/n.

<

Thus
dist(fz(z,€),0c F(z)) < 6.
By ehoosing a special density function, for any fixed z € R™, we even can ask
that
(2.11) fz(z,€) € OcF(x)

for any ¢ > 0 sufficiently small. For instance, we consider the uniform density

function
_ —a ifse [(L, b],
pls) = { 0 otherwise,

where a and b are two finite real numbers and a < b. Notice that the uniform
density function has

/C p(s)ds =0, /oo p(s)ds =0 and /d p(s)ds =1

—o0 d c
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for any d > b and ¢ < a. Then it is easy to verify that for any € € (0, E&%]’

(qi(z)—pi(x)—li)/e e
/ p(s)ds={ 0 ifaile) —pile) ¢ [l ui,
(

0:(2) =i () —us) e L if ai(z) = pile) € (b wi).

By (2.9) and (2.10), we obtain (2.11).
To see a smoothing approximation function with a concrete density function, we
consider

_ 1 if-i<s<},
(2.12) p(s) = { 0 otherwise.

By a straightforward calculation we have that

1/2
fi(z,e) = qi(x) — / mid(l;, us, ¢ (x) — pi(x) — es)ds
—1/2
( ai@) — Haile) — pi()) o — 1) = $(l + ) — (0 —d)
if |gi(2) — pi(x) — L] < §,lai(x) — pi(x) —ws| < 5
%( i(z) + pi(x)) — 25(‘11( z) — pi(x )_11)2_5_1_1
= ﬁ if IQz(x) pi(x) - < ;a%(x) pi(z) —u < —%
3(a:(2) +pi(2) + 5 (ai(z) — pi(@) —wi)® — % + §
if gi(z) — pi(z) —wil < 5,¢(x) —pi(z) =l > 35,
Fi(x) otherwise.

™

m

\

We can simplify the definition of f(z,¢) for special €. For example, let

(2.13) E= 1mln {u; — 1;}.

For i = 1,2,...,n and ¢ € (0, ], the smoothing approximation function (2.4) with
density function (2.12) reduces to

(2.14)
3(0i(@) + @(2)) + 5 (Pi(2) — qi(@) +wi)* + § — %
if |Qz(x) pi(x) —u;| < %,
filze) =% L(pi(z) + ai(x) — 5= (pi(x) —q:(x) + L) - § - &
if |gi(z) — ps(2) — Ll < 5,
Fi(x) otherwise.
Let

¢(z) = min{¢, v(2)},
where & is defined by (2.13) and y(z) is defined by (2.7). Then for any € € (0,&(x)],
3(Pi(x) +qi(z)) if gi(z) — pi(z) = u; or gs(z) — pi(x) =L,
(fo(@,€))i = { F] (x) otherwise.
By (2.5), this implies that for any ¢ € (0,e(z)],
dist(fz(z,¢),0cF(x)) = 0.

For the general complementarity problem GCP(p,q), f(z,¢) defined by (2.14)
reduces to
(2.15)

filz,e) = { 3(0i(2) + 4:(2)) — 5:(Pi(e) — @(2))” — §  if |ai(2) — pi(@)| < 5,

Fi(x) otherwise.

The function defined by (2.15) has been studied in [5], [42].
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Some smoothing approximation functions are not derivable from the integra-
tion of probability densities, for example, the Auto-scaling interior point smooth
function [3], but also satisfy the Jacobian consistency property.

3. A SMOOTHING NEWTON METHOD

In this section we assume that f has the Jacobian consistency property, and
present a smoothing Newton method with a line search based on f. We prove that
this method converges globally and superlinearly.

We denote

o) = 5 IF @)
and )
u(x) = 51 (@ )P

Algorithm 3.1. Given p,a,n € (0,1), v € (0,+0) and a starting point 2° € R™.
Choose o € (0,1(1 — a)), and p > 0 satisfying (2.1).
Initial step. Let o = ||F(z°)| and eo = 5% Bo. For k >0,
1. Solve
(3.1) F(z*) + fo(a® ex)d" = 0.
Let d* be the solution of (3.1).

