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CONVERGENCE
OF NONCONFORMING MULTIGRID METHODS
WITHOUT FULL ELLIPTIC REGULARITY

SUSANNE C. BRENNER

ABSTRACT. We consider nonconforming multigrid methods for symmetric pos-
itive definite second and fourth order elliptic boundary value problems which
do not have full elliptic regularity. We prove that there is a bound (< 1)
for the contraction number of the W-cycle algorithm which is independent of
mesh level, provided that the number of smoothing steps is sufficiently large.
‘We also show that the symmetric variable V-cycle algorithm is an optimal
preconditioner.

1. INTRODUCTION

The multigrid theory for conforming finite element methods where the finite ele-
ment spaces on successive grids are nested is now well understood (cf., for example,
the books [42], [46], [10] and the references therein).

However, for certain problems the simplest finite element methods are noncon-
forming or conforming but nonnested. For example, the simplest method for the
stationary Stokes equations uses the Crouzeix-Raviart element (nonconforming),
and the simplest finite element methods for the plate bending problem use the Mor-
ley finite element (nonconforming) or the (reduced) Hsieh-Clough-Tocher macro-
element (conforming but nonnested). Also, some simple nonconforming methods
can overcome the phenomenon of locking in elasticity problems and plate problems
(cf., [5], [37], [28], [67)).

The convergence of multigrid methods for nonconforming elements was studied
in [14]-[18], [20], [21], [23], [49], [9], [43], [50], [62], [63], [52], [55], [64], [65], [68]
and [60]. The convergence of the multigrid method for macro-elements was studied
in [66]. The results for the nonconforming or conforming but nonnested multigrid
methods can also be obtained from the more abstract theory of Bramble, Pasciak
and Xu (cf., [13]) once their “regularity and approximation” assumption is verified
for each concrete problem. The results in all the papers (except [65]; see below)
cited above for nonconforming and macro elements have been obtained under the
condition that the underlying boundary value problem has full elliptic regularity.
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In this paper we study the convergence of multigrid methods for nonconforming
finite elements without assuming full elliptic regularity. We follow the methodology
of Bank and Dupont in [6], where the convergence of conforming, nested W-cycle
multigrid methods is established without full elliptic regularity. The two key ingre-
dients in their approach are: (i) the equivalence between mesh-dependent norms
and fractional order Sobolev norms on the finite element space, and (ii) a duality
argument involving fractional order Sobolev spaces. Since the nonconforming fi-
nite element space may not be a subspace of the fractional order Sobolev space,
there are no straightforward generalizations of (i) and (ii) to the nonconforming
case. We overcome this difficulty by relating the nonconforming finite element to a
conforming finite element.

The idea of using conforming “relatives” in the treatment of nonconforming
finite elements was first used in the context of additive Schwarz preconditioners for
nonconforming finite elements (cf., [22], [24], [25]). Let (K,P,N) and (K,P,N) be
two finite elements (cf., [30], [27]), where K is the shared element domain, P and
P are the spaces of shape functions, and A" and N are the sets of nodal variables.
We say that (K,P,N) < (K,P,N)if P C P and N C N, and refer to (K,P,N)
as a “relative” of (K,P,N). Let V and V be the finite element spaces on the
same triangulation associated with (K,P,N) and (K PN ) respectively. Then
we say that V < V if (K,P,N) < (K,P,N). Our idea is to find a conforming
finite element space V;, for a given nonconforming finite element space V;, such that
Vi = V. Then we obtain multigrid convergence results for V}, by exploiting its
connection with V. In the theory we do not require that the V, on successive grids
be nested. Therefore, by applying the theory to Vj, = Vj,, we also have multigrid
convergence results for conforming but nonnested finite element methods.

After the completion of the first draft of this paper, we learned that W-cycle
convergence in the (nonconforming) energy norm without full elliptic regularity
was obtained in [65] by a different technique. However, one of the assumptions
(Assumption A.4) in [65] concerns a discretization error estimate for nonconforming
finite elements which is not in the literature and was not proved in [65]. It turns
out that this estimate follows from our theory (cf., the remark after Theorem 3.8).
Thus the estimate from our approach combined with the theory in [65] would give
another complete proof of the W-cycle convergence in the (nonconforming) energy
norm.

The rest of the paper is organized as follows. In Section 2 we set up the notation
and assumptions of an abstract framework for our finite element multigrid analysis
which is applicable to both second and fourth order problems. Preliminary esti-
mates are established in Section 3. In Section 4 we obtain the convergence of the
k-th level W-cycle algorithm and the full multigrid W-cycle method in both the
(nonconforming) energy norm and a lower order norm. In particular we show that
the contraction number of the k-th level W-cycle algorithm is bounded away from
1 uniformly when the number of smoothing steps is sufficiently large. For fourth
order problems, the convergence in the lower order norm and the connection to
the conforming relative result in a better pointwise convergence rate for the non-
conforming method. We also prove that the symmetric variable V-cycle multigrid
algorithm is an optimal preconditioner. Applications of our theory to second and
fourth order problems are given in Sections 5 and 6.
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For future reference, we state the W—cycle and variable V—cycle algorithms here.
Let V1, Va,... be finite-dimensional vector spaces, and let Ay, : Vi — Vi, IF | :

Vi1 — V}, and I,’C”'_1 : Vi, — V1. The equation to be solved is
(1.1) Az =g.

The W-cycle multigrid algorithm. Let m; and my be two nonnegative integers.
The W-cycle multigrid algorithm with initial guess zg yields WMG(k, zg, g) as an
approximate solution to the equation (1.1).

For k =1, WMG(1, 29, g) is the solution obtained from a direct method. In other
words,

WMG(1, 2y, 9) = A 'g.
For k > 1, WMG(k, 2o, g) is defined recursively in three steps.

e Pre-smoothing. Let z € V), (1 < 1 < my) be defined recursively by the
equations

1
(1.2) z21 =21+ . (g - Akzz—1>, 1<l <my,
k
where Aj dominates the spectral radius of Ay.
e Correction. Let § := I,’j_l(g — Apzm,). Let q; € Vg (0 <@ < 2) be defined
recursively by
(1.3) qo =0, and
q; =WMG(k—1,qi_1,§), 1= 1,2
Let Zmi+1 = Zm, T Illj—qu'
e Post-smoothing. Let z; € Vi, (m1+2 <1 < mji+ma+1) be defined recursively
by the equations

1
(1.4) 2 =zl_1+A—k(g—Akzl_1), mp+2<I<m;+mg+1.
Then WMG (k, 20, 9) = Zm, +ma+1-

The symmetric variable V-cycle algorithm. Let m; (j = 2,...,k) be positive
integers which are chosen so that Bom; < m;_1 < Bim; for j = 3,... ,k, and
1 < By < B1. The symmetric variable V-cycle multigrid algorithm with initial
guess zg yields VMG(k, zg, g) as an approximate solution to the equation (1.1).

For k =1, VMG(1, zp, g) is the solution obtained from a direct method. In other
words,

VMG(1, 20,9) = AT 'g.
For k > 1, VMG (k, 2o, g) is defined recursively in three steps.
e Pre-smoothing. Let z, € Vi, (1 <1 < my) be defined recursively by the

equations

1
(1.5) 21=21_1+ A_k(g — Akzl_l), 1<l <my,

where Aj dominates the spectral radius of Ay.
e Correction. Let g := I} (g — Axzpm, ), and

(1.6) q=VMG(k—1,0,7).

Let Zm,+1 = Zm, +IF_1q.
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e Post-smoothing. Let z; € V}, (mg 4+ 2 <1 < 2my + 1) be defined recursively
by the equations

1
(1.7) 2 =zz—1+—(g—AkZz—1>, me+2 <1< 2mp + 1,
Ay

Then VMG(k, 20, §) = 22m,+1-

2. AN ABSTRACT FRAMEWORK

In this section we set up an abstract framework for our finite element multigrid
analysis, which will be carried out in Sections 3 and 4 under the assumptions
stated here. Throughout this paper, £ = 1 (second order problems) or 2 (fourth
order problems), and « € (0,1]. The case a = 1 corresponds to the case of full
elliptic regularity.

