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FINITE ELEMENT APPROXIMATION OF 
THE CAHN-HILLIARD EQUATION 

WITH CONCENTRATION DEPENDENT MOBILITY 

JOHN W. BARRETT AND JAMES F. BLOWEY 

ABSTRACT. We consider the Cahn-Hilliard equation with a logarithmic free 
energy and non-degenerate concentration dependent mobility. In particular 
we prove that there exists a unique solution for sufficiently smooth initial 
data. Further, we prove an error bound for a fully practical piecewise linear 
finite element approximation in one and two space dimensions. Finally some 
numerical experiments are presented. 

1. INTRODUCTION 

Let Q be a bounded domain in Rd d < 3 with a Lipschitz boundary OQ. We 
consider the Cahn-Hilliard equation with non-constant mobility and logarithmic 
free energy: 
Find {u(x, t), w(x, t)} such that 

O_ = V. (b(u) Vw) in QT := Q X (O,T), 

w = V(u)- yAu in QT, 

U(X,0) = uo(x) V x E Q, 
u = = 0 on OQ x (0,T), 

where v is normal to OQ. The mobility b E C[-1, 1] is such that 

(1.1) 0 < bmin < b(s) < bmax V s E [-1, 1]. 

The free energy 'IF: [-1,1] -) R is given by 
(1.2) 

I(s) := 4(s) + 0- (1 -_ 2) := 0 [(1 + s) ln[1+s] + (1 - s) ln[121]] + 0 (1 s2) 

and -y, 0 and O, are positive constants with 0 < O. We define the monotone function 
(-1,1) -? R to be 

(0)(S) := I'(s) = [ln(1 + s) - ln(1 - s)]. 

The above problem models phase separation of a binary mixture, which is 
quenched into an unstable state. Here u := XB - XA E [-1, 1], where XA, XB E 

[0, 1] are the mass fractions of the two components A. and B. When the quench is 
shallow, that is 0 is close to 0S, then the free energy, I, is usually approximated by 
a quartic polynomial. The majority of the mathematics literature has concentrated 
on this case, with constant mobility. However, this approximation is invalid if the 
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quench is deep, i.e., 0 ?< 0. For a fuller discussion of the model, see [10] and the 
references therein. 

A mobility dependent on the concentration, u, appeared in the original derivation 
of the Cahn-Hilliard equation, see [8], and a thermodynamically reasonable choice 
is b(s) := [1 S2]+, see [13] and the references therein. This specific choice for b 
leads to a number of mathematical difficulties since it is degenerate, i.e., bmin = 0 
in (1.1). A simpler model is to consider for example 

1 i-as-2 if Isl <1 
(1.3) b(s):={ pi-u)[i+e 2ofs- ) if 2si 

for a given a E [0, 1]. Here, a = 0 yields a constant mobility, a E (0, 1) yields a 
non-degenerate concentration dependent mobility, and a = 1 yields the degenerate 
mobility mentioned above. For the purposes of the analysis in this paper, we have 
extended b to R, so that b E C1(R) and is non-degenerate over R if a < 1. 
Throughout the paper, we will assume that 

(1.4a) b E C(R), 0 < bmin < b(s) < bmax V s E R. 

For the majority of our results we require the further restrictions 

(1.4b) bmin > 0, b E C1(R) with Ib'(s)I < C V s E R. 

We introduce a weak formulation of the above problem: 
(P). Find {u, w} such that t(., 0) = uo(.) and for a.e. t E (O, T) 

(1.5a) (9u,r) + (b(u)Vw,V) = 0 V E E (Q), 
(1.5b) (w,) = -y(Vu,Vr) + (V'(u),) FV r E H1(Q). 

We have adopted the standard notation for Sobolev spaces, denoting the norm of 
Wm'P(Q) (m E N, p E [1,oo]) by 11 1m,p and semi-norm by I 1m,p. For p = 
2, Wm2(Q) will be denoted by Hm(Q) with the associated norm and semi-norm 
written as 11m and m respectively. Throughout, (,.) denotes the standard L2 

inner product over Q and (., ) denotes the duality pairing between (H1 (Q))' and 
H1 (Q). In addition we define 

1 (,q 1) V q EL L2(Q). 

There are two major difficulties in studying problem (P). One is that +'4(s) is 
singular at s = +1 and therefore (1.5b) has no meaning if u = +1 in an open set of 
non-zero measure. Secondly, establishing uniqueness of a solution is considerably 
more difficult when the mobility is concentration dependent. 

Although, the Cahn-Hilliard equation has been extensively studied, very lit- 
tle mathematical work has appeared for a concentration dependent mobility. In 
[17] existence of generalized solutions in one spatial dimension is proved under 
the assumptions T E C1(R), b E C0"'3(R), j3 E (0, 1), satisfying (1.1) and uo E 

H3(Q). Furthermore, it is shown that if b(-1) = b(l) = 0 and jluol0o,0o < 1, then 

IIu(.,t) Io, o < 1, t > 0. In [13] existence of solutions {u,w} to (1.5a),(1.5b), satisfy- 
ing (2.62) and (2.63), is proved under the assumptions I E C1(R) with T(s) > -C, 
IP'(s)I < CIs1r + C (r E R+ for d 1,2, r = 3 for d = 3), b E C(R) satisfying 
(1.1) with bmin > 0 and u0 E H1 (Q). Furthermore, they prove existence when the 
mobility degenerates at +1 and J' has singularities at +1. This includes the case 
when T is defined as in (1.2) and b(s) := [1 - 2]+. In [11] existence of a global 
unique strong solution {u, w} to (P), u E L2(0, oc; H6(Q)), is proved under the 
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assumptions IQ is smooth, b is smooth and nonnegative, uo E H6 (Q) with IzAu0112 
sufficiently small and b(m) > 0, P"(m) > 0, i.e., metastable, where m f uo. It 
is also shown that under these assumptions u(., t) -- m in L??(Q) as t -o0. 

We consider the finite element approximation of (P) under the following assump- 
tions on the mesh: 

(A). Let Q be a convex polyhedron. Let Th be a quasi-uniform partitioning of Q 
into disjoint open simplices t with h, := diam(t) and h:= max,CThh,n, so 
that Q = U,Ch. In addition, it is assumed that Th is an acute partitioning; 
that is for (i) d = 2 the angle of any triangle does not exceed 7r/2, (ii) d = 3 
the angle between any two faces of the same tetrahedron does not exceed 7r/2. 
In fact the case d = 2 can be relaxed to weakly acute, see [19]; that is, the 
sum of opposite angles relative to any side does not exceed 7r. 

Associated with Th is the finite element space 

Sh := {X E C(Q): X is linear V s E Th} C H1(Q). 

Let 7rh: C(Q) S be the interpolation operator such that irh(xj) = r(xj) 
(j =1 - J), where _xjj_ is the set of nodes of Th. A discrete inner product on 
C(Q), is then defined by 

(1.6) (j, 7)h = Xh(ql(X)q2(x))dx 1Mjnl(j)q2(Xj) 
:1=1 

where 0 < M K < Ch d. We introduce the L2 projections Qh: L2(Q) - Sh and 
h L2(Q) __ Sh defined by 

(1.7) (Qhn,X) = (Qhv X)h = (mq X) V X E Sh. 

Given N, a positive integer, let /\t := T/N denote the time step and tn := nAt, 
n = 1 -- N. We consider the following fully practical finite element approximation 
of (P): 

(phz\t). For n = 1 -- N find {Un, Wnh}E Sh x Sh such that 

(un-un-1 
h 

X +bmax (VWn h,VX) 

(1.8a) = ([bmax - b(Un-1)] VWn1,VX) V X E Sh, 

(1.8b) (Wn ,X)h =y(VUn,Vx) + (q(Un) _ OUn,X)h V X(Sh, 

where U0 _ Qhuo or huo and W? E Sh is such that 

(1.8c) (WOIX)h = -7y(AUo,X) + (0(U0) -_cUX)h XESh. 

The corresponding finite element approximation for constant mobility, i.e., bmax= 

bmin -b(s) _ 1, is analysed in [2]. We note that the resulting nonlinear algebraic 
system that needs to be solved at each time level for (ph,At) is the same that arises 
in the constant mobility case. It is the main purpose of this paper to extend the 
analysis in [2] to the non-constant mobility case and to prove the following error 
bound for the approximation (ph,\t). 

Theorem 1.1. Let uo E H3(Q), '9'0 = 0 on OQ and 6 E (0,1) be such that 
11uoJJo, O < 1 - 6. Let the assumptions (A) hold and /\t O Ch, for any fixed 
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constant C. Let d < 2 and b satisfy (1.4a),(1.4b). Then for all h > 0 such that 
/\t < 4-y/[bmaxOC]7 

(1.9) 1U0Ii0O <1-18 and Uuo-U012 < Ch; 

we have that 

(1. 10) U - U+11L2(,T;H1(Q)) + IIU - UL2(OT;(H<(Q))I) < Ch 

where for n >1 

U(. t):= I-In-I Un(.) + tn-ttUn l(.) t E [tn-l,tn]i 

(1.11) ~~~U+(.,t) :=Un( ) t E (tn-litn]- 

We note that on choosing U? _ Qhuo, the second bound in (1.9) is satisfied 
for all h > 0 and a sufficient condition for the first to hold is that h is sufficiently 
small. Whereas on choosing UO _ Qhuo the first bound in (1.9) is satisfied for all 
h > 0 and the second bound holds with further restrictions on Th and uo; e.g., on 
a uniform translation invariant mesh if uo E W2'oo(Q). 

The error bound in Theorem 1.1 is exactly that obtained for constant mobility 
in [2] under fewer restrictions on the data. However, it may not be optimal as 
the singular nonlinearity 0 makes the analysis particularly delicate. Although our 
final error bound is only valid for the restricted data d < 2 with the mobility 
b(.) satisfying both (1.4a),(1.4b), a number of the results are developed for more 
general data. In particular, the approximation (ph,At) is well posed for all d < 3 
with b(-) satisfying just (1.4a). Similarly, the restrictions on the mesh in (A) of 
quasi-uniformity (required for the inverse estimates, see (3.11) and (3.10)) and 
weak acuteness (required only for the technical bound (3.17)) can be relaxed to a 
regular partitioning to prove well posedness of (phAt.). 