2. Let my be the smallest nonnegative integer m such that
(3.2) O (z* + p™d*) — Ok (2*) < —20p™O(z*).
Set ty, = p™ and zFt! = zF 4 tid*.

3. 3.1 If |[F(z**Y)|| = 0, terminate.
3.2 If |F(z**1)| > 0 and

(3.3) IF (&) < max{nBr, o~ |F (") — f(a**, en)ll},

we let
Brsr = |F ()]
and choose an €41 satisfying

. (8% )
(3.4) 0<éep1 < mln{ﬂ,@k+1, Ek
and
(3.5) dist(fo ("1, ex11), OcF (2F+1)) < B

3.3 If||F(z**1)|| > 0 but (3.3) does not hold, we let Bry1 = Pr and exq1 = &

Without loss of generality, we assume that || F(z*)|| # 0 for all & in the following
convergence analysis.

Remark 3.1. Condition (3.5) is the crucial condition for superlinear convergence
of Algorithm 3.1. To guarantee global convergence, one only needs to choose a
smoothing approximation function f and ignore (3.5). If f has the Jacobian consis-
tency property, we can find an ex41 > 0 such that (3.4) and (3.5) hold by Definition
2.1. Moreover, we have shown, in section 2, how to choose an £, satisfying (3.4)
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and (3.5) for GVI(l, u, p, q); we also show that it is possible to choose an 11 sat-
isfying (3.4) and (3.5) for order complementarity problems in section 5. From the
construction of Algorithm 3.1, we have

(3.6) IF(2") = f(*,ex)ll < al F(a")]] for k > 0
and
(3.7
dist(f, (2", ex), Oc F(x*)) < ~||F ()| forke K, k>1,
where
(3.8)

K ={0}U{k | ||F(z")|| < max{nBx_1,a""||f(2" ex—1) — F(a®)|}, k € N}.
Notice that (3.7) may not hold for those k such that (3.3) fail to hold.

Lemma 3.1. Suppose that f,(z*,ey) is nonsingular. Then there exists a finite
nonnegative integer my, such that (3.2) holds.

Proof. The continuous differentiability of f(-,ex) implies that ) is continuously
differentiable and 6} (z*) = f(z*,ex)7 f.(2*, ;). By the construction of Algorithm
3.1, fz(z* ex)d* = —F(2*). Then, from (3.6) we have

0 (:L’Ic + tdk) — O ({Ck)

= 10, (z*)d"* + o(t)

= —tF(a")" f(z*,ex) + o(t)

= —20(z") + tF(a") T (F(z*) — f(a,er)) + o(t)

< —2t0(z*) + 2taO®(2") + o(t)
—2t(1 — a)©(z*) + o(t).
Since 0 < (1 — &) < 1 — a, there exists a finite nonnegative integer my, such that
(3.2) holds. O

Assumption 1. The level set
Dy ={z e R":0(z) < (1 +a)?0(2°)}
is bounded.
Assumption 2. For any ¢ € R, and z € Dy, f.(z,¢) is nonsingular.

Theorem 3.1. Suppose that Assumptions 1 and 2 hold. Then Algorithm 3.1 is
well defined and the generated sequence {z*} remains in Dy and satisfies

. kY
(3.9) llli% F(z") =0.

Proof. Let us denote
Ky = {k € K| nf—1 > o | f(z*,e5-1) = F(z")|[}
and
Ky ={k € K| nfr—1 < o || f(z" ex1) — F(")[[}.
Then K; U K3 U {0} = K, which is defined in (3.8). Assume that K consists of

ko =0 < ki < ko <....Let k be an arbitrary nonnegative integer. Let k; be the
largest number in K such that k; < k. Then

er =€k, and By = By;.
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Notice that f is a smoothing approximation function. By the line search rule (3.2),
I @@, ex)ll < If (2", e,)l-
Then by (2.1), for j >0,
IF@) < f@*, el + [1F @) = Fa*,en)
= |f(=", ex )l + 1 F(2*) = f (2", e,
(3.10) <@, e ) + e,
< IE@H)| + e, + pei,
= Bk, + 2uer; -
If 5 =0, Bk, = Bo, ek, = €0 and
[1F(@®)]| < Bo + 2ue0 < (1+ )| F(z°)]].
If j > 1, by step 3 of Algorithm 3.1,
1 1

Ep; < 5Eki—1 = 5Ek

and

Br; < nBk;—1 =nPk;_,»  if kj € K7,
or

1 ks ks I m 1 .
Br; <o ||[f(27,ep, 1) — F(2™)]| < oCk-1 = €k < §ﬂkj_1, if k; € K.
Let
r= max{%,n}.

