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DOUBLE ROOTS OF [-1,1] POWER SERIES
AND RELATED MATTERS

CHRISTOPHER PINNER

ABSTRACT. For a given collection of distinct arguments q = 01,...,6:),
multiplicities k= (k1,...,kt), and a real interval I = [U,V] containing
zero, we are interested in determining the smallest r for which there is a
power series f(z) = 1+ Ef;lanz" with coefficients a, in I, and roots
a) = re2™91 oy = re2™0 of order ki,...,k; respectively. We denote
this by r(d, k; I).

We describe the usual form of the extremal series (we give a sufficient
condition which is also necessary when the extremal series possesses at least
(=, 8(0:)k;) — 1 non-dependent coefficients strictly inside I, where 6(6;) is
1 or 2 as «; is real or complex).

We focus particularly on r(6,2;[—1,1]), the size of the smallest double
root of a [—1,1] power series lying on a given ray (of interest in connec-
tion with the complex analogue of work of Boris Solomyak on the distribu-
tion of the random series > +A™). We computed the value of r(6,2;[—1,1])
for the rationals 6 in (0,1/2) of denominator less than fifty. The smallest
value we encountered was r(4/29,2;[—1,1]) = 0.7536065594.... For the one-
sided intervals I = [0,1] and [—1,0] the corresponding smallest values were
7(11/30,2; [0, 1]) = .8237251991... and 7(1/3,2; [—1,0]) = .8656332072... .

1. INTRODUCTION

For a fixed, closed, interval I := [U, V] containing zero, we let F; denote the set
of real power series

o0
Fr:=<1+ Zanx” ta, €1
n=1

For a vector of arguments g = (61,...,0;) and a vector of multiplicities k =
(k1,... k), we let R(6,k; I) denote the set of positive real numbers, r, for which
there is a series in F; with roots at a; = re?™01 ... a; = re?™, of multiplicity

ki,...,k; respectively, and, when 72(9_’7 E; I) is non-empty, we define r(g, E; I) to be
the infimum of this set. By a kth order root of f(x) we mean of course an « such
that f(a) = f'(a) = --- = f*~D(a) = 0. By symmetry = + & we can clearly
restrict our attention to 0 < 6; < 1/2 (and in the case of a single argument and
symmetric intervals I to 0 < 6 < 1/4, from z — —z).

In [2] we computed the smallest simple root on a single ray, Boris Solomyak [5]
having previously considered this problem for [0, 1] power series. In [1] we computed
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the smallest kth order real root of a [—1, 1] power series for k < 27 (the real case
necessarily gives the smallest kth order root). Solomyak [6] had in fact earlier
shown that the smallest double real root of a [—1, 1] power series is ~ .6491, which
he used to show that the distribution of the random series Y -  £A™ (where the
plus and minus signs are chosen independently, each with a probability 1/2) has
L? density for a.e. A in (1/2,1). In a private communication he conjectured that
the smallest complex double root of a [—1, 1] power series was substantially larger
than the smallest double real root, in particular suggesting that it was probably
of absolute value at least 1/ V2, which would have implications for the complex
analogue of his result. We thus focus our computational attention on (6, 2; [-1, 1]},
the size of the smallest double root of a [—1, 1] power series lying on a given ray.
Our computations of the value of r(6,2;[—1,1]) for rational 6 of denominator less
than fifty suggest that that the minimum value in the complex case is actually
close to r(4/29, 2; [—1,1]) = .7536065594.... We similarly computed the double zero
free region for power series with coefficients in the one-sided intervals [0,1] and
[~1,0]. The smallest complex double zeros we encountered in those cases were of
size r(11/30,2;[0,1]) = .8237251991... and r(1/3,2;[-1,0]) = .8656332072... (the
latter is probably the exact minimum). Somewhat related problems on double
zeros of {0,1} power series occur in the work of Odlyzko & Poonen [4]. Here we
have concentrated on the more manageable class of power series with coefficients in
intervals. Unfortunately the extremal power series in our situation almost certainly
have some non-integer coefficients, integer analogues remaining unclear.

We let
1 if e*™ is real,
8(0) = { 2 if €29 ig complex,

and define
¢
M= MR = Y0
We first note that crude bounding ensures that (6, k; I I) < 1in all cases of interest.

Lemma 1. Suppose that U <0 and V > 0. Let N := [2MT1/min{|U|,|V|}], and
let p denote the Nth prime greater than M = M(0,k). Then

- 1
r@E U V) < 577

If none of the 6; = 0, then
r(0, k[0, V) <1, r(f,k[U,0]) < 1.

The exclusion of #; = 0 in the case of totally positive or totally negative in-
tervals is plainly necessary (by Descartes’ rule of signs a power series cannot
have a kth order positive real root without at least -k sign changes in the coeffi-
cients). It appears from our computations that r(6,2;[—1,1]) <r(1/4,2;[-1,1]) =
v7(0,2;[—1,1]) = .8056909214.... Notice that we also have an angle-independent
lower bound 7(6, k; I) > 7(0, max kq; [~ A, A)), A = max{|U|, |V|}, from considering
the real part of f(ze?™).

