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ON THE ROBUSTNESS OF THE BPX-PRECONDITIONER
WITH RESPECT TO JUMPS IN THE COEFFICIENTS

PETER OSWALD

ABSTRACT. We determine the worst case behavior of the standard BPX-pre-
conditioner for elliptic problems with arbitrary coefficient jumps along the
boundaries of the coarsest partition. The counterexamples are also useful for
other problems.

1. INTRODUCTION

Let 2 be a (bounded, open, connected) polyhedral domain in R equipped with
an initial partition 7o = {Q%}£_; into L > 2 simplices. We restrict our attention
to the cases d = 2,3 of practical interest (although the statements below may
be generalized to d > 3 in a natural way). For convenience we also assume that
T is quasi-uniform, with simplices of diameter < 1. Let {7} }3’=0 be obtained by
regular uniform dyadic refinement from 7y. In particular, this means that analogous
uniform refinement structures are inherited from {7;} to all edges (and faces) of
the Q € Ty, which is assumed without further mentioning.

Introduce the bilinear form

L
au(u,v) = > we(Vu, Vo), v € Hy(Q),

k=1
with positive weights w = {w1,... ,wr}. As usual, we introduce the H' norm and
seminorm with respect to any subdomain Qj by
lulluon = (lul?, @, + i), lule, = Vel -
Thus,
L
1) au(u,u) =Y wilulf g, = [ull, -
k=1

We also need the weighted L, scalar product

L
(2) (% v)0w = > Wkt 0)Ly0),
k=1
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and the weighted Ly and H! norms
1/2
lullow = (0w, lullw = (lule + ulf )2
corresponding to w.
We consider the finite element approximatipn of the variational problem associ-
ated with a,(-,-) on H}(Q). Throughout the paper, we denote by SY(7) the set of
linear finite element functions with respect to a partition 7. Thus,

‘G:S?(%)OH&(Q); J=0,...,J,

will be the discretization spaces of interest. The standard nodal basis functions in
S9(T;) are denoted by ¢, ;; the subset of those ¢;; vanishing at 9 forms the basis
in V;. The problem of determining v € V; such that

aw(u,v) = (f, v)H—lec} Vv eVy

leads to a large sparse system of equations. In the case w; = ... = wr, one of
the most popular (and efficient) methods for solving this system iteratively is the
preconditioned conjugate gradient method with the multilevel BPX-preconditioner
proposed by Bramble, Pasciak, and Xu [3]. In the weighted case (arbitrary w),
Dryja, Sarkis, and Widlund [5, 6] have established the optimality of this precondi-
tioner under special assumptions on w. It is folklore that this method is not robust
with respect to general w. See [4, 11] for the closely related problem of robustness
of weighted Lo approximation. However, no definitive results seem to be available
so far. It is the aim of this note to answer this question.

As is well-known [12, 14, 7, 9], the above-mentioned BPX-preconditioner is math-
ematically determined by the additive Schwarz operator

(3) P, ju=P,ou+ Z Z Z‘E;jﬁ;’;i Bji s

=1 i
where P, gu € V; solves the problem
aw(Pw,ou, 1)0) = aw(u, ’Uo) Y eVy.

If not indicated otherwise, >, means summation with respect to all basis functions
in V;. The associated subspace splitting (see [7] for the terminology and for a survey
of basic results on additive Schwarz operators) is

J
(4) Vria} = (Vora} + 3. S {Vissau)

j=1 i
with the one-dimensional subspaces V; ; spanned by the individual basis functions
¢;,i- The operator P, ; : V; — V; is symmetric positive definite with respect to
aw (-, ), and the preconditioning power of the BPX-preconditioner is described by
the numbers

Amax a, (U, u) a,(u,u)
5 K/Pw = 5 )\ma,x: ETTRTIC ] )\min= m —,?
R v oBi2Y, TIIE o4y, Tl
see [7, Theorem 16]. The triple bar norm is given by
J
(6) |||U|||¢2u = inf aw (o, uo) + Zzaw(uj,iauj,i) .

o €Vo,u5,: €V, i u=uo+ 7oy 35 Uy =1
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a) b)
FIGURE 1. Exceptional Ty: d = 2

We state the main results of this note separately for d = 2 and d = 3. For
d = 2, we call a triangulation 7y exceptional if it is equivalent to one of the two
triangulations shown in Figure 1.

Theorem 1. Let d = 2. If Ty is not exceptional then
(7) kg =sup k(P J) < J?, J— oo.
w

For the two exceptional Ty, the sharper estimate ky = O(1), J — oo, holds true.
The constants are independent of J but may depend on Ty.