Then by the definitions of €y and [y, for j > 1,
(3.11) er; < ﬁso = %%IIF(ZO)H
and
(3.12) Br, <1771 By =T F(20)]].
Hence by (3.10), for j > 1

1P < 077+ EIFED)]
(3.13) < 1+ a)|F@E)],

where the last inequality follows from the fact that % <.
Therefore in any case

1) < (1 +a)|F(°)].

This implies that the sequence {z*} remains in the level set Dy.
Now we prove (3.9). If K is infinite, by (3.13),

lim ||F(z)|| < lim r7~1(1 + @)||F(z°)|| = 0.
k—o0 j—00
Hence to prove (3.9), it suffices to prove that K is infinite. Suppose that K is finite.

This means that Aboth K and K, are finite. Let k be the largest number in K.
Then for all k > k,

(3.14) er=cp Br=0 = |F@",
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(3.15) IF(z*)|| > nBx = nl| F )| > 0
and
(3.16) al|[F(z®)|| > || f(z*,e;) — F(a)].
By (3.15), for all k > k,
(3.17) 0(z*) > n?e(z).
Let
E= €ty

f(@) = f(z,8)

and

Notice that for all k > I%,
f(@* ) = fa*) and 6y(a*) = (a*).

By Assumptions 1 and 2 there is an M > 0 such that for all z € Do, || fz(z, &)~

< M. Then for all k > k, ’
lla2*]| |lf=(*, &)~ F ()|

M| F ()|
M(1+a)||F (=)
L.
If infy t = t* > 0, then from (3.17) and the line search rule (3.2), for all & > 0,

O(z**1) — B(z*) < —204,0(zF) < —2at*n2®(z’;) <0.

This, together with the monotonicity of {é(zk)}k> 4> implies that é(xk) — —00 as

k — oo. This contradicts the fact that é(wk) >0 for all K > 0. Hence K cannot be
finite. Thus (3.9) holds.

Now we consider the case that infy tx = 0. Let Ky be a subsequence of N such
that {tx}rex, converges to zero. Since {z*} is bounded, without loss of generality,
we assume that {z*}rcr, converges to z*.

By the line search rule (3.2) for all k > k,

(3.18) — 20p™ 10 (zF) < B(a” + p™1dR) — B(z*).
Dividing both sides by p™*~!, we obtain

é(xk -l-pm’“_ldk) _ é(zk)
pmk—l

IN A

—200(z%) < ,

= §'(z*)dk + /0 1((él(xk + Ap™e T dR) — @/ (2F))dR)d.
Notice that
0 @@)d* = —F@*)"f(=*)
= —20(z") + F(a")(f(a*) - F(z*))
< —20(z") + 220(zF),
where the last inequality follows from (3.16).
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By the continuity of ¢, the boundedness of {d*} and limyex, mi = oo, we have
k—oo

1

lim [ ((0'(z® + Ap™1d%) — @' (z%))d*)d\ = 0.
=i

By taking the limit in (3.18) on the subsequence k € Ky, we obtain
—200(z*) < —2(1 —a)O(z") < 0.

This implies ¢ > (1 — @), which contradicts the fact that o < (1 — a)/2. Hence K
cannot be finite. Thus (3.9) holds. |

To show the superlinear convergence rate, we give the following lemma.

Lemma 3.2. If there exists a scalar
1 1-a-20)21
(3.19) Aela - Serap 2

such that for some k € K,

(3.20) O(y) — O(z*) < —2x0(zh),
then it holds that
(3.21) 0k (y) — Ok (zF) < —200(z*).