Since we are thus working safely inside the unit circle, an appeal to compactness
ensures that for our purposes r(él E; I) is always achieved.
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For a vector of arguments 5, multiplicities k and a vector of non-negative integers
i = (n1,...,npr), we define the 6(6;)k; x M submatrices

( ( Zl > cos(2mn,6;)
if €279 is complex,
- - ny .
B;(0,k, 1) := ( L > sin(2mnib;) | l==071 7k]]\4_ 1,
<( ny > COS(Q”ﬂlGj)) =0 ki —1 if 627Fi9j is realy
'U, 13 ! _11' L) JM )
\ =1..., y
and the resulting M x M matrix
By (57 E7 ﬁ)
B(6,k, @) := :
Bt(é: Ea ﬁ)

For a vector of positive integers N = (N1,...,Np—1), and a non-negative integer n,
we define

N, == (n,Ni1,...,Ny_1).
We let
S,k N):={neN : det B(f,k, N,) = 0}.
It will be convenient to write our interval I (always assumed to contain zero) in the
form
I:=[B—A,B+A].

We prove the following structure theorem for the power series corresponding to the
extremal root:

Theorem 1. Let F(z) = 1+ Y ;2 a;z* denote a power series in Fi with roots
of order ki,... k at oy = re®™% . oy = re? % with r = r(0,k;I). If there
exists a vector of M(é: E) — 1 positive integers N = (N1,...,Np—1) such that
ANy - OGNy, Ol lie strictly inside I, then either det B(é: E, J\7n) = 0 for all n,
or det B(6,k, No) # 0 and the remaining coefficients of this extremal power series
satisfy

det B(6,

)
det B(6, )

Conversely if the series f(xz) = 1+ Y o, c;z* in Fr has a root of order k; at
aj = re?™% for j =1,...t, and coefficients such that for some vector of (M — 1)
positive integers N with det B (6, k, 1\70) #0

an = B — sign ]i’]\_[," A, forn ¢ S0,k N).
A

¢, = B —sign ditB—(M A, forn¢8(§,l§,ﬁ),
det B(0, E, No)

then r = 7‘(5, k; I). Moreover any additional power series in Fr with roots of order
k; at the extremal a;; must have these same coefficients c,, for n & S(0,k,N).
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We remark that (as will be apparent from the proof) the structure theorem
in fact still holds if we allow the coefficients a, to lie in variable intervals
[Bn,— Ay, By, + Ay] containing zero (permitting versions for polynomials of bounded
degree and so forth).

Notice that vanishing at ) arguments with k multiplicities amounts really to solv-
ing M (0, k) equations (the real and imaginary parts of f!(re2 ), 1 =0,... ,k;—1,
j=1,...,t). Thissimple observation is the main idea behind Theorem 1. Moreover
(assuming that the extremal series has at least (M — 1) non-dependent coefficients
strictly inside I), for a choice of exponents N , the structure theorem allows us to
straightforwardly test whether we have picked the correct exponents. Since the
values of the a,, for n not in S (5, l;, N ) are determined from the theorem, we can
use (M — 1) of the M equations to eliminate the (M — 1) unknown coefficients
ay, (along with any other remaining a,, with n € S (é: E, N )) from the remaining
equation, solve the result for r, and then, by checking whether this value of r leads
to a, in [ for all the missing n € S(é: k, ]\7), decide whether r = r(éZ k; I). When 6
is rational we have the added advantage that the form of such a power series allows
us to reduce to an equivalent polynomial.

If zero is not an end point of I, then 7“(0_'7 E; I) is essentially a continuous function
of the arguments away from the real axis:

Lemma 2. Let ¢ = (¢,0s, ... ,0,) with ¢ in (0,1/2)\ {6, ... ,0,}.

If I = [UV] withU <0<V, orif zero is an end point of I and there is
an extremal series for r(¢,k; 1) with M((,‘Z, IZ) non-zero coefficients an , ... ,0n,,
(allowed to include ag = 1) such that det B(¢,k, N) #90, N := (n1,... ,nu), then

0111Ln¢r(0, kI =r(o,k; ).

For non-one-sided intervals this can be made quantitative (see Lemma 5) so that
theoretically bounds on the value of (6, 2; [—1, 1]) for all  could be obtained from
computing a suitably fine mesh of rationals; in practice the bounds are too weak
to be useable, although the picture we obtain suggests that the fluctuations are
not particularly wild. The points ¢ in {0,1/2,65,...,0;} are inevitably exceptional
since, writing ¢= (¢,02,...,6;) and K= (K, kay. .., k),

lim r(ﬁjl%[) > r(q?,ff;[)
01—¢

with K = pky + k, where p = 2 if ¢ = 0 or 1/2, and 1 otherwise, and k = k; if
¢ = 0; and 0 otherwise. Regarding r(0,2; [—1,1]) we remark that 7(0,2;[-1,1]) =
.6491378608..., while the smallest fourth order real root

r(0,4; [—1,1]) = .7773295434....

This latter value (plotted as the point at zero in Figure 1) is probably the limit
of r(6,2;[-1,1]) as 8 — 0. We remark that r(0,4;[—1,1]) corresponds to taking
N = (4,9,19) in Theorem 1 (see [1]). In the case- of one-sided intervals some
additional restrictions are certainly needed to ensure continuity. For example if
0 := (0,0), k :== (1,1) and I = [~1,0], then r(d,k;I) = (1/2)*/4 for rational
0 = p/q in (0,1/2] (with extremal power series 1 — 7% | x99), but is not defined
for any irrational @ (the equations necessary for vanishing at r > 0 and re?™®
clearly requiring cos(2mnf) = 1 for any non-zero coefficients a,, in the power series).
However in the case of primary interest, r(6,2;I), it seems reasonable to expect
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continuity even for one-sided intervals such as I = [0,1] or [—1,0]. It is certainly
true that none of the points we computed could be discontinuities, since in all cases
the extremal series had three coefficients strictly inside I with det B(6,2, No) # 0
(as in the statement of Theorem 1).

