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AN ALGORITHM FOR CONSTRUCTING A BASIS FOR
C"-SPLINE MODULES OVER POLYNOMIAL RINGS

SATYA DEO AND LIPIKA MAZUMDAR

ABSTRACT. Let O be a polyhedral complex embedded in the euclidean space
E9 and S™(O), r > 0, denote the set of all C"-splines on 0. Then ST(O) is
an R-module where R = E[z1,...,z4] is the ring of polynomials in several
variables. In this paper we state and prove the existence of an algorithm to
write down a free basis for the above R-module in terms of obvious linear
forms defining common faces of members of O. This is done for the case
when O consists of a finite number of parallelopipeds properly joined amongst
themselves along the above linear forms.

1. INTRODUCTION

Let O be a polyhedral d-complex embedded in the euclidean space E?, i.e., a
compact subset of E¢ subdivided into a finite collection of d-dimensional convex
polyhedra which are properly joined (see [7] for details). Fix an integer r > 0. Let
C"(0O) denote the set of real valued functions f defined on O such that f | o is
in the polynomial ring R = Elz1,...,z4] for each d-face o of O and f is r-times
continuously differentiable on the whole of OI.

The elements of C"(0O), known as multivariate splines of smoothness r, have
proved extremely useful in obtaining approximate solutions of partial differential
equations by finite element methods. The set C},(0) of all those C"-splines which
are of degree < k, form a real vector space. These vector spaces which are easily
computable are usually taken as the approximant spaces for various suitable degrees
k. Evidently these are finite dimensional. Determining their dimension as well as a
basis having minimal support has been a very interesting and sometimes a difficult
proposition of practical importance (see [5], [6], and [7]). The difficulty is caused
by the fact that the vector space dimension of C}(0) depends not only on the
combinatorics but also on the geometry of O.

In order to tackle the above “dimension problem”, more algebraic approaches
using the method of commutative algebra have been recently initiated by Haas
[8], Billera and Rose ([3], [5], [6]). With pointwise operations of addition and
multiplication the set C"™(O) forms a ring and the polynomial ring R is just a
subring of C"(0O). Hence C"(O) is an R-module in a natural way. It is easily seen
that this module is finitely generated, torsion free-and of rank equal to the number
of d-faces of 0. The general question as to under what condition on d, r and O,

Received by the editor December 15, 1994 and, in revised form, March 3, 1997.
1991 Mathematics Subject Classification. Primary 41A15, Secondary 13C10.

The first author was supported by the UGC research project no. F 8-5/94 (SR-I).
The second author was supported by the CSIR(JRF) no. 9/97(36)/92/EMR-I.

©1998 American Mathematical Society

1107



1108 SATYA DEO AND LIPIKA MAZUMDAR

the R-module C"(0) is free, has been dealt with in [4]. The case when C7"(O)
is free is of practical importance in applications because in that case knowing a
basis will easily determine general properties of a spline function on 0. This would
be especially useful when one can determine an algorithm for writing down basis
elements of the R-modules C™(O) just by knowing the geometry of O alone. It is
proved by Billera and Rose [4] that, when d = 2, C"(0O) is free over R iff O is a
manifold with boundary. However, even in this case there does not seem to be an
algorithm for writing a basis even for especially simple rectangular grids.

The objective of this paper is to provide an algorithm for writing down a basis
for the free R-module C™(O) where O consists of a grid in the plane obtained by
crossing a set of parallel lines (hyperplane in E?) by another set of parallel lines.
In particular, this includes the general polyhedral case of rectangular grids not
covered in the case of a simplicial complex. More generally, we prove the existence
of an algorithm for writing down an R-basis for C"(0) when O consists of general
parallelopipeds obtained by mutually intersecting affinely independerit d-sets of
parallel hyperplanes in E¢.

For the more familiar case when O = A is a simplicial complex, R. Haas [§]
has studied the question of determining a free basis and a reduced free basis of the
R-module S™(A) for the case of planar cross-cut grids. As an application, using
these R-module bases, she has also given techniques for deducing the vector space
dimension of the spline space S;,(A) in certain cases.

2. PRELIMINARIES

Let O be imbedded in E¢. The fact that f is a C"-spline on O means (i) f is a
globally C™-function on O and (i) f | o is in the polynomial ring R = E[z1,... ,24]
for each d-face o in 0. The analytic condition that f is C" on O can be nicely
translated into an algebraic condition (see [5]) as follows: Let I(c) denote the ideal
of all polynomials in R which vanish on the face o of O, and let (I(c))" denote the
r-fold product of I(o) with itself. Then we have

Algebraic Criterion. Let f : O — R be a piecewise polynomial function on C.
Then f € C"(0O) iff for any two d-faces o1, op of O

f l o1 — f l o2 € (I(O’l ﬂO’2))T+1.