In (7) and throughout the paper, < stands for a two-sided inequality between the
expressions, with positive constants that do not depend on the parameters involved.
Roughly speaking, Theorem 1 states that for the jumping coefficient case the BPX-
preconditioner has the same worst case behavior as the hierarchical basis method
of Yserentant [13]. The upper estimate in (7) follows from [4, Theorem 4.5] and for
the exceptional cases from [5, Theorem 3] (more precisely, by its two-dimensional
analog, see [6, section 5]). The counterexamples which show the lower bound in
(7) for the non-exceptional case seem to be new; however, analogous examples have
been used in [13, 8]. In particular, they show that the result of [10, Théorem 4.2]
is incorrect for 7y with interior points.

The case d = 3 is a bit more complicated. We consider three types of initial
partitions. We say that 7 is of point type if there exists at least one tetrahedron
Ok, such that 9Q, N ON contains no edges and at least one (boundary) vertex. To
is exceptional if it is equivalent to one of the three initial partitions shown in Figure
2. All other 7y are said to be of edge type. It turns out that in an initial partition
of edge type all € should touch the boundary 99 at least along an edge which
justifies the name. We derive this and further geometric properties of 7y in section
2.

Theorem 2. Let d = 3. For k; as defined in (7) we have

27 if 7y is of point type,
(8) kyx{ J*  if Ty is of edge type, J— 0.
1 if 7Ty is exceptional,

The constants are independent of J but may depend on Ty.
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a) b)

FIGURE 2. Exceptional 7p: d =3

The upper estimates are essentially known, at least for exceptional 7y and for 7y
of point type, where they follow from [5, 6] and [4], respectively. The counterexam-
ples for the latter case are similar to those used in [11]. The result on the asymptotic
behaviour of x; for 7y of edge type is partly new. Here, the counterexamples are
inherited from the two-dimensional case.

The statements of Theorems 1 and 2 have extensions to the case when the
subdomains 2 are unions of several simplices of Ty as considered in [4], to other
element types, other boundary conditions, and fourth order elliptic problems. An
extension to dimensions d > 4 is also possible. Since these extensions only add
technical difficulties but do not exhibit principally new phenomena, we omit them
here.

Analogous results hold for the worst case behavior of the multiplicative multilevel
Schwarz iteration associated with the splitting (4) (see [2, 11] for a description of this
algorithm which corresponds to a simple V-cycle multigrid method). This follows
from the two-sided estimates for the norms of the iteration operators governing
the multiplicative method (compare, e.g., [15, Theorem 5.1]) and the fact that the
deterioration of k(P,, ) is due to the deterioration of Ayin While Apax < 1 (and the
corresponding Cauchy-Schwarz inequalities) hold uniformly for all w > 0. Details
will not be discussed in this note. The estimations of Amin and Amax can be found
in the next section.

The asymptotically exact worst case estimate of Theorems 1 and 2 is comple-
mented by the trivial estimate

2
maxy w
/"'/(Pw,J) S C . g;
ming wj,

which comes from switching to the case of constant weights (see [7, Theorem 19] for
the uniform condition number estimate if w; = ... = wy ), and by the results of [5, 6]
on so-called quasimonotone weights w. The counterexamples are of interest also in
connection with [4, 11} (see the end of section 3) and with other inequalities for
(weighted) discrete norms of finite element functions and their traces. For example,
they may be used to show the asymptotic sharpness of the convergence results for
various domain decomposition methods based on substructuring.
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2. UPPER ESTIMATES

We start by introducing some notation. Let 2;; denote the (open) support of
¢;.i, and set

wj ; = max {wk Qe N Qj,i # (b} .
Obviously, by the properties of the nodal bases {¢;;}

2 .
U = inf (@w(uo, uo) + Z Z wj u
L LA (Y CTRS 9 SO I
J L
(9) = inf (aw(uo,uo) + 3 > we > 29| uyalli 0
=0ty L st J=lhk=1 &0, :NQu#D
J .
(10) = inf (aw(uo, uo) + D 2% ||u;ll3 ) = lllullff -
u;EV;: u—zj 0 Uj =
These equivalent representations (up to constants) of the triple bar norm [||-|||., are

very convenient. The discrete version (9) will be explored in connection with the
counterexamples of section 3. As a choice for the u; which realizes the infimum (up
to constants) in (10), one should think of u; = Q) ,u—Q;—1,.u, with Q; ., denoting
the Ly, orthogonal projection operators into V;. This makes the connection with
[4, 11] more transparent. Below, the terms in the sum (10) will be further split
with respect to interior vertices, edges, and faces, so that the weights are constant
in each group. This leads to the study of a variety of “local”, unweighted triple bar
norms with restrictions on the set of admissible u;; (a closer look at the restrictions
to be expected shows that all this is closely related to the study of norms for finite
element functions with trace restrictions). The following lemma contains the basic
theoretical result on the BPX-preconditioner in the non-weighted case (see, e.g., [7,
Theorem 15)).