We note that one could consider an alternative time stepping scheme with OcUn 
in (1.8b) replaced by OcUn-1. It is a simple matter to adapt the analysis is this 
paper to show that this scheme is unconditionally stable, and that the error estimate 
in Theorem 1.1 above holds for all \t OCh. However, the resulting scheme on 
eliminating {Wn}IN0 is a three level time scheme for {Un}IN0. This leads to 
spurious modes and we have found that the stated discretization (ph, At) performs 
better in practice. 

The layout of this paper is as follows. In Section 2 we study a regularized prob- 
lem (PE), where X is replaced by 0q. Firstly we prove some E independent stability 
bounds for the solution {uE, WE}, extending on those given in [16] and [2] for the 
constant mobility case. Passing to the limit, E = 0, we prove existence of a solution 
{u, w} to (P). Finally we prove uniqueness of these solutions to (PE) and (P), and 
an error bound for this regularization procedure under a number of regularity as- 
sumptions, which are shown to hold for the restricted data d < 2 and b(.) satisfying 
both (1.4a),(1.4b). In Section 3 we prove firstly well posedness of a fully discrete 
continuous piecewise linear finite element approximation of (PE), (ph, t), a regu- 
larized version of (ph,At). Passing to the limit, E = 0, we prove the well posedness 
of (ph,At). In addition we prove an error bound for the approximation (ph,Wt) of 
(PE) and this discrete regularization procedure for the restricted data d < 2 and 
b(-) satisfying both (1.4a),(1.4b). By combining all the above error bounds and 
choosing the regularization parameter E and the time step /\t in terms of the mesh 
spacing h, we obtain the error bound in Theorem 1.1. Throughout, C denotes a 
generic constant independent of these three parameters. In addition C(al,.-. , a,) 
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denotes a constant depending on the non-negative parameters {aO}Xi, such that 
C(ai, , a) < C if ai < C for i = 1 -* I. For notational convenience we write 
Cb=- C(bJ1 ). Finally in Section 4 we present some numerical experiments. 

We end this section by noting that the error bound in [21 for the finite element 
approximation, (ph,At), of (P) with constant mobility has been extended to the 
multi-component version of (P) with a constant mobility matrix in [3]. Further- 
more, the existence proof in [13] for (P) with a degenerate concentration dependent 
mobility has been extended to the multi-component version of (P) with a degen- 
erate concentration dependent mobility matrix in [141. In a forthcoming paper we 
intend to extend the error bound in this paper to the multi-component version of 
(P) with a non-degenerate concentration dependent mobility matrix. 

2. A REGULARIZED PROBLEM 

In [16] Elliot and Luckhaus analysed (P) for constant mobility by introducing 
a regularized problem. We employ the same regularization procedure to study the 
case when the mobility is concentration dependent. 

The logarithmic free energy IJ(.) is replaced by the twice continuously differen- 
tiable function T'(s) := 0e(s) + 0- (1 -_ 2), where E E (0, 1) and 

(2.1) 

2(1 + S) In [1+8] + 40 1S) (1- s) In [F O-04 if s > 1 - 

*F (s) := +(s) if $sl < 1 - , 
0 (1-s) ln [ls1] + 0( (1 + s) In ['1 -O4 if s < -1 +c. 

The monotone function 
0 

(1 + ln(1 + s)) - 0 (1 -s) - lnE if s > 1-, 
(2.2) 0 (s) := (s) = (s) if Isl < 1 - , 

-02 (1 + ln(l1-s)) + 0 (1 + S) + 0 InE if s <-1 +?, 

has the following properties. 
* For all E > 0 

(2.3) 0b(s) > ? (s) if 1 > s > 1 - E, 
()E(s) > (s) if - 1 + E > s >-1. 

*For all r, s 

(2.4) T'' (s)(r - s) = +' (s)(r - s) - O's(r - s) < 'bE(r) -0,E(s) + Ocs(s - r) 
= 4E(r) -E (s) + 0?- (r -8)2 

where we have used the identity 

(2.5) 2s(s-r) = S2-r2 + (s-r)2 V r,s. 

*For E < and for all r, s 

(2.6) 0(r - 8)2 < (&E(r) -(s))(r - s) 

and 

(qE(r) -_ E(s))2 < q' (max{ r , Is })(q5(r) - qE (s))(r - s) 

(2.7) < q0 (5 (r) - q (s)) (r - s). 

In addition, if r, s > 1 - E or r, s < -1 + E, then 

(2.8) 0 -(r - )2 < (q5 (r)- (s)) (r - s). 
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Furthermore, it is a simple matter to show that T' is bounded below for E sufficiently 
small; e.g., if E < E? := 0/(8O,), then 

(2.9) > Q8 _s1]2 + [-l_S]2 -c >-_c V s, 

where [.]+: max{., 0}. To see this, we note firstly for Isl < 1 that 

FE (s) > O(s) > O(0) 
_ -01ln2 > -0c, 

Secondly, for s > 1 we have under the stated assumption on E that 

,FE(S) > 40 (S _ 1)2 _OE4 + Oc (1 _ 2) 

0 _ 02c _ 1)2- _4O + ( 

> 04 _-Sc](S- _1)2 _ HE oc 

where we have applied a Young's inequality. Applying a similar bound for s < -1 
yields the desired result (2.9). 

For later purposes, we recall the following well-known Sobolev interpolation re- 
sults, e.g., see [1]: let p E [1, oc], m > 1 and assume that v E Wm'P(Q). Then there 

are constants C and , = d ( - r such that the inequality 

[p, oo] if m _ d > 0, 
p 

(2.10) VO,r v p holds for r E [p, oo) if m-- = 0, 
d ifM_ d< 0. [P) m-(d/p)] ifm -< 

We now study the corresponding regularized version of (P). 
(PE). Find {uE, wE} such that uE(., 0) = uo(.) and for a.e. t E (0, T) 

(2.1la) ( I , ') + (b(uE)VwE, Vr) = 0 V r E H1(Q), 

(2.1lb) (wE,r) = -y(Vu,,Vr1) + (F'(uE),r1) V r E H1(Q). 

It is convenient to introduce the "inverse Laplacian" operator 9 F Y-- V such 
that 

(2.12) (V9v,Vr1) = (v,rq) V q1 H'(Q), 

where T := {v E (H1(Q))': (v, 1) = 0} and V := {v E H1(Q) :(v, 1) = 0}. The 
well posedness of 9 follows from the Lax-Milgram theorem and the Poincare in- 
equality 

(2.13) lqlo,p < C(17r11,p + 1(, 1)1) Vr E W1'P(Q) and p E [1, oc]. 

One can define a norm on F by 

(2.14) v : Vi ,V2 VvY (2.14) ~~~llvll_1 := 1vIl1 
= (v, 5v) V v E F. 

We note also for future reference that using a Young's. inequality yields for all ae > 0 
that 

(2.15) (v,) _ (V9v,Vr7) < IIv II1rj < v1 1 V112 1 + 2 1 2 V V E E IVH1(Q). 

In addition it follows from (2.12), (2.10) and (2.13) that 

(2.16) lVvio < C|v1or V v E Lr(Q) n Q , 

where r = 1, 1 + -F 6T, for any r > 0, for d = 1, 2, 3, respectively. 
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Assuming that bmin > 0 and given q measurable in Q, it is also convenient to 
introduce the operator gq: T - V such that 

(2.17) (b(q)Vgqv,Vn) = (v,r) V rq E H1(Q) 

It follows for all q measurable in Q and v E Y that 

IVgv 0-(v,g5v) (b(q)Vgqv,,V5v) < b2 ax [b(q)] 2 V9qv o Vgv 

Similarly we have that 

j[b(q)] 2VgqV =-- (V, 5qv) (V5v, Vqv) < bm 
1 

IvIVo [b(q)]2 VgqVIO. 

Combining the above, it follows for all q measurable in Q and v E T that 

(2.18) bmin I [b(q)] Vqv < V5v o < bmax I [b(q)] V9qv o 

Let q be measurable in Q, v E T and r E H1(Q), then 

(2.19) (v, r) (b(q)V9qv,Vr) < b? axI[b(q)]2vgqv o ri = bnax(v,g5qv) 2I |1 

so that an analogue of (2.15) holds. Similarly to (2.16), we have from (2.17), (2.10) 
and (2.13) that 

(2.20) lVgqVIo < Cb1 IvIo,r V v E LT(Q) n0, 

where r = 1,1 + T, 65, for any r > 0, for d = 1,2,3, respectively. 
For a.e. t E (0, T), let q(-, t) be measurable in Q and v(., t) E L2(Q) n Y be such 

that aq (, t), a (-, t) E L2(Q). If b satisfies (1.4a),(1.4b), then by differentiating 
(2.17) with respect to t and setting r _gqV we obtain that 

(a t, gqv) = ( a [b(q)Vgqv], Vgqv) 

(2.21) = (b'(q)q, IVgqV 12) + (b(q)V a-[qV],V9qV) at,a 
= (b'(q)9q, IVgqv 12) + [gqv], v). 

Hence applying (2.21) and noting (2.17) yields that 

(2.22) d (gqv,,v) = ([5qv], v) + (5qv, at ) = 2(5q 9t, V) - (b'(q) VgqV, Vgqv). 