Let the faces of O be linearly ordered in some manner, say o1, ... ,0: where t is
the number of d-faces of 0. Then using the algebraic criterion, one can represent
a spline f € C™(0) as a t-tuple of polynomials f = (f1,..., f;) where f; = f | 03,
i=1,...,t, satisfying the condition that for each pair o;, 0; of faces of O, f; — f; €
(I(o;Na;)) . We will use this representation of splines in constructing a basis for
the R-module C"(0O) whenever it is free. We must emphasize that as pointed out
by Billera and Rose [4], the freeness of R-module C"(0) depends not only on the
combinatorics of O but also on the geometry of 0. However, when d = 2, C"(0O)
is free iff O is a 2-dimensional manifold with boundary and therefore the freeness
of C"(0O) over R is independent of the geometry and is a combinatorial invariant.
Writing a basis, however, and that too in terms of obvious linear forms defining
(d — 1) faces of O, is a completely different problem of computational nature.

Let O be a parallelogram in E? subdivided into four subparallelograms by two
lines (hyperplanes in E2) I; = 0, I = 0, each parallel to a side of the parallelogram
(see Fig. 1).
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FIGURE 1

An R-basis for the R-module C"(O) for this case was computed (Lemma 3.1 of
[7]) to be the set consisting of four splines,

(1,1,1,1),(0,11,15,0),(0,0,1s,2), (0,0, 15).

Likewise, when a parallelopiped P in E? is subdivided into eight subparallelopipeds
by planes I; = 0, Iy = 0, I3 = 0, each drawn parallel to the faces of P, then again,
C7(0) is free over R and a basis consisting of eight splines was constructed (ibid.,
Lemma 3.2). It was also indicated (ibid., Prop. 3.4) that this construction may be
formulated in an algorithm for any d-dimensional parallelopiped in E¢ subdivided
into 2¢ subparallelopipeds similar to the above special cases, but no proof was given.
Here we extend the above constructions to the following general situations: Let L be
a d-dimensional parallelopiped P in E¢ which is subdivided into subparallelopipeds
by drawing any finite number (not one) of hyperplanes in E¢, each one parallel to
a side of P and let O denote the resulting d-complex. Then, for any r > 0, there is
an algorithm to write down a basis for the free R-module C™(O) just by inspection
of the geometry of O, i.e., each basis element can be expressed as a t-tuple (¢ is
the number of d-faces of O) of polynomials in which each tuple is a power of the
linear form or their products which define these hyperplanes. As in the case of a
simplicial complex (see [8]) the number of elements in any R-basis of C"(O) would
be 2¢—the number of maximal faces of O.

3. A PARTICULAR ORDERING AND THE ALGORITHM

In the statement of our algorithm for writing an R-basis for C"(O), the lin-
ear ordering of the faces of O is crucial and we explain it first. We consider the
two-dimensional case in which a parallelogram P has been subdivided into m.n

subparallelograms by drawing (m — 1) lines k; = 0, 4 = 1,... ,m — 1, parallel to
one side and (n — 1) lines [; =0, j = 1,... ,n — 1, parallel to the other side of P
(see Fig. 2).

Let O be the resulting 2-complex so obtained. Treating each face of O as an
entry in an m X n matrix, we linearly order the first row in ascending order as 1st,
2nd, ..., nth. The last face of the second row is the (n + 1)-th element, the last
but one is the (n + 2)-th element etc.; thus the first entry of the second row is the
2n-th element. Next, the first element of the third row is the (2n + 1)-th element,
then the next one is the (2n 4+ 2)-nd, etc., the repeated last entry of the third row is
the 3n-th element, last element of the next following row is the (3n + 1)-st element.
In this manner we continue linearly ordering each face until the (m.n)-th element
which would be either the first face of the last row or the last face of the last row
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FIGURE 2

depending on whether m is even or odd respectively. We will refer to this linear
ordering of the faces of O as the ”snakelike” ordering.

