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DOUBLE ROOTS OF [-1,1] POWER SERIES 
AND RELATED MATTERS 

CHRISTOPHER PINNER 

ABSTRACT. For a given collection of distinct arguments 0 (01,... I0t) 
niultiplicities k = (ki,... ,kt), and a real interval I = [U, V] containing 
zero, we are interested in determining the smallest r for which there is a 
power series f(x) = 1 + Z' 1 anx12 with coefficients a,, in I, and roots 
ci = re2I0 ... 'at = re2 ot of order kl,... kt respectively. We denote 
this by r(O, k; I). 

We describe the usual form of the extremal series (we give a sufficient 
condition which is also necessary when the extremal series possesses at least 
(Z=1 6(0i)ki) - 1 non-dependent coefficients strictly inside I, where 6(0j) is 
1 or 2 as asi is real or complex). 

We focus particularly on r(O, 2; [-1, 1]), the size of the smallest double 
root of a [-1, 1] power series lying on a given ray (of interest in connec- 
tion with the complex analogue of work of Boris Solomyak on the distribu- 
tion of the random series E ?A1). We computed the value of r(O, 2; [-1, 1]) 
for the rationals 0 in (0, 1/2) of denominator less than fifty. The smallest 
value we encountered was r(4/29,2; [-1, 1]) = 0.7536065594.... For the one- 
sided intervals I [0, 1] and [-1, 0] the corresponding smallest values were 
r(11/30, 2; [0, 1]) .8237251991... and r(1/3, 2; [-1, 0]) = .8656332072... 

1. INTRODUCTION 

For a fixed, closed, interval I := [U, V] containing zero, we let .F1 denote the set 
of real power series 

.FI := { 1 + Z al,xn a,- E } I} 

For a vector- of arguments 0 (01,... ,Ot) and a vector of multiplicities k = 
(kl,... , kt), we let Ri(0, k; I) denote the set of positive real numbers, r, for which 
there is a series in F1 with roots at ca1 re2iOl, ... , cet re2wiOt, of multiplicity 
kl,... , kt respectively, and, when R1(O, k; I) is non-empty, we define r(0, k; I) to be 
the infimum of this set. By a kth order root of f (x) we mean of course an ca such 
that f(a) = .. - = - f(k1-)(a) = O. By symmetry x X-4 x we can clearly 
restrict our attention to 0 < Oi < 1/2 (and in the case of a single argument and 
symmetric intervals I to 0 < 0 < 1/4, from x H-4 -x). 

In [2] we computed the smallest simple root on a single ray, Boris Solomyak [5] 
having previously considered this problem for [0,1] power series. In [1] we computed 
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the smallest kth order real root of a [-1,1] power series for k < 27 (the real case 
necessarily gives the smallest kth order root). Solomyak [6] had in fact earlier 
shown that the smallest double real root of a [-1, 1] power series is .6491, which 
he used to show that the distribution of the random series Zn=0 +ATh (where the 
plus and minus signs are chosen independently, each with a probability 1/2) has 
L2 density for a.e. A in (1/2, 1). In a private communication he conjectured that 
the smallest complex double root of a [-1,1] power series was substantially larger 
than the smallest double real root, in particular suggesting that it was probably 
of absolute value at least 1/ 2, which would have implications for the complex 
analogue of his result. We thus focus our computational attention on r(O, 2; [-1,1]), 
the size of the smallest double root of a [-1,1] power series lying on a given ray. 
Our computations of the value of r(O, 2; [-1,1]) for rational 0 of denominator less 
than fifty suggest that that the minimum value in the complex case is actually 
close to r(4/29, 2; [-1,1]) = .7536065594.... We similarly computed the double zero 
free region for power series with coefficients in the one-sided intervals [0,1] and 
[- 1, 0]. The smallest complex double zeros we encountered in those cases were of 
size r(11/30, 2; [0,1]) = .8237251991... and r(1/3, 2; [-1, 0]) = .8656332072... (the 
latter is probably the exact minimum). Somewhat related problems on double 
zeros of {0, 1} power series occur in the work of Odlyzko & Poonen [4]. Here we 
have concentrated on the more manageable class of power series with coefficients in 
intervals. Unfortunately the extremal power series in our situation almost certainly 
have some non-integer coefficients, integer analogues remaining unclear. 

We let 
{ 1 if e2,iO is real, 

6(0) 2 if e2,iO is complex, 

and define 

M = M(0, k) Z6(0 )ki. 
i=l1 

We first note that crude bounding ensures that r(, k; I) < 1 in all cases of interest. 