We note for future reference that if aq(-, t) E L2(Q) for a.e. t E (0,T) and if b 
satisfies (1.4a),(1.4b), then (2.10) yields that 

(2.23) | (b9(q)qat Vqv, V5qv) ? < C|atO 1V9qVlJJ4 < CIa 1 l9qV 2ll qVII2 

Similarly if ql, q2 E H1(Q) and b satisfies (1.4a),(1.4b), then (2.10) yields that 

[b(q2)]JV(qj - 9q2)VIo ([b(q2) - b(qj)]Vgqjv,V(gqj - 9q2)v)2 
1 1 

< bm 1 [b(q2) - b(ql)]V9q1Vlo < Cbmi I q2 - q 10,4 IV9qj V 10,4 

1 d I_d d 

(2.24) < Cbrjn 2q2 q1 I q2-ql - 4 q q1V1 9q1V , 

Adapting an argument in [15], we now find a bound on II9qVII2 when b satisfies 
(1.4a),(1.4b), q E H2 (Q), v E L2(Q)0n and Q is a convex polyhedron or OQ E C11. 
It follows from the standard regularity estimate I 12 < CIA * 10, gqV E V, (2.20), 
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(2.17) and (2.10) with r =: Oi , Tr 6,u =' 1--T 1 and s =2 2) 3) A =0 ' for 
all T E (0, 1), when d = 1, 2, 3, respectively, that 

bminI gqVII2 < C [bminlzgqVo? + IvIo] < C [jb(q)z5qVo? + IvIo] 

C [Ib'(q)Vq.Vxqv + vO + Ivol] < C [IVqjo,rvIqvIOs? + IvIo] 

(2.25) < C IqI1-" llqll" 5gqVl1 IlgqVW1' + Ivo] 

Finally using a Young's inequality yields that 

(2.26) I|gqVI2 < Cb [lqli Ilqjl2 lgqv1 + IVIo, 

where a = 1'T 0,0, for all r E (0,1), and B3 = 2d-2 when d = 1,2,3, respectively. 
2) I-T) 

Choosing r _ 1 in (2.1la) yields that (&au-, 1) = 0, i.e., (uE(, t), 1) = (uo(.)) 1) 
for all t. Hence it follows from (2.11a), (2.17), (1.4b) and (2.13) that 

(2.27) WE g_ 5 
?J + f v (E(). 

Therefore for bmin > 0, (PE) can be rewritten as follows. 
Find uE such that uE(., 0) = uo(.) and for a.e. t E (0, T), (uE(., t), 1) = (uo (.), 1) 

and 

(2.28) -Y(VuE, Vr7) + (P (uEE), r7 - f r7) + (!;, t , r) = 0 V r E H (Q) . 

Similarly, if bmin > 0 (P) can be rewritten as follows. 
Find u such that u(., 0) = uo(.) and for a.e. t E (0, T), (u(., t), 1) = (uo(.), 1) and 

(2.29) ty(Vu,V,) + ('(u),r,-TM+ r)(g r)= 0 V ) + H1(Q) 

with 

(2.30) w -= _gJU U + f /(u). 

Theorem 2.1. Let d < 3 and uo E H1(Q) be such that IIuo IIo,z < 1 and I i uoI < 
1 - 6 for some 6 E (0,1). If b satisfies (1.4a) with bmin > 0, then for all E < 
Eo there exists {u, WE } solving (PE) such that the following stability bounds hold 
independently of E 

(2.31) UEJ L(O,T;H1(Q)) < C, I UEIIH1(O,T;(H1(Q))') < C 

and 

(2.32) Il[uE - 11+ IL-(O,T;L2(Q)) + 11[-uE - 11+11L?(O,T;L2(Q)) <06? 

In addition, the following stability bounds hold independently of E: 

(2.33) ||WE IL2(0,T;H1(Q)) < Cb and SE(UE)L L2(QT) < Cb; 

and if Q is a convex polyhedron or OQ E C1,1 

(2.34) ||UE IIL2(O,T;H2(Q)) < Cb 

Furthermore, if b satisfies (1.4b) and 

t L8dO,?L2())8 < C(bmi 
, EU)), UE IIL2d(0,T;H2 (Q)) ? C(bIlll),) 

(2.35) WE L<d(oT;JI1(Q)) ? C(b-c' )' 

then the solution {u., WE} of (PE) is unique. 
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Proof. Existence follows from standard arguments using Galerkin approximations 
and then passing to the limit; see [13]. The choices of r below can be justified in a 
similar way. 

Choosing r1 q in (2.28) and integrating over (0, t) yields for all t e (0, T) 
that 

2 jUE (, t) 12 + (,p (u(, t)), 1) + 1 [b(u,)] V9U %S (2 s) ds 

(2.36) = 12 + (p6(Uo), 1) < C, 

where we have noted the assumptions on uo. Hence the E independent bounds in 

(2.31) follow from noting (2.9), (2.13), (2.18) and (2.14). The bound (2.32) follows 

immediately from the bound on (I,(u,(-, t)), 1) in (2.36) and (2.9). 

Noting (2.27), (2.13) and (2.36) yields that 

II j-f )Wd1L2(0,T;H1(Q)) 

(2.37) < cIvgu, ? 1IL2(Q,) < Cbn 
|| [b(U&)] V9u,, 't L2(QT) ? Cbmin. 

Choosing r1 -(u,) in (2.28), noting that >5({) > 0 and (2.13) yields for ae. t e 

(0, T) that 

2y0|u 12 + (I - 0F )q (u6)12 < I -cUE gue 12 

(2.38) ? C [ uE + b- [b(u,,)] V9U at -] 

Integrating the above over t e (0, T), noting (2.31) and (2.36) yields that 

(2.39) (II- f )6(U6)IL2(QT) < Cbm. 

Choosing j-= u, in (2.28) yields for any constant A and for a.e t e (0, T) that 

(IF' (u5), A - 
u.) =(IF' (u5), A -u.) )1|UE 12 (gu, 

au's 
I us) 

1 1 

< (PQs (A) - I'P, (u ,), 1) + 2 |lu 
- 

AO + Cb-? mi [b(u,)] 1V9usE . loLU lo O 

where we have noted (2.4) and (2.13). Hence it follows on choosing A = ?1 and 

noting (2.9) that 

(2.40) 61QI I f V(u)| < c [ 1 + Iu1 0 + bm' I 
[b. ()] oU ? E lo l l I] 

Integrating the above over t e (0, T) and noting (2.31) and (2.36) yields that 

(2.41) || f E'F'(UE)||L2() < Cbm'l 

Combining (2.41), (2.37) and (2.39) yields the desired result (2.33). Finally (2.34) 

follows from (2.11b), (2.31), (2.33) and standard elliptic regularity theory. 

Assuming that (2.28) has two solutions u1, u2 with corresponding w' defined by 

(2.27), it follows that for ae. t e (0, T) -U := U1-u2 E V satisfies 

(12 
. 

46 2Ul) 
_ | u2 | + (gu 

au"s - (u ) tt O. (2.42) E 5Eu),~ & U2g ofU's& 
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If b satisfies (1.4a),(1.4b), on noting (2.22), (2.23), (2.24), (2.26), (2.27), (2.19), 
(2.18), and applying H6lders inequality, it follows that for a.e. t e (0, T) 

1s6 12 + (qe (Uj1) -e (U2 )) ,U) + 
I 

dt (gu 1 , I ) 
= c|s (b (uE -2 TtU Us, V u 1U u U tv 

2 Y1 at 
- 0 + I at 

<~~~~~~~~~~+[U OC- 12 + CU au1 0 2- 1d -d w2 -d+ 2 6d] 

(2.43)-~-~a g- 1 2 b([ u + 2 

Uniqueness then follows from noting (2.6), (2.31), (2.35), a Gronwall inequality, 
(2.13) and (2.27). d 

We note that the integral assumption on the initial data, in Theorem 2.1 above, 
only excludes the physically uninteresting case of uo2?1, when only one compo- 
nent is present. 

Remark. If ,0i (, ,t) e V, for a.e. t e (O,T), then alternatively to (2.23), we have 
from (2.15) and (2.16) that 

< (Y1 1 b ( gul 
t - | Igq aUj )u |d 

(2.44) - [ ,0itj1lg[(IJ1 )(b (q)Ivg1qvl )jIl < cl 1lu I1 +7-)2 2lUlIl, 

where T 0 , any T >0O, T = , ford = 1,2,3, respectively. Using this inequality, 
when performing a similar computation to that in (2.43), yields uniqueness of a 
solution to (Ps) with the first assumption in (2.35) replaced by 

(2.45) 1/ LU(o-T;H1(Q)) ? C(b U E 1) V 11 + 2-' 7 for d= 1, 2, 3. 

Corollary 2.1.- Let u0 e H3(Q), 00UO O on&AQ and 6 e (0, 1) be such that 

HluolHo < K 1 -6. Let d <d3 with either Q being a convex polyhedron or e 0W2161. 
Let b satisfy (1.4a),(1.4b). Then for all c < co(6) solutions {u~, wj} of (P,) are 
such that the following stability bounds hold independently of c: 

(2.46a) 1l At IIL2(O,T*;H1(Q)) + 11&t IL~(O,T*;(H1(Q))I ) + 2WEHdLU(o1T*;H1(Q)) ? Ob2 

(2.46b) IqE(UE)<LY1(OCT*;L2(Q)) + IU E LOO(O8T*;H2(Q)) + U4WEIL2(O4T*;H2(Q)) ? 2 b, 

where T* - T if d K 2, and T* e (0, TI if d - 3. Hence the solution {uE, wj} of 
(P,4) is unique over 

Proof. Differentiating (2.llb) with respect to t and setting rB % 0tE, noting q' (r) > 
O > 0, (2.lla), (2.27), (2.21) and (2.22) yields that for a.e. t e (O,T*) 

(2.47) 

=a- (b(uI)V 0at) , Vwf)r =-ae d [(b(ut)Vw 0VwT)t + 2 (b'(u2)23, w Vwha2) 
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where T* e (0, T]. Once again this differentiation and these choices of test function 
can be justified in the standard way by using a Galerkin approximation and then 
passing to the limit. Noting (2.44), the following inequality holds for T= 0, any 
T (0, ], T ford=1,2,3, respectively 

(2.48) 1(b'(u)auE, IVwEl2)J < ' + CaWej122(W1 ). 

Next we note from (2.10), (2.27) and (2.26) that 

I EI1,2 (1 +-) - b|W 1 11UE at 2 

< Cb [1W141U 14, HllU,ll4,'3+, W14(1-H)Iau_ 14,, 

(2.49) < Cb F WE 141 UE 141 Ue 114[ + Iwe 12 + I au212 [ 1 H2 a(1- 

where ,u 2(d1) It follows from standard elliptic regularity, (2.38), (2.40) and 
(2.27) that 

(2.50) llUe112 < C[ UE Ill + I0,F(UE)D0 + We 101 < Cb [1 + lUej [1 + ZUel0 + Well I 

Combining (2.47), (2.48), (2.49), (2.50) and noting (2.19) and (2.27) yields that for 
a. e. t C (0, T*) 

(2.51) 

1 
a F 

1 2 dt [(b(u,) Vwe, Vw,)] < Cb I a,F 12 + C(bxminlu, 1 1 )I + [1wE 11(p) 

< C(bi1, Hlu,||) [1 + (b(u,)Vw,, Vw,)2(1+P)] 

where p = . We set B(t) max{(b(u(-, t))Vw6(, t), Vw(, t)), 1} for a. e 
t e (0, T). It follows from (2.33) that 

T 

(2.52) B(t) dt < C(b-1, IT). 