Proof. By the definition of K, we have
et
0 < —||F(")|, keK.
<en < o IFEDI, ke
Hence, from (2.1), for any y € R™, k € K,

I1f (w,eu)ll < IF W)l + %IIF(w’“)II

and N
£ (*, el = 1 F ()] — 5|IF(Z'“)||-
Using these two inequalities and (3.20), we obtain
1 1
Ox(y) — Ox(z*) = §I|f(y,€k)l|2 - §l|f(90"“,»sk)||2

1
2

= 6 + zal FWIIFE)] + %0 - (1 - a+ S0

< SUF@I+SIEERI - 50 - SRR

O(y) + %aHF(y)HHF(mk)ll ~ (1 - a)O(z")
O(y) + av1 —2X0(z*) — (1 — )0 ()
(

<
= O(y) — 0(zF) + a(1 + V1 -2))0(z)
< —(@2x—a(l+ V1 =2))6(zh),

where the second and last inequalities follow from (3.20).
Let us denote

d(A) = A — %a(l +VI-2X).
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To prove (3.21), it suffices to show
1 (1-a-20)? 1

(3.22) p(A) >0 for e [5 - (—2(2-l-—a)2)’ 5]
Since 0 < (1—a—20)/(2+a) <1,
(1—a—20)? < l—a—2¢0

2+a)? ~ 24a
Notice that ¢ is monotone increasing in [0,3]. We only need to show (3.22) at
A=1- (-0a=29)" B the definition of ¢ and (3.23),

(3.23)

2(2+a)?
o) = 1_(1—a—20)2_1a(1+1—a—20)

2 2(2+ a)? 2 2+a

S 1_1—a—20_g(1+1—a—20)

-2 24+« 2 2+«

1 a

T2 2

> o.

This completes the proof. O

Theorem 3.2. Suppose that Assumptions 1 and 2 hold. Suppose that for an ac-
cumulation point z* of the sequence {x*}, all V € OcF(x*) are nonsingular and
that F is semismooth at z*. Then x* is a solution of F'(z) = 0 and the sequence
{z*} generated by Algorithm 3.1 converges to x* superlinearly. Moreover, if F is
strongly semismooth at x*, then {x*} converges to =* quadratically.

Proof. By Theorem 3.1, z* is a solution of F(x) = 0. Notice that dgF(z*) C
Oc F(z*). By Proposition 2.5 in [40] there is a neighbourhood of z* such that z* is
the unique solution in this neighbourhood.

By Theorem 3.1, the set K defined by (3.8) is infinite, and there is a subsequence
Ko of K such that {2F}recs, converges to z*. Now we consider the convergence
behaviour of the subsequence {z*}rcx,-

Notice that for any z € R", 0o F(z) is a compact set. Let Vi, € OcF(2*) be such
that

dist(fa (2", ex), 0c F(2%)) = [|fa(®, €x) — Vall
By construction of Algorithm 3.1,

| fo(2F,ex) = Vill < ¥Bk, k € K.

By Theorem 3.1, B — 0 as k — oo. This, together with the compactness of
OcF(z*), the nonsingularity of all V € 0c F(z*) ?,nd the upper semicontinuity of
OcF(-) at «*, implies that there exist M > 0 and k > 0 such that for all k¥ > & and
k€ KO,A“fw (x*,e,) 71| < M. Therefore, by the construction of Algorithm 3.1, for
all k > k and k € Ko,

2% + d* — 27| = ||l2* — 2" — fo(a,ex) " F(z")|

= [ fa(a &) 7 (fo(a®, ex) (@® — 2*) — F(z*) + F(a"))|

< fol@®sen) 7 (1(Fo(2®, 68) = Vi) (&* — 2|

+H[[Vi(a® — 2*) = F(z*) + F(z")|)

(3.24) < M(yBellz* — 2*|| + |Vi(a* — %) = F(2*) + F(z")]).
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Since F is semismooth at z* if and only if each F; is semismooth at z* [43], by
Theorem 3.2 in [43],

Vi (z* —2*) — F(a*) + F(z")]|

(3.25)

IN

Z IVi(ah — 2%) = Fi(z¥) + Fi(z")|]?

o(||z* —x*||) as k— oo, k € Ko,

where V}' denotes the ith row of V. Hence

(3.26) |zF + d* — z*|| = o(||z* — z*||) as k — o0, k € K.