With the above snakelike linear ordering of the m.n faces of O, we now explain
our algorithm of writing down the basic m.n C"-splines as follows: Here k; and [;
stand for (k;)"*! and (;)"*! respectively. Our basic splines are:

11 1 0L I .. . 1§
11 . . .1 oL L ... 0
bi=1| . . . . . .-, bo=1 . . . . . . ],
11 1 0 L L l
00 & I Iy 00 0 Ins
0 0 l2 12 l2 O 0 O ln—l
bs=1| . . . . . . . . l,.ba=1. . . . . . . ,
0 0 I I I 0 0 0 Iny
0 Q Q _ 0~ ~ 0~ 07
ky koo K lh1kr . . . lhakr O
bpt1 = ki ki . . . ki |, bpy2 = ln1ikr . . . laakr O,
k?l k?l k?l in—lkl N ln—ll‘él 0 |
0 0 0 0 0 00 0 7
l~n_21~61 oo v dnmakr 000 l~1k~1 00 0
bn+3 = ln—2k1 . . . ln-—lkl O 0 g e ,bzn = llkl 0 0 0 )
l_oky lnoky 0 O liky 0 0 0 |
0 0 0 0 0 0 0
: 9 Q A, 9 0 ~0~ ~O~ .. ~O~
b3n= k2 k2 ce kg ,b3n+1= 0 l1k2 llkg e l1k2 Y ey
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0 0 0
0 0 0
bn = e . ,when m is odd,
| 0 0 km—lln—l
0 0 0
0 0 . 0
= . .+« « .+« . |,when m is even.
| km—ili O . . .0

3.1. The algorithm. We let b; be the constant polynomial 1 on the whole of O.
To write bg, we fill in zero at the first place, and in the first column also. Then we
put l; at all the vacant places (we are crossing the line [; = 0 alone). To write b3, we
fill in zeros at the first two columns and we put I3 at all the vacant places. Continue
like this upto b,. To write by4+1, write zeros at all the preceding (in the snakelike
ordering) n places and then put ky at all the vacant places. To write b,2, put
zeros at the preceding (n + 1) places as well as in that column which precedes the
(n + 2)-th place in the snakelike ordering. Then put the product lh_1k: at all the
vacant places (we are crossing the lines I,,_; = 0 as well as k; = 0). Continue like
this. In general, suppose we have written b, as explained. Then to write b.41 put
zeros at the first r places (in the snakelike ordering). Also, put zeros in all those
columns which precede the (r + 1)-th entry of the matrix. While moving from
the r-th place to the (r + 1)-th place in the snakelike ordering if we are crossing
a vertical line I; = 0O alone, put l} at all the vacant places; if we are crossing a
horizontal line k; = 0 alone, we put k; at all the vacant places. However, if we
are crossing a vertical line [; = 0 and have already crossed a few horizontal lines,
then assuming k; = 0 was the last horizontal line that we have crossed, we put the
product l}lgi at all the vacant places. This defines b,,1. Thus we have defined b,
forall 7, 0 < r < mn.

Main results. First we settle the case of the 2-dimensional complex O. We have,

3.2. Theorem. Suppose a parallelogram region in E? is subdivided into mn par-
allelograms m,n > 1 by lines k; =0, 1 =1,2,... .,m — 1, parallel to one side and
linesl; =0, j=1,2,... ,n—1, parallel to the other side (Fig. 2). Let the resulting
2-complex O be given the snakelike linear ordering. Then, for any r > 0 the set
B =b1,ba,... ,bp,bpt1,... ,bmn where b;’s are as written above, is an R-basis for
the spline module C™(O) over the polynomial ring R = E|z1, z2).

Proof. The proof is by induction on the number m of columns of the matrix like rep-
resentation of the two-dimensional faces of 0. 'When m = 1, one easily checks that
(1,1,..,1),(0,01,11,... ,01),...,(0,0,... ,0,5,,_) is an R-basis of C"(O). Suppose
m > 1 and the result is true for all 2-complexes having lesser number of rows than m.
Suppose O has m rows. Since the number of zero entries in B = {b1,ba,... ,bmn}
increase as we move along in the linear ordering, it is straightforward to see that
the set B is linearly independent over R. We only use the fact that R is an integral
domain and that if an element of R vanishes on the interior of a face of O, then it
vanishes on the whole of O. Hence we have to show only the generating property of
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B, i.e., we must show that every spline in C"(0) is a linear combination of elements
of B with coefficients in R.