We now concentrate on computing the size, r(6, 2; I'), of the smallest double root
on a given non-real ray, for rational arguments 6.

2. COMPUTING THE SMALLEST COMPLEX DOUBLE ROOT
FOR A GIVEN RATIONAL ARGUMENT

Suppose now that 6 > 0 is rational. Writing
0 := p/Q7 (p7Q) = ]-7

we define

| Q if @ is odd, _J1 if @ is odd,
1= Q/2 if Q is even, -1 if Q is even.

We shall assume that N = (N, M, R) satisfies the conditions of Theorem 1, where,
without loss of generality sin(2rN6) # 0. Separating the coefficients into arithmetic
progressions mod g, we observe that, for n = lg + 1,
n <M> = sign(ayl — B;)€,
det B(8,2, Ny)
where, writing
D, (N,M,R,0)
= (R — N){n — M)sin(2rR9) sin(2r(N — M)0) sin(2w(N — n)6)
+ (M — N)(R — n)sin(2rM0) sin(27(N — R)0) sin(2r(N — n)d)
+ (R— M)(N —n)sin(2n(N — M)0) sin(2n(N — R)0) sin(27nbh),
we can explicitly write
Bi :=—D;(N,M,R,0)/Do(N,M,R,6),
and
a; = q{(R —N)sin(2rRO) sin(2n(N — M)0) sin(2n(N — )0)
— (M — N)sin(2r M) sin(2r(N — R)0) sin(2m(N — 1)6)
— (R— M)sin(2r(N — M)0)sin(2r (N — R)6) sin(27i0)} /Do(N, M, R, 0).
Notice that in the case of a kth order root on a ray the linear polynomial (a;l — ;)
would become a (k — 1) degree polynomial allowing for up to (k — 1) sign changes

in each arithmetic progression of coefficients a;q4-;.
Hence, defining

\oe max{0, [Bi/a;] +1} if a; # 0, . [ sign(ay) if a; # 0,
10 if a; = 0, T —sign(B;)  if a; =0,
and writing [ := [U,V] = [B — A, B + A], we readily see that the corresponding

extremal power series must take the form
—2(ex?)N) B

4 E
(1—ex9) Tt (@),

q—1 (1
F(z):=(1-U)+AY ki
=0
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where
E(z):= Z (an, — B — Aky)x™.
nesS(9,2,N)

Hence, eliminating the a,, in S(0, 2, ]\7), if 7e2™ is to be a double root of F' then
r must be a root of

P(z)=(1-U)-3Y (A(lp_i(g)Q + B(lQ_iiii)2> z,

i=0
where
Pi(z) := |Bi](1 — 29)(1 — 2max{0, sign(a;3;) }z %)
+ || (X2 (1 — 29) — 29(1 — 22719)),
and

Qi(z) = Bi(1 — ex?) — ajex?.
We distinguish two cases: case 1 when N, M and R are all distinct modulo ¢
and the extremal power series is typically unique, and case 2 when N = R (mod ¢)
and the extremal series will not be unique.

Case 1. In the usual situation the exponents NV,M, and R will be distinct modulo
q and, as long as S(6, 2, ]V) = {N, M, R}, we can tell whether we have chosen the
correct triple N,M,R (and hence whether r is the desired value) by testing whether
the missing coefficients ay,apr,ar lie in I. Defining

I'sin(27J6)

A I K) = — e = Ry sin(@n(J = K)9)
e Y12y miLs(D)r' sin(2r(J - i)6)
o KLy (Drtsin(2n(J — 1
UL LK) = = e 2 ) sinan () — K01 — 1)

where

Li(I) := (I = (I +q)r)(1 = 2rN9) — (1 = r9) (i = 2( + Nig)r™9),
and

T(I,J,K)

(L& +r®)sin(2n(J 4+ 1)0) — (I€ + 2r?) sin(27J0) + rsin(2n(J — 1)0)

N &2rK(J — K)sin(2n(J — K)0) ’
where

¢ := (1 = 2rcos(2m0) + r?),

we note that

ay =B+ Ay +(L-U)H(R,M,N)+ AL(R,M,N) + BT(R, M, N),

ay =B+ Ak +(1-U)H(R,N, M)+ AL(R,N,M) + BT(R,N, M),

ar =B+ Akgr+ (1 -U)H(N,M,R) + AL(N,M, R) + BT(N, M, R).
Even if §(6, 2, N ) contains additional points we may still pick up the correct solu-
tion if there is an extremal series that can tolerate assigning a,, = B + Ak, for the
remaining terms, although we knowingly encountered no such cases in our compu-

tations. Notice that if S(6,2, N) = {N, M, R} then the extremal power series will
be unique.
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Case 2. If two of the exponents are congruent mod ¢ then the parameters simplify
quite drastically. Suppose that N = R = s mod ¢, where 1 < s < (¢ — 1) (by
Lemma 3 below we cannot have s = 0), and M # s mod ¢. Then