Lemma 1. For arbitrary d > 1, let Q, {Z;}, {V;} be as defined above. Then, for
any u € Vy,

(11) el F ey = Ml = lallIG = MaalllZ < [l = (1wl ,

where |||ul||? and |||u]||2 are defined as in (6) and (10), respectively, but with uni-
form weight w = {1,1,...,1}, and

J
12 ul[2 = inf 227 ||, |2 ,
I L B L 2
J-1
(13) lulllfs = ||u||2L2(Q) + ZZ%EJ(’U‘)%Q(Q) )
j=1
J
(14) lllllyy = 1Qoully,@) + D27 1Q5u — Q-1ul?, @) -
j=1
Here,

Ej(u)r,@) = v}g{,j lu—villLp ), 4=0,...,J—1,
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denotes the best Ly approzimation of u, and Q; the Ly() orthoprojection onto
Vj. The constants in the norm equivalences (11) depend only on the shape of the
simplices in Ty but not on u and J. The result also holds if V; = S?(7;) N H(Q)
is replaced by V; = S(T;).

The equivalence of the triple bar norm (12) with (13) and (14) holds under fairly
general conditions (a general Hilbert space norm instead of the Ly norm and any
increasing sequence of subspaces V;) as long as the weighting factors continue to
grow at a geometric rate. This will occasionally be used below. Note that the
summation in (12) and (13) could also include j = 0, without changing the norm
equivalence. Since Vj contains constant functions, estimates for the H' seminorm
can also be deduced for the choice V; = S9(7;).

For general w and arbitrary u € V;, by locally applying Lemma 1 with the triple
bar norm (12) to (u — wo)|q, € Vi, = Vila, on the simplices Q; we obtain

aw(wu) < C inf (a,(uo,uo) + > wilu—uol3 o)
k

< C inf {aw(uo,uo)
Vo

ug€
L J
Y inf S 29z}
o1 uj,0, €Vj,a, :u—u0|9k=2f=1 Ui j=1 Pk Ta(@e)
J
S C inf (aw(UO;uo) + 222]”u.7||(2),w)
u;€Vj: U=U0+2;‘I=1 uj j=1

= Olllullff. < CllllllZ
compare (10). From these inequalities we have
Amax < C,
independently of the weights w and J (see (5) for the definition of Apax). Since

15,1112 < au(@iir 85)
for any basis function of level j > 1 by definition of the triple bar norm, we arrive

at

Lemma 2. For \pax as defined in (5) we have
(15) Amax =1 )
with constants depending on Ty and d but independent of w and J.

The remainder of this section consists of proving robust lower estimates for Ay,
which together with Lemma 2 lead to the upper estimates for x; in Theorem 1. In
most cases, these bounds follow from the following estimates for Ly ., orthoprojec-
tions which have essentially been obtained in [4].

Theorem 3. Letd = 2,3, and denote by Q; ., : Vs — V; the orthogonal projection
with respect to the Lo, scalar product (2). Then

(16)

)

J—j+1, d=2
d=3.

0, (Qj 0t Qjwtt) + 2% lu — Qjuull}, () < Caw(u,u) - { 9(J—7)
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with constants independent of j =0,...,J—1,ueV;, J, andw. Ifd=3, and T
is of edge type, then (16) can be replaced by the improved estimate

(17) a4, (Qjwu, Qjuu) + 22j||u - Qj"’uu”%Z,w(Q) < CJag(u,u) .

Except for (17), Theorem 3 is contained in [4, Theorem 4.5]. As observed in [4,
Remark 3.1], the estimate for a,(Q;wu, Q;u) follows from the Ly, error bound
for ;. The proof of (17) will be given at the end of this section.