We begin with the continuous problem. Let V be a Hilbert space and a(-,-) be
a symmetric bilinear form on V which is bounded and coercive:

(B) la(vi, v2)| S [villvllvallv - Voi,v2 €V,
(©) a(v,v) Z [[olf}; VveV.
In order to avoid the proliferation of constants, we adopt the notation <, 2 and ~.

The statement F' < G (or G 2 F) means that F is boundeit by G multiplied by a
constant which is independent of mesh sizes. The staten:.ut F' ~ G means F' < G

and G S F.
Let F' € V'. The continuous problem is to find v € V such that
(2.1) a(u,v) = F(v) YveV.

There exists a unique solution of (2.1) by (B), (C) and the Riesz Representation
Theorem.
We assume that there exist two other Hilbert spaces Z and W such that
(R-1) Z =V =W,
(R-2) lullz < [1F[lw,
where F' € W’ and v is the solution to (2.1).

Moreover, we assume the spaces Z and W are related by the following duality
estimate.

(D) la(¢ o) S Clizllvllw V(e Z,veV.

Remark. In applications V is a subspace of H%(Q2), W is a subspace of H'~%(1Q),
and Z is a subspace of H*%(Q). The elliptic regularity for (2.1) is then given by
(R-1) and (R-2).

Next we describe the finite element spaces. Let V1, V5, ... and 171, Vg, ... be two
sequences of finite-dimensional vector spaces with corresponding mesh parameters

hi,ho,.... We assume that there exist positive constants C; and Co, independent
of the mesh sizes, such that
(M) Cihip—1 < hy, <Cohr—1 and 0<C; <Cy<1.

We assume that the spaces Vj, and V;, are connected to the spaces of the contin-
uous problem through the following relations:

(C-1) Vi CV  (ie., Vi is conforming),
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and there exists a Hilbert space X such that
(C-2) WX and Vi,V CX for k>1,
(C'?’) W= [X7 V]l—(a/[)7

where [X, V]1_(a/¢) denotes the interpolation space obtained from X and V by the
complex method of interpolation (cf., [7], [61], [44]). When oo = 1 = ¢, we interpret
[X, V]o to be the space X.

Remark. Note that we do not assume Vi_; C Vk, ie., V, is conforming but not
necessarily nested, and the space V} can be nonconforming and hence nonnested.
However, they are all inside the space X, which is just L2(Q) in applications.

Let Vo = {0}. We assume that, for each positive integer k, there exists a sym-
metric positive definite bilinear form ag(:,-) on Vi_1 + Vj + V such that ax(-,")
reduces to a(-,-) on V and a;_1(-,-) on Vx_1. The (possibly nonconforming) energy
norm || - ||y on Vi1 + Vi + V is then defined to be

(22) [vlle = [ax(v, )]/
It follows from the boundedness and coercivity conditions (B) and (C) that
(23) lollv ~ lolle ~ YoeV.

Furthermore, we assume the following inverse estimate holds for k > 1:
(1) [olls Shellvllx Vv e Vimy + Vi + V.

We assume there exists an interpolation operator Il : V' — V}, which satisfies
the following interpolation estimates for k > 1:

(TI-1) ITxv = vl|x + hg|evllk S Rflvllv VueV,
(11-2) 1€ = MiCllx + Apll¢ — Telle S hTIIClz - V(€ Z.

The spaces V}, and V. are connected by the operators Ey : Vi — V., and
Fy, . Vi, — Vi which satisfy the following:

(E) | Exv — v x < hillvlle Vv e Vi,
(EIT) | ExITi¢ — Cllx + hE | ExleC — Clv S hET Iz V¢ € Z,

(F) Bt — 9llx S hellolly Vo€V,
(FE) FrEywv=v Vv e V.

Remark. In applications the constructions and analyses of Ej and Fj; rely on the
relation V;, <X V4.

Let ¢ € Z and (j € V}, be related by

(2.4) a(¢, Exv) = ar(Ce,v) Vv € Vi
We assume that
(N-1) lak(C = G, v)| Shy [Kllz lvlle  Yve W, (e Z,

(N-2) lar(¢ = G, k&) S R IIClz Ellz V¢, € € 2.
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Remark. In applications the estimates (N-1) and (N-2) are obtained by modifying
standard estimates for nonconforming finite element methods.

So far the relations between the spaces Vi have not been specified. Now we con-
nect Vi_1 and Vi by the coarse-to-fine intergrid transfer operator I ,’j_l Vel —
Vi. We assume that the following estimates on I}, hold:

(1) 1ZE-1v = vllx S hellvlle-r Vv € Vi,
(I-2) 1181 Tk—1¢ — idllx S hgteICllz V¢ € 2.
We also assume that V}, is equipped with the inner product (-, ) such that
P) (v,0)g = (v,v)x Vv e V.
We can then define Ay : Vi, — Vi, by
(2.5) (Agv1,v2)k = ag(v1,v2) Yovi,vg € V.

By our assumptions on ax(-,-), Ax is a linear symmetric positive definite operator.
It follows from (I), (P) and (2.5) that

(2.6) p(Ag) < Cuhp™,

where C, > 0 is independent of k. The number Ay in (1.2), (1.4), (1.5) and (1.7)
is then defined by Ay = C*h,:%.

Finally, the fine-to-coarse intergrid transfer operator I ,’j_l Ve — Vi1 is
defined by

(2.7) (I,I:_l’vl,’vg)k_l = (’01,1';3_11)2)19 Vv, € Vi and vy € Vi_1.

For the convergence analysis we also need the operator P,f_l Ve — Ve
defined by

(2.8) ak_l(P,f_lvl,vg) = ak('ul,I,'j_lvg) Vvi €Vy and vy € Vi_1.

It is easy to see from (2.5), (2.7) and (2.8) that the operators Ay, Ag_1, I,'j‘l and
P,f_l are related by

2.9 Ak_lpk_l = Ik_lAk.
k k

3. PRELIMINARY ESTIMATES

In this section we derive some estimates in preparation for the convergence anal-
ysis in the next section.

Lemma 3.1. The following estimates hold:

(3.1) [Exvllv < llvlle  and  [[Exvllx < llvllx Vo € Vi,
(3.2) [Exolls S 1ollv - and  [|Feollx S [|9]1x Vo eV,
(3-3) 1K 1ollk S lolle-1 and [IIZ_yollx S lollx Vo€ Vi,

Proof. Using (1), (2.3) and (E) we have
1Bollv S 1Bk = vl + ol S by I1Bro = vllx + ol S llollx,
IBxollx S 1Bxw - vllx + lollx S Ellolle + ollx S ollx.
The estimates (3.2)—(3.3) are similarly established by using (I), (F) and (I-1). O
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Lemma 3.2. The following estimates hold:
(3.4) 1B = Cllw S REIClz V¢ e 2,
(3.5) IIELHAU — U”)\ + hé, ||EkH1vU||v < h¢ ”’U“V YveV.

Proof. The estimate (3.4) follows immediately from (C-3), (EII) and interpolation
(cf., [7], [61]). The estimate (3.5) is obtained from (II-1), (E) and (3.1) as follows:

”ELHUJ — v||x + h¢ ||E;J’Iw||v
(3.6) S By —v)|x + || Exv — v
S Mk = vl x + kil S hillvllv.

O
For the convergence analysis, we need the following mesh-dependent norms on Vj:
(3.7) loll? = (A ‘v, 0)i Vo € Vi

The spaces (Vi, || - |lx.s) form a Hilbert scale (cf., [44]).
From (2.2), (2.5), (2.6), (3.7), (P) and the Cauchy-Schwarz inequality, we have

(3.8) lollosx = v (v,0)e = llvllx Vv eV,

(3.9) lollee = llvllx Vv € Vi,

(3.10) lolls.e S RSNl VveV, and t<s,
(3.11) lag(v1,v2)| < Norllesenllvalle—en  Vvi,v2 € Vi, t €R.
Lemma 3.3. The following estimates hold:

(3.12) I vllsk S Bollsi—1 VO < s < 6w e Vi,
(3.13) 128 ollen—1 Solles  VESE< 260 €V,
(3.14) I7E Te—1¢ = Millle—an SRR IKCIZz V¢ EZ.