From (2.51) and the above notation we have for a.e. t E (0, T*) that 

(2.53) dB < C(b-1 I |lu il )B2(1?p) 

Via a Galerkin approximation, one can show in the standard way that 

(2.54) B(0) < C [1 + Iw(0)12] 
< C [1 + IAuo 12 + llQ''(uo)12,oIuO12] ? c [1 + IIUO 11] < C, 

provided uo e H3(Q), auO = 0 on &Q and co < 6; see for example Proposition 2.5 
in [5]. 

For d = 1, i.e., p = 0, it follows from (2.53) and (2.52) that for a.e. t E (0, T) 

rt 

C(b1fu,HuE11i) / B(s) ds 
(2.55) B(t) < c Jo B(O) < C(bm I, Ilu 1 ,T)B(0). 

For d = 2, i.e., for any p e (0, 2), it follows from (2.53) that for a.e. t E (0, T*) 

(2.56) -2p dt B2p < C (b-1 I ||1u111)B. 
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Hence we have from (2.56) and (2.52) that 

B(t) < [1 - 2pC(b-l, || |)[B(0)]2pj B(s) ds] 2p B(O) 

< [1 + 4pC(b1J1, Ilu, || 1) [B(0)]2P B(s) ds] 2p B(O) 

t 

C(b[l u1lu,111)[B(O)]2p I B(s) ds 
< eJ B(O) 

(2.57) < C(b-J1, IIu,i,T,B(0)) t E (0,T), 

provided p E (0, ) is chosen sufficiently small so that 
T 

(2.58) 4pC(bmi, Jlu, i )[B(O)]2Pj B(s) ds < 1. 

For d= 3, i.e., p= it follows from (2.53) that for a.e. t e (O,T*) 

(2.59) - 1 d B-(1+2p) < C(b-1 J Ilu, i ). 1+2p dt -min 

Hence we have from (2.59) that 

B(t) < [1- (1 + 2p)C(b7J1, Jlu |11)[B(O)] 12Ptf(1i2P)B(0) 

< [1 + 2(1 + 2p)C(b1 Jn Ilus1 1)[B(0)1l 2Pt1 142PB(0) 

< ec(min tBu H 1)[B(0)]l?2PtB(O) 

(2.60) < C(b-1 J, Ilu. |11, T, B(O) ) t (E (O,JT*) I 

provided T* is such that 

(2.61) 2(1 + 2p) C(b-1ll J lu, 11 ) [B(0)]+2T < 1. 

The third bound in (2.46a) then follows from (2.55), (2.57), (2.60), (2.54), (2.31), 
(2.27), (2.13) and (2.40). The first bound in (2.46a) then follows from the third 
and (2.51). Similarly, the second follows from the third on noting (2.27) and (2.18). 
The first two bounds in (2.46b) follow from the third in (2.46a) and (2.50). The 
third bound in (2.46b) follows from the first two in (2.46b) on noting (2.27), (2.26), 
(2.46a) and (2.13). Finally, uniqueness of a solution to (Ps) over QT* follows from 
the bounds (2.46a), (2.46b) and Theorem 2.1. E 

Theorem 2.2. If d < 3, b satisfies (1.4a) with bmin > 0 and the assumptions on 
uo of Theorem 2.1 hold, then there exists {u, w} solving (P) such that 

(2.62) u e L??(0, T; H1(Q)) n H1 (0, T; (H1(Q))'), 

(2.63) w E L2(0,T;H1(Q)) and q5(u) E L2(QT); 

and if either Q is a convex polyhedron or eQ 0 C1 

(2.64) u E L 2(0,T;H2 (Q)). 

Furthermore, if the assumptions on uo and b of Corollary 2.1 hold, then the solution 
{u, w} of (P) is such that 

(2.65) u E L??(O, T*; H2(Q)) n H1(0, T*; H1(Q)) n W1'o(0, T*; (H1(Q))'), 

(2.66) we L'(0,T*;H1 (Q)) 0L2(01 T*; H2(Q)) and q (u) e L' (0, T*; L2(Q))' 
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where T* = T if d < 2, and T* E (0, T] if d = 3. Moreover, the solution {u, w} of 
(P) is unique over QT* and we have that 

(2.67) 1U - U L2 (O,T*;H1(Q)) + IIU- LO(OT2 ;(H1(Q))/) < CbE? 

Proof. As the bounds (2.31) and (2.33) are independent of E, it follows that there 
exists u e L (O, T; H1(Q)) n H1(0 T; (Hl(Q))/) * L2(QT) and a subsequence 
{u6/} such that as El - 0 

(2.68) 

UE/ -* u in L (O, T; H1(Q)) weak-star and in H1(O, T; (H1(Q))') weakly, 

(2.69) 
w,, -* w in L2(0, T; H1(Q)) weakly and q(u,() > 5* in L2(QT) weakly. 

Using an argument from [2], it follows that q*q(u). Therefore taking the limit 
'/ -* 0 in (2.11b) yields that {u,w} solves (1.5b). It is implied by (2.68) that 

u-, * u in L2(QT) strongly as ' -* 0; see [18]. Noting this, (1.4a) and (2.69), it 
follows for a.e. t E (0, T) that as El -* 0 

(b(uw)Vw', V7) -* (b(u)Vw, Vr7) V r1E We O(Q) 

Therefore taking the limit E' -* 0 in (2.11a) yields, on noting the above and (2.68), 
that {u, w} solves (1.5a). Hence we have existence of a solution {u, w}, satisfying 
(2.62) and (2.63), of (P). The regularity results (2.64), (2.65) and (2.66) follow 
similarly to the E independent bounds (2.34), (2.46a), (2.46b). Uniqueness of a 
solution to (P) over QT* then follows as for (P,); see (2.42) and (2.43). 

We now prove an error bound between the unique solutions u and u, of problems 
(P) and (P,). Set e := u - u,. Subtraction of (2.28) from (2.29), noting (2.22) and 
choosing r = e yields for a.e. t E (0, T*) that 

Iy e12 + (X5(u) - qE (u,), e) + ? dd (gte, e) 

(2.70) OIej8-2 1(b'(u) au Vgue, Vgue) - ((u - g, ) At. e) 

From the monotonicity of q5 and (2.8) it follows that for a.e. t E (0, T*) 

(2.71) (fr (u) - (u), e) > 0 e2 dx, - 

QE (t) uQ 
- 

(t) 

where 

Q+(t) :={x E Q: 1 -? < U(X,t) < u'(x,t)}, 

Qp(t) {x E Q: u,(x,t) < u(x,t) < -1 + ?}. 

Next we note from the definition of q5 and (2.3) that 

1. If Ir < 1 - E, then q5(r) -q(r). 
2. If r > 1-e and s < r, then (q5(r)-q5(r))(r-s) < 0. 
3. If r <-1 + E and r < s, then (q0(r)-q5(r))(r-s) < 0. 

Hence it follows for a.e t E (0, T*) that 

(2.72) 
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Substituting (2.71) and (2.72) into (2.70), and as (1.4a),(1.4b) hold it follows simi- 
larly to (2.43) on noting (2.23), (2.24), (2.26), (2.27), (2.19) and (2.18) that for a.e. 
t e (O,T*) 

6 e 12 + I e2 dx + I d (ge, e) 
Q E (t) UQE- (t) 

2T 

< (- u)(-(u),e) + oC|e - (b'(t) au Vgu e, Vgue) - ((g-uu au,, e) 

f 2d~~~~~~~~~~~~~~~~~~~~ < J ( (u)e dx+ O e2?C g g 1 2e 

d d d d 

+ b |O 4 4||| _11_ 4 lIgUe_11 
4 

w | + Cb J e [ 1 g ] dx 

? QE (t) UQE (t) U)2dx 

(2.73) + Cb (gUee) [ + I 
aU 8-d + IU14 40 6-a 

The desired result (2.67) then follows from noting (2.46a), (2.65), (2.66), a Gronwall 
inequality, (2.13), (2.17), (2.18) and (2.14). E 

Remark. We note that the assumption bmin > 0 in Theorems 2.1 and 2.2 can be 
relaxed in order to establish existence of a solution {UE, WE } to (P,), with the bounds 
(2.31) and (2.32) holding, and a solution {u, w} to (P), with (2.62) holding; see [13]. 

3. FINITE ELEMENT APPROXIMATION 

Throughout the rest of the paper we assume that' the assumptions (A) hold. 
We now consider the following fully discrete approximation to (P,); which is a 
regularized version of (ph,At), see Section 1. 
(pshtt). For n > 1, find {UE,W7} e Sh x Sh such that 

(UEAtUE x) + bmax (VWE J VX) 

(3.1a) = ([bmax - b(U1 )] VWE 1, Vx) V X E Sh, 

(3.1b) (W, X)h - VO)UE,x)h V Xe Sh, 

where U -Qhuo or Qhuo and W12 E Sh is such that 

(3 . 1 c) (W? X)'=-y(\oX X U s u,X X 

Similarly to (2.12), we introduce the operator gh: F - Vh such that 

(3.2) (Vghv, Vx) = (v, X) V X C Sh, 

where Vh {vh E Sh: (vh, 1) = 0}. We have the following analogues of (2.14) 
and (2.15). We define a norm on F by 

(3.3) |v|-h:= ghV ( 2,ghV)2 V e, 

and for ae > 0 we have that 

(3.4) V,x) (vghv,v) < ||VI-hlXll < 2a ||v _h + 2 ve,xeS 



FINITE ELEMENT APPROXIMATION 501 

Below we recall some well-known results concerning Sh: for m = 0 or 1, and for 
p > 2 

(3.5) 7(I- 7hl mp < Ch2-m-d(- )1'l2 V r H( 

(3.6) 1(I- Qh)>1 0 + hl(I - Qh),rjI < ChmHr Im V r1 e Hm(Q), m= 1 or 2; 

(3.7) IX12 < IX12 := (X, X)h < (d + 2) IX1 V X e Sh; 
(3 8)K(X1,X2) - (Xi,X2)hl < Chl+mJX(1JmJX2JH2 V XV,X2 e Sh, mT 0 or 1; 

(3.9) (9 - gh)vIo < Ch2-mJJViJ_m V v E (Hm(Q))' n F, m = 0 or 1. 