Lemma 1. Suppose that U < 0 and V > 0. Let N:= F2A'+?/min{lUl, IVI}], and 

let p denote the Nth prime greater than M = M(O, k). Then 

~~~~~1 
r(0, k; [U, V]) < 21/P?i 

If none of the 0i = 0, then 

r(0, k; [0, V]) < 1, r(0, k; [U, 0]) < 1. 

The exclusion of Qi = 0 in the case of totally positive or totally negative in- 
tervals is plainly necessary (by Descartes' rule of signs a power series cannot 
have a kth order positive real root without at least k sign changes in the coeffi- 
cients). It appears from our computations that r(0, 2; [-1,1]) < r(1/4, 2; [-1,1]) = 

Vr(O, 2; [-1, 1]) .8056909214.... Notice that we also have an angle-independent 
lower bound r(0,k;I) > r(O, maxki; [-A,A]), A = max{ UI, IV }, from considering 
the real part of f(xe27i0). 

Since we are thus working safely inside the unit circle, an appeal to compactness 
ensures that for our purposes r(0, k; I) is always achieved. 
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For a vector of arguments 0, multiplicities k and a vector of non-negative integers 
n= (nl,...,nM), we define the &(0j)kj x M submatrices 

((ni )cos(2irnrOj)) 

if e2WiOj is complex, 

Bj (S,k, n) = ( 
n 

sin(27rni0j) ) ,u-O,0 . .. I k - 1, 

n; ) cos(2irrniOi) p = O, ... k, k- 1 if e2,iOj is real, 

and the resulting M x M matrix 

B1 (, k, n) 

B(f9B k, n)t:=k| 

Bt (f0 k, n) 

For a vector of positive integers N = (N1, ..., NM-i), and a non-negative integer n, 
we define 

Nn := (n,N1,... ,NM-1). 

We let 

S(6, k, N) {n N : det B(O, k, Nn) = O}. 

It will be convenient to write our interval I (always assumed to contain zero) in the 
form 

I =[B - A,B +.A]. 

We prove the following structure theorem for the power series corresponding to the 
extremal root: 

Theorem 1. Let F(x) = 1 + ZE aix' denote a power series in .F1 with roots 
of order k1,... , kt at , = re2ti60,... ,at = re2w7 Ot with r r(O,k;I). If there 
exists a vector of M(O, k) - 1 positive integers N = (N1,... , NM-,) such that 

aN1,... , aNm-1 all lie strictly inside I, then either det B(O, k, Nn) = 0 for all n, 
or det B(O, k, NO) 7A 0 and the remaining coefficients of this extremal power series 
satisfy 

an B - sign (dtB ,N))Al for n 0 S(01 k, N). 

Conversely if the series f (x) = 1 + Z%??- c x' in F1 has a root of order kj at 
ej = re27iOj for j = 1, ... , t, and coefficients such that for some vector of (M - 1) 

positive integers N with det B(0, k, No) #& 0 

c B - sign (detB(O,k,No) ) A, for n 0 S(J k, N) 

then r = r(O, k; I). Moreover any additional power series in F1 with roots of order 
k- at the extremal ac must have these same coefficients cn for n , S(O, k, N). 
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We remark that (as will be apparent from the proof) the structure theorem 
in fact still holds if we allow the coefficients an to lie in variable intervals 
[Bn-An, Bn + An] containing zero (permitting versions for polynomials of bounded 
degree and so forth). 

Notice that vanishing at 0 arguments with k multiplicities amounts really to solv- 
ing M(O, k) equations (the real and imaginary parts of f1(re276i), 1 =0, ..., -1, 
j = 1, ... , t). This simple observation is the main idea behind Theorem 1. Moreover 
(assuming that the extremal series has at least (M - 1) non-dependent coefficients 
strictly inside I), for a choice of exponents N, the structure theorem allows us to 
straightforwardly test whether we have picked the correct exponents. Since the 
values of the an for n not in S(0, k, N) are determined from the theorem, we can 
use (M - 1) of the M equations to eliminate the (M - 1) unknown coefficients 

aN, (along with any other remaining an with n E S(O, k, N)) from the remaining 
equation, solve the result for r, and then, by checking whether this value of r leads 
to an in I for all the missing n E S(O, k, N), decide whether r = r(O, k; I). When 0 
is rational we have the added advantage that the form of such a power series allows 
us to reduce to an equivalent polynomial. 

If zero is not an end point of I, then r(O, k; I) is essentially a continuous function 
of the arguments away from the real axis: 

Lemma 2. Let = (Q, 02, . Ot) with 0 in (0, 1/2) \ {02,... , ot}. 

If I = [U,V] with U < 0 < V, or if zero is an end point of I and there is 
an extremal series for r(Q, k; I) with M(0, k) non-zero coefficients anl,... ,an-A 

(allowed to include aO = 1) such that det B(/, k, N) / 0, N := (nr, , n. i ), then 

lim r(0, k; I) = r(o, k; I). 
01 -+ 

For non-one-sided intervals this can be made quantitative (see Lemma 5) so that 