Proof. The estimate (3.12) follows from (3.3), (3.8), (3.9) and interpolation (cf.,
[44]). The estimate (3.13) then follows from (2.8), (3.12) and duality.
From (I-2), (3.8), and (3.10) we have

(3.15) 17\ T—1¢ — Mcllos S AT ISz VE € 2,

(3.16) IE_ e al = TiCllew S ALz V¢ EZ

The estimate (3.14) follows from (3.15), (3.16) and interpolation. O
Lemma 3.4. We have the following equivalence of norms:

(3.17) lvlle—ar = [|Exvllw Vo € V.

Proof. From (C-3), (3.1), (3.8) and (3.9), we obtain by interpolation that

(3.18) IEwvlw S olle—ar Yo € Vi.

Let Qi : X — Vj, be the orthogonal projection with respect to the inner product
of X. Then from (I), (FE), (II-1), (3.2), (3.5), (3.8) and (3.9) we have

(3.19) 1FQrvllor S I FQrollx S IQkvlix S llvlix Vo e X,
(3.20) 1FQurvller S NFLQR(v — ExIliv)|le s + [ivflex
Shyflv— EdLwllx + ollv S ol Yve V.
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We find by (C-3), (3.19), (3.20) and interpolation that

(3:21) 1 FeQrvlle-an S lvllw Vv eW.
In particular, we have by (FE) and (3.21) that
(3:22) lole-ak = 1FsQrExvlle—ar S | Exvllw Yo € V.

O

Theorem 3.5. Let ( € Z and ( € Vi be related by (2.4). Then the following
estimates hold:

(323) 1€ = Celle < A% NI<lIz,

(3.24) k¢ = Cille—ak S AR ¢l 2

Proof. We have the following estimate for nonconforming methods (cf., [27]):
. ak(¢ — Ck,v

(3.25) 16— Gelle < g ¢~ vl + sup 1= Gl
vEV vEVi\ {0} vl

The estimate (3.23) follows from (N-1), (II-2) and (3.25).
By (3.17) and duality we have

|6 (Ex(T1x¢ — Ck))’_

(3.26)  TIx¢ — Cklle—ak = || Ex(TTx¢ — Cu)llw = sup

$eW\{0} llllw
Let ¢ € W’ be arbitrary. We define £ € Z and &, € V}, by the following equations:
(3.27) a(&,v) = ¢(v) Vv eV,
(3.28) ax (€, v) = ¢(Exv) Vv e V.
From (R-2) we have
(3.20) lellz < Il

Using (2.4), (3.27) and (3.28), we have

(3.30)  ¢(Ex(Ilk¢ — ¢k)) = a(&, Exlli¢ = ¢) + ar(&k, € — k) + a(é — &k, €).

The terms on the right-hand side of (3.30) can be estimated as follows.
Using (D) and (3.4), we have

(3.31) |a(¢, ExIlk¢ = Ol S lléllz | Exlli¢ = Cllw < Az 1€l z I -

Tt follows from (II-2), (N-2) and (3.23) that

(3.32) lak €k, € = Ce)l < law(€e — 1k, ¢ — Go)l + lar (T1kg, ¢ — Ci)

S B 1IEll z ¢l z-

Similarly, we have

(3.33) |ar(€ = &, O S R €l z lI<]l 2.
The estimate (3.24) now follows by combining (3.26) and (3.29)—(3.33). O

The following corollary is an immediate consequence of (II-2), (EII), (3.1), (3.4),
(3.17), (3.23) and (3.24).

Corollary 3.6. Let ( € Z and ( € Vi be related by (2.4). Then the following
estimates hold:

¢ = BxCellv S hgllCllz  and I — ExCllw < h3lI¢]lz-
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Remark. Let { € Z and {j, € Vj be the solutions of the continuous problem a(¢,v) =
¢(v) Vv € V and the discrete problem ag((x,v) = ¢(Exv) Vv € V. Because of
the presence of the operator Fy, the discrete problem is well-posed for ¢ in some
negative order Sobolev spaces even though Vj is nonconforming. Theorem 3.5 and
Corollary 3.6 give the discretization error estimates for these new nonconforming
finite element methods.

Lemma 3.7. Let ( € Z, and let { € Vi and (x—1 € Vi_1 be defined by

(3.34) ax(Ck,v) = a(¢, Exv) Vv e Vi,

(3.35) ag—1(Ce—1,v) = a(¢, Ex—_1v) Vo e V.

Then the following estimate holds:

(3.36) ISk—1 = PE " Celle—am—1 S 2% (1€ 2

Proof. Again, by (3.17) and duality we have

(3.37) IGk—1 = P Chlle—ak—1 & 1 Br-1(Ce-1 — PEC)llw

g 1B = PG|
seW\{0} [[6llw-
Let £ € Z, & € Vi, and €1 € Vi1 be defined by

(3.38) a(€,v) = ¢(v) VveV,

(3.39) ak (€, v) = ¢(Erv) Yo e Vg,

(3.40) ak—1(€k—1,v) = ¢(Er_1v)  Vve Vi_q.

Again, the estimate (3.29) holds. Using (D), (2.8), (3.34), (3.35) and (3.40), we
find that

(3.41) |¢(Br-1(Ce—1 — P k)|
= |ak—1(Ck—1 - P;ic_1Ck7€k—1)|
= |ag—1(Ce-1,&k—1) — ar(Ce, I8 _1&k—1)|
= |a(¢, Bx—18k—1 — ExIf_1&5-1)|
SNzl Ex—16k—1 — Brl¥ 1 &eallw-

On the other hand, by (M), (3.4), (3.12), (3.14), (3.17), (3.38)—(3.40) and The-
orem 3.5, we have

| Ex—1&k—1 — ExIF 1€, 1|lw
S IEe-1(6k—1 — e 1) |lw + | Bx—1Tx—1& — E|lw

(3.42) k
+ 1€ = ExIeéllw + [| Ex (kg — I k&) llw
1B le_y (M 1€ = &x1)llw S AE €] 2.
The lemma now follows from (3.29) and (3.37)—(3.42). O

Finally we derive within our abstract framework the discretization error esti-
mates for the standard (nonconforming) discretization.

Theorem 3.8. Let F € X', u e Z, and uy, € Vi be such that
(3.43) a(u,v) = F(v) Yvev,
(3.44) ag(uk,v) = F(v) Vv e V.
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Then the following estimates hold:
(3.45) lu — el S hEllullz +Aell Fllx
(3.46) ITew — wrlle—ak S R llullz + Rt Fllx -

Proof. Let uj, € Vj, satisfy

(3.47) ak(uﬂc,v) = F(Ew) VveV.
Theorem 3.5 implies that

(3.48) lu —uille < REllullz,
(3.49) M — wlle—an S PE%[lull 2.

From duality we have

o
(3.50) lug — willk = sup law (ur — uj, v)]|
veVi\{0} ”v”k

Using (E), (3.44) and (3.47), we obtain

(3.51) lak(uk — ui, v)| = [Fv = Bpo)| S Bl Fllx o]l -
Combining (3.50) and (3.51), we have
(3.52) llur — welle S WLl Flx-

The estimate (3.45) follows from (3.48) and (3.52).
By (3.17) and duality, we have

(Bt~ )|

(3:53)  lluk — uklle—ak ~ | Ex(uy — uk)llw = sup
SEW\{0} lllw

Let £ € Z and & € Vj satisfy (3.27), (3.28) and (3.29). It follows that
(3.54) ¢ (Br(uf, — uk)) = ar(€r — &, up — ug) + ar(Teé, uf, — uk).
From (1I-2) and (3.52) we have
(3.55) |a (€ — Tk€, uj, — ur)| S Wi I Fllxe €] 2-
On the other hand, from (II-2), (EII), (3.44) and (3.47) we obtain
(3.56) lak (e, vy, — uk)| = [F(ERIké — i)

< Fllx (|1 ExIIé — €]l x + € — TLeé]|x)
SR x 1€l -

Combining (3.29) and (3.53)—(3.56), we have
(3.57) lluk = welle-a S R eIIFlx0-
The estimate (3.46) follows from (3.49) and (3.57). d
Remark. The estimate (3.45) is the Assumption A4 in [65].