Next we note that 

(3.10) Clh 2|vh1 < C2hv lho < ||vh 11_h < ||VhH||1 < C3Vhl ||-h 
V Vh C Vh. 

The first inequality on the left is just an inverse inequality, recalling that the par- 
titioning is quasi-uniform, and holds for any vh C Sh. The second bound follows 

from the first and (3.4). The third follows from noting that IghVhll < gVhl1. The 

final inequality follows from noting (3.9) with m = 0 and the second inequality 

above. In addition, we note the inverse inequality for 1 < P1 < P2 < oc and m = 0 

or 1 

(3.11) |X|m,P2 < Ch PlP2 M)Xmpi Vb' X E Sh. 

The following bounds concerning Qh and Qh are also easily established. From 

(3.6), (3.5) and (3.11) we have that 

(3.12) <(I- Qh>7I0 ? Ch2Alr,12 Vq e H2(Q)- 

Comparing Qhq with Qhq and noting (3.8) and the first inequality on the left of 

(3.10) yields that 

(3.13) 1(I - Qh)>o + h|(I - h)>ll < Chlrll V r1 e H1(Q). 

Since (Qh)(xj) =(,Xj)/(l,Xj) j = 1 - J; where Xj E sh and xj(xi) = 6ij, it 

follows that 

(3.14) 112hqllo < 11qo1 V r e Lc(Q)V 

Furthermore for a uniform mesh if d = 1 and for a uniform translation invariant 

mesh if d = 2 and Q is a rectangle, we note from (1.6) and the above that 

J 
- 

h _h)>2 < Ch-d [(, Xj) - ( Xj) h]2 
j=1 

< Ch-d E [(in Xj) - (in Xj)h]2 + Ch-d E [(in Xj) - (in Xj)h]2 
jEJB jEJI 

(3.15) < Ch31,qJ2 + Ch41j'2r < Ch3 311rj2 V r W2'(Q) 

where JB :{j x E x Q}, JI {j: xj 0 &Q} and we have noted that 
#JB < Chl d, #JI < Chd 

Since qE is monotone it follows (see [12, p. 68]) that 

(3.16) |(' - h)[?E [E(1 X)] V X E Sh. 

Furthermore, as the partitioning is (weakly) acute, it follows from (2.7) for E < 1 

that V X e Sh 

(3.17) 1V rh[qE(X)]12 < qE(||X1c,OO)(VX, Vq7rh[qE(X)]) < E Vq [q(j)]); 

see [9] and [19, ?2.4.2]. 
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In addition to (3.2) we introduce Oh: Fh _ Vh, defined by 

(3.18) (Vghv, Vx) = (v, X)h V X e Sh, 

where h {V e 0(Q): (v, I)h - 0}. Note that Vh C ?h and the analogue of 
(3.4) holds: for a > 0 

(3.19) 

(v,X)h (vghVv,7X) < |h IVX[I < ?1 |hVJ2 + IX12 V V e xh Sh. 

It is easily deduced from (3.8) (e.g., see [6]) that 

(3.20) 1(gh _ Oh)vhlll < Ch21vh%l, V v vh Vh. 

In addition, we have the analogue of (3.10) 

(3.21) hvh1 < ClhvIhh?C2|hvh <C3 vh|i <C41hvhi VvhEVh. 

The first inequality on the left is just an inverse inequality on noting (3.7) and 
holds for all vh C Sh. The second follows from the first and (3.19). The third and 
fourth follow from (3.20) and noting the first two inequalities in (3.10) and (3.21), 
respectively. 

It follows from (3.1a) with X 1 and (1.7) that 

(3.22) (UT O1) (Up,1) = (uo, 1) n > 1. 

Then similarly to (2.28), (pEh,t) can be rewrittein as follows. 
For n > 1 find UJ e Sh such that (Us, 1) (uo, 1) and 

(3.23) ol(VUs, "VX) + 
(0q,(U, 

) 
-O_U7,(I-J )X)h?cbU(gh(Ue 

Y )ux)h 
(Wn-1 _nb-1 /hJn-1 - )h v X s ( <-maxe(I )) V e 

where J,-'1 e Vh is such that 

(3.24) (Jn-1X)h = (b(Un-1)VWn V) V X e Sh, 

(3.25) W = - bflx^h(Ue ? Jn-1) ?1 (q5( U) - q5(Un1), 1)h 

where U_ Qhu or jhuo and W? e Sh satisfies (3.1c). 
We note for.future reference that from (3.24) and (3.18) it follows that 

(3.26) hJn < 1 n > 0. 

Lemma 3.1. Let d < 3 and the assumptions on uo of Theorem 1. 1 and the assump- 
tions (A) hold. If b satisfies (1.4a), and At < 4-y/[bmaxO02], then for all E < co(6) 
and for all h > 0 such that 

(3.27) 1 U? lloc < I - 

there exists a unique solution {U'n, W',}nJNo to (pEhAt) satisfying 

(3.28) 
N N 

max UE1 + bmin U -UE + IW bminAt VIE1 
n=1 n=1 

N 

? bnin\AtE [ jh(U sUse )12 E + ?h[s(Urn)]12+ 17h[(Un)]12] <0C. 
n=1 
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Furthermore, we have that 

(3.29) l[UE - 1]+1h + 1[-U - 11+h < CEI n =1 N. 

Proof. As U0OQhuo or Qhu0, existence and uniqueness of UEO follows immediately. 
Moreover, from (3.6), (3.13) and the assumption (3.27) it follows that 

(3.30) IUE0 1 + (1IJ (UE), 1)h < C. 

Existence and uniqueness of WEO follows immediately from (3.1c). Furthermore, we 
have that 

(3.31) ~W? _ h(_yAuo) + 7h[E(UsO)] -cU . 

Hence we have from (3.31), (3.13), (3.17), (3.30) and (3.27) and the assumptions 
on uo that for E < Eo (6) < 2 

(3.32) |We?fjl? < C [ IIUO113 + |JUE11j] <0C 

Existence of UE follows by noting that for fixed n > 1, (3.23) is the Euler- 
Lagrange equation of the minimization problem 

min I 
IX12 + (pE(X), 1)h 

XCKh2 

+ 2bAt vh (X - U-1) 12 - (Wn-1 - b- lgh Jn-1 ) h 

where Kh {X e Sh : (x,1) (uo,1) }. For fixed n > 1, if (3.23) has two 
solutions Un'1 and Un72, then UE U -n _ eU 2 C Vh satisfies 

1-n 12 + 0 uml' ) 0 A(TTri, 2)TTTn) h +L 1 ~hTn 2 =0o 17n 12 
I UEI 1+ ( E ) - ( UE ), UE) + bn-laxAt 1 7UE I 1 = E hC 

It follows from (2.6) and (3.19) with a = 1bmaxt0c At that 

UE IUejjh + bmax At I9UE J1 ? -C-U h ? 
bmaxlAt9U jl? bmaAAt 

from which uniqueness of Un follows under the stated condition on At. Existence 
and uniqueness of Wn, n > 1, follows immediately from (3.1b). 

We now prove the stability bound (3.28). For fixed n > 1 choosing X -Wn in 
(3.la), X -(Un - Un-1)/At in (3.lb) and combining yields that 

y(cUn, V(U7 _ Un1)) + (q5c(Un) - OcUnUn _ Un-7)h + bn12 1477 

(3.33) At([bmax - b(Un-1)]VWn-1, VWn). 

Noting (2.4) and the identity (2.5) yields that 

(y'IUn 12 + ('p (U'n) l\)h + y I n 2 (3.34)_ -12 
j J2 

e 
1,7~ 1 

+ 2 { bmax I477 2 + [b(Ue-1)] VWn 

+ [bmax - b(U1 )]V(Ws - s W ) } 
<' I Un-1 12 + (,p, (Uyn-1) , 1) h + 0- I U,n _ U,n- I h 

-2 & 2 & & h 

+At I[bmab (U,n- 1)] VW,n- 121 
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Choosing X- At(U - UE1) in (3.1a) and applying Young's inequalities yields 
that 

OC U| n _ Un 1 12 2 & E h 

= - In2 ( [b]ax - b(UE )1V(WE 
- WE1) + b(Uj 1)VWE , V(UE - UE ) 

< 2j [bmax - b(UE 1)i2V(W _ -WE-1)12 + (bmnin+2bmax)At V[b(UE 1)]2VWn 1 

+ At I [bba -b(U n1)]IV(Un I Unb1)(2 

+ 8 [+2bma) -[b(U,n1)] 12V(U,,n - 

<\tj| [bm - bU7-1 )]2 V (Wn - WE) 10 + 2 [b(1UE)] EW10 
(3.35) + bmi4n2bmWaxl + bmaAOC, t [1 - bvar ] U - D 

where bvar := bmin/bmax. Combining (3.34) and (3.35) under the stated condition 
on At yields for n > 1 that 

'I I E 1 2(2b2) nU UE 12 + (,p(UEn), 
1)h + (2bmax bmin) At Wnl12 

(3.36) 2 IEn112 + (Ep,(Un-1), I)h + (bmax-bmin )At lWn-1 12 

Summing (3.36) from n = 1 - m yields for all m < N that 
m m 

'I I Um 12 + ib2var I U1,n _ U I 1 + (? (U), 1)h ? bmin At n va 

=1 ?2 1 n=1 n=1 

(3.37) < ?1 IU601?+(,YU60), i) h ?(bmax-bmin)At1WO12 ? C, (3 37) - 1' | 0|1+(@ U + (m 2 I E 1 < 

where we have noted (3.30) and (3.32). Hence the first four bounds of (3.28) hold. 
The fifth bound of (3.28) holds on noting (3.25) and (3.26). Furthermore, the bound 
(3.29) follows immediately from the bounds on (,IJ (Un), I)h, nr 1 -+ N, above 
and (2.9). 