theoretically bounds on the value of r(0, 2; [-1, 1]) for all 0 could be obtained from 
computing a suitably fine mesh of rationals; in practice the bounds are too weak 
to be useable, although the picture we obtain suggests that the fluctuations are 
not particularly wild. The points 0 in {0, 1/2, 02,... , Ot} are inevitably exceptional 
since, writing X (, 02,... , St) and K = (K, k2, kt), 

lim r(0, k; I) > r(,K; I) 
01 -+ 

with K = Atkl + k, where p = 2 if 0 0 or 1/2, and 1 otherwise, and k = kj if 
O = Oj and 0 otherwise. Regarding r(0, 2; [-1,1]) we remark that r(O, 2; [-1, 11) 

.6491378608..., while the smallest fourth order real root 

r(0, 4; [-1, 1]) = .7773295434.... 

This latter value (plotted as the point at zero in Figure 1) is probably the limit 
of r(0, 2; [-1, 1]) as 0 -* 0. We remark that r(0, 4; [-1, 1]) corresponds to taking 
N = (4, 9,19) in Theorem 1 (see [1]). In the case- of one-sided intervals some 
additional restrictions are certainly needed to ensure continuity. For example if 
0 (0,0), k (1,1) and I [-1,0], then r(0,k;I) (1/2)1/q for rational 
0 p/q in (0,1/2] (with extremal power series 1 - _ x3q), but is not defined 
for any irrational 0 (the equations necessary for vanishing at r > 0 and re27riO 
clearly requiring cos(27rnO) = 1 for any non-zero coefficients an in the power series). 
However in the case of primary interest, r(0,2;I), it seems reasonable to expect 
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continuity even for one-sided intervals such as I = [0, 1] or [-1, 0]. It is certainly 
true that none of the points we computed could be discontinuities, since in all cases 
the extremal series had three coefficients strictly inside I with det B(O, 2, No) 7/ 0 
(as in the statement of Theorem 1). 

We now concentrate on computing the size, r(O, 2; I), of the smallest double root 
on a given non-real ray, for rational arguments 0. 

2. COMPUTING THE SMALLEST COMPLEX DOUBLE ROOT 

FOR A GIVEN RATIONAL ARGUMENT 

Suppose now that 0 > 0 is rational. Writing 

0 := p/Q, (p, Q) =1 

we define 

Q if Q is odd, { if Q is odd, 
q Q/2 if Q is even, -1 if Q is even. 

We shall assume that N = (N, M, R) satisfies the conditions of Theorem 1, where, 
without loss of generality sin(27rNO) 7& 0. Separating the coefficients into arithmetic 
progressions mod q, we observe that, for n lq + i, 

sign (eB02N) sign(ail f3i),l (det B (0, 2, No)) 

where, writing 

Dn (N, M, R, 0) 

(R - N)(n - M) sin(27rRO) sin(27r(N - M)0) sin(27r(N - n)0) 

+ (M - N)(R - n) sin(27rMO) sin(27r(N - R)0) sin(27r(N - n)0) 

+ (R - M)(N - n) sin(27r(N - M)0) sin(27r(N - R)0) sin(27rn0), 

we can explicitly write 

13i :=D (N, M, R, 0)IDo(N, M, R,0)) 

and 
caj :=q {(R - -N) sin(27rR0) sin(27r(N - M)0) sin(27r(N - i)0) 

- (M - N) sin(2irM0) sin(27r(N - R)0) sin(2ir(N - i)0) 

- (R - M) sin(2ir(N - M)0) sin(27r(N - R)0) sin(27ri0)} /Do(N, M, R, 0). 

Notice that in the case of a kth order root on a ray the linear polynomial (alil -i) 
would become a (k - 1) degree polynomial allowing for up to (k - 1) sign changes 
in each arithmetic progression of coefficients alq+i. 

Hence, defining 

Aj { Jmax{0, [,0i/aci] + 1} if ci #0 { sign(cai) if cai 7 0, 
i - 0 if aji = O, c l-sign(3i) if a-i = O, 

and writing I := [U, V] = [B - A, B + A], we readily see that the corresponding 
extremal power series must take the form 

q-1 (Eq)Ai) B 

(I-0 
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where 

E (X) := E (an -B -AKn )Xn. 
nrES(0,2,A) 

Hence, eliminating the an in S(0, 2, N), if re2X0 is to be a double root of F then 
r must be a root of 

P(x) : (1- U) - (A (I' ))2 + B (1Q'( ))2) x 

where 

PF(x) :=3 I(1- xq)(1 - 2 max{0, sign(Ca /3i)}xAi ) 

+ JCaj(2 xAiq(- Xq)- xq(l -2xiq)), 

and 
Q2(X) f= '3?(1 -EXq) - EXq. 

We distinguish two cases: case 1 when N, M and R are all distinct modulo q 
and the extremal power series is typically unique, and case 2 when N R (mod q) 
and the extremnal series will not be unique. 

Case 1. In the usual situation the exponents N,M, and R will be distinct modulo 
q and, as long as S(0, 2, N) = {N, M, R}, we can tell whether we have chosen the 
correct triple N,M,R (and hence whether r is the desired value) by testing whether 
the missing coefficients aN,amI,aR lie in I. Defining 

H(-[, J, K) 
I sin (27rJO) 

rK (I - K) sin(27r(J - K)0) 
and 

l(I,J,K) -_ z-o i'iL j(I)r sin(27r(J - i)0) 
rK(I - K) sin(27r(J - K)O)(1 -rq)2' 

where 

L2(I) := (I-(I + q)r-)( -2rAi )-(1-rq)(i-2(i + A.q)rAiq), 

and 
T(I, J, K) 

(Icr + r3) sin(27r(J + 1)0) - (1 + 2r2) sin(27rJO) + r sin(27r(J - 1)0) 