The following corollary is an immediate consequence of (II-2), (EII), (3.1), (3.4),
(3.17), (3.45) and (3.46).
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Corollary 3.9. Let F, u and uy be as in Theorem 3.8. Then the following esti-
mates hold:
lu = Brurllv S A llullz + hill Fllx,

[ — Brurllw S he®llullz + hi || F||x -

4. CONVERGENCE ANALYSIS

In this section we establish the convergence results for the multigrid algorithms.
First we investigate the convergence of the W-cycle algorithm. Following the
methodology in [6], we start with the convergence analysis of the two-grid algo-
rithm, where we assume that the residual equation is solved exactly on the coarser
grid, i.e., the g in the correction step is replaced by

(4.1) qg=A'3.

Let z be the exact solution of (1.1), and let e¢; = z — 2; for 4 = 0, ... ,m, where
m = mj + ms + 1. In order to relate the final error e,, to the initial error eg, we
introduce the operator Ry defined by

1
Ag
From the pre-smoothing step (1.2) and the post-smoothing step (1.4), we have

(4.2) Rp=1— —Ay.

(4.3) ej =Rrej_1, j=1,2,... mi,m +2,...m.
Since Ax dominates the spectral radius of Ay, it is easy to see that
(4.4) IRetllor < llolor ¥v e Vi, s €R.

From (2.9), the correction step of the two-grid algorithm, and (4.1), we have
(4.5) emy1 = my — If 10 =em, — IF_ A IF Y Agerm, = (I — IF_1 PF Dem,.
It follows from (4.3) and (4.5) that
(4.6) em = RP?(I — IF_ PF R ey,

Lemma 4.1. We have the following smoothing property:

IBFvls S iy’ lmax(L, n)] /O Jolls— g,k

(4.7
foranyseR, >0, n=0,1,2,....

Proof. For n > 1, the proof of (4.7) is standard (cf., [6]). For n = 0, the estimate
follows from (3.10). O

The following estimate on the operator I — I ,’j_lP,f ~! is the crux of the conver-
gence analysis.

Lemma 4.2. We have the following approximation property:
(4.8) (I = L P Dvlle-ak S B Iolleras Vo € Vi
Proof. From (3.17) and duality we have

E (I —IF  pk-1
49) MU =I5 PENollear e sup P BB )
SEW\{0} lpllw
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Let ¢ € W’ be arbitrary. We define ( € Z, {y € Vi and {x_1 € Vi1 by

(4.10) a(¢,v) = ¢(v) Yo eV,
(4.11) ax(Ck,v) = ¢(Fxv) Vove Vg,
(4.12) ak—1(Ck—1,v) = ¢(Ex_1v) YveVp_1.
From (R-2), we have
(4.13) 1llz < llellw

Using (2.8) and (4.11), we find
(4.14) O(Ee(I — If_1 PF "))

= ar(Ce, I — If_ P )v)
= ag(Cryv) — ag—1(PF~1¢k, PF o)
= an(Ce — IF_1Co1,v) + a1 (Coor — PE1¢, PF10).

We can estimate the two terms on the last line of (4.14) by using (M), (3.11)-
(3.14), (4.10)-(4.12), Theorem 3.5 and Lemma 3.7 as follows:

(4.15) lan(Ce = I 1 Ce—1,v)]
SISk = I8y Cr—1lle—ak Ivllesak

S (0% = TCleae + MK i1 = TGl

I (1€ = Ge)e-a) Bollesan
S RISl z lollesan
(4.16) |ak-1(Ch—1 = Py ™Gk, Py o)
S UCk—1 = PE Celle-ao—1 IPE ™ 0lleta—
S hENCllz Molleay -

The estimate (4.8) now follows from (4.9) and (4.13)—(4.16). O
Theorem 4.3 (Convergence of the two-grid algorithm). For m; + mqy sufficiently
large, the two-grid algorithm is a contraction in the | - ||z norm, with contraction
number uniformly bounded away from 1. For mi sufficiently large, the two-grid

algorithm is also a contraction in the || - ||¢—a,kx norm, and the contraction number
1s uniformly bounded away from 1.

Proof. Since the final error e, is related to the initial error eg by (4.6), we have by
(3.9), (4.7) and (4.8) that

(4.17) lemlls = IR (I = I Pi™ R eole
< hy, *[max(1,ma)] =/ @) (I — I§_\ PE R eolle-ak
S hiifmax(L,mo)] =/ C YR egll 4ok

< fmax(1,m2)] =/ [max(1,m1)] 7%/ Jleo|l -
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Similarly, we have by (4.4), (4.7) and (4.8) that
(4.18) lemlle-a = IR (I = IE_  PE ™) Ry eolle—ak
< = I PR eolle—ak

< BRI eolleva

S [max(1, m1)] = Jlemlle—a

The theorem follows from (4.17) and (4.18). O

Remark. The estimate in (4.18) seems to indicate that a one-sided algorithm with
only pre-smoothing may be more efficient for convergence in the || - ||¢—q, 5 norm.

The next theorem follows from (3.12), Theorem 4.3 and a standard perturbation
argument (cf., [6]).

Theorem 4.4 (Convergence of the W-cycle multigrid algorithm). For m; + mq

sufficiently large, the W-cycle multigrid algorithm is a contraction in the || - ||k
norm, with contraction number uniformly bounded away from 1. For my suffi-
ciently large, the W-cycle algorithm is also a contraction in the || - ||¢—a,k norm,

and the contraction number is uniformly bounded away from 1.

Let F € X', uw € Z and uy € Vi be such that (3.43) and (3.44) hold. We can
find an approximate solution for (3.44) by the following full multigrid method.

The full multigrid W-cycle algorithm. For £ = 1, the approximate solution
i1 € V1 is obtained by a direct method.
For k > 1, the approximate solution 4y € Vj, is obtained recursively from

w0 = I 1k
(419) Uk,5 = WMG(k,uk,j_l, fk), 1 < ] < r,

’&’k = Uk,r,
where r is a positive integer independent of k and f;, € V} is defined by
(fov)e=F) VveV.

Theorem 4.5. Let F € X', u € Z and uy, € Vi, be such that (3.43) and (3.44) hold.
Let my + mo (resp., my) be sufficiently large so that the W-cycle algorithms are
contractions in the |||k (resp., || lle—a,k) norms with contraction numbers uniformly
bounded away from 1. Then, for r sufficiently large, the following estimates hold for
the approzimate solutions Uy (k= 1,2,...) obtained by the full multigrid algorithm:

(4.20) llu = axlls S A llullz + hillFllx
(4.21) Juk = alle-an S PR llullz + Rt Fllx -
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Proof. By (M), (II-2), (3.3), (3.9), (3.12), (3.14), (3.16), (3.45) and Theorem 3.8
we have

(4.22) lur = Tg—yun—1lls < llur — Tewllk + [Meu — I§_ The—yulx
1T (1w — wg )|k
S hillullz + BE|IFllx,
(4.23) Nk — I ur—1lle-an < luk — Meulle—ak + [Teu — I8 Tk yulle—ak
+ Iy (Memrw = w1 le—ak

S i lullz + R Fllxe.