Together with (10), Theorem 3 immediately gives

J
llulllZ < Claw(Qowt, Qouu) + Y 2%(|Q;0u = Qj-10ull?, o))

7j=1
J .
< C(au(Qowus Qowu) + Y 27 u— Qsuul, ()
=0
J 2
Zj:o J J )
< Cay,(u,u) - < Cay(u,u) -
237:0 2(7—4) 27,

where the first case applies to d = 2 and to 7y of edge type if d = 3, and the
second to general 7y if d = 3. For the exceptional domains of Figures 1 and 2, one
observes that any weight w is quasimonotone in the terminology of [5, 6], which
gives a better O(1) bound by applying [5, Theorem 3]. We arrive at

Lemma 3. For Ay, as defined in (5) we have

1,
(18) (>\min)_1 S C J2a
927,

where the first case applies to the five exceptional Ty, the second to all remaining
initial partitions for d = 2 and to all Ty of edge type for d = 3, and the third to Ty of
point type for d = 3. The constants in (18) depend on Ty and d but are independent
of w and J.

The results of Lemma 2 and 3 imply the upper estimates for k; in Theorems 1
and 2 in all cases. It remains to provide a proof of (17). To this end, we need some
geometric properties of initial partitions 7o which will be useful also in connection
with the construction of counterexamples in section 3. Let I'y, = 9Q; N 0N and
notice that I'y either is empty or decomposes into closed connected components
which represent single vertices (point components) or unions of > 1 edges (edge
components) or unions of > 1 faces (face components) or, finally, unions of edges
and faces (mized components). The latter two types appear only if d = 3.

Lemma 4. a) Let d = 2. Then any Ty satisfies at least one of the following
properties:
(o) Ty is exceptional.
(B) There is at least one triangle Qy for which Ty contains a point component
{P}.
(7) Zo consists of at least 4 triangles Qy, that all share a single interior vertex P
of Ty while the opposite edge is on ONQ.
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a) b) c)

FIGURE 3. Illustrations for the case that (8) is violated

b) Let d = 3, and let Ty be of edge type. Then each Ty contains at least one
edge. Moreover, at least one of the following properties holds:

(6) There is a tetrahedron Qk with two interior faces that meet at a boundary
edge.

(¢) There is at least one interior edge with 4 or more tetrahedra Qy attached to
it.

Proof. Let d = 2, and assume that (3) is not satisfied. This means that for all
boundary triangles I'y, consists of one edge or the union of two edges; see Figure
3 a). Now observe that, when starting at any boundary triangle and moving to
its neighbors, we arrive after finitely many steps at one of the situations shown in
Figure 3 b) (a “chain” of triangles with no interior vertex which is of exceptional
type, Figure 1 a), or satisfies (3), i.e. contradicts our assumption) or in Figure 3
¢) (a triangulation with one interior vertex which is exceptional, Figure 1 b), or
satisfies (+y)). This proves the statement.

Now let d = 3. Assume that 7; is not of point type. Thus, any boundary
tetrahedron (T'x # @) contains at least one boundary edge. But this immediately
implies that there are no interior tetrahedra I'y = 0 in 7g. Thus, all Q are boundary
tetrahedra, and I'y, contains at least one edge.

Suppose that (§) does not hold. A moment’s reflection shows that then for any
Q) the set I'y is the union of one or more faces. Assume next that 75 possesses
at least one interior vertex, which we denote by P. In this case 7y represents the
three-dimensional analog of the triangulation of Figure 3 c), since for any € with
P as a vertex, the boundary set I'y, must be the face opposite to P. Thus, Ty
is either exceptional, Figure 2 c), or satisfies (¢) (to see the latter, consider the
triangulated boundary of Q and observe that () is equivalent to finding one vertex
of this boundary triangulation with at least 4 triangles attached).

On the other hand, if there is no interior vertex then I'j is the union of at least
2 faces for all k. The case of 4 faces in some I'g, i.e., I'y = 0Q4, contradicts the
connectedness of 2 or L > 2. If some I'y contains 3 faces then the only reasonable
partition (satisfying all other requested properties) is the exceptional one of Figure

a). Thus, we can assume that I';, is the union of exactly 2 faces for all k. Once
again, starting with any of the ) and going from neighbour to neighbour through
interior faces, we see that in this case 7y is characterized by having exactly one
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interior edge, with the ) “winding” around it. Again, this results in an exceptional
partition (L = 3, Figure 2 b)) or a partition satisfying (). O

We come to the proof of (17). The following notation is used: Q;q,, @j,f, @j,.e
denote the (unweighted) Lo(Q%), L2(f), L2(e) orthoprojections from Vjq,, Vi =
SUTH)|f, Vie = SUTj)|e into Vjq,, Vj,s, Ve corresponding to the tetrahedra
of Ty, their faces f, and edges e , respectively. For arbitrary u € V;, let u; € V; be
defined at the nodal points P of 7; by

Qj.a,u(P), P € int(Q),

oy ) Qisu(P), P € int(f),
w(P) =3 Qlu(P), P ecint(e),
0, otherwise.