2rK (I - K) sin(27r(J - K)0) 

where 
( (1 -2r cos(27rO) + r2), 

we note that 

aN= B + AIrN + (1- U)H(R, M, N) + AL(R, M, N) + BT(R, M, N), 

am = B + ArlAi + (1- U)H(R, N, M) + AL(R,N, M) + BT(R, N, M), 
aR= B + AISR + (1- U)H(N, M, R) + AL(N, M, R) + BT(N, M/f, R). 

Even if S(0, 2, N) contains additional points we may still pick up the correct solu- 
tion if there is an extremal series that can tolerate assigning a, = B + Ain for the 
remaining terms, although we knowingly encountered no such cases in our compu- 
tations. Notice that if S(0, 2, N) = {N, M, R} then the extremal power series will 
be unique. 
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Case 2. If two of the exponents are congruent mod q then the pararneters simplify 
quite drastically. Suppose that N- R -s mod q, where 1 < s < (q - 1) (by 
Lemma 3 below we cannot have s = 0), and M i s mod q. Then 

S(O, 2, N) {n : n--s (mod q)} U {fM} 

with 
q sin(27r(s - i)O) - ( - i N sin(27r(s - i)O) 

M sin(27rs0) ' - - M 2 sin(27rs0) 

and 

> [M + q -i] i sin(27r(s -i)O) Ai 
[qJ 

I = -sign sin(27rs0) 
where 

I_ sin(27r(s - i)O) A___ _ Q () 

with 

Pi(x) := (M - (M + q) Xq) (I -2xAiq) _(I _Xq)(i -2(i + A-q) XAiq) 

and 

Qi(x) (A -i)(1 - EXq) -qExq. 

Moreover, the following lemma tells us that for some equivalent power series the 
coefficients indexed by an arithmetic progression mod q can be assumed to have a 
specific form. 

Lemma 3. Suppose that 0 = p/Q is rational as above. Then there is an extremal 
power series f (x) =1 + L> aix2 in F1 with a double root at a = r(O, 2; I)e27T2 
with the property that for each i = 1,..., (q - 1) there is a constant Ci sutch that the 
coefficients of f satisfy either 

(alq+i - B)cl = Ci for all I > 0 

or 
f Ci for 0 < I < NI, 

(alq+i - B) = for I = Ni, 

sign(Ci' - C)A for I > Ni, 

for some constant Ci' ? Ci and integer Ni > 1. 
For i = 0 the coefficients of any extremal series must satisfy 

(alq-B)cl =-A for all I > 1, 

or 

(alq-B)c = +A for all I > 1, 

or 

a 
-A for I < I < No, 

(alq - B)E1 CO, forI =No, 
q +A for l > No, 

for some constant CO and integer No > 1. 
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Hence we can assume that 

(1) 

EArlA)XMAl + CS ( _ 
(ex)n) + C2(EXq), A(,x)( 

q 
l) 

E(x) = (aA/I - B - 
A____I__x_ ___ __x 

(I(1 - CX(xq)? (-,EXq)) 

for some integer n, and 1C2j < A, regarding the possible case 

E(x) (aAj - B - AA,I)x Al + (C1 

as corresponding to n = oo (we encountered only one such case, corresponding to 
I = [-1, 1], 0 = 1/4, and C = 0). We can thus check whether we potentially have 
the correct M and s by checking whether the root r of P gives 

(1 - U) sin(27rs0) q-1 (1 - 2rAiq) r' sin(27r(s - i)0) 
A/1 = B + Ail r- rm sin(27r(s - M)0) 

A E i (1 - rq) rAI sin(27r(s - M)0) 

(sin(27rs) - r sin(27r(s + 1)0)) 
-B 

(r.Al sin(27r(s - M)0) 

with a3A/l in I, and in these few cases vary n to see whether, writing 

q-1 

Ui :=-(1-U)(l-rq) sin(27rMO) - A Z c(I - 2rAi )ri sin(27r(M - i)0) 

:z Ar s+(n+l)q sin(27r(M - s)O) 

- B (sin(27rM0) - r sin(27r(M + 1)0)), 

and 

q-1 

V :=(1 - U)qrq sin(27rM0) - A E ri(i - 2(i + Aiq)rAiq)ri sin((M - i)0) 
i=O 

* A(s + (n + I)q)rs+(n+?l)q sin(27r(M - s)0) 

A B qr (sin(27rM0) - r sin(27r(M + 1)0)) 

- B ( g2 )(r sin(27r(M - 1)0) - 2r2 sin(27rM0) + r3 sin(27r(M + 1)0)), 

the missing coefficients 

C+ _ ((s + nq) - (s + (n + )q)rq)U?- (Irq)VI 
qrs sin(27r(M - s)0)(r(Q-+)q + n- (n + 1)rq) 

and 

C+ .- (1- r,q)V?I - (s - (riq + s)r 2q)U+ 

2 qrn?q+S sin(27r(M - S)0)(r(n+l)q + n - (n + 1)rq)' 

satisfy IC+, C+ < A or I , 0C- < A . If IC I and IC21 < A then the extremnal 
power series will not be unique (the argumenit is as in the proof of Lemma 3). 
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We computed the value of r(O, 2; [-1, 1]) for all rationals 0 in (0,1/4] with q < 50 
and r(O, 2; [0, 1]) and r(O, 2; [-1, 0]) for all 0 in (0, 1/2) with Q < 50 (for the non- 
symmetrical intervals, B ? 0, there is no degree gain for the even denominators 
Q = 2q). The computations were performed in Maple, using a supplementary real 
root finder (courtesy of Franck Beaucoup) to deal with the cases of high degree. 
The results are plotted in Figures 1, 3 and 5, respectively (with the smallest fourth 
order roots rather than the smallest double roots plotted for the real points 0 = 0 
or 1/2). For I := [-1, 1] we encountered only 13 'case 2' rationals, 52 (out of 
386) for I = [0,1], and 78 for [-1,0]. The exponents [M, N, R] for the 'case 1' 