Let k£ > 1. By (4.19) and the assumption on the W-cycle algorithm, there exists
a positive 6§ such that § < 1 and

(4.24) g — telle < 6 [lug — TF_yip—1 |k fork=1,2,...,

(4.25) luk — tklle—ar < 6 lluk — IF_1ik—1lle—ar fork=1,2,....

Combining (3.3), (4.22) and (4.24), we obtain

(4.26) Nl = il < 6" [[lu = T _yun—1 [l + 15y (w1 — Go—1)llx]
<& C [(hgllullz + Rl Fllxr) + luk—1 — d—1]lx]

where C’ is independent of k.
Similarly, using (3.12), (4.23) and (4.25), we obtain

(4.27) fluk = Gnlle-ar < 67C" [(AR*lullz + hF I Fllxr) + lluk—1 — x-1lle—a,k] ,

where C” is independent of k.
Since 0 < a < ¢, it follows from (M) and iterations of (4.26) and (4.27) that

k c's" J .

(428 o e < |3 (S ) | etz + B0,

7=t !

[ & oer J ) .
429 nlear < |3 (G ) | (s BRI,

Li=1
The estimates (4.20) and (4.21) follow from (4.28) and (4.29) for r sufficiently
large. |

The following corollary is an immediate consequence of (3.1), (3.17), Theo-
rem 3.8, Corollary 3.9 and Theorem 4.5.

Corollary 4.6. The following estimates hold under the assumptions of Theorem
4.5:

(4.30) lu — @l + [l = Brtxlly < hllullz + bl Fllx,
(4.31) IMTkw = aglle—a,k + lu — Butkllw S Be®llulz + A Fllx -

Remark. For fourth order problems, pointwise convergence of 4, follows from (4.31)
and the Sobolev inequality (cf., the remark after Example 6.1).
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Next we consider the symmetric variable V-cycle algorithm as a preconditioner.
Let By : Vi — V} be defined by

Big = VMG(k, 0, g).

It can be shown by mathematical induction that By is a linear symmetric positive
definite operator with respect to (-, -)x (cf., Theorem 4.5 in [10]). Therefore By Ay
is symmetric positive definite with respect to ax(,-). Our goal is to estimate the
condition number of By Ay with respect to the energy norm ||- || induced by a(-, -).

The following lemma furnishes the crucial “regularity and approximation” esti-
mate in the Bramble-Pasciak-Xu theory for the symmetric variable V-cycle multi-
grid preconditioner.

Lemma 4.7. The following estimate holds:

v v alt
(432) k(I If PE o0 £ (Lj”ﬁ) (ax(v,0))1~ (D),

for all v € Vi, where A\, (= p(Ag)) is the largest eigenvalue of Ay.
Proof. Let v € Vi, be arbitrary. Using (3.7), (3.11) and (4.8), we have
(4.33) lar(( = IE_1 Pg o, 0)| ST = Lo PE ) olle—aok [olle+an
S BN va e = B2 (A0, 0)s
Holder’s inequality implies that
(4.34) (A,lj(a/e)v, V) < (Agv, Akv)g/e (Agv, v),lc_(a/e).
The estimate (4.32) follows from (4.33), (4.34) and (2.6). d

We can now simply apply the Bramble-Pasciak-Xu theory ([10], [12], [13]) to obtain
the following theorem.

Theorem 4.8. The condition number of ByAyx with respect to the energy norm
|- llx s bounded by a positive constant which is independent of the mesh parameter

k.

5. APPLICATIONS TO A MODEL SECOND ORDER PROBLEM

In this section we apply our theory to the Poisson equation with homogeneous
Dirichlet boundary condition. Let Q be a polygonal domain in R? and f € L?(f2).
Consider the following boundary value problem:

(5.1) —Au=f inQ and u=0 ondS

Let V = H}(R), and let a(-,-) on V xV be defined by a(v1,vs) = [, Voi- Vo, d.
Conditions (B) and (C) follow from the Cauchy-Schwarz inequality and the Poincaré
inequality (cf., [48]), respectively.

The weak formulation of (5.1) is to find u € V such that

(5.2) a(u,v) z/ﬂfvda: Yo eV.
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By the elliptic regularity theory for non-smooth domains (cf., [36], [39], [40],
[41]), there exists a € (3,1] such that for f € H~1*%(Q), the solution u of (5.2)
belongs to H'**() and

(53) lll ey S IFllzr-1ve (-

Let Z = H**(Q) N HY(Q) and W = Hy~*(Q) (= H'=%(Q) since 1 — a < 1/2).
Clearly, (R-1) holds and (R-2) follows from (5.3).
Let X = L?(Q). From interpolation of Sobolev spaces (cf., [61] and [57]) we have

(5.4) Z = [Hy(), H*(Q) N Hg (D]a

and W = [L2(Q), H}(Q)]1—a- In particular, the condition (C-3) holds.
The Laplacian A is a bounded linear operator from H?(2) to L?(Q2), and from
H(Q) to H~1(Q). Therefore by interpolation (cf., [61]) we have

(5.5) I8¢ m-1+a(0) S €l miva) V¢ € HTHQ).

Let ¢ € Z and v € V. There exists a sequence ¢, € C5°(R2) (the space of
C* functions with compact supports in ) which converges to v € V. Since
H}(Q) — Hy~*(Q), the sequence ¢, also converges to v € Hy~%(2). Therefore,
we have

60 al¢o) = lim [ VC Vondo= lim (-A¢,8n) = (-A¢,0),
n—oo Q n—oo

where (-,-) denotes the canonical duality bilinear form between H~!7%() and
H}™*(Q). The duality estimate (D) now follows from (5.5) and (5.6).
We now consider finite element multigrid methods for (5.2).

Example 5.1. Let {75} be a sequence of quasi-uniform triangulations (cf., [30],
[27]) of Q2. For simplicity we may assume that 7i; is obtained by connecting the
midpoints of the edges of the triangles in 7. Therefore, (M) holds for C; = Cy =
1/2.

Let V¥ = {v € L*(Q) : v|r is linear for all T € T, v is continuous at the
midpoints of interelement boundaries} be the P; nonconforming finite element space
associated with 7y, (cf., [35)]), and let V¥ = {v € HY(Q) : v|r is quadratic for all
T € Ti} be the Py conforming finite element space associated with 7. The space
Vi (resp., Vi) is the subspace of V;* (resp., 17,:) whose members vanish at the
boundary nodes. Note that Vi < Vi and the conditions (C-1) and (C-2) clearly
hold. The finite element space V,* is equipped with the inner product (-, -); defined
by (vi,v2)k = hZ Y., vi(m)va(m), where the summation is taken over all the
midpoints in the triangulation 7. The equivalence of (v,v)x and (v,v)r2(q) is
standard. Hence (P) holds.

Let ax(-,-) be defined by ay(vi,v2) = ZTeTk fT Vv - Vvadz. Then (I) is a
standard inverse estimate (cf., [30], [27]). The discrete problem for (5.2) is to find
ur € Vi such that

(5.7) ak(ug,v) =/vad:c Yo e V.

The interpolation operator Il : V — Vj is defined by

(5.8) (ITxv)(m) = ﬁ?'/evds,
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where m is the midpoint of the edge e. Note that

(5.9) (HkC)|T = C|T if C|T is linear.
The following estimate can be found in [35]:
(5.10) I = TkCllz2ery + hl¢ — MeClre(ry S Bellmocry,  B=1,2,

for all T € Ty and ¢ € HP(Q) N H}(Q). The estimate (II-1) follows from (5.10)
with 8 = 1, and the estimate (II-2) follows from (II-1), (5.4), (5.10) with 8 = 2 and
interpolation.

The operators Ej, : Vi, — Vj and Fj, : Vi, — Vj, are defined by

(Exv)(m) = v(m) for all internal midpoints m € 7y,
(Eyv)(p) = average ofv;(p) for all internal vertices p € T,

where v; = v|g, and T; € T}, contains p as a vertex, and
(5.12) (Fr9)(m) = 9(m) for all midpoints m € Tj,.

Note that F} is well-defined because Vi < V.