It is straightforward (see [4] for quite analogous considerations) that

flw— uj”%z(gk) < 2(JJu— Qj,ﬂkUHsz(Qk) + Q0w — uj”%z(gk))

< O(llu_Qj»Qkull%g(Qk)+2_j Z ||Qj,9ku—“j||2L2(f))

FCO
< C(llu - Qj0,ull?,
+277 Y (1Qs00u — Qisulll, ) +11Qs ru — w513, 5))
fCOQ
< CO(lu = Qjaulli i + Z 279)1Qy5 (u = Qs )2, (s
FCO
277 % N Qe = Qisu)lli, o 27 Y D Qieu(P)?)
FCOQ c€Df eCO0y, PCoe
< C(llu- Qj,ﬂku“sz(nk) + Z 27 ||lu — Qj 0. ||2L2(f)
FCou
+27% Z Z lw — @ pull?, ey +27% Z 1Qj.eull?, ) -
fCO0 ecdf eC O

The first three terms (associated with the projections Q; o, and @, ¢) can be
estimated by C27%|ul} o, and CJ27#|ul? ; in a standard way, using the results
in [4] or Lemma 1. We leave the details to the reader. Only for estimating the
terms ||Qj,eu||2Lz(e), e € 09, we need that 7 is of edge type. By Lemma 4, there is
another edge €’ of £ such that u =0 on €’ (if e = €, the above integral vanishes).
Let

u=Quou, [>1, v = U, = (meast)_l/ udz ,
Qp
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and u; = (’Ul — 'Ul—l)le, U = (’Ul — Ul—l)e/~ With this notation,

J
1QseullZ,e) < Nullf,e < C@d, + JZ |7, o))
=1
J J
< Ol - Zﬂl||2Lz(e') + JZ lwllZ, )
=1 =1
<

J J
CIO Nl e + > lull?, o)
=1 =1

J
< €Ty 2w —vinalfyq,) < CTluliq,;
=1
compare the equivalence with (14) in Lemma 1 for the last estimation step. Taking
all estimates together, we arrive at (17), which also completes the proof of Theorem
3 and Lemma 3.

3. COUNTEREXAMPLES

The proof of the sharpness of the bound (18) for Ay requires the following
technical result (see [7, p.89/90] or [9, p.11]) for partial results). Since there might
be other applications, we formulate it for general d > 1 although it essentially
reduces to a one-dimensional result. Let us fix any simplex Q* from 7y and its
vertex P (for the following to be formally correct, it should be assumed that all
(open) faces of Q* attached to P are in the interior of Q). The basis function
#;.i € S(T;) satisfying ¢;,;(P) = 1 will be denoted by ¢; p, j =0,...,J. For later
convenience we set

IP,Q* = {(j,’L) : ¢j,i € V}', Qjﬂ' na* 75 Q), ¢j,i(P) = 0} s
and V;* = span{¢;; : (4,9) € Ipa-}, j = 0,...,J. For ease in understanding
the technicalities below, the reader may restrict his attention to the case where 7y
consists of one simplex 1 = Q = Q* and V; = S)(7;). In that case Ipq- contains
all index pairs but those corresponding to the ¢; p, and V;* = {u; € V; : u;(P) =

0}.

Lemma 5. Let d > 1. For any

J
up = § Cidip
=0

we have
J .
(19) fup2 - < llup(? g < > 22732
=0
If in addition up(P) =0, then
(20)
J
lupll|bo- = inf S 2yl < 3 aZ2 D)
’ uplax=2(j,iyerp g Yiilar v ;
EIRar (4,1)€lp,ax j=1
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1/4 1/2
b)

FIGURE 4. Illustration for a) @p, and b) up and up — vip -

where
j—1
aj=Z(1—2l—j)Cl, i=1...,J.
1=0
Proof. Without loss of generality, let * be the simplex with vertices
P =(0,0,...,0), A =(1,0,...,0), P, =(1,1,0,...,0),...,P;=(1,1,...,1).