Furthermore, following the proof of Theorem 3.1 in [40]

(3.27) |F(zF + d®)|| = o(|F(z®)]]) as k — oo, k € Ko.

Let A = max{% — %, #} Then (3.27) implies that there is k > k such
that k € Ko and for any k > k and k € Ko,

(3.28) O(z* + d*) — 0(zF) < —220(z").

By Lemma 3.2, for any k > k and k € K,
Ok (2" + d*) — O, (z") < —200(z*),
that is, ¢z = 1 and "' = z¥F + d* for all k > k and k € Ko. In particular,
zF*+!l = 2% + d* and from (3.28),
1P < VI=2X|F ()] < all ()] = nb,
which implies that zF+l e Ky. Repeating the above process we may prove that for

all k> k,
ke Ky
and
= ok 4 gk
Then by using (3.26) we have proved that {z*} converges to z* superlinearly.

If F is strongly semismooth at z*, then each F; is also strongly semismooth at
z*. By (3.25) and Lemma 2.3 in [40],

[Va(a* —2*) = F(z*) + F(2")|| = O(|]a* — 2*|]%).
By the Lipschitz continuity of F', for all k € K,
B = |F(z")]| = O(lz* —z*|).

Hence the quadratic convergence follows easily from (3.24) and the above proof. O

4. APPLICATION

In this section we discuss an application of Algorithm 3.1 to general box con-
strained variational inequalities GVI(l, u, p, ¢). Conditions used in the convergence
analysis of Algorithm 3.1 are Assumptions 1 and 2, and the condition that F' is
semismooth at a solution point z* and all V' € O¢F'(z*) are nonsingular. Now we
consider when these conditions hold for the smoothing approximation function f
defined by (2.4) and the nonsmooth function F' defined by (1.11).

Let A be an n x n matrix. A is called a Py-matrix, if its principal minors are
all nonnegative, and A is called a P-matrix, if its principal minors are all positive.
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We call p: & — R™ a uniform P-function with respect to q if there is a positive
constant k such that

(4.1) oax (a(2) = @) (pi(@) = pi(v)) = wllz - yl>.

If g is the identity map and (4.1) holds, then we call p a uniform P-function directly.
The concepts of a P-matrix and a uniform P-function have been frequently used
in complementarity and variational inequalities areas.

Proposition 4.1. Suppose that q is norm coercive, i.e., ||g(x)|| — oo if and only
if ||| — co. Then the level sets

D) ={ze®" : |[F(z)| <T}

are bounded for all positive numbers T if one of the following two conditions is
satisfied:

(1) I and u are both bounded;

(1) p is a uniform P-function with respect to q and q is surjective and Lipschitz
continuous.

Proof. Since ¢ is norm coercive, the boundedness of D(I') under assumption (i)
follows easily.

Next we prove the boundedness of D(I") under assumption (ii). It is not difficult
to verify that for a,b € R™,

(4.2) la; —mid(l;, u;,a; — b;)] — 00 as |ail, |bi] — oo.

Suppose that there exists one I"' > 0 such that D(I") is unbounded, i.e., there exists
a sequence {z*} C D(T) such that ||z*|| — oco. Since ¢ is norm coercive, {||q(z"*)||}
is unbounded. Define the index set J by J := {i| {gi(z*)} is unbounded, i =
1,2,...,n}. Then J # ). Since q is surjective, we can choose y* € R" such that

ey a(@R) ifig
%@)‘{o if iedJ

Then {|lg(y*)||}, and so {||y*||}, is bounded. Since p is a uniform P-function with
respect to g, there is a positive number x such that

Klla® =y ? < lrél%xn(qi(xk) —ai(y)) (@i(=*) = pi(W"))

< max |g;(a") — a:(y")lpi(a") — pi (")),
<isn
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which, together with the Lipschitz continuity of ¢, implies that
L7k (a(2")® = L7%ka(y*) — (")
ied

< wlz* -y

S 1r£1a<x lg; (y k) _‘Iz(xk)“pz( k) pl(yk)l

= max |g: (=) [pi (=*) - pi(4")]