The relation (FE) is trivial, and the estimates (E) and (F) can be found in
[24]. For the proof of (EII), it is convenient (because we can ignore the boundary
conditions) to introduce the operator E : V¥ — V;* which is defined by the same
formula in (5.11) for all midpoints and vertices of 7. Note that for v € Vi, we
have Ejv = E,v except at the vertices on 0.

Let T € 7, and let St be the interior of the union of the closures of all the
triangles in 73 neighboring T. We have the following estimate for E} (cf., [24]).

(513) ||E;’U - U”%2(T) 5 h%—\ Z |'U|§_11(K) Yove Vk*'
KeSr

It follows from (5.13) and a standard inverse estimate that
(5.14) IE"vllL2(ry S vllL2(sry Vo€ Vi
The definition of E} also implies that

(5.15) (E,’;n)|T =n if n|ST is linear.

Let T € Ty. Let ¢ be an arbitrary linear function on St and ¢ € H2(Q) be an
extension of ¢. For any ¢ € H%(Q) N H}(Q), it follows from (5.9), (5.10), (5.14)
and (5.15) that

(5.16) |IE;TLLC — Cllrzcr) < IERI(C = @)l L2cr) + 1€ — Bllz2ery S NIC — bllz2(sm)-

Since ¢ is an arbitrary linear function on St it follows from (5.16) and the Bramble-
Hilbert lemma (cf., [11]) that

(5.17) |ExIkC = Cllze(ry S A3 I¢] H2(sp)-

Summing (5.17) over all the triangles T € 7}, we have
(5.18) | Bx k¢ = Cllz2ge) S RRlClm2(e) V¢ € H?(Q) N H(Q).
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Since EIl;¢ and EfII( differ only at the vertices along 09, we have

(5.19) IBxTIkC — BTG l3 2y Sh2 D> Y (k0| 1 (0))?
pGBQT c 779
T>p

Sy Y (M) - <)
PEONT € Ty,
T3p
S hilClhe )
by (5.10). It follows from (5.18) and (5.19) that
(5.20) BTk = Cllz2(e) S PRlCla2 @) V¢ € H?(Q2) N Hy ().
By (5.10), (5.20) and standard inverse estimates, we have
(5.21) | BTk — (o) S i BRI — il p2a) + 1Tk¢ — ¢l
< hilClma) V¢ € HY(Q) N Hy(Q).
On the other hand, using (E), (I) and (II-1), we have
(5.22) | ExI1kC = Cll 2y + bl ExIlkC — ¢l 5 (o)
S BRIk = Tl 22¢q) + TTk€ = ¢l (o)
+ hie (| Bx k¢ = ¢l + [T0k¢ = € lx)
ShelClave V¢ € Hy(9Q).

The estimate (EII) now follows from (5.4), (5.20), (5.21), (5.22) and interpolation.

Next we verify the assumptions (N-1) and (N-2). Let ¢ € H%(Q) N H3 (), and
let ¢x € Vi be related to ¢ through (2.4). Let v € Vi, + V, then Green’s formula
implies that

5.23 &(C,v A)vdx + v] ds,
(5.29) == % [ @ovde+ 3 [ Sl

where [v] denotes the jump of v (in the direction of n) across the edge e, and the
second summation is taken over all the edges of 7.
Since Exv € H}(R), it follows from (2.4) and (5.23) that

(5.24) a(Gv) == ) / (AQ)Ewdz Vv e V.
TeT
By subtracting (5.24) from (5.23), we obtain
(5.25)  ag(¢— ¢k, v) E / (AQ)( v—Ekv)dx—i—Z/a [v]ds Vve V.
TET,
Using the Cauchy-Schwarz inequality and (E), we have

Z/ (AQ)(v — Exv)dz| <

TeTy

(5.26) < i Wl ol Vo € Vi
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Since v is continuous at the midpoints, a standard argument (cf., [35]) shows that

Ze:/e%%[v] ds
Combining (5.25)—(5.27), we have

(5.25) @x(¢ = o0 S e Iy lelle Vv € Vi
Assume now that ¢ € H}(Q). By (2.4) and (3.1) we have

(5.29) ak(Cry k) = a(C, ErCr) < <1 a1 BxCrll ey S IS @) 16k k-
It follows from (5.29) that

(5.27) < hilllscen ol Vo € Vi

(5.30) 1Cklle < I A ()
which then implies
(5.31) lak(C = Gy V) < NIC = Gkl [0lle S Sl @) 0l Vv € Vi

The estimate (N-1) follows from (5.4), (5.28), (5.31) and interpolation.
From (5.25) we obtain

532 (-G =~ 3 [ @0 - B do + ) | ol ds
for ¢,€ € H2(Q) N HL ().

It follows from the Cauchy-Schwarz inequality, (5.10) and (5.20) that
(5.33)

/ (AQ) (It — EyT1ig) da| < 2 ¢l ey €l s e

TeTy

Since II;¢ is continuous at the midpoints, we have by a standard argument (cf.,

[35])

(5.34)

Z/ [46] ds Z/ (M€ — €] ds| <

Combining (5.32)—(5.34), we obtain
(5.35) lak (¢ = G T8 S R ¢ 2 €l 20y V€, ¢ € HA(Q) N Hg ().

On the other hand, for {,£ € H(Q), we get the following trivial estimate by
using (5.10) and (5.30):

(5.36) |ak (¢ = G &) < 1€ = CllelTegllx S NSl () 1€l @)

The estimate (N-2) follows from (5.4), (5.35), (5.36) and (bilinear) interpolation

cf., [7]).

( Fi[nz]jm)lly, we define the intergrid transfer operator I¥ . Let m be a midpoint of

an edge of a triangle in ;. If m € 99, then (If_,v)(m) = 0. If m lies in the

interior of a triangle in 7;_1, then (If_ v)(m) = v(m). Otherwise if m lies on

the common edge of two adjacent triangles 71 and T in 7;_;, then (IF_,v)(m) =

1 [v|7, (m) 4+ vz, (m)]. The proof of the estimate (I-1) can be found in [14] and [18].
Let ¢ € H%(Q) N H} (). A slight modification of the arguments in [14] and [18]

(where the nodal interpolation operator was used) gives

(5.37) 1L Me—1¢ — Tl p2y S A2 lIC e (o)

< B lI¢1 m2 o) € 2 o) -




44 SUSANNE C. BRENNER

For ¢ € H(Q), using (M), (TI-1) and (I-1) we have the estimate
(15 Te—1¢ — Ikl L2 (a)
SIE Me—1¢ — 1|22 ()
+ [Mg—1¢ = Cllz2() + 1€ = |l 2o
S hiellCl a e

The estimate (I-2) now follows from (5.4), (5.37), (5.38) and interpolation.
We have verified all of the assumptions in Section 2 for this example. Therefore
the results in Section 4 are applicable to the multigrid algorithms for (5.7).

(5.38)

In the next example, we omit the technical details since they can be carried out
along the same lines as in Example 5.1.

Example 5.2. In this example, we assume that the sides of the polygonal domain
Q are parallel to the coordinate axes. Let {73} be a sequence of quasi-uniform
“triangulations” of {2 consisting of rectangles. For simplicity we may assume that
Tk+1 is obtained by connecting midpoints of the opposite sides of the rectangles in
Tk
Let Vi = {v: v|R € (1,x1, 29,23 — 23) VR € Ty, v is continuous at the midpoints
of the interelement boundaries and vanishes at the midpoints on 02} be the non-
conforming “rotated” bilinear element (cf., [52]), and V; = {v € H}(Q) : v|R is
biquadratic for all R € 7} be the conforming Qo finite element space. Note that
Vi < Vi. The inner product for V; is defined by (v1,v2)x = hE S, vi(m)va(m),
where the summation is taken over all internal midpoints m of the triangulation
k.

Let a(-,-) be defined by ax(vi,ve) = ERETk fR Vv, - Vuadz. The discrete
problem is again given by (5.7).