S(0,2,N)={n : n=s (mod q)} U{M}

with
g sin(2w(s — 1)) B M — 3\ sin(27(s —4)6)
YT TM sin(2mwsf) fi=- ( M > sin(2ms6)
and
[M+g—i v — —sien sin(27(s — ¢)0)
Az‘[ 2 ] = o ( sin(2ms0) )
where
B 1 T sin(2r(s — 0)0) < Pi(z) Qi(x) ) ;
Pla)y=(1-U) - — - A + Brij——= | 2°,
M ~—| sin(2ms0) (1 —x9)? (1 — ex9)?
with
Bi(z) = (M — (M + q)x?)(1 — 2229) — (1 — 2%) (i — 2(i + Asq)z™9)
and

Qi(x) == (M —4)(1 — ex?) — gex.

Moreover, the following lemma tells us that for some equivalent power series the
coefficients indexed by an arithmetic progression mod ¢ can be assumed to have a
specific form.

Lemma 3. Suppose that 0 = p/Q is rational as above. Then there is an extremal
power series f(x) =1+ Y20 a;a in F; with a double root at a = 7(0,2;I)e?*
with the property that for each i = 1,...,(q— 1) there is a constant C; such that the
coefficients of f satisfy either

(a1g+i — B)el =C; foralll>0

or
C; for 0 <1< N,

(alq+i - B)Gl = Cl/ fO’f‘ | = Ni,

sign(C} — C;)A  forl> Nj,

for some constant C| # C; and integer N; > 1.
For i = 0 the coefficients of any extremal series must satisfy
(a1 — B)e =—A  foralll > 1,
or
(aig — B)el =+A  foralll >1,

or
—A  for1 <1< N,
(alg — B)e =4 C§  forl= Ny,
+A  forl> Ny,

for some constant C}j and integer Ny > 1.



1156 CHRISTOPHER PINNER

Hence we can assume that

(1)
E(x) = (aM - B - AFLM):E]W + x° (M

Alex?) (1)
qyn g ) 7
(1 — ex9) +Coleat)” £

(1 — ex9)
for some integer n, and |C;| < A, regarding the possible case

Cxs

_ _ _ M
E(Z) = (a]\/[ B AK?]\,[)LIZ -+ —————(1 — 612(1)

as corresponding to n = co (we encountered only one such case, corresponding to
I=[-1,1], 8 =1/4, and C = 0). We can thus check whether we potentially have
the correct M and s by checking whether the root r of P gives

wns = B Ay, - L= U)sin(2ms0) "z‘:l (1—2r0)  psin(2n(s — 1)0)

rMsin(2m(s — M)9) — i (1—7r7) rMsin(2r(s — M)0)
(sin(2msf) — rsin(27(s + 1)0))
ErMsin(2m(s — M)6)

with aps in I, and in these few cases vary n to see whether, writing

qg—1
Ut = —(1=U)(1 —r?)sin(2rM0) — A Z ri(1 = 2rM9)r sin(2m (M — 1)8)
i=0
T Arst D sin (20 (M — 5)0)

- B Chaki) (sin(2wMO) — rsin(2r (M + 1)),

3
and
q—1
VE = (1-U)grisin(2rM0) — AZ k(i — 2(i + Niq)r™ )7t sin((M — 4)0)
=0

FA(s + (n+ 1)g)r T+ Dagin(27 (M — 5)0)

+ quLq(sin(%rMO) —rsin(2r(M + 1)6))
1—pa
sl

(rsin(2m(M — 1)8) — 2r sin(2r M 6) + r®sin(2r (M + 1)0)),

the missing coefficients

((s+ng) — (s+ (n+ Dgr)U* — (1 —r)V=*

cit =
! gresin(2m(M — 8)0)(r(»tD4 +n — (n+ 1)re) ’

and
of (1 =)Vt — (s — (ng+ s)r")U*
2 grratssin(2n(M — 8)0)(r( D 4 — (n 4 1)r9)’
satisfy |CF], |CF| < Aor |Cy|,|C5 | < A. If |Cy| and |C2| < A then the extremal
power series will not be unique (the argument is as in the proof of Lemma 3).
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We computed the value of r(6, 2; [—1, 1]) for all rationals 6 in (0, 1/4] with ¢ < 50
and r(6,2;[0,1]) and r(6,2;[—1,0]) for all 8 in (0,1/2) with @ < 50 (for the non-
symmetrical intervals, B # 0, there is no degree gain for the even denominators
@ = 2q). The computations were performed in Maple, using a supplementary real
root finder (courtesy of Franck Beaucoup) to deal with the cases of high degree.
The results are plotted in Figures 1, 3 and 5, respectively (with the smallest fourth
order roots rather than the smallest double roots plotted for the real points § = 0
or 1/2). For I := [—1,1] we encountered only 13 ‘case 2’ rationals, 52 (out of
386) for I = [0,1], and 78 for [-1,0]. The exponents [M, N, R] for the ‘case 1’
rationals, or [M, s,nq + s] with minimal successful n for the ‘case 2’ rationals, are
shown in Tables 1, 2 and 3 at the end of this paper (the ‘case 2’ distinguished by
an asterisk). We also plot these three values against 6 in Figures 2, 4 and 6. It is
noticeable that the smallest of the three exponents seems to resemble the exponent
involved in computing the smallest single root on a ray (see [2]). As can be seen from
Figures 2, 4 and 6, the initially daunting task of finding the correct three exponents
N, M, R for each of the rationals searched was made easier by the tendency of the
exponents to take the same values as their neighbours. Cases of ‘jumps’ were dealt
with by comparing the power series corresponding to nearby ‘near misses’ for the
location of the first few differences. Notice also that the correct value of 7 must be
the largest root encountered as N, M and R are varied (the other roots correspond
to extremal solutions where the size of some of the intervals are increased). Thus
any choice of exponents yields a lower bound on (6, 2; I') (an observation that could
perhaps be used to compute an absolute lower bound for r(8,2; [—1,1])).