Obviously, up(z1,x2,...,z4) = up(r1), where @p is a univariate linear spline
function with respect to the partition 0 < 277 < 277+ < ... < 27! < 1 determined
by the values

J
1‘»ZP(O) =0aj+1 =ch, 11]3(2_'7) = Gy, .7 = ]-) )Ja aP(l) =ap=0.
=0

Figure 4 a) illustrates the notation for J = 4. Since up|q~ is constant along
hyperplanes x1 = const and vanishes at the (d — 1)-dimensional face z; = 1, we
have

J
2 2 260—j(d—2
Lo < lupligr <) (541 —a;)?27702
=0

lup
Now, denote
bj =a;11 —a; :2_1cj+2_20j_1+...+2"7“1co, i=0,...,J-1,

by = 2—1((1J+1 - aJ) = 2—1CJ + 2_2CJ_1 +...+ 2_‘]‘160 , b_1=0,

and observe that 2b; — b;_1 =c¢;, § =0,...,J. These formulae give

J J
32D < g2
1=0 j=0
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for all d > 1, which leads to (19).
To establish (20), we first remark that

J-1

(21) lulllpa- =< ||U||2L2(n*) + Z 22jE;(“)2L2(Q*) VueVy,
Jj=1

where

Ef(u)p, ) = v;igxf/; lu — v} | (%)

are the best approximations of u in the Ly(€2*) norm with respect to V;*. The proof
of (21) is the same as for the corresponding norm equivalence of Lemma 1; cf. [7,
Theorem 6] and the remarks after Lemma 1.

We use (21) for u = up € V; and the fact that a;4+1 = up(P) =0. Let vjp € V'
denote the unique function which coincides with up for z; > 277. We have the
following trivial estimates:

J

lupllZ, - = 22_‘”@12
=1

and

Ej(up)i,oy < lup —vplli, o0 = llup - U;,P||2L2(Q;)

INA

J
2(||UP||%2(Q;) + ||U"‘,P”%2(Q;)) < sz_dlaf )
1=j

where Qf = {z € Q* : 2; <277}, This leads to the upper estimate

J-1 J J ! J

Nuplllpo. <CY 293 2% <CY 27%a} > 29 <C Y 27(2ig?.
J=0 =3 =1 j=1 j=1

On the other hand, we have

B} (up)i,a) = By (up — v} p)Lya) 2 2 (011 —a;/2)*, G=1,..:,J -1,

where we have used the fact that up—vj p is constant along hyperplanes z, = const,

is piecewise linear with respect to z1, vanishes for z; > 277 and z; = 0, and takes
the value aj 1 —a;/2 at z; = 27971, See Figure 4 b) for an illustration in the case
7 =1,J =4. Thus,

J J-1 J
lluplllbar > O 27%af + Y 272 (a;41 —a;/2)%) 2 ¢y 274292,
1=0 ji=1 Jj=1
where this time b; = a1 and b; = a; —a;-1/2, j = 2,...,J. Since the matrix
j j G J
transforming the vector o with components a; = 277(4/2=1q; into the vector
with components

_o—i(d/2-1)p _ ] % j=1,
ﬁ] 2 b] { aj_2—d/2aj—]_, j=2,"~ ,J’
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is strictly diagonally dominant, with the identity matrix as diagonal part, we get

J
llupllfpo- > ¢y B >cd al>cy 27 2ia?,
j=1

which together with the already established upper estimate gives (20). |

Lemma 5 will be used to construct functions u with large |||u/||2 compared to
a(u,u). Let us first consider d = 2. According to Lemma 4 it follows that for a
non-exceptional 7y at least one of the conditions () or () is satisfied. If () holds
then there are two triangles A = Q; and A’ = Q, from 7y with Q; N Qy = {P},
where P is an interior vertex. Figure 3 c) shows such a situation.

We set w; = wy = 1, and wy, = € for k > 3, where € is chosen sufficiently small
to essentially eliminate the influence of all other triangles. Set

[J/2] 2[J/2]
ulg =0, u|5=(z ;P — Z #5,p) A3
j=1 j=[J/2]+1

outside A U A’ any extension to a function in V; will do. By Lemma 5, (19), for
sufficiently small € we have

J
(22) au(uu) < fJulfa =D 1=1J.
j=1
On the other hand, by the property (9) of the triple bar norm ||| - |||, and the
definition of ||| - |||p,o+ from (20), we have

MulllZ 2 ¢ _ inf (aw(uo,uo) + [lupllf o +[l1@llEa + IllallBar)
u=upt+up+u

where ug € Vj,

J J
up = ZIBJ’%’,P , ij = —up(P) =0,
i=1 i=1

and

J
fl:Z Z Uji -

J=114:¢;:(P)=0

To see this inequality, collect the terms in (9) into groups corresponding to whether
1) (4,4) is associated with a ¢; p (the sum of these u;; gives up), 2) (5,4) € Ipa,
3) (j,i) € Ipas, or 4) (4,7) is one of the remaining indices. After this, apply (19)
to the sum of terms in group 1) and neglect all terms from group 4). This gives
the above estimate from below (the terms corresponding to groups 2) and 3) give
exactly the triple bar norms for @ associated with (P, A) and (P, A’), respectively).