For convenience, we arrange the mn elements of B in the form of an m x n matrix
so that the snakelike ordering of the resulting matrix yields the set B. Thus,

_
€11 .. . €E1n
€21 .. . €on
B = ,
| €m1 -+ .« . €Emn
where by = e11,... ,bp = €1n,bpnt1 = €20y .. yb2n = €21,... , by = €mn.
Let _
fir - . o fin
far o . . fon
f= . .o . ,
fml . e e fmn

be a C"-spline on 0. We drop the last row of O and denote the resulting 2-complex
by O’ whose number of rows is less than m. By inductive hypothesis,

-
ey . . . €eh,
B = . ,
e;n—l,l e;n—l,n
is a basis of C"(O') where
11 .. 1 O O
11 . . .1 0 L L . . .1
en=|. . . . . .|, €= . o]
11 1 0 I Iy Iy
00 b I Iy 000 0 Ina
0 0 Iy I Iy 0 0O 0 ln_1
el3 = R O . ,
0 0 Iy Iy Iy 0 0 0 0 Iny
0 0 0 0 0 o0 0
Lk 0 0 laka l~2k~1 0 0
en=| liky 0 0|, exp=| bk Ik O 01,
hkis 0 . . . 0 loky Lky 0 . . . 0
0o o0 o0 o0 0 0 0 0
lsk1 I3k lskp 0 . . . 0 ki koo .k
6’23 = lgkl lgkl l3k§1 o . . .0 gree ,e’2n = kl kl e . kl 5

Isky Isky Isky O . . . 0 ki ki . . . Kk
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etc. For the last row of e;;’s we have two cases:

Case 1. When m is odd

0 0 0
0 0 0
e;n—l,l = . N
K 0
| Gz O 0
r 0 0 0 . 0
0 0 o . . . 0
e,’,n_172 == O O 0 . . . O R
lokm—o lakm_2 O 0
0 0 0
0 0 0
elm—l,n = :
_ 0 5 0 ~ 0
L km—2 km—2 km—2
Case 2. When m is even
0 0 0
0 0 ) 0
e'/m—l,l = . )
00 0
| km—2 km—2 km—2
_ 0 0
0 0 0
efm—l,z = . ) >
0 ~0 ~0
L 0 lLikm—2 likm—2 J
o o . 0 0 i
0 0 . 0 0
hoin= | - - .
00 0o 0
[0 0 0 lp—thkm2 |

Here e;j ’s are obtained from e;; by dropping the last row. Note that

fiu - o . fin
fa - . . fon
S T ecr@.

fm—l,l L fm—l,n

1113
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Hence there exist polynomials o;; (i =1,... ,m —1;5 =1,...,n) such that
fu - fin

fa1 I Jon
!/ / / /
. co . = aiiej taigept - F0aney, Um0 €p 1y
fm—l,l .. . fm—l,n

Now we extend each egj to e;; by adding the m-th rows as follows:

11 ) 1 01:11:1...1}
11 . . .1 0L L ... 6L
I o &, .. f
R I T TR T I N 7 (T i
11 1 0L L . . . h
00 Iy I Iy 000 In_
00 l2 l2 lz 0 0 0 ln—l
BEVo 0L .. L™ T o0 0 ... I
0 0 Iy Iy . . . Iy 000 . . . Iy
0 0. . .0 0 0 0. ..0
l1k100 lgkl l2k100
1TV 0 . . 0| T Lk Lk o .. .0
Iikk 0 . . . 0 lbki Lbky 0 . . . 0
0 0 0 0 ...0 0 0 . . .0
sk, I3k, 3k 0 0 ki Ky E
€=\ Lk Bk Gski 0 . . .07 TR B ... K
Iski Isky Isky O . . . 0 ki ki . . . Kk

etc. Corresponding to the last row of e;;’s we have two cases:

Case 1. m is odd

[0 0 0
0 0 0
em—l,l = B ~0 0 . . . 0 5
likm_2 O 0
| l1kmo 0 0 |
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i 0 0 o . . . o0
0 0 o . . .0
em_1,2= ~~O ~~0 O . . . 0 gy
lokm—_o lokm—o 0 . . . O
| lekm—2 lokm-2 O . . . 0
[0 0 0
| 0 N 0 0
em—1n = km—2 km—2 km—2
L i;;m—Q ];m—Z ’~€m_2
Case 2. m is even
r 0 0 0
| 0 5 0 3 0
em-11= km—2 km—2 km—2 ’
L E:m—Z ’;m—2 ];m_g
0 0 L0
10 ~O ~0
em-12= 10 [km_s likm—o |77
L 0 llkm_Q llkm—Z
[0 0 0
(o0 .. . 0
Cm=1n =10 0 . . . Li_1km_s
L0 0 . . . Dpcikpeo
Then a straightforward calculation shows that
fll . ' L fln
m—1,n f21 s f2n
._Z_ Yij€is = fm—l,l e fm—l,n
i=1,j=1

fm—l,l L fm—l,n

1115
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Now we use the algebraic criterion separately for the two cases:

Case 1. When m is odd.
fmi1 = fm— 11+amll}m 1 for some a1 € R,
fm,2 - fm 1 +,81l1 - fm 1,2 +IB1 m—1, fOI‘ some ﬁlwgl € R

= frne1,1 + m, 1 km— 1+5111 = fm- 1,2 + Bkm—1,

= frmo12 + Ml + @mikm-1 + Bili = frn19 + Bikm_1, for some v, € R,
= (8] — am,1)km—1 = (B1 + 7)1,

=01 =om1 +am2l1 for some Qm,2 € R.
Hence, fm2 = fm-1,2 + Qm,1km—1 + Qm 2l km_1.
Continuing in this manner we get o
fm,n fm In + Qm, lkm 1+ O, 2l1km 1+ + am,nln—lkm—l-
Hence if we deﬁne

0 0 0
em,l = . . . . . . ;
} 0 3 0 3 0
L km—l km—l km—l
[0 0 0
€m,2 = . ) P
0 0 0
L 0 llkm—l llkm—l
[0 0 0
empn = .. . R
00 0 0
| 0 0 ln—lkm—l
we find that
fuu - - . fin m—1n
’ o ' = Z Q€45 + amiem1 + @m2emz + -+ + Amn€mn
. Lo . =71
fm,l CE fm,n

= E Q;5€45.

1=1,5=1
Case 2. When m is even.
fmn = fm— 1n+amnl}m 1 for some amn € R,
fmn l—fmn+,81n l—fm 1,n— 1+/81 m— 1forsomeﬂ1,,81€R
=>fm 1n+amnkm 1+ﬁln l—fm 1,n— 1+51m1a
ifm 1,n— 1+71ln 1+amnkm 1+ﬁ1n l—fm 1,n— 1+51 m— 1af0rsome'}'1€R
= (8] — o) km— 1= (B +71)ln-1,
= 0] = Omn + Ao 1l 1forsomeamn 1 € R.
Hence, fmn l—fm 1,n— 1+amnkm 1+ omon— 1ln 1km 1.
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Continuing in this manner we get o
fml —fm 11+amnkm 1+amn lln lkm 1+ "'am,lllkm—l-
Hence if we define

i 0 0 0
€m,1 = . )
~0 0 0
likp—1 O 0
i 0 0 0 0
€m,2 = . s 5
0 ~~0 0 0
| lokm-1 l2km—1 O 0
F 0 0 0
Em,n = . s
. 0 . 0 0
L km—l km—l km—l
then we find that
fiu - - . fin meln
o = Z Qij€ij + Amiem1 + Om2ema + ** + Amnemn
. . . i
fm,l D fm,n ’ !
= Z ijij-
i=1,j=1

3.3. Example. For the case of Fig. 3 the R-basis in accordance with the above
algorithm is given by:

111 0 I 0 0 Iy ]

b1 = l: ].ljl,bg = [Oll jl = I:OO[Q
11 0 Iy I 0 0 Iy |

0 0 0 0]

]}, by = [kllQ kyl } = [klfl 00
oL kily kaly ki 0 0 |

k
k
0 0 0 0
, bs=|0 0 , 9=[o 0 }
. 0 Ik l1k2 0 0 [2152

&
I
—
Fro
TN

S
1O O+ —-

(=

J

Il
| — |
Tho o
=~
™
=
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FIGURE 3
=0 I,=0
18 17 16
1 2 3
13 14 15 k=0
6 5 4
7 8 9
12 11 10
FIGURE 4

4. THE HIGHER-DIMENSIONAL CASES

Let us start with an example in the three-dimensional situation. Suppose a
parallelopiped is subdivided into eighteen subparallelopipeds and is obtained by
drawing hyperplanes k; =0, ko =0, I; =0, I = 0 and m; = 0 in E? (see Fig. 4).