0.81 T —T T T

0.79} / ]

7
0.78} ! -
. S
\
077} ™ . ’./ :
ol N AVl
0.76f \\ _/ .
]
\rf\'
o.750 0.05 0.1 015 - 0.2 0.25

FIGURE 1. 7(0,2;1) for I = [-1,1], with 6 in (0,1/4].
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FIGURE 6. Successful values of N, M, R for I = [—1,0].

3. MULTIPLE REAL ROOTS

For kth order positive real roots we showed in [1] that the extremal power series
has exactly k sign changes and at most (k—1) coefficients not equal to an end point
(these occurring at the sign changes). That is, for I = [B— A, B + A], the extremal
series for r(1/2, k; I) takes the form f(—z), where

k—1
Bz Az 2A ;
-1 - - —1)i(8; + (1= B))a)z™
0= T gy DG (- g
for some vector of exponents N = (n1,... ,n_1) and coefficients 3; in [0,1]. In [1]

the value of (1/2,k;[—1,1]) = r(0, k; [—1,1]) is given for k < 27. In Tables 4 and
5 (at the end of this paper) we give r(1/2, k; [0,1]) and r(1/2, k; [—1,0]) for k£ < 20.
When I C [—1, 1] we know, from bounds of Borwein, Erdélyi & Kdés [3], that

o

for some absolute constant ¢ > 0. Conversely, in [1] we showed that

B 1
7"(1/2,]{7, [_17 1]) > 1- (_k__'_T)a

and more generally that r(1/2,k;1) < (k/(k 4 1)) V9V “gimilar bounds
hold for one-sided intervals:
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FIGURE 7. (1 — r(1/2,k; 1)) ! against k for I = [—1,1] (lower
points), [0, 1] and |—1,0] (upper points).

Proposition 1. Let b; denote the ith odd, square-free, positive integer. Then

1/bs 1/7bys
TRV < (1_ k—1|—1> ;o r(1/2,k(U,0) < (1 - k%) ,

where s := [2/|V]] and s' := [2/|U]].

Hence (1 —r(1/2,k; 1))~ is of order precisely k for I = [—1,1], [0,1] and [-1,0].
Figure 7 contains a plot of (1 — 7(1/2,k;I))~! against k for these three intervals
showing that the behaviour is not only bounded by linear functions but in fact
approximates remarkably well to straight lines. The corresponding least squares
lines are 1.51018740 + 1.18263768k, 1.87642318 + 1.64050207k, and 1.23909318 +
.81255949k for [0, 1], [—1,0} and [—1, 1] respectively. Finally we observe that as the
size of the coefficients of the power series increases the situation appears to become
computationally simpler. In particular, for large enough A the smallest kth order
real root 7(0, k; [—A, A]) can be determined precisely, the vector N of Theorem 1
reducing in that case to (1,...,k — 1);

Proposition 2. For A > (2'/% —1)7*,

1

r(0,k; [-A, A]) = AT

It is tempting to speculate that for A > (2/2% — 1)72* the smallest kth order
root (0, k; [—A, A]) corresponds to taking N = (1,...,2k — 1) in Theorem 1 for
all 6 in (0,1/2), and that perhaps (AY2% +1)~1 < (6, k; [~ A, A]) < (AVF + 1)~z
(these being the values as § — 0 and at § = 1/4 respectively). This is true for k = 1
(see [2]) and appears from our computations to be true for k = 2 (see Figure 8).
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FIGURE 8. r(0,2;1) for I = [~ A, A], A= (2V/* — 1)~
4. THE PROOFS

Proof of Lemma 1. Observe that the polynomial
fz;n, 0) == (2®* — 2cos(2mnf)z™ + 1)75(0)

N

has a root at €27 Hence for a set of N distinct priines p; with M (6, k) < p
-+ < py = p the polynomial

N t
Fy(z):= jvl‘; Hlf(ff;pz,aj)kj
=

is a real polynomial of degree Mp with constant coefficient 1 and remaining coeffi-
cients of absolute value less than 2M /N, and a k;th order root at 2™, j =1,... .
Hence for N > 2M+1 /A the polynomial Fy(21/MPz) is a polynomial with coeffi-
cients in [—A, A] and a k;th order root at 271/MPe2mib; j =1 . . ¢

In the case of totally positive or totally negative intervals we similarly build
polynomials

f(;uip0, 0;)%
1

FN(I) = %Z

t
1=1j=

or
t

N ¢

1 .. : Ny

Fn(z):= NZ 11 5w, 00 | | 2= [ £laswgmi, 6;)%
=1 \j=1

j=1
respectively, where the w;; are positive integers such that cos(2mui;jp;6;) < 0 and

the p; are primes greater than 2M, successively chosen so that p;6; # 0 (mod 1)
and p; > ug;p, for all j and all s <, and IV is taken suitably large. O

For the proof of Theorem 1 we shall need the following simple lemma:



DOUBLE ROOTS ON RAYS 1163

Lemma 4. An extremal power series f(z) = 1+> 2, a;x* in Fr (that is, a power
series with a kjth order root at a; = (6, k; 0e?>™% for j =1,...,t) cannot have
all its non-zero coefficients a; strictly inside I.