The important observation is that & = u — up — ug when restricted to either A
or A’ is essentially (up to a Vp-perturbation) of the form Zj:o ¢;j¢;,p which allows
us to apply (20). Let us consider A first. If @, R denote the other two vertices of
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A, and if ug takes the values zg,y,z at P,Q,R, respectively, then

[J/2] 2(J/2]
ila=Y (I—z))bp— Y, (1+2;)8;p —Todo.r —ydo.q — 2¢0.r
j=1 j=1J/2]+1
=up,A

By (21) we have
J—1

all[3a = @7, + Y 2¥ B (upa)iya) -
j=1

Since @ coincides with the linear function uo on the set A\supp ¢1 p, we also have
2, .2 2 .

25+ 97 + 2% < ol Z,a) < Cllallg, o) »

and
lupallZ,ay < 2018l17,a) + lvdo.q + 260,8ll7,(a)) < CllElZ,a) -

Altogether, again using (21) this gives

lall[pa =< (25 +y° +2%) + [[[upalllfa -
For A’, the same consideration leads to

|} ar = (@8 +7° +2%) + lllupallpar

where
J
upAr = — E zi}jp -
j=0

After all, looking at the discrete representations (20) for d = 2, one immediately
obtains the following lower bound for any choice of ; satisfying Z};o z; =0 (and,
therefore, for any choice of ug and up):

J J
alllpa + NEllbar > e (@5 a+a5a) =) (@58 —aja)’
j=1 j=1
/2] 2[J/2]
el Y dir— Y dirllba=cllulllba>cr®.
Jj=1 j=[J/2]+1

Here, a; A resp. a; A stand for the values a; corresponding to the restrictions of @
to A resp. to A’, and it is stressed that d; A —d; A+ are exactly the a; corresponding
to u|a. The computation of the latter is simple, and gives the lower bound of order
J3. Note that a similar function u} = Z}I=1 ¢;,p has been used in [13, 8] to prove
the asymptotic exactness of the condition number estimates for the hierarchical
basis method of Yserentant. Thus, after all, we have shown that for some function
u € V; and a specific set of weights

(23) Nulll2 > cT?aw(u,u) = Amin <cJ 2.

The same argumentation works for the case (3); see Figure 3 b). Let A = Q3
be the triangle with boundary vertex P (and such that the edges of A emanating
from P are in the interior of ). Then w; = 1 and wy = €, k > 2; u|z is the same
as above and will be suitably extended to some u € V;. Once again, (22) holds for
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€ small enough, and since there are no up and uy components associated with a
boundary vertex (i.e., ; = 0 for all j), we have

ullle, > clllulllpa > eJ®

as before.

The case d > 3 is similar to the case d = 2. However, if 7; is of point type, the
counterexamples are much simpler (see also [11]). Indeed, if ©; is a tetrahedron
with vertices P, Py, P, P3 and such that {P} C Iy C {P, Py, P, P3}, then we set

wi=lwk=¢,k22, ulg =1-d¢5p—dsp, —¢sp, —bsps,

plus suitable extension to a function u € V; which is sufficient to show the result
of Theorem 1. For ¢ sufficiently small, the function satisfies

aw(u,u) <277
which can be verified by direct calculation. On the other hand, as above we obtain
lulll, > clligo,p — ¢aplllbq, 2c.

Again, (20) is the essential ingredient for carrying out the computations. This gives
the necessary examples in Theorem 1 for 7y of point type:

(24) ulll2 > c27au(u,u) =  Amin <277

It remains to consider 7y of edge type. According to Lemma 4 (§), (€), the
situation is very much the same as in the case d = 2. For example, if (§) is satisfied
for Q; with boundary edge e, then the crucial counterexample is obtained as follows.
Let P be the midpoint of e and define q%) p as the unique function in V; vanishing
at nodal points outside e and satisfying

bj.ple = d1,ple -

Now
/2 20/
wl=lawk=61k22, ulﬁl=z¢j,P_ Z (;bj,Pa
=1 j=[7/2]+1

etc. gives the counterexample. Roughly speaking, this is the same example as for
d = 2 in the case () of Lemma 4 but “stretched” along e. The details are left to
the reader.