Suppose O is the 3-dimensional subcomplex so obtained. To extend the snakelike
linear ordering on the eighteen faces we linearly order the nine faces above the plane
m1 = 0 as in the two-dimensional case. From ninth place we go down to the tenth
place just below the ninth one and then cover the second level according to the
snakelike linear ordering, i.e., first move along a row in the second level, then along
the next row but backward, then along the third row until we have enumerated
the second level completely. If there is yet another level along the z-axis, we go
down to the third level and extend the snakelike linear ordering in the obvious way.
Returning to our example (Fig. 4), we first explain the algorithm of writing a basis
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using a linear ordering just described. Start with the first element b; by filling in
1 in all the eighteen places of the 3 x 3 x 2 matrix. To write by put zero in the
first place and then fill in zeros in the first column including all the levels below
the first column; then put I; at all the vacant places (we are crossing the plane
Iy = 0 in the linear ordering). We fill all the entries of the first level according
to the 2-dimensional case putting zeros in the second level below the zeros of the
first level. This will give us the first nine elements of the basis. To write the tenth
basis element, we put zeros at all the preceding places (i.e., on the whole of the
first level), and then put m; at all the vacant places. To write b11, we put zeros
in all the preceding ten places, also put zeros in the column of the second level
which has tenth entry in it, then we fill all vacant places by Loy (we are crossing
Io =0 and m; = 0 both). We continue like this as in the first level remembering to
include factor m; everywhere in the second level. Since it is unmanageable to write
the three-dimensional matrices, we write below all the eighteen basis elements of
the particular example of Fig. 4 according to the linear ordering described above.
These are :
b1 (1,1, e , 1),
= (0, ll,ll,ll,ll,o 0, llalhll,ll,o 0, l1,l1,ll,ll,0),

b3 = (0,0, 12,12,0 0,0,0,12, l2,0 0,0,0, lz,lz,o 0)

b4 = (O 0 O k17k1,k1:kl)klakl’klaklyklykl,klao 0 0)?

bs = (0,0,0,0, lgkl,lgkl,lzkl,lgkl,o 0, lzkl,lzkl,lzkl,lgkl,o 0,0,0),

bs = (0,0,0,0,0, I kl,llkl,O 0,0,0,l1ky,11k1,0,0,0,0,0),

b7— (0,0,0,0,0,0, k‘2,k2,k2,k2,k2,k2,0 0,0,0,0,0),

= (0,0,0,0,0,0,0, llkz,llk2,llk2,l1k2,0 0,0,0,0,0,0),
(00000000l2k2,l2k2,00000000)

b1o =(0,0,0,0,0,0,0,0,0, 7y, My, My, Ny, M1, 1101, 701, 701, M0 ),

bi1 = (0,0,0,0,0,0,0,0,0,0, lzniy, lpmity, lprity, priy , 0,0, lgmia, lgmia),

b12 = (0 0 0 0 0 O 0 0 0 O 0 l1ml,l1tlld6m1,0 0 0 0 llml)

b13 = (0 0 0 O O O 0 0 0 0 0 0 mlkz,m1k2,m1k2,m1k2,mlkz,mlkg)

b14 = (0 0 0 0 0 O 0 O 0 0 0 0 0 mlkz,ll,mlkz,ll,mlkg,ll,mlkz,ll,O),

b15 = (0 0 0 0 0 0 0 0 O 0 0 0 0 0 mllzkl,mllzkl,o 0)

b16 = (0 0 O O 0 0 0 0 0 0 O 0 0 0 0 mlkl,mlkl,mlkl,)

b17 = (0, 07 0: O: 0: O: 0, 0’ 0, Oa 01 Oa 07 07 0’ Oa Tﬁlk;ll;’ 77‘7:1];1[2),

bis = (0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, m1l~1k~1).

Now, with this example, it is clear what would be the basis in the case when
we have m.n.p number of parallelopipeds by intersecting m,n and p parallel hyper-
planes in E3. A simple but long calculation can be exhibited to prove (we have done
it to satisfy ourselves) the above statement for the particular example having 18
parallelopipeds in the three-dimensional case. The general case of three or higher
dimensions can be stated and proved using induction, as in the two-dimensional
case (Theorem 3.1). We omit the lengthy proof (we saw the two-dimensional case)
and give only the statement of the general result.

4.1. Theorem. Let P be a d-dimensional parallelopiped in E?. We subdivide P
into ni.ng. - - .ng number of subparallelopipeds by drawing hyperplanes in E* par-
allel to the sides of P. Suppose O denotes the resulting d-complex in E¢. Then,
with the snakelike linear ordering on the faces of O and for any r > 0, there s an
algorithm to write down a basis consisting of ni.ng.--- .ng number of C”-splines
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on O which will form a basis for the spline module C™(0O) over the polynomial ring
RZE[dIl,...,dId]. UJ
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