The interpolation operator Il : V' — V4 is defined by the same formula in
(5.8), and the estimate (5.10) remains valid (cf., [52]).

The operator Ey : Vi —> Vj is defined by (Exv)(m) = v(m) for all internal
midpoints m € T, (Exv)(c) = v(c) for all centroids ¢ € T, and (Eyv)(p) =
average of v;(p) for all internal vertices p € 7Ty, where v; = v| and R; € 7}
contains p as a vertex.

The operator F}, : Vi —> Vj is defined by the same formula in (5.12), and the
intergrid transfer operator is defined by averaging as in Example 5.1.

All the assumptions in Section 2 can be verified for this example by the same
arguments used in Example 5.1. Hence the results in Section 4 are applicable to
the multigrid methods for (5.7) using the “rotated” Q; finite elements.

R;

Remark. The nonconforming P; and “rotated” Q; finite elements are equivalent to
the lowest order triangular and rectangular Raviart-Thomas mixed finite elements
(cf., [53], [4], [2]). There are multigrid methods for (5.1) using the lowest order
Raviart-Thomas elements (cf., [19], [2]) which are based on the multigrid methods
for the nonconforming elements. The results in Section 4 are therefore applicable
to these multigrid algorithms for the lowest order Raviart-Thomas finite elements.

6. APPLICATIONS TO A MODEL FOURTH ORDER PROBLEM

In this section we apply our theory to the biharmonic equation with homogeneous
Dirichlet boundary conditions. Let € be a bounded polygonal domain in R? and
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f € L%(Q). Consider the following boundary value problem.

(6.1) A?w=f inQ and u=g—:i=0 on Of).

Let V = HZ(Q), and let a(-,-) on V be defined by either

a(v,w) = E /vzlz]wmzz] dx
Q

4,7=1,2
or

a(v,w) = /Q [AvAW + (1 = 0) (202, 2 War 0y — Voo Wagzy — VoposWayay ) | A2,

where o is the Poisson ratio and 0 < ¢ < % For either choice of the variational
form a(-, -), conditions (B) and (C) follow from the Cauchy-Schwarz inequality and
the generalized Poincaré inequality (cf., [48]), respectively.

The weak formulation of (6.1) is to find u € V such that

(6.2) a(u,v) = /vad:c YveV.

By the elliptic regularity theory for non-smooth domains (cf., [36], [39], [40],
[41]), there exists a € (3,1] such that for f € H~*T%(Q), the solution u of (6.2)
belongs to H2+(£2) and

(6.3) lullzrzva(e) S Ifllr-2+a(q)-

Let Z = H?>t*(Q) N HZ(Q) and W = HZ*(Q). Clearly, (R-1) holds. Since
W' = H=?*%(Q), the estimate (R-2) follows from (6.3).
Let X = L?(2). By the interpolation of Sobolev spaces (cf., [61], [57]), we have

(6.4) Z = [H§(Q), H(Q) N H5 (],

and W = [L?(Q), H3()]1—a/2. In particular, the condition (C-3) holds.
The biharmonic operator A? is a bounded linear operator from H3(Q2) to H~1(f),
and from H?2(2) to H~2(Q). Therefore by interpolation we have

(6.5) 1A% sr-24a() S ICllaraie) Y¢€ HF(Q).

As in the case of the Poisson equation (cf., Section 5), the duality estimate (D)
follows from (6.5) and a density argument.

We now consider finite element multigrid methods for (6.2). In the following
examples, {7;}72, is a sequence of quasi-uniform triangulations of 2. For simplicity
we assume that 751 is obtained by connecting the midpoints of the edges of the
triangles in 7. Let T € 7;. We denote by St the interior of the union of the
closures of the triangles in 7; neighboring T

Example 6.1. Let V¥ = {v € L*(Q) : 'u|T is quadratic, v is continuous at the
vertices and Av/dn is continuous at the midpoints of interelement boundaries}
be the Morley finite element space associated with 7; (cf., [47]), and let V}* be
the Hsieh-Clough-Tocher macro element space associated with 7; (cf., [34]). A
function ¢ € f/k* is C! on Q, and its restriction to each T' € T}, is piecewise cubic
on the three triangles formed by the centroid and the vertices of T. The space
Vi (resp., f/k) is the subspace of V}* (resp., Vk*) whose members have zero nodal
values along 9. Note that Vi < Vj. The inner product for Vi is defined by
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(v,w)g = hi > pv(P)w(p) + Ry, %(m)%(m), where the summations are taken

over all vertices p and midpoints m in 7.
The symmetric positive definite bilinear form a(-,-) is defined by either

ax(v,w) = Z Z /T'Urmgwa:zw] dz

TET i,5=1,2
or

ax(v,w) = Z /T[AvAw+(1—a)

TeTy
X (27)111210:01:02 = Vgy0, Wapzy — vwzﬂvzwrlml)]dx‘

The discrete problem for (6.2) is to find ug € Vi such that
(6.6) ax (ug,v) = / fvdx Yv eV
Q

Clearly, (M), (C-1), (C-2), (I) and (P) are satisfied.
The interpolation operator Il : V' — V}, is defined by

6.7) (Mv)(p) = v(p) and 8(5,’;”)%):% g—nd

where p and m range over the internal vertices and midpoints of 7, and m is the
midpoint of the edge e. Note that

(6.8) (HkC)|T = (‘T if C|T is quadratic.

The following interpolation estimates are established by the standard techniques
for almost affine family of finite elements (cf., [30]).

1€ = MiCllz2(ry + hel¢ — Mkl m ()
+ R3¢ — Tl 2y S MIC] s (s B=2,3,

for all T € T and ¢ € HA(Q) N H3(N). The estimate (TI-1) follows from (6.9)
with 8 = 2, and the estimate (II-2) follows from (II-1), (6.4), (6.9) with 8 = 3 and
interpolation. From (6.9) with 8 = 3 we also have

6.10) (31 -TlBrr)? SRl msy V¢ € HY(Q) N HE(Q).
TeT,

(6.9)

Let p and m be the internal vertices and midpoints of 7;. The operators E :
Vi — Vi and Fy : Vi, — V, are defined by

(Exv)(p) = v(p),
(6.11) %(m) = %(m),

[0°(Exv))(p) = average of (8%v;)(p), |8 =1,
where v; = v|r, and T; contains p as a vertex, and

(6.12) (F) o) = 5(p) and LT gy~ P

Note that Fj is well-defined because Vi, < Vj. Clearly the relation (FE) holds, and
(F) follows from a simple element by element calculation.
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Let E} : V¥ — V;* be defined by the same formulas in (6.11) for all vertices
and midpoints of 7. A straightforward computation (cf., the similar computation
in [24] where the Argyris element was used instead of the Hsieh-Clough-Tocher
element) yields

(6.13) 1o — ol3ery ShE S Polhage Yo e Vi
KeSr

Moreover,

(6.14) (Egn)|T =7 ifn|ST is quadratic.

It follows that

(6.15) |1Bfw — vll320) St D Wiy YveVy
TeT;

Let v € V. Since Exv and Ejv differ only by their first order derivatives at the
vertices along 0f2, we have

(6.16) 1Exv — EgvllZai) S IVl 2oy S RkllvlE Vo € Vi,

where the summation 3 in (6.16) is taken over the triangles in 7;, neighboring 6.
The estimate (E) follows from (6.15) and (6.16). A standard inverse estimate
then yields

2
(6.17) (S 1Bw — o) ? S hallolle Vo € Vi
TeT,
Using (6.8), (6.9), (6.13), (6.14) and the Bramble-Hilbert lemma as in Example
5.1, we obtain
(6.18) IEXTIC = Cllzago) S BklClmo) V¢ € HP () N H(Q).