<[> (@) max pi(a*) ~ pi(s),
ieJ

where L is the Lipschitz constant of g. Then max;¢ s |p;(z*) — p;(y*)| —» 00 as k —
0. Since {|[p(y¥*)||} is bounded, for each k there exists at least one ix, € J such that

i, ()] — o0.
Since J has only a finite number of elements, by taking a subsequence if necessary,
we may assume that there exists an ¢ € J such that

[pi(z*)] — oo.
Then we have proved that there exists at least one ¢ € J such that

lfh(xkﬂ, [pi(z")| — oo,

which, together with (4.2), implies that for such i, {|F;(z*)|} is unbounded. This
is a contradiction. So for every I > 0, the level set D(T') is bounded. O

Remark 4.1. Let I = {i| l; = —oc0 or u; = 00, i = 1,...,n}. Notice that the index
set J in the proof of Proposition 4.1 is a subset of I. Conditions (i) and (ii) in
Proposition 4.1 can be replaced by the following condition

(4.3) kY (6i(@) - ay)® < max (qz(w) a:(y) (pi(z) — pi(y))-

el

Moreover, if condition (i) holds, then I = (, so (4.3) holds directly. If condition (ii)
holds, then from

Y (@(@) - a:®)? < lla(z) = aW)|*,

i€l
we have (4.3).

Proposition 4.2. Suppose that ¢'(z) is nonsingular at z € R".

(i) If p'(z)q'(z) ™! is a P-matriz, then for any ¢ > 0, f,(z,€) and all elements
in Oc F(x) are nonsingular;

(ii) If p'(z)q' (z) ™1 is a Py-matriz and the support of the density function p,

supp(p) = {s : p(s) >0}

is the whole real line. Then for any € > 0, f,(x,€) is nonsingular.
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Proof. (i) By (2.6),

(4.4) fo(z,€) = () — D(z)(¢'(z) — P'(2)),
where D(z) =diag(d;(x)) has d;(z) € [0,1]. Let
[0, 1]
P(z) :=q () - (¢'(z) = p'()).
[0, 1]

By Lemma 5.1 in [39], all elements in P(z) are nonsingular. Obviously, fi(x,¢) €
P(z) and OcF(z) C P(x). Hence we obtain (i).

(ii) Supp(p) = R implies that the diagonal matrix D(z) in (4.4) has d;(z) € [0,1).
By Theorem 4.2 in [18§],

I—D(z)(I —p'(z)q'(x)™")
is nonsingular. Thus
fo(z,e) = (I = D(2)(I - p'(2)d'(2)7"))d'(2)

is nonsingular. O

The condition in Proposition 4.1 that p/(x)q’(z) ! is a P-matrix can be weakened
to the condition that [p’(z)¢’(z) ']z is nonsingular and its Schur complement in
v/ (2)q' (2) ' zus,

[P ()¢ (2) " zus/Ip (=)' (2) ']z,

is a P-matrix, where
IT={i : l;<qz)—pi(z) <u},
B={i : q(z)—pi(z) =L} U{i : q(z) —pi(z) = us}.

Corollary 4.1. Suppose that p,q : R — R™ are continuously differentiable, p
is a uniform P-function with respect to q, and q is norm coercive, surjective and
Lipschitz continuous. Then the iteration sequence {z*} generated by Algorithm 3.1
for F given by (1.11) and f defined by (2.4) is well defined and converges to the
unique solution z* of F(x) = 0 superlinearly. Furthermore, if p' and ¢’ are locally
Lipschitz continuous around x*, the convergence is quadratic.

Proof. By the assumption that p is a uniform P-function with respect to g, there
exists a k > 0 such that (4.1) holds. Since p, g are continuously differentiable, from
(4.1) for any x € R™ we have

max (¢'(z)2);(p'(x)2); > kz'z for all z€ R™

1<i<n
This, from Lemma 5.1 of [39], implies that both ¢/(z) and p/(z) are nonsingular
and p'(z)q’(z)~! is a P-matrix. Then from Proposition 4.2, for any z € R™ and
€ > 0, fu(z,e) is nonsingular and all elements in dcF(z) are nonsingular. The
boundedness of Dy follows from Proposition 4.1. The uniqueness of the solution
follows from the nonsingularity of all elements in O F(x). Finally, F' is piecewise
smooth, hence semismooth everywhere, from Theorem 3.2 we may conclude that
{z*} is well defined and converges to the unique solutiori z* superlinearly.