Choosing X -7rh[q(Ufn)] in (3.23), summing from n = -+ N and noting the 
bounds above and (3.17) yields, similarly to (2.38) and (2.39), that 

N 

(3.38) bminA\t [g rh [?} (Unh)] 12 + I (I )7rh [/ (Uen)] 1] < C. 
n=1 

Choosing X UEn in (3.23) and rearranging, similarly to (2.40), yields for any 
constant A 

(E(UE ), UE ) h< (W( W(UE ), 1) 
h - x(Oh( \ ), nE)h 

(3.39) ?(OCU7 ? WE - b7axg Jn 1 (I - j )U6)h 

Choosing A = ?1 in (3.39) and summing n = -+ N yields, similarly to (2.41), 
that 

N 

(3.40) I)min/\t 6 | 1 [(U )]h - 

n=1 

Combining (3.38), (3.40) and the first bound in (3.28) and noting (3.7) yields the 
remaining bounds in (3.28). F] 
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Lemma 3.2. Let d < 2 and the assumptions on uo of Theorem 1.1 and the as- 
sumptions (A) hold. Let b satisfy (1.4a),(1.4b) and At < 4-y/[bmax02]. Then for all 
E < EO(6) and for all h > 0 such that 

(3.41) 11U?o ,0 < 1-16 and U0-U <CAt 

the unique solution {Usf, WE}n10 to (pEhzt) satisfies 

N N 

AtE UE 
E 

12 +/At) 2 
1 

WE 2 

n=1 n=1 

(3.42) + max +max 1hE At )2 < Cb 

Proof. The proof is a discrete analogue of Corollary 2.1. From (3.1b),(3.1c) it 
follows for n > 1 that 

(Wn - Wn, X)h = y(V(UTh - Un1), VX) + (0b,(Us) -_ 0b(Un1), X)h 

(3.43) -AtOC(Y7, X) - (VZTh Vy) V X e S, 

where 

(3.44) Y : =(UE -U 1)/t n > 1 and zn:={ - n21 

Choosing X- U, - UE-1 in (3.43) and noting (3.1a) with X Wf, -W,,<1 yields 
for n > 1 that 

,/yAt 7 yn 12 + (O, (Un) -?, (Un-1), yn)h 

(3.45) 
+ bmax WI -W E I 

(3.=--( b( Un -) VW1 , V (W - Wn1)) 

+ a/\lYn 2h + _y(,7Zn,7yn). ? OcAt I7 Knl ? yV E YT 

It follows from (3.45) on noting (2.6), (2.5) and (3.19) that for n > 1 

W-1 

/\Yt Iyn 12 + /At Iyn 12 + b (At) 21 WE Wt 112 + 21[bU , ] Wn 12 'yAYF F?A~ h? bmax(AtI 'I? [b (Un1) VW 0 

? 7At | Yn|2 + At( ?E(UE )_0E(UE n , )h 

(3.46) ? 2 /\t | Y | 2 +C/t| !hynl 2+ 

where P1 :=2| [b(U?)]2 VW2 lo ? C Z 1W and 

Pn =2-b[b(U ma2)]-VWj 8b ? 2Ati [b(U^ )-b(U, 2) Ewy 2dx f n > 2. 

Similarly to (2.48) and alternatively to (2.49), we have from (1.4b), (2.15), (2.16), 
(3.11) and a Young's inlequality that for n > 2 

cAtj y-1) 2 )+ 1Wn- 1dx- 2 + 1 'C, 1y2(1+T) 

2E h 2 11-+ Ch-1 T| n1 4 

(3.47) < 2 Fy-1 2 I F n-l 4(1+P) Ch 

1,W 2 F1 ? T2 
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whereT 0 for d =1, and for any T >0 for d =2. We set so :=0, vo := and 

rn :=2 /\tln1 Sn -| [b(Ue 1 VVWi , n v= max{rn + Sn) Vn-1} 

(3.48) Yn := CghYEn| + CThZd z= CSn-I + Yn n > 1. 

It follows from (3.28) and if T < Ch2d that 
N N N 

(3.49) At E Zn < CAt Sn + At ZYn < Cb(l + Th ) < Cb. 
n=I n=I n=I 

It follows from (3.48), (3.46), (3.47), (3.28) and (3.41) that v1 < Cb and 

(3.50) max{1, Sn-} <I V-1 < Vn < Vn-1 + CbAt Sf(I+') +At Yn n > 2. 

For d 1, i.e., T = 0, it follows from (3.50) and (3.49) that 

Vn < (1+CbAtSn-l)Vn-?+AtYn < e CbAtsnlV1nI +?Atyn 
n-I 

Cb At Si [ nn 

(3.51) < e i1 v +At Yi < Cb n = 2 -* N. 

For d 2, i.e., T > 0, it follows from the mean value theorem, (3.50) and (3.48) 

that 

(3.52) 2V - v ] ?< ( [vn - Vn-1 < At Zn n > 2. 
2Tn n-I -_- 

Summing (3.52) and noting (3.49) yields that v1 < Cb and 
n 

Vn < [1 - 2Tv2/AtZiZ] 2T VI 

i=2 

(3.53) N 
n 2v2Tr AtZZi 

[1 + 4TV TAtEZi] 2v1 < e i=2 v1 ?Cb n = 2 N; 
i=2 

provided T > 0 is chosen sufficiently small so that T < Ch2d and 

N 

(3.54) 4TV2 tZAtZn < 1. 
n=I 

Hence the third bound in (3.42) follows from (3.48), (3.51) and (3.53). The fourth 

bound in (3.42) follows from the third on noting (3.25) and (3.26). The first two 

bounds in (3.42) follow from summing (3.46) and noting (3.47), the third bound in 

(3.42), (3.28), (3.41) and (2.13). F] 

Assuming that bmin > 0 and given q measurable in Q, we introduce the analogue 
of (2.17): gh - Vh such that 

(3.55) (b(q)Vg hv, Vx) = (v, X) V X e Sh. 

The analogues of (2.18) and (2.19) hold: for all v e- F 

(3.56) bmin I[b(q)] 2 Vq U0 - |gU0 < bmaxj[b(q)] 2 79V1O)l 

and 

(3.57) ,(V X)- (b(q)Vgq vVx) < bmnax(v) 2 |Xyl V x e Sh 
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It follows immediately from (2.17), (3.55) and (3.5) that for all measurable q and 
v e TF that 

(3.58) [b(q)] 2V(gq-gh)Vo < I [b(q)] 2 V(I - h)gqvI < ChOhqv 2. 

Similarly to (3.55), we introduce fh vh such that 

(3.59) (b(q)V9 v, Vx) = (v, X)h V X e Sh. 

The analogues of (3.56) and (3.57) hold: for all v e 

(3.60) bmin [b(q)] 2 q0 Vghv 0< bmax I[b(q)] 2 qV 0) 

and 

(3.61) (V,x) h (b(q)Vqv, <V ) < bmax [(v,5qv)h] q 1 V e S . 

An analogue of (2.24) holds: for ql, q2 e L4(Q) and v e 

(3.62) _V(9 - 9j)v 0 < Cb-i lql - q210,4 V5hv 0,4 

Similarly to (3.20), it is easily deduced from (3.8) that for q measurable 

(3.63) 11(gh 
_ 

h)Vh 1I < Cb-1 h2 1Vh 1 V vh e Vh. 

We now prove an error estimate between the problems (ph,Z1t) and (P,). 

Theorem 3.1. Let the assumptions of Lemma 3.2 hold. Then we have that 

(3.64) IUE _Ujl2(oT;H1(Q)) ? UE - UE1L2(0 T;(H1(Q))) ? Cb [Eh2 + At] 

where 

U~(.,t) := tjl Uf(.) + taJtUrhl(.) t e [tn-1tn] n > 1 

and 

U+ (-, t) :=UE UE- (,) t) =UEn-( I t C (tn-1) tn] n > 1. 

Proof. Using the above notation and introducing analogous notation for WE, (3.1a)- 
(3.1c) can be restated as follows. 

Find {UE, WF} e Hl(0,T;Sh) x L (0, T;Sh) such that U( ,0) _ Qhuo) or 
Qhuo (.), WF(-, 0) is defined by (3.1c) and for a.e. t e (0, T), (U(, t), 1) = (uo(.), 1) 
and 

(3.65a) _Y(VUE , VX) + (OE (UE) _ OCU ) (I )x)h + (oh at ) X)h 

a=At([b(UE-) - bmax]V&VE , V5U- (I-f )x) V x e sh, 

(3.65b) (W, X)h =Y(VU+, Vx) ? (X (Ui) -_OcU, X)h V X E Sh. 

Note that (3.65a) follows by combining (3.1b) with X - (I - j )x and (3.1a) 
with X Oh (I- F )X. We set e(:) = uE - U(?)ev, eA = uE - rhu and 

E(+) := FhuE-U(?) e Sh for a.e. t e (0, T). We note for future reference that 

(3w66) E n at t t and n > 

where tn+:=t, and trb :=tzl 
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On subtracting (3.65a) from (2.28), it follows for a.e. t e (0, T) that 

?(eE, X) + (0E (UE) ( )(If)x) + (gUE ae, I X) 

= , ace (I-f Wx 

+ [ (q(U+) - OcU+j (I-j )X)h -(cU(U+)-Ocu+ (I-j )x) ] 
+ [(UhE,x) -, (gUE h % X)] 

(3.67) +At([brnax - b(UJ )]V at V5U- (I- )X) V X e Sh. 