Since EiIIx¢ and E;I1;¢ differ only by their first order derivatives at the vertices
along 99, we have, by (6.9),

2
|BWTLC — BiliClee ShE Y- Y [V, | )
pEON TET:
Top

(6.19) <t Y Y v, - ve| )
peEIN '1;__‘657;6

5h2|C|%13(Q) V¢ € H(Q) N HF(Q).
It follows from (6.18) and (6.19) that

(6.20) I ExTkC — Cllz2(e) S BilClas ) V¢ € HP(Q) N HE(Q).
By (6.9), (6.20) and standard inverse estimates, we have
(6.21) I ExTIRC — ¢l ) S Py 2 I1ERTIC — Tl L2 (o) + ITTkC = 2oy

S hilClas) V¢ € HY(Q) N HF(Q).
By (I), (E) and (II-1) we also have the trivial estimate
(6.22) || ExTIkC — Cllr2) + BRI ETRC — Clla2(o) S RilCllma) V¢ € H3(9).
The estimate (EII) follows from (6.4), (6.20), (6.21), (6.22) and interpolation.
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Next we turn to the assumptions (N-1) and (N-2). Let ¢ € H3(Q2) N H3(Q) and
¢k € Vi be related to ¢ through (2.4). Let v € Vi + V; then by the Green’s formula
(cf., [59]) we have

(6.23) ar(¢,v) / V(AC) Vvdx+2/ G1(Q)[ve,] + G2(¢)[va,]) ds,
TET:

where G1(¢) and G2({) are combinations of second order derivatives of ¢, [vz,] and
[vg,] denote the jumps of v,, and v,, across the edge e, and the second summation
is taken over all edges e of 7%.

Since Exv € H3(), it follows from (2.4) and (6.23) that

(6.24) NEEDY / V(AQ) - V(Exv) da.

TeTy
By subtracting (6.24) from (6.23) we obtain

(6.25) ar (¢ — Cg,v) = Z / V(A() - V(v — Exv) dx

TeT;

+ 3 [ (@1(Olm] + Ga(Olen]) ds Vv e Vi
By the Cauchy-Schwarz inequality and (6.17) we have

(6.26) < hk”CHHE‘(Q) ”’U”;c Vv e V.

Z/VA( V(v — Epv)dz| <

TeT,

Since v, and v,, are continuous at the midpoints, we have, by a standard argument
for nonconforming finite elements,

621 % [ (G1Q)on] + GalOluw,]) ds

Combining (6.25)—(6.27), we obtain

S hellCllas@) lvlle Vo € Vi.

(6.28) lar(¢ = G )| S hillCllzs o) vlle Vo € Vi

Let ¢ € H3(Q). Then we have the obvious estimate

(6.29) [<elle < 11l 2,

which implies that

(6.30) lak(C = Gk, v)| SIC = Cellellvlle S ISl a2 @llvlle Vv € Vi

The estimate (N-1) now follows from (6.4), (6.28), (6.30) and interpolation.
By (6.9) and (6.20) we have

(6.31) | ExIIké — k€l 2y S BRIk — €l o) + 1€ — k€|l 2 )
Sh s VE€HY(Q)NHZ ().

A standard inverse estimate then implies that

(6.32) (> BTkt — Metl3nomy)” S B2 N€llmsy V€ € HY(Q) N HZ(Q).
TeT
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It follows from (6.25) that

(6.33) ar(C = G, TR) = = / V(AC) - V(IIxé — Eglli€) da

£ Y [ (GO0, + GO [mee)a) s

for ¢,&€ € H3(Q) N HE(Q).
By the Cauchy-Schwarz inequality and (6.32) we have

(6.34) S hilKlas e €l s (o)

> [0 Ve - B do
TeT T
for ¢,€ € H3(Q) N HZ(Q).

A standard argument for nonconforming finite elements shows that

3 [ (GOII..] + Ga(OlTae).)) ds

(6.35) <

5 [ (GO, ~ €] + GO M), — &)

S hllSllas ) €l ms) V¢, € € H3(Q) N HF ().
Combining (6.33)—(6.35), we obtain
(6.36)  lan(¢ — G Ik S MiliClmsco [€llas @) V¢ € € HA(Q) N HE(Q).
On the other hand, for ¢, ¢ € HZ(Q), the estimates (6.9) and (6.29) imply that

(6.37) law (¢ — e, )| < ISl o) € 20y

The estimate (N-2) now follows from (6.4), (6.36), (6.37) and (bilinear) interpola-
tion.

The intergrid transfer operator If | : Vix_1 — Vj is defined by averaging as
follows. Let p be a vertex of 7y inside Q. If p is also a vertex of 7;_1, then
(If_,v)(p) = v(p). If p is the midpoint of the common edge of two triangles T} and
Ty € T,_1, then

(IE_10)(0) = 5[], @) + 0], )]

Let m be a midpoint of an edge e of 7 inside Q2 and n be a unit normal of e. If m
is in the interior of a triangle in 7;_1, then

A(Iy_1v) v
g, (M) =5 (m).
If m is on the common edge of two triangles T; and T5 in 7;_1, then

o(IF_,v) 1 [Ov|r, |,
T = 5 | m + T

The estimate (I-1) follows immediately from the estimates in [16], and the estimate
(1-2) follows from the estimates in [16] and interpolation, as in Example 5.1.

Since all of the assumptions of our theory hold for this example, the results in
Section 4 are applicable to the multigrid methods for (6.6).
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Remark. For 1/2 < a < 1, the estimate (4.31) and the Sobolev inequality (cf., [61])
imply that

sup |u(z) — [Brix)(@)| S hillull gareqa) + ki flln2)-
€N

Since Exv and v coincide at the vertices, we have
max [u(p) — Gk (p)| < Wi [l o) + BN fll 220

where the summation is taken over all the vertices of 7.
In the case a = 1, we have, for any 0 < 8 < 1,

max fu(p) — ax(p)] < Op [l wosnce) + 1yl |

Remark. The symmetric variable V-cycle preconditioner for the Morley finite ele-
ment method can also be used to precondition the Argyris finite element method
(cf., (3], [26]).

Remark. The results in Example 6.1 are also valid for the Adini element (cf., [1],
[29], [45]) and the incomplete biquadratic element (cf., [58]), which are connected
to the Bogner-Fox-Schmit element (cf., [8]) and the Fraeijs de Veubeke-Sander
quadrilateral element (cf., [54], [38], [32]), respectively.

Example 6.2. Let Vi = Vi, C H3() be the Hsieh-Clough-Tocher or the reduced
Hsieh-Clough-Tocher macro finite element space associated with 7 (cf., [34], [31],
[51]), and let ag(:,-) = a(:,-) on Vj. The discrete problem for (6.2) is to find ux € Vj
such that

(6.39) aug,v) = /va dx Vv eV
There exists an interpolation operator Il : V' — Vj, such that
(6.40) 1€ = i€l 2y + hElC = Millmzery S B Cluscsmy, B =2,3,
and
(6.41) ()| = ¢l i ¢|g, is quadratic.

The estimates (II-1) and (II-2) follow from (6.40). The operator II; can be con-
structed by using the techniques in [33] and [56]. For the Hsieh-Clough-Tocher
element, we can also take IT; to be the composition of the interpolation opera-
tor for the Morley element defined in (6.7) and the connection operator defined in
(6.11).

Let E = F), = identity map on Vj. The estimates (E), (EII), (F), (FE), (N-1)
and (N-2) are then completely trivial. We can take If | : Vy_; — Vi to be the
nodal interpolation operator. Then (I-1) is a standard interpolation error estimate.
Moreover, we have

(6.42) (I,’j_lv)|T = v|T if v|T is quadratic.
The estimates (II-1) and (I-1) imply that
(6.43) 1761 Tk—1¢ = MiCllz2(0) S RE M€l 20y V¢ € HF (D).
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Using (6.41), (6.42) and the Bramble-Hilbert lemma, we obtain (cf., the proof of
.20))

44) 1IF_Tk—1¢ = Ml 2oy S b ¢l V¢ € H3(Q) N HE(Q).

The estimate (I-2) follows from (6.4), (6.43), (6.44) and interpolation.

Therefore the results from Section 4 can be applied to these macro element

methods.
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