The quadratic convergence follows from the fact that when p’ and ¢’ are Lipschitz

continuous around z*, F' is strongly semismooth at z*. O
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Remark 4.2. When q is the identity map, Corollary 4.1 says that if p is a con-
tinuously differentiable uniform P-function, then the sequence {x*} generated by
Algorithm 3.1 is well defined and converges to the unique solution of box con-
strained variational inequalities superlinearly. Such a result was only obtained for
the nonlinear complementarity problem in [8]. In [27], [48], a similar result for box
constrained variational inequalities was obtained by assuming that p is a strongly
monotone function, which is a stronger condition than that of a uniform P-function.

5. FINAL REMARKS

In this paper we have shown that the smoothing Newton method for solving non-
smooth equations can have a convergence rate better than the linear rate. We have
established global and superlinear convergence of the smoothing Newton method
based on the Jacobian consistency property. Furthermore, we have investigated our
conditions used in the convergence analysis for general box constrained variational
inequalities GVI(l, u, p, q). We have shown that all assumptions hold if p is a uni-
form P-function with respect to ¢ and ¢ is norm coercive, surjective and Lipschitz
continuous. In contrast with other methods for GVI(I, u, p, q), the smoothing New-
ton method has three advantages: solution of a linear system at each iteration, the
boundedness of the iterates and superlinear convergence rate.

Algorithm 3.1 and the convergence analysis in section 3 are not restricted to
GVI(l,u,p,q). More applications of the smoothing Newton method are possible.
For example, we can use the smoothing Newton method to solve the order comple-
mentarity problem. The order complementarity problem is to find an = € R" such
that

(5'1) qz(x) 2 0’ Z = 1’ "'?m’ Hnilq;(z) = 0’ j = ]" "'?n?

where all ¢ : R — R" are continuously differentiable. Problem (5.1) has received
as increasing amount of interest recently [19], [24]. Let “min” be the component
minimum operator. Problem (5.1) is equivalent to finding a zero of the following
nonsmooth equation

min(g*(z) 14 = 1,...,m) = 0.
For simplicity, let us consider
(5.2) F(z) = min(r(z), ¢(z), p(z))-
By using the results of Zang [52], (5.2) is equivalent to
F(z) = r(z) — max(r(z) — g(z) + max(g(z) — p(z),0),0).

A smoothing approximation function f, which has the Jacobian consistency prop-
erty, can be given as

fi(x’o&;) = ri(x) -
—/ max (ri(z)—qi(z)—st + /_Oo max(g;(z) — pi(x) — se,0)p(s)ds, 0) p(t)dt,

— 00
where p : ® — R, is a density function with a bounded absolute mean.
Another possible application of the smoothing Newton method is for the varia-
tional inequality problem (1.3) with X given by

X={zeR" g(x) <0, h(z) =0, | <z <u},



538 X. CHEN, L. QI, AND D. SUN

where g : R* — R™! and h : R® — R™2 are assumed to be twice continuously
differentiable. The Karush-Kuhn-Tucker conditions of problem (1.3) can be written
as [49]

x— Ty [z — Lz, A, )]
(5.3) A—Hpr[A—(-g(2))] | =0,

—h(z)

where

mi ma
L(z, A\ p) =p(z) + Y Vai(@)hi + > Vhy(z)u;.

i=1 j=1
Problem (5.3) is a special box constrained variational inequality problem, so the
smoothing Newton method can be used directly to find a solution of (5.3), and
in turn to find a solution of (1.3) under some constraint qualification conditions
[20]. However for problem (5.3), the boundedness assumption on the level sets may
not hold even if p is strongly monotone. We will leave this and the comparison of
different smoothing approximation functions in the smoothing Newton methods as
further research topics.
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