Proof. Suppose that f(z) =14 Y2, a;z" is an extremal polynomial with a k;th
order root at o 1= re? i r = r(@q, k; I), for j = 1,...,t, and all its non-zero a;
strictly inside I. If f(x) happened to be a polynomial

U v
"”):H;‘“x’ 038 %< {rey

for some § > 0, then the result would be almost trivial as the series f((1+ 8)'/7x)
would still be in F; but would have smaller roots (1 + §)~/a;, contradicting the
minimality of r. Hence it is enough to show that we can replace the power series
by a polynomial.

Writing

N. 0
N(x) =1+ Zanxn> hN(x) = Z anx",

n=1 n=N+1
we observe that for suitably large N we can make the derivatives of the remainders
hn arbitrarily small:

ol hly (o)

T < max{|U|, |V}

NipN
(1 —r)l+t
Let V denote the real vector space generated by the M (6_?: E) dimensional vectors

Uy 1= (,( 7 >cos(27rn0j),( 7 >sin(27rn9j),--~>, l=0,...,k;— 1,5 =

1,...,t, for the n such that a,, # 0. Taking an N = (n1,...,ng) such that the 7,,
form a basis for V', we can construct a real polynomial

R s
)i= Yo%) (%)
i=1

such that aégl(aj)/l! = aéhév(aj)/l!, l=0,...,k;—1,j=1,...,t. Moreover, by
Cramer’s rule, writing v;(N) = det M;(@y)/ det M, where M is a matrix formed
from R linearly independent rows of ( Upyro e , UL R), Uy is the vector consisting of
the R real or imaginary parts of the derlvatlves ol bl () /1! corresponding to the R
chosen rows, and M, (@) denotes the matrix obtained by replacing the ith column of
M by 4, we clearly have |v;(N)| < C max; |u;|. Thus for a suitably large N we will
have a,,, +7:(@n) strictly inside I, and f(z) := fn(z)+gn(x) will be a polynomial
with a k;th order root at «; and all its non-zero coefficients strictly inside I. [

Proof of Theorem 1. Let N = (N1,...,N(n—1)) be a vector of (M(é: I:) — 1) posi-
tive integers. Observe that if det B (5, E, ]\7,1) # 0 then, writing
N(l) = (Nl, ey Ni_l,O, Ni+1> “e N(M—l))>

by Cramer’s rule,

- det B(0, k, N, " det BB, K, N(3)n) sa\N:
G(z;0,k, N )=1—#<>— (dd(q))(—)
det B(0,k,N,) \T = detB(0,k,N,) T
0;

is a real polynomial with Gl(reQ’” ) =0forl=0,...,k;—-1,5=1,...,t
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Suppose then that F'(z) =1+ Y ;o a;z' is an extremal power series in F; with
a kjth order root at a; := r(0,k; De*™® j = 1,... .t and U < ay, <V for
i=1,...,(M —1). Suppose that n is such that det B(f,k, N,) # 0 and either

det B(0, k, No) = 0 or
an # B —sign EliB—(?,’———W A
det B(0,k, N.,,)

Then for a sufficiently small § > 0 the power series
F(z) = (1-8)F(z) + 6G(2;0,k, N, r(6,k; 1)) = 1+ Y _ &z’

will be a power series with roots of order k; at the a; with all its non-zero coeffi-
cients a; strictly inside I, contradicting Lemma 4. Hence either det B(6, k, N,,) is
identically zero, or det B(6, k, Ny) # 0 and

t B(0, k, N .
an, = B — sign EIE——B—(—}Q’——_,Q A, foralln ¢Sk N).
det B(8, %, N,)

Suppose that f(z) =1+ > ;2 a;z’ has roots of order k; at points 3; := re?™%
j=1,...,t. Then the conditions f!(8;) =0,for 1 =0,... ,k;—1,j=1,... ,t, are
equivalent to the M = M (0, k) equations

[ee) [e9)
Z nla,r™ cos(2mnd;) = 0, Z nla,r? sin(2mné;) =
n=0 n=0

(the second equation disappearing for real ;). When det B (5, k, Ng) # 0, elimi-

nating an,, ¢ =1,...,(M — 1), from these equations readily gives that r satisfies