Hence choosing X E+ e Sh and noting (2.7), (2.15), (2.13), (2.18), (3.8), (3.16) 
and a Young's inequality, yields for a.e. t e (0, T) that 

(3.68) 

71EI +H ( ) U)10 + 0 at , E) 

< YI e+ 121 + (OE(UE)-E (U+), + U t + 

- Oc(e+j,Ej) ? oy(VeE+, VeA) + (q(uE) -_ E(U ), (I-j )eA) + (gE %t , e, ) 

+ [(wh [OF(U?)] - OcU ,IE ) - (wh [O(UE+)] -c OU?E+-+)] 

+ ((h_- I)[0e(U )],Ej ) + [(5UE-h%t ,EE ) - (h 

+ At([bmax - b(U7-)] V&E Va _E+ ) 

<Cb II e+|| 1 + lE I + |E 0O+| at _le llE 

?4 11U? 1?h2 2IwhK0,(U?)]II] ? [(%aE,Oh_+)h_(aUe9hE+)] + h 1ls+I + h Il [(U)]1]+[(at ' U6 E)-(at ' U- E ) 

? (%it ' (QU_- 9uE)E ) + At([bmax - b(UF-)]V V_a E_) 

where E = (I - f )EE+ 
From (3.8), (3.60), (3.21), (3.10) and (2.16) it follows that 

(3.69) I(% GUE,hE?)h- (% E h 
, 

_ 
h E ) at ul at 

~~UE- 

< 2h 11 1 
a 

lllUhEE ?l < Cb[ Ile+ 112 1 + IeAO] Ch41 aE 12 

Similarly from (3.60), (3.21), (3.10) and (2.16) it follows that 

(3.70) 

Atl([bax - (UFT)]VaWE EE ~ A at__ /&t|(JmaxJs)]V& a6,V _ )| ?Cb[||e+| +? |eAo]?C(At)2 |17 1, 

From (2.15) it follows that 

I(%WE, (oh - 
gu,,)E- (at [g)F (95 U9UE EE-)I] 

(3.71) - ll l -1[5 uE)E 1 
E E-1 

From (2.26), (2.46b) and (2.20) it follows that 

(3.72) gfulVI12 <O Cb|| v Vv e L 2(Q) nm. 
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From (3.58), (3.72), (3.63), (3.10) and (2.15) it follows that 

_O~~ ~ ~h -+ h + I -h+ 
u(g -u9)EE 11 < g(g gUE)EE 11 + I(u -9u)EE 1E 

< Cb[htE, lo + hfIIEj 1|1] < CbhlEj 10 
(3.73) < Cb [ |le+|IIIIe+II + le Ai + h2]. 

From (3.62) it follows that 

(3.74) IU - gU-)Es 11 < Cb-2 le- 10,4 EE 1,4 

From (3.11) and (3.73) it follows that 

-h -+ -+ h- dI 
g,_h- g5UEs 11,4 ? 9uE Es 11,4 + I(9u, - gu )Es 1,4 + Ch4 ( 

u 
-U)Es 

(3.75) < |UEE |1,4 + I -gU )EP |1,4 + Cbhl EE o- 

From (3.11), (3.5), (3.72) and (3.73) it follows that 

(g -u g)E 11,4 < |(I 11,4 + Ch gE - 

< Cbh4 [hlEjlo + |I(I-I)UE j + I (9uE -9uE)V E ] 

(3.76) < Cbhl 
d 

IEj o. 

Combining (3.75) and (3.76), and noting (2.10), (3.72), (2.18), (3.10) and (2.15) 
yields that 

1d -+ d 

| E 1,< Iju,E, 11,4 + Cbh 4 gE, lo < CbpE 11-1 IEl 11EJ4 ?- I Cbll 14 10 

(3.77) < Cb I||Es|l- [1e1 ? e0 i e $] 

From (3.66), (2.10) and (2.15) it follows that 
[ 4d 4?d 

(3.78) lep 10,4 < le+ 10,4 + Atl 
' 

10,4 < C eE -d fej |1 A-At Il 1].- 

Combining (3.71), (3.73), (3.74), (3.77), (3.78) and noting (3.66) yields that 

I(%UE, I(gh_ - 
u, 

- 

(at '(UE UE) E ) I 

(37)< 4_Yle+121 + Cb [I + 11 aUtE 112-1 Il|eE7112-1+ eAO2+( (/t)21 0E 12 h2]. (3.79) - 4 et 
2 ,E eA a I 

We note from- (2.23), (2.18), (3.72), (2.15) and (3.66) that 

2- d d 

I (b (us) aue e, VgUE )< Cb I au I 0 | || e, I 

(3.8 0) < E 1 + Cb [I au, 0 8-de-1- at 11 

Combining (3.68), (3.69), (3.70), (3.79) and noting (2.22), (3.66), (3.80) and (2.18) 
yields that 

_YlIeE:I12 + 
I 

dt (gUE eE _Yl:))/1eE I12 + (guE at eE)2 (?)tVUEe V5EE) 
OY IeE:I 1 ( UE t v E )+ ( UE t veE eE) -2 ( b ( u.) aut V5UE, e, , V5UE ee ) 

K Cb[1- + || 12] [|| e 
ea +2 at 1e Jo 

[(At)2 I+ h4] %l e E 11 + h4 I1 U+ Ie -+ h2 h [q (UeA )] | A- (At)2 I I I, + h ] 

8 

(3.81) CAtl at 1D DU 1E 1a - b - + Cbl au|E 
8 

| 1 
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Integrating (3.81) over t e (0, T), using a Gronwall inequality and noting (2.13), 
(2.18), (3.42), (2.46a), (3.6), (3.13), (3.28), (3.5) and (2.46b) yields that 

Il+ 12 (Q)+ Ie.112 ,;(1Q)I 
e+ L2(0,T;Hl(Q)) + ? (O T;(H1(Q))') 

<C(b'min 11 t IIL(O,T;(H1(Q))/)i 11 't IL2(QT)) [h 1U0L'?-12 

? lA12 (Q)+ 1 Il-A12 ? E L2(O,T;Hl(Q)) e L2(QT) 

De I 2(, ;( l( )' [leA L 
at IL2(,T;E L L2(QT)+ Atll At IL2(0,T;(H1(Q))')] 

? h4 ||UE IL2(0,T;H1(Q)) ? h 1Ih[X(Ui)] L2(0,T;H1(Q)) 

?[(At)2 ? h 4] D1 UE 12 ? (At) 2 D1 W6 1 
at L2(0, T;H1(Q)) at L2(0,T;Hl(Q)) j 

< Cb[E-?h2+At]. D 

Theorem 3.2. Let d < 3 and the assumptions on uo of Theorem 1.1 and the 
assumptions (A) hold. If b satisfies (1.4a) and At < 4'y/[bmax02], then for all 
h > 0 such that IIU0 o,O < 1 - 16; there exists a unique solution {UT, Wn}n=f to 
(ph zAt) satisfying 

(3.82) 
N 

max Ut I bmin U-U 1 i? IW0 
n=1 

N N 

+ bmin At [ W IWnI h(Un-_U-1)I ] + bmi 'At E |_r [O(Un)]l1 < C 
n=1 n=1 

and 

(3.83) IJU IL(QT) < 1 

In addition if d < 2, b satisfies (1.4b) and uO - U012 < CAt, we have that 
N N 

/\t|,,Un_Un 1 112 + (,t)2E1 Wn_Wn-1 12 + max I Wn 12 A t At-~ At__ I_I 

n=1 n=A 
(3.84) l S~~~~~~~Ih tUn_Un-1l)I12 < Cb (3.84) ? max hU gn) cb 

and for E < Eo, provided h- 
d 

[ 71h2 ? At] ? C, we have that 
+ U12 2 (3.85) ||U- Us IL2(O,T;H1(Q)) + IIU - LUE -(0 1 < Cb[6 ? 6h2 ? A\t] 

Here U and U+ are defined similarly to their regularized counterparts; see Theorem 
1.1. 

Proof. The proof is a discrete analogue of Theorem 2.2. Uniqueness of a solution 

to (ph,At) follows as for (phh,At). Existence of a solution follows by letting E -* 0, 
noting the uniform bounds in (3.28) and applying a discrete analogue of (2.68)- 

(2.69). Hence the bounds (3.82) hold. The bound (3.83) follows immediately from 
the bound on lrh[q(Un)] in (3.82). Similarly the bounds (3.84) hold for d < 2 on 

noting the uniform bounds (3.42). 

We now prove (3.85). For a.e. t e (0, T) we set E U() - U e( C Vh and 

E(?) := W -W We note, similarly to (3.66), that 

(3.86) E+ - Eu = (tn - t) aEu for t e (tn-, I]tn 
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Subtracting (3.65a) from its non-regularized counterpart, choosing X E+ and 
noting (3.8), (3.60), (3.21), (3.3), (3.10), (3.19) and (2.15) yields for a.e. t e (0,T) 
that 

(3.87) 

-ylE+ 12 + (O(U+) - q6 (U ) Et)h + (UE at I E) 

? [&u1t)( u a t)'U] =0lU+h + t U S-E)+(A SE U]EU) 

[ at UE U at ) UE- E 

At [([b(U) - bmnax] V %W, V9Fh- EU) 

- ([b(UJ) - bmax]V'W;E V9hE-)] 

< Q |EU+ 112 1 + CII aEu||_ 1 |(U -U Oh ) EU |1 + Cj| au - g ) EU |j ?0 F 21 t & 11 (gu, E-9>)Ft at u (>9 )t 

+ Cb Et+ ||-1 [h 1 aE I1 +At I1 +?At laW - 

Similarly to (3.73) we have that 

(3.88) (U_-gh )EF+1j < CbhE+0l < Cb [ tE1+F-t1E+jj + h 2]. 

Similarly to (3.74) and (3.77) we have that 

l(9 - 9-)E11 < Cb e 10,4 gEj|1,4 < Cbje 10,4j F Ij-jEU+jF 

(3.89) < Cb [E+ F Et+Y 1 + ?e+ + (/t)% u ], 

where we have noted (2.10), (2.13) and (3.66). Similarly to (3.89) we have that 

- gu F )EU?11 < CbE 0 F 11,4 

? Cb EUI 0,4 [EEU 1 ,4 ? h4 I(5 - >)F _ O] 

Cb [i04 ? e 10,4] EU 0,4hduEE 1,14 

(3.90) < Cb [I + h- 4e 10,4] Et 1- F0, F4 1< FE-11d 

where we have noted (3.11), (2.10) and (2.15). Similarly to (3.80) we have that 

(b'(u6) au VgUE EU, vgUE EU) 

(3.91) 
< 1 7jE 12 + Cb [ atE 10 JEU 112 1 + (At)2 I aEu 12 
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It follows from (3.87), (2.8), (2.22), (3.86), (3.7), an analogue of (2.72), (2.18), 
(3.91), (3.88), (3.89), (3.90) and a Young's inequality that for a.e. t e (O, T) 

yEU Ft + ? (Et, E)+(t)u(t) + (u, Eu) 

< -yEt+12 + (q$(U+) - qE (U ), Et)h + (g!UE aE ,Eu) 

2 (b (uE ) auE V gu, Eu, V5 UE Eu ) 

< ( (U+) - q(U+), E+)h + (g!UE aE ,Eu - E) 