rationals, or [M, s, nq + s] with minimal successful n for the 'case 2' rationals, are 
shown in Tables 1, 2 and 3 at the end of this paper (the 'case 2' distinguished by 
an asterisk). We also plot these three values against 0 in Figures 2, 4 and 6. It is 
noticeable that the smallest of the three exponents seems to resemble the exponent 
involved in computing the smallest single root on a ray (see [2]). As can be seen from 
Figures 2, 4 and 6, the initially daunting task of finding the correct three exponents 
N, M, R for each of the rationals searched was made easier by the tendency of the 
exponents to take the same values as their neighbours. Cases of 'jumps' were dealt 
with by comparing the power series corresponding to nearby 'near misses' for the 
location of the first few differences. Notice also that the correct value of r must be 
the largest root encountered as N, M and R are varied (the other roots correspond 
to extremal solutions where the size of some of the intervals are increased). Thus 
any choice of exponents yields a lower bound on r(0, 2; I) (an observation that could 
perhaps be used to compute an absolute lower bound for r(O, 2; [-1,1])). 

0.81 
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FIGURE 1. r(O, 2; I) for I [-1,1], with 0 in (0,1/4]. 
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FIGURE 2. Successful values of N, MtI, R for I = [-1, 1]. 
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FIGIURE 3. r(O, 2; I) for I = [0, 1], with 0 in (0,1/2). 



DOUBLE ROOTS ON RAYS 1-159 

100 

90 

80 

70 

60 

50 * 

40 

30 - 

20 - 

10 -. 

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 

FIGURE 4. Successful values of N, M, R for I [0, 1]. 
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FIGURE 5. r(O, 2; I) for I [-1, 0], with 0 in (0, 1/2). 



1160 CHRISTOPHER PINNER 

so 

70- 

60 

50 

40 - 

30 
- 

40 

30 e 

20 

10 - * * * * 

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 

FIGURE 6. Successful values of N, M, R for I1 1, 0]. 

3. MULTIPLE REAL ROOTS 

For kth order positive real roots we showed in [1] that the extremal power series 
has exactly k sign changes and at most (k - 1) coefficients not equal to an end point 
(these occurring at the sign changes). That is, for I [B - A, B + A], the extremal 
series for r (1/ 2, k; I) t akes t he form f (- x), where 

f(x)~~1- Bx Ax 2 Ak- 
i+x > x -x Z~)Gi(~)) 

for some vector of exponents N- (-ii,. . . , nhk-1) and coefficienits OJj in [0, 1]. In [1] 
the value of r(1/2, k; [-1, 1])= r(0, k; [-1, 1]) is given for k < 27. In Tables 4 and 
5 (at the end of this paper) we give r(1/2, k; [0, 1]) and r(1/2, k; [-1, 0]) for k < 20. 
When I C [-1, 11 we know, from bounds of Borwein, Erde6lyi & K6's [3], that 

r(1/2, k; I) > 1 - 

for some absolute constant c > 0. Coniversely, in [1] w&e showed that 

and more generally that r(1/2, k; IT) < (k/(k + j))minf{1jUj/9,jVL'9} Similar bounds 
hold for one-sided intervals: 
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FIGURE 7. (1 - r(1/2, k; ))-1 against k for I = [-1,11 (lower 
points), [0, 11 and [-1, 0] (upper points). 

Proposition 1. Let bi denote the ith odd, square-free, positive integer. Then 

r(1/2, k; [0, V]) < - k 1 ) , r(1/2, k; [U, 0]) < -k I 1 )1b 

where s := [2/IVI] and s' [2/jUj]. 

Hence (1 - r(1/2, k; j))1 is of order precisely k for I - [-1,1], [0,1] and [-1,0]. 
Figure 7 contains a plot of (1 - r(1/2, k; I))-1 against k for these three intervals 
showing that the behaviour is not only bounded by linear functions but in fact 
approximates remarkably well to straight lines. The corresponding least squares 
lines are 1.51018740 + 1.18263768k, 1.87642318 + 1.64050207k, and 1.23909318 + 
.81255949k for [0,11, [-1,0] and [-1,11 respectively. Finally we observe that as the 
size of the coefficients of the power series increases the situation appears to become 
computationally simpler. In particular, for large enough A the smallest kth order 
real root r(0, k; [-A, A]) can be determined precisely, the vector N of Theorem 1 
reducing in that case to (1, . . , k - 1); 

Proposition 2. For A > (21/k -)-, 

r(0, k; [-A, A]) Al/ 1 

It is tempting to speculate that for A > (21/2k - )-2k the smallest kth order 
root r(O, k; [-A, A]) corresponds to taking N = (1, ... . 2k - 1) in Theorem 1 for 
all 0 in (0,1/2), and that perhaps (Al/2 + 1)-i ? r(0, k; [-A, A]) < (Al/ + 2 
(these being the values as 0 -> 0 and at 0 = 1/4 respectively). This is true for k = 1 
(see [2]) and appears from our computations to be true for k = 2 (see Figure 8). 