Z a det B(é’7 E, ]\771)
57 ndetB(é: E,Ng)

no_

Set

Now if

det B(0, k, N,y )|,
det Bk, No) |

7

Vi)

nesS—

and r = 7‘(6_?: ki I ) since no smaller value of r can be achieved with a different
assignment of coefficients a,, € [U,V] for then ¢ S (é: k, N ) (by Descartes’ rule of
signs P(x) has at most one root r > 0, hence P(x) > 0 on [0, r|, while any different
configuration of coefficients @; corresponding to other roots #e*"*% would lead to a
P(z) > P(z) and hence a root, 7 > 7). g
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Proof of Lemma 2. For a given ¢ we write
¢=(d0,...,0) and K = (K ko,... k),

where 6; and k; are omitted if ¢ = 0;, and K = pky + k, where p =2 if ¢ =0 or
1/2 and p = 1 otherwise, and k = k; if ¢ = 6; and k = 0 otherwise. Compactness
readily gives

liomigfr(é_?: k1) > (e, K;1).
lﬁ
Hence it is enough to show that, for ¢ € (0,1/2)\ {62,...,0:},

limsupr(d,k; 1) < r(¢, k; I).
01—¢

We in fact show the following quantitative version when zero is not an end point
of I:

Lemma 5. Suppose I = [U,V] withU <0< V. For ¢ in (0,1/2)\ {02,...,0:},
r(6,k5 1) < (1+ 81161 — ¢))r(8,K; 1),
and for ¢ in {0,1/2,05,...,0:}, with 0 < 27|0; — ¢| < 1,

(6, K1) < (1462101 — ¢|) (0, 3 1),

where
8 = C(6, Kk, (b, k; I)max{. ' '—'}
with
o | Mt ks
) ROV 2
rM(1—r)ktl XL [2sin(276;) ¥
8(0;)=2
< [ 12sinw(9; + 60,)]720000E ks,
1<i<j<t
and
T (K = D)3ED St (K — 1 - pg)!
=C(¢,K,r(0,k; 1)) max{'—. ' .}22(” DRGiD) JI;IO 7 :

Proof. Let f(z) =1+ > 77 a,z" be a power series in F; with roots of order k;

at B1 :=re?™® and of order k; at a; := re? % j =2 ... t, where r := 7“((5, E; I).
Then, with a; := 7€ and W := max{|U|, |V|},
) fHen)

i lod fia) = 8L B))
_‘?T/anrn
T n=1

< B0, — g3 n < aWmles — gl + 1)(1— )",

T

IN

min(0 — . W 3 i
e2min(01-¢) _ 1‘ =5 z:lnlr”|s1n7m(91 3l
n=

with &l fl(e;) /! =0,1=0,... ,k; —1,j=2,... ¢
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Observe that for the vector N := (1,2,..., M) the determinant of B(f,k, N) is
non-zero. In fact, replacing the trlgonometnc functions by exponentials to give a
Vandermonde determinant, we can evaluate |det B(8, k, N)| exactly:

H 2732 sin(276; )|" H |2 sin7(6; i91)| 6(05)6(80)k;ky
1<1<j<t

Hence, writing « for the M dimensional vector formed from the real and imagi-
nary parts of aé-fl(aj)/l!, 1=0,...,kj—1,j=1,...,t, and B(4, ) for the matrix
obtained by replacing the ith column of B by #, by Cramer’s rule there is a real
polynomial

g(z;u,r) Z% i) ( ) i) 1= detB(e’k’g)(i’ﬁ),

such that
o) fe)

R A TH A TR

with, by Hadamard’s inequality,

ki i=1,. 0t

’yi(l_l:) < max; |’U,1| (M!\/]\f)]v[
i |7 M det B(O, k, N)|

< 2W7T|¢—01|k1 (M'\/M)M

——— =: Amin{|U|, |V|}.
< 0 Ta B (ol vy

Hence
f(z) = f(z) — 9(z;4,7)

is a power series with roots of order k; at the o;, j = 1,... ,t, and coefficients a,
in (1+ A\)I. Hence f(z/(1+ \)) is a power series in F; with roots of order k; at
r(14+N)e?™ % j=1,... ¢

Suppose that f(z) = Y " ,an,z™, ap = 1, has roots of order ky,... ,k; at a; =
re? i 5 = 1,...t, r = 1"(9_’,12;]). When ¢ # 0 or 1/2 let M; denote the
(k1 + k) x (k1 + k) matrix whose first k rows consist of ones along the diagonal
and zeros elsewhere and whose final k; rows consist of the first (k1 + k) Taylor
coefficients of z%e®, i = 0,...k; — 1. When ¢ = 0 or 1/2 set My and M3 to be
the (k1 +1) x (k1 + 1) matrices, ! = [(k + 1)/2] and [k/2] respectively, whose first
I rows consist of ones along the diagonal and zeros elsewhere and whose remaining
k1 rows consist of the even, respectively odd, indexed Taylor coefficients of 2*sin x
or x'cosx as appropriate, i = 0,... ,k; — 1. Observe (writing as a Vandermonde
determinant, using Hadamard’s inequality and crude bounding) that the inverses
of these matrices certainly have entries of absolute value less than

(K - 1D S (-1 )

T 9b(u—Dki(ki—1) i 4!