-2(b/(uE)au0E Vgu,EU) Vgu,Eu) +CIIEU+ -1- 

+ CII aEu 
|1_11[h, _ Oh -h + t -h1+/tla 

< C ( ( ):Eu g + (t )u )E+ ( 1 
au 

)E[ll 

- | ?0 Eat U u t - U->U 

+ CbE{At h Mu 
1?[h4 + (At)2l ] aw 

U A +t (t)2 a 
?(At)2 2} 

<K b[ 0 1? &Eu >1-] [lEu l-1?h2 ? |e+|l?+(At)2lla &EU ~1?+(At)2lU %Q 
0 

?Cb {|| t -1 [1+h-4 a e j}d [a Eu +(At)| &u 21 

+Ce| h[q(U+)] ? b+ h 
t -d btl Eu11a E 

( ) CbV tll aEu ?-21 [h4 + (At)2] aEu 12 + (At)21 W12 + (At)2 WE 2. 

where, recalling the notation of (1.6), 

( a1, 12)w+ (t)UW1(t) 
1 2 + e12 (At), a 1V,2 e 0(Q); 

and w+(t) :={j : 1- <K U+(x_ t) K U+(x6,t)}, wr (t) {j: Ua(x_t) < 

U+(xj, t) < -1 ? 4. Integrating the above for t e (0, T), applying a Gronwall 
inequality and noting (2.13), (2.18), (2.46a), (3.42), (3.64), (3.82) and (3.84) yields 
that 

!U+t]L2(0,T;H1(Q)) ? IEu||L (O,T;(H1(Q))') < C(bi4n, ||ft|l (OTH(Q)) 
|| at IL~(O,T;(H1(Q))'), 11&t IL2(QqT), h 4 |eE IL2(o,T;H1(Q))) 

? h + (U+)] IL2(QT) + t L2(0 T;(H1(Q))/) 

t L(O,T;H (Q)) + L2(OT;Hl(Q)) 

(3.92) f Atl&UE || 2 ? 114At12 +E1 aWE|2 t21 a &t L2(O,T;H1(Q)) at L2(a,T;H1(Q)) &t L2(OaT;Hl(Q)) j 

since using (3.66) 

eh 4e L2(O,T;H1(Q)) < Ch4 [ Xe j L2(O T;H1(Q)) ? At|| L2(O T;H1(Q)) 

(3.93) <KCbh 4 [e h +?At]1/ < u bt 

Hence the desired result (3.85) follows. t 
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Therefore combining (2.67), (3.64) and (3.85) yields that 

|U-U+ L2(0,T;Hl(Q)) ? U- L U 
(0,T;(H1 (Q))') 

(3.94) < Cb[E+E-?h2?+At] < Cb[E+E-?h2+h], 

provided At _ C1h < 4y/[bmaxOc I h- A [7lh2 ? A\t] < Cb and U0 - U? satisfies 
(1.9). Hence choosing E _ C2h < &o, for some constant C2 proves Theorem 1.1. 
Finally we note that on choosing U0 Qhuo, the second bound in (1.9) is satisfied 
for all h > 0 and a sufficient condition for the first to hold is that h is sufficiently 
small; see (3.6) and (3.12). On choosing UO Qhuo the first bound in (1.9) is 
satisfied for all h > 0 and the second bound holds with further restrictions on Th 

and u0; e.g., on a uniform translation invariant mesh if uo E W2,O?(Q); see (3.14), 
(3.15), the first bound in (3.21) and (3.5). 

4. NUMERICAL EXPERIMENTS 

4.1. One space dimension. As no exact solution to (P) is known, a comparison 
between the solutions of (ph,At) on a coarse mesh, U, with that on a fine mesh, u, 
was made. The data used in each experiment on the coarse meshes were Q = (0, 1), 
a = 1.5 x 10-3, 0 = 0.3, Oc 1.0, T = 0.4, At = 0.32h, h = 1/(J - 1), where j = 
2k + 1 (k = 6,7,8,9), bmax 1, tol = 1 x 10-7 and u = 0.1. The last two quantities 
were parameters used to vary the degree and speed of convergence in the iterative 
method (method II of [10]) to solve for Ut at each time level in (ph,A't). The data 
were the same for the fine mesh except j = 212 + 1. We note that the restriction 
on At in Theorem 1.1 holds for this data. The initiai data u0 was taken to be the 
clamped (complete) cubic spline interpolating 5 (cos(rx) - cos(3wrx) + 1.3 cos(5rx)) 
at the points i/8 (i = 0 -* 8). Hence we have that 

uo E H3(Q) \ H4(Q) and uz(0) = uz(1) = 0 

On setting U0 QhUo, it follows that the assumptions on u0 and U0 of Theorem 
1.1 hold. In addition this choice of initial data u0 ensured that the singularities 
in X played a role. We performed three experiments with b given by (1.3) with 
c= 0.5,0.8 and 0.9. For this choice of b, the integral on the right hand side of 
(1.8a) can be evaluated exactly using Simpson's rule on each element. In Figure 1, 
we plot u,(., Q) and u,(., 0.4), where u, denotes the "true solution" of (P) dependent 
on ca. 

The quantity E2 'At N 1 -hun- Ut12 was computed and is given in the 
table below. 

jo J 65 129 257 513 
0.5 8.88 2.12 0.470 9.63x10-2 
0.8 0.130 3.05x10-2 7.21 x 10=3 1.59x 10-3 
0.9 8.35 x 10-2 1.88 x10-2 4.41 x10- 9.72 x 10-4 

We see that the ratio of consecutive E2 are between 4.2 and 4.9 which is better 
than 2, the rate of convergence proved in Theorem 1.1. 

It is interesting to consider the effect of varying bmax on the numerical solution. 
We performed several numerical experiments for b(s) -1 with precisely the same 
parameters and data as mentioned above except h = 10-2, U0 =-0.6 ? 6h where 

eh C Sh with 116hll0 < 0.05, W? satisfying (1.8b) when n = 0 and At 2' x 10-4 
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1 

UO 5 (0.4) 
UO0 8 (0.4)- 

0.5 uo 9 (0.4) .... 

u0,(0) 

0 

-0.5 

0 x1 

FIGURE 1. u,, plotted for u- 0.5, 0.8, 0.9 

with i - 1,0, 1 and 2. We took bm..ax= 1, 2 and 4. Once again the restriction 
on A\t in Theorem 1.1 holds for this data. For a fixed bmax, the solutions for the 
different choices of A\t were graphically indistinguishable. However for a fixed A\t, 
the solutions for the different choices of bmax were distinguishable in that they had 
similar dynamics with a time delay. As A\t decreased this delay decreased as one 
would expect. Repeating the experiment above for fixed bmax with the alternative 
time stepping scheme, where 0CU' in (1.8b) is replaced by 0CU'-1 as mentioned 
in the introduction, one obtains distinguishable solutions as A\t is varied. Thus we 
prefer the discretization (ph,At). 

4.2. Two space dimensions. We performed several numerical experiments in two 
spatial dimensions with Q = (0,1) x (0,1). We took a uniform mesh consisting of 
squares i, of length h = 1/64, each of which was divided into two triangles by its 
north-east diagonal. Instead of (1.6), we used the discrete inner product on C(Q) 
given by 

(771, 72) = / H (Xz2 (x)) dx V 1, 72 E C(Q), 

where 1jjh is the piecewise continuous bilinear interpolant at the vertices on each 
square i-. With this choice of discrete inner product all of the results proved in 
Section 3 still hold and in addition one can exploit "the discrete cosine transform" 
in solving the nonlinear algebraic system arising at each time level in (phAtt); see [4] 
for a fuller discussion. The data was taken to be the same as for the first experiment 
except -y = 3.2 x 10-3 = \t and b as in (1.3) but with different values for ca. With 
bmax = 1, the restriction on /\t in Theorem 1.1 holds; For the above choice of b, 
the integral on the right hand side of (1.8a) can be evaluated exactly by sampling 
at the midpoints of the sides over each element. The initial data was taken to be 
Uo = ?6h, where 8h E Sh with 118hllo,o < 0.05 and W? satisfying (1.8b) when 
n = 0. In Figures 2 and 3 we plot a grey scale grid plot of U at several times where 
the final numerical solution plotted is stationary, that is U' does not change from 
one time level to the next. The pictures are arranged in a matrix format with time 
increasing to the right in rows then down columns. The grey scale ranges from 
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FIGURE 2. UO.5(. t) plotted when t -0.4, 0.8, 4.0, 5.2, 7.2 and 22.4 

FIGURE 3. Uo. 99(.t) plotted when t 0 8 4.8, 13.6, 14.4, 16.8 an-d 45.6 

-0.9 to 0 9 in steps of 0.2 with pure black/white representing values larger/smaller 
than 0.9/-0.9. The largest value Of UO.5 (-, 22.4) and Uo.99 (.,1 45.6) in magnitude are 
0.99741 and 0.99742 correct to 5 d.p. One does not expect these values to depend 
on a. 
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FRom the experiments displayed in Figures 2 and 3, the degeneracy of the mo- 
bility b appears to play a crucial role in the behaviour of the numerical solution. 
Further, as we increase the value of a to 0.999 and then 1.0, making the mobility 
fully degenerate, we found that the numerical solutions were extremely similar to 
that obtained with a- = 0.9 with the exception that the pictures appeared to be 
slightly delayed in time. For b constant, it is clearly seen that decreasing b simply 
increases the time scale of (P) proportionately. Similarly, comparing the graphs 
from Figure 1 for - = 0.5 and 0.9 one infers that for values of oa close to 1, when b 
is more degenerate, there is a slower time scale. 

For a parameter c > 0, taking the scalings -y = (2, f = &2t, b(s) =[1 -_s2]+ and 
letting 0 = 0(e) \ 0, [7] have shown using a formal asymptotic analysis that the 
level set 

r(t) = {x e Q : u(x, t; e) = O}, 

where u(x, t; e) is the solution to (P) dependent on the parameter c, approximately 
moves in its normal direction with velocity proportional to the surface diffusion. 
This contrasts with the case where b(s) 1_ in which case the level set approximates 
a Mullins-Sekerka flow. In the experiments shown in Figures 2 and 3 above the 
values of 0 and e are not particularly small. However, we wish to exploit this link 
with surface diffusion in future work. 
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