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FIGURE 8. r(O, 2; I) for I [-A, A], A - (21/4-1 -4. 

4. THE PROOFS 

Proof of Lemma 1. Observe that the polynomial 

f (x; n, 0) := (X2? -2 cos(2wFnO)x + 2) 8(O) 

has a root at e2t2O. Hence for a set of N distinct priines Pi with M(0, k) < Pi < 

< PN = p the polynomial 

N t 

FN(X) N U f(x;pl, 03)j 
1=1 j=1 

is a real polynomial of degree Mp with constant coefficient 1 and remaining coeffi- 
cients of absolute value less than 2A'1 /N, and a kjth order root at e2t2Oj, j 1, .. ., t. 
Hence for N > 2N1?/A the polynomial FN(21/AIPX) is a polynomial with coeffi- 
cients in [-A, A] and a kjth order root at 2-1/A/Pe27riOi j - 1,... ,t. 

In the case of totally positive or totally negative intervals we similarly build 
polynomials 

N t 

FN(X) <Z NEHfJ f(x; uljpl, Oj)kj 

or 

FN(x) :=NE ( H(X; Ulj)Pl, Oj) kj ) 2 -11 f (x; ul.pi, Oj) ik) 

respectively, where the ulj are positive integers such that cos(27wulp10O) < 0 and 
the p, are primes greater than 2M, successively chosen so that Pl0j # 0 (mod 1) 
and p, > UsjPs for all j and all s < 1, and N is taken suitably large. El 

For the proof of Theorem 1 we shall need the following simple lemma: 
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Lemma 4. An extremal power series f (x) 1 + Z- aix2 in 
x 

F (that is, a power 

series with a k3 th order root at aj r(O k; I)e2"2i0 for j = 1,... t) cannot have 
all its non-zero coefficients ai strictly inside I. 

Proof. Suppose that f(x) = 1 + Z- a x" is an extremnal polynomial with a kjth 
order root at aj re2-iOj, r = r(O, k; I), for j =1,... t, and all its non-zero a 
strictly inside I. If f(x) happened to be a polynomial 

f(x)1 + aix2, U , <a< 
(18 (18) 

for some 8 > 0, then the result would be almost trivial as the series f((I + 6)l/Jx) 

would still be in .FT but would have smaller roots (1 + 8)- /J%j, contradicting the 
minimality of r. Hence it is enough to show that we can replace the power series 
by a polynomial. 

Writing 
N 00 

fN(x) 1 + Z a,x, , hN(x) :=E ax` 
ni= n=N+1 

we observe that for suitably large N we can make the derivatives of the remainders 
hN arbitrarily small: 

a'.i(ci) ? ax{u v}e N1rN 

Let V denote the real vector space generated by the M1(O, k) dimensional vectors 

vt:= (.. , ( g/ ) cos(27rn0j), ( g ) sin(27rn0j),.), 1 = O, ,Ik -1, j= 

1,. . It, for the n such that an #0. Taking an N = (n, ... ,nR) such that the v'm 
form a basis for V, we can construct a real polynomial 

R 

gN(x): -yi (N) 
x ni 

i=l1 

such that a. g'(aj)/1! = a' h>(aj)/1!, 1 = 0,... ,k -1, j 1,... ,t. Moreover, by 
Cramer's rule, writing -yi(N) = det Mlj (N)/ det M, where M is a matrix formed 
from R linearly independent rows of (v<j,... ., I Ij), n 

U iS the vector consisting of 
the R real or imaginary parts of the derivatives avjh' (a .)/l! corresponding to the R 
chosen rows, and Mi (u) denotes the matrix obtained by replacing the ith column of 
M by u', we clearly have I y (N) < C max uil. Thus for a suitably large N we will 
have a,1 + yiQdN) strictly inside I, and f (x) := fN(x) +gN(x) will be a polynomial 
with a kjth order root at a. and all its non-zero coefficients strictly inside I. DH 

Proof of Theorem 1. Let N = (N1,... , N(->ll)) be a vector of (M(O, k) - 1) posi- 
tive integers. Observe that if det B(O, k, Nn ) #4 0 then, writing 

Nr(i) := (N1,,. .. I Ni_-1, O, Ni+l,, N(A,1-1)), 

by Cramer's rule, 

) det B ( k, No) (x z detB(0,k,N(i n) _x 
det B(r k, N?1)- i det B(0, k,N) (r) 

is a real polynomial with G'(re2FiOj) = 0 for 1 0,.. I., kj -1, j = 1, ... I t. 
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Suppose then that F(x) = 1 + Z?1 aix2 is an extremal power series in FT with 
a k3th order root at a: r(O,k;I)e2tiOi, j - 1,... ,t, and U < aNi < V for 
i =1, . .., (M - 1). Suppose that n is such that det B(O, k, Nn) 7& 0 and either 
det B(O, k, No) = 0 or 

a~ :, B -sign (det B(o I k,No) A. 
det B(O, k, Nn) 

Then for a sufficiently small 8 > 0 the power series 
00 

F(x) := (1 - 6)F(x) + 6G(x; 0, k, N, r(O, k; I)) = 1 + Z &.x' 
i=l1 

will be a power series with roots of order kj at the aj with all its non-zero coeffi- 
cients di strictly inside I, contradicting Lemma 4. Hence either det B(O, k, Nn) is 
identically zero, or det B(O, k, NO) 7 0 and 

(det B (0. k, No)) zn== B -sign (At~ii ))A for all n 0S(0, k,N). 

Suppose that f(x) = 1 + a- a-x" has roots of order kj at points /3j re27riOj 
j 1,... ,t. Then the conditions f'Q(3j) = 0, for 1 =,... ,kj -1,] 1, .... ,t, are 
equivalent to the M = M(O, k) equations 