The above examples are extremal in many other problems. For example, the
examples show the sharpness of the logarithmic factor in the estimates obtained by
Bramble and Xu [4, Theorem 4.5] for d = 2; see (16) for the formulation of their
result in the notation of our paper. Alternatively, for d = 2 (16) reads as follows:

(25) Bj(Wi,.@ = jof lu=vli, @ <020 -jau(w,u) VueV,
J J

where the constant C' is independent of w, 5 =0,1,...,J —1, and J.

Theorem 4. Let d = 2,3. Suppose that the initial partition Ty is not exceptional.
Then the Ly ., orthoprojections Q;., cannot be uniformly bounded, with a constant
independent of w and J. More precisely, the robust, w-independent estimates (16)
and (17) are asymptotically sharp with respect to J for d = 2 (estimate (16) or
(25)) and d = 3 (with Ty of point type (estimate (16)) or edge type (estimate (17)).
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We leave this as an exercise. For d = 3 and partitions of point type, see [11].
To obtain the worst case estimate for d = 2 (and 7y of edge type if d = 3), use the
same examples as above, and estimate the best approximations Ej;(u)r, () from
below (on A and A’, as shown in the proof of Lemma 5) for j =< J/2. Note that the
statement of Theorem 4 also shows the asymptotical sharpness of the logarithmic
term in Theorem 4.7 of [4] if 7y is not exceptisnal.

We conclude with another inequality which is of interest in the theory of nonover-
lapping domain decomposition algorithms for two-dimensional problems but also
demonstrates the fact that certain non-integer Sobolev norms are not additive with
respect to the domain of definition. Let d =1, and set Q =1 = [-1,1], I; = [0, 1],
I, = [-1,0]. Let T; be the uniform partition of I with stepsize 27k, and let
V;(I) = SY(T;) be the spaces of linear splines.

Theorem 5. We have the estimate
(26) lull zriary < CI(|ull ey + lullgrrzey)) s w e Va(l),
where the factor J cannot be improved asymptotically.

Proof. The upper estimate is well-known. We provide the counterexamples and
sketch the proof of the lower bound. Let ¢;o denote the nodal basis functions in
V;(I) associated with the origin z = 0, and set

(J/2] 2[J/2]

w— S dio— >, ¢i0 ze
i=1 j=17/2+1
O) T e I2.

Obviously, u € V;(I) with u(0) = 0, |[u||g1/2(7,) = 0, and

J
27 ul|? = inf 2w 1. |2 <CJ.
@l <, Sl

The last estimation in (27) follows if one takes u;, = ¢;0 for 1 < j < [J/2], and
uj, = —¢j0 for [J/2] < j < 2[J/2]. The norm equivalence is contained in (7,
Theorem 15].

On the other hand, the norm equivalence in (27) applied to the interval I implies
the existence of a decomposition u = Zj:o uj, u; € V;(I), such that

J

(28) [l = D 2 llusliZ, oy -
7=0

Set z; = u;(0), Up = Zj=o z;¢;0, and introduce, in analogy with (20), the following

triple bar norms:

J
el ;. = inf > Y|y, |13 k=1,2.
0,1y wj, 1, €Vi(Ie) tug,1,, (0)=0, uzz:{:l w1, = | 91k ”Lz(I:c) ) 3

A moment’s reflection shows that the inequality from below in (28) implies

lull /2y 2 e(lllw = Golll5 1, + Il|F0lll5 r,) > elllullif 1,
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by the triangle inequality (note that |||@o|||o,7, = |||@ol|lo,;, by symmetry). Now,
the triple bar norm of functions of the form u|;, = ijl ¢ P50 (23.1:1 ¢; = 0) can

be expressed by a formula almost identical to (20) of Lemma 5, with (d — 2) in the
exponent replaced by (d — 1). This corresponds to the change of the factors 2% in
the decomposition norms for the H' case to the factors 27 in the H'/? case. Since
for our u we get a; < min(j,J — j), this leads to a lower bound of

||U||%11/2(1) 2 C|||U|||g,11 > cJ?,

and proves the assertion. O

The example also shows that extension by zero does not lead to a bounded
extension operator for H'/2 spaces. Indeed, the above function u is zero on [—1,0]
and can be considered as the extension by zero of @& = uljp,1) (since 4 is in V;(0,1)
and satisfies @(0) = (1) = 0, it also belongs to

HY2(0,1) N HY(0,1) € HY2(0,1) = {f = gljo.1) : 9 € H*(R), suppg C [0,1]}

which is another, smaller space of interest in applications to interface problems and
boundary integral equations). Thus, the H 1/2 norm of this particular extension
operator is > cJ, even when restricted to V;(0,1) N H(0,1), which shows its
unboundedness on all of H'/2(0,1) and H'/2(0,1).
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