Setting u := (61—¢), 0 < 27|u| < 1, and taking linear combinations of the equations

o [ee)
Z anr™(2mnu)! cos(2rng + 2mnu) = 0, Z anr™ (2mnu)! sin(2mne + 27mnu) = 0,
n=0 n=0
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foril=0,...,(k; — 1), and

(o) o0
Z anr™(2mnu)t cos(2mng) = 0, Z anr™(2mnu)! cos(2rng) = 0,
n=0

n=0
for | =0,...,k — 1, we readily see that the derivatives at re>™*¢
[ee] o0
Z anr"nt cos(2mnd), a,r"nt sin(2mng), 1=0,...,K—1,

n=0 n=0
have absolute values
=k 2rW Kvu
Z_ﬁ = (1 =)&)

—

Thus, writing M = ]\/1'((,2_5’, K), N = (1,2,... ,M), we get a polynomial

o(z) = i’)’ (f)’i sl < 2nWKvu (MW MM
i=1 A/ U7 M1 )KL detB(q;,I_(’,ﬁ),

such that f(z) = f(z) — g(z) has roots of order k; at o, j = 2,... ,t, and a root
of order K at re?™*®. The result follows as before. |

When zero is an end point of the interval I, and the extremal series contains
M (5, lZ) non-zero coefficients a,, with det(d_;, E, N ) # 0, one can still obtain an
analogue of the first bound (although now dependent upon the n;) and hence deduce
continuity at that point. For 6; close enough to ¢ that det(ﬁ_’, E, N ) is bounded away
from zero, one similarly constructs a polynomial, g(x) := Eﬁl i (z/r)™* such that
g ()1l = fi(oy) It for o :=r(d, k; [)e*™%5 1 =0,... ,k; — 1,5 =1,...,t, with
v; := det B0, k, N)(i,@)/ det B(,k,N) — 0 as 6, — ¢. Hence, for 6; sufficiently
close to ¢, the power series f(x) = f(x)— g(z) (or (f(z) —g(z))/(1—0) if 7, = 0)
possesses roots of order k; at the o, has lead coefficient one, and has remaining
coefficients in (14 A)[ for some suitably defined A > 0, with A — 0 as 6; — ¢. The

bound r(6, k; I) < (1 + A)r(&, k; I) then follows as before. dJ

Proof of Lemma 3. Observe that for m > n > [ and o = re?™* the real polynomial

n m
. osf.1q_ € m—1 ng € n—1 mq
gs(z;l,myn,a) ==z (x e (————m - n) ™ 4+ ram D \m—n)®

satisfies g(a) = ¢'(a) = 0. A
Suppose that f(z) = 14> ;o a;z" is a power series in F; with a double root at
a=r1(0,2;1)e*™®. Now if there existed two coefficients with

(ang — B) # —€"A, (amq— B)#c™A, m>n,
then for a suitably small § > 0 the power series
F(@) = (1= 6)f(x) + 8go(w; 0,m,n, (0,2, )e*"*?)

would be an extremal polynomial with all its non-zero coefficients a; strictly inside

I; which by Lemma 4 cannot occur. Hence the stated form of the coefficients a;,.
Now consider an s # 0 mod ¢. Amongst the extremal power series with a fixed

set of coefficients a,, for m # s mod ¢, either there is an extremal series with
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(@145 — B) = C,é for all [ for some Cj, or there is some maximal N such that
there is a series with

eC, for0<Il<N,
(alq+s -B)= { 6lcvé for i =N,

for some C’, # C,s. Amongst these series pick the one with |C% — C| minimal. We
claim that for such a series the remaining coefficients must satisfy (aig+s — B) =
e'sign(C, — C5)A. To see this, observe that if (amq+s — B) # €'sign(C’, — Cs)A for
some m > N, then

N-1 [eS)
f(x) f(z) + 6sign(CL — Cs) ng x,l,N,m,a)zl—i—Zdixi
1=0 i=0

has f(a) = f/(a) = 0 and for sufficiently small § it can still have &g, inside I
and be of the above form with

Cs = C, + 6sign(C", — C, )

- =1
1 /
Cl = C} — ésign(C} — (Z e n)r(" l)q>
satisfying |Csl,|C’| < A and |C% — C4| < |C’ — C4|, contradicting the assumed
minimality. O

Proof of Proposition 1. The proof closely resembles the proof of [1, Theorem 1].
First observe [1, Lemma 1] that

k k
o —_ 1\t ph. i . mj
xz): =1+ E (—1)'ca™, ¢ = I l s —
i=1 i=1
J#i

is a polynomial with a kth order root at 1. Taking m; := 2

-2

B 2(k!)? E o\’
o= o=y < (w1

o(e) = %;F (_ ($>bi/bs xm)

is a polynomial in Fig v] with a root of order k at —(k/k+1)'/%+. Similarly, taking
myi=2m;:=70—-1)%4i=2,...,k+1, k> 1, we have

k -1 2/7
ST
i=1 J +

, we have

Hence

(by induction on k) and
T S )
TR -2 (k4 i)k — )

Hence (
|

o= 23 0r (- (4
(k

bi/?bsl
zb

+1) at —(k/(k + 1))/ O

i=1
is a polynomial in Fjy g with a root of order
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Proof of Proposition 2. Observe that for A > (2% — 1)~* the power series

(1— (A* + Do)k : e—1 g TF
) =1—bz+byua®— - — (=11 + (—1)’”A(1 )

has a kth order root at (A% +1)~! and, since (A% + 1) > k, coefficients

by = Z;(—l)f—f (§)atsay

satisfying 1 < by < by < --- and 0 < by < b3 < -+, where by = A and by_; =
(A% +1)* — A < A. By Theorem 1 (or, more directly, [1, Theorem 4]) the form of
the power series ensures that this gives the smallest root. O
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