00 0O 

E n1anr 
n cos(2wrn0j) = 0, E nIanr sin(2Orn0j) 0 

n=O n=O 

(the second equation disappearing for real /3j). When det B(O, k, No) #& 0, elimi- 
nating aNi, i = 1,..., (M -1), from these equations readily gives that r satisfies 

1 + E det B(OI k, Nnk ) n o 
nXS(O,k,N) det B(O, k, No) 

Set 

s+ = Sn det B (0,k, No) S- nl 
s- de In (0 k No) <0ol 

det B(OI k, Nn) J det B(O, k, Nn) 
Now if 

a B - sign (Sdt WY7 )) A, for all n 0 S(0, k, N), 

then r is a root of the power series 

detB(O,k,Nn) n_IVI detB(, k,ANn) n P(x) =1 - UZ # _ _ x-V>3 ' 
nCS+ det B(O, k, No) nCS- det B(O, k, No) 

and r = r(O, k; I) since no smaller value of r can be achieved with a different 
assignment of coefficients an E [U, V] for the n 0 S(0 k, N) (by Descartes' rule of 
signs P(x) has at most one root r > 0, hence P(x) > 0 on [0, r], while any different 
configuration of coefficients &, corresponding to other roots fe22iOj would lead to a 
P(x) > P(x) and hence a root r > r). El 
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Proof of Lemma 2. For a given q we write 

= (~b,02,... ,Ot) and K= (K,k2,... ,kt), 

where Oj and kj are omitted if q5= -O, and K = btk, + k, where At = 2 if q - 0 or 
1/2 and ,t 1 otherwise, and k = kj if b O=- and k 0 O otherwise. Compactness 
readily gives 

limninf r(0,k;I) > r(,K;I) 

Hence it is enough to show that, for b E (0, 1/2) \ {02, *. t *, 

limsup r(,k; I) < r(, k; I). 
01 --0 

We in fact show the following quantitative version when zero is not an end point 
of I: 

Lemma 5. Suppose I = [U, V] with U < 0 < V. For 5 in (0, 1/2) \{02,... * t , 

r(O, k; I) < (I + 61 |01 |r(q) k; I), 

and for 0 in {0, 1/2, 02,... I, 0t, with 0 < 2riO. - < 1, 

r,K; I) < (I + 62 101 - 1) r(O, k; I), 

where 

61 := C(ok, r(k;1)) maxv -V IU ' 

with 

C(0,,r) 2 7r k I(M! VM-)Al tpk C (0, k, r) = rM(l -r)kl+l II12 10(7Si k 
6(0i )=2 

x j7J 2sinwT(0j?03 j2) i)kikj 

1<i< j<t 

and 

62 C(5K, r(0,k;I))max{U V} (K1)2(Ku1) ' (K-1j)! 

Proof. Let f (x) = 1 + Z= a,x7" be a power series in .F with roots of order k1 
at s3 re2t2X and of order kj at aj =re , j t, where r := r(, k; I). 

Then, with ca1 := re22iO1 and W := max{ UI, V I}, 

! = 1! |?t)Icl f 
1 

(tl) )- 13 f 
1 

ll 

00 2W 00 

< W - 
n r1 | ! Z Wn0 r 

n rtl sin wrn(Ol -$) 
1 

!7= 1 n=l 

n=1 

with acf'(ac)/l! = 0, 1 = O,... k. -1, j = 2,... ,t. 
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Observe that for the vector N := (1, 2,... , M) the determinant of B(O, k, N) is 
non-zero. In fact, replacing the trigonometric functions by exponentials to give a 

Vandermonde determinant, we can evaluate I det B(O, k, N) I exactly: 

( tt 2 12sin (27rOj)Ikj) ( ?? 12sinw(Oj + (Oj01) I ) 

j=1)- 1<1<j<t 

Hence, writing ui for the M dimensional vector formed from the real and imagi- 
nary parts of ac f l (ac)/l!, 1 0,. . , - 1, 1,... , t, and B(i, u') for the matrix 
obtained by replacing the ith column of B by ui, by Cramer's rule there is a real 
polynomial 

' z 
x i 

det B (0, k, N) (i, u-) g(x;ir) :=ZYi(il) (X)i (i() =- det B(O, k, N) 

such that 

a39(1!) =i (! 3 ) 1 =0,l... ,ki,jl,. It, 

with, by Hadamard's inequality, 

|U) maxi Iui I (M! OR)M 
r - rM detB(O,k,N)I 

<2Wwqo- Oilki (M! /M-) M 

- rM(1-r)k1-1 det B(0 k- N) = min{U, V}. 

Hence 
f (x) f (x) -g(x; u, r) 

is a power series with roots of order kj at the cxj, j = 1,... ,t, and coefficients an 

in (1 + A)I. Hence f (x/(1 + A)) is a power series in 'F1 with roots of order k3 at 

r(l + A2)e20 , I t. 
Suppose that f(x) ->Eo%a,xn, aO = 1, has roots of order kl,... ,kt at zj= 

re2FriOi, j - 1,... ,t, r := r(0,k;I). When q$ 7 0 or 1/2 let M1 denote the 
(k1 + k) x (k1 + k) matrix whose first k rows consist of ones along the diagonal 
and zeros elsewhere and whose final k1 rows consist of the first (k1 + k) Taylor 
coefficients of xieXI i = 0, ... k1-1. When q$ or 1/2 set KA12 and M3 to be 
the (k1 + 1) x (k1 + 1) matrices, 1 = [(k + 1)/21 and [k/2] respectively, whose first 
1 rows consist of ones along the diagonal and zeros elsewhere and whose remaining 

k, rows consist of the even, respectively odd, indexed Taylor coefficients of xi sin x 
or xi cos x as appropriate, i = 0, ... , - 1. Observe (writing as a Vandermonde 
determinant, using Hadamard's inequality and crude bounding) that the inverses 
of these matrices certainly have entries of absolute value less than 

(K1) 2(K-1) 
k 

(-1-1) (K - 
2j r-) 1- 

(K - 1 - 
[ltj)! 1 

(IL-t1) ki (ki -1) 17 2 _2 (-)( j= j! 

Setting u (01 - 0), 0 < 2wrI u < 1, and taking linear combinations of the equations 
00 00 

E anrn(27rnu)l cos(27rnq + 2wrnu) = 0, E a.rn(27rnu)l sin(27rnq + 2wrnu) = 0, 
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for O,... ,(k-1), and 
00 C0 

S a.r?(2wrn,a)l cos(2wrn4) = 0, E a ry(2wrnu)1 cos(2wrn) = 0, 

for 1 O,... , k - 1, we readily see that the derivatives at re22ri 

00 00 

E anr?rn1 cos(2wrno), E a,2 rnnI sin(2wrno), 1 O, ., K - 1, 
-n=O 71=0 

have absolute values 

< (2wru)(Kv)W > r K 2wWKv< K! - (1 -r) (K+ 1) 

Thus, writing M M(q, K), N (1, 2,.. , M), we get a polynomial 

m 

(~ 1 )b E?(r) rAJ(1 r)K+l detB(d K N) 

such that f(x) f(x) - g(x) has roots of order k-j at aj, j = 2,. It, and a root 
of order K at re27r2ic. The result follows as before. C 

When zero is an end point of the interval I, and the extremal series contains 
MAI(0, k) non-zero coefficients ani with det(q, k, N) 7& 0, one can still obtain an 
analogue of the first bound (although now dependent upon the ni) and hence deduce 
continuity at that point. For 01 close enough to 0 that det(0, k, N) is bounded away 
from zero, one similarly constructs a polynomial, g(x) := EL11 'Yi (x/r)72' such that 

g1(aj;)/l! = fl(ac)/l! for aj := r(/, k; I)e2XiOa, I ,= O ... , k - 1, j = 1,... , t, with 

-YZ :=det B(O, k, N)(i, u-)/ det B(O, k, N) -* 0 as 01 - . Hence, for 01 sufficiently 
close to q, the power series f (x) = f (x) - g(x) (or (f (x) - g(x))/(l - -yo) if ni = 0) 
possesses roots of order k3 at the caj, has lead coefficient one, and has remaining 
coefficients in (1 + A)I for some suitably defined A > 0, with A -* 0 as 01 . The 
bound r(o, k; I) < (1 + A)r(o, k; I) then follows as before. C 

Proof of Lemma 3. Observe that for m > n > 1 and ca =re2,iO the real polynomial 

gs(x; 1, m, n, a) := x (xlq - () (2 I) n + q(-) (; n ) m) 

satisfies g(ca) = g'(ca) = 0. 
Suppose that f (x) = 1 + > aix' is a power series in F1 with a double root at 

a = r(0, 2; I)e2i2O. Now if there existed two coefficients with 

(anq - B) 7 -_'nA, (a7nq -B) 7& Ec7A, m > n, 

then for a suitably small 6 > 0 the power series 

f(x) = (1 -)f(x) + 6go$(x; O, m, n, r(0, 2; I)e27r0) 

would be an extremal polynomial with all its non-zero coefficients di strictly inside 
I; which by Lemma 4 cannot occur. Hence the stated form of the coefficients alq. 

Now consider an s # 0 mod q. Amongst the extremal power series with a fixed 
set of coefficients am for m 0 s mod q, either there is an extremal series with 
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(alq+s - B) = CsEl for all 1 for some Cs, or there is some maximal N such that 
there is a series with 

(alqs - ) E Cst for O < I < N, ( Dfq+5-B E E'Cs' for 
l 

= N, 

for some C' 7' Cs. Amongst these series pick the one with ICs - Cs minimal. We 
claim that for such a series the remaining coefficients must satisfy (alq+s - B) 
E1sign(Cs - Cs)A. To see this, observe that if (amq+s - B) 7 Elsign(Cs- Cs)A for 
some m> N, then 

N-1 00 

f(x) = f(x) + 8sign(Cs - Cs) E gs(x; 1, N, m, ca) = 1 + Z &ix2 
1=0 i=O 

has f(ae) = f'(e) = 0 and for sufficiently small 6 it can still have amq+s inside I 
and be of the above form with 

CS = CS + 8sign(Cs -Cs), 

Cs =>Cs- sign(C - C)( (m -n)r(nl)q) 

satisfying 1Csj, 1Csl < A and ICs - Cs < ICs - Csl, contradicting the assumed 
minimality. D 

Proof of Proposition 1. The proof closely resembles the proof of [1, Theorem 1]. 
First observe [1, Lemma 1] that 

k k 

F(x):= 1 + (-1)iCiXmi, C2 7J m3j 
i~~~~~~1 ~ ~ iri- jI 

j#i 

is a polynomial with a kth order root at 1. Taking mi i2, we have 

2(k)2 < (_ k <)2 

Hence 

g(x) =- ( ( 1 )/ xbi) 

is a polynomial in Yjo,v] with a root of order k at -(k/k + 1)1/bs. Similarly, taking 
ml :=2,mi :=7(i-1)2,i=2,... ,k+1, k> 1, we have 

C1 = r - 2) <2 (k )2/7 

(by induction on k) and 

4 (k! )2 <4 (__ 
Ci+i 772 -2(k+i)!(k-i)! - 5 k?+1 

Hence 

g()=- F (- 
k + ) 

i7s 
xbi) g(x) 1) (k ) / k/() 

is a polynomial in Yju,o with a root of order (k + 1) at - (k/ (k + 1))1/7b,/. D~ 
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Proof of Proposition 2. Observe that for A > (21 -i)k the power series 

(1-(Ah1 + 1)x) 1- blx + b2X2 _. 
- .(1)k bkIX 

k + (_1)kA (k 

X) ~~~~~~~~~~~~(1 - x) 

has a kth order root at (Ak + 1)-i and, since (A + 1) > k, coefficients 

j~~~~~~~~~ 
b3 (1i- (A 

1 
+ 1)' 

i=O 

satisfying 1 < b2 < b4 < and 0 < b < b3 < ,where bk = A and bkl I 

(Aa + )k -A < A. By Theorem 1 (or, more directly, [1, Theorern 4]) the form of 
the power series ensures that this gives the smallest root. D 
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