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FINITE ELEMENT APPROXIMATION
FOR EQUATIONS OF MAGNETOHYDRODYNAMICS

MATTHIAS WIEDMER

ABSTRACT. We consider the equations of stationary incompressible magneto-
hydrodynamics posed in three dimensions, and treat the full coupled system of
equations with inhomogeneous boundary conditions. We prove the existence of
solutions without any conditions on the data. Also we discuss a finite element
discretization and prove the existence of a discrete solution, again without any
conditions on the data. Finally, we derive error estimates for the nonlinear
case.

1. INTRODUCTION

In this work we study the equations of stationary incompressible magnetohy-
drodynamics which describe the flow of an electric conducting material under the
influence of a magnetic field. We treat the equations in a three-dimensional domain
and with the same inhomogeneous boundary conditions as in [9]. In contrast with
the results in [9], we derive the existence of solutions of both continuous and dis-
crete problems without any conditions on the boundary data of the velocity. We
also obtain an error estimate for the general nonlinear case, and not only for the
case where the solutions of the continuous and discrete problem are unique.

The main problem for this type of nonlinear equation with inhomogeneous bound-
ary conditions is the fact that the corresponding homogeneous problem differs from
the original problem not only in the right-hand side, but also in the nonlinear form
on the left-hand side. This form contains additional terms with the continuation of
the boundary conditions, which cause problems in the proof of the coercivity. We
overcome this problem by the construction of suitable continuations of the bound-
ary data. To obtain an error estimate in the general nonlinear case we reformulate
the given equations as an operator problem which fits into the abstract framework
of [2], and derive the error estimate by methods similar to those in [5] or [11].

The paper is organized as follows. In Section 2 we introduce some function
spaces that are needed throughout. Section 3 is concerned with the presentation
of the equations and the derivation of the weak formulation and the homogeneous
problem. In Section 4 we construct a suitable continuation of the boundary data
for the velocity, and derive an existence result without any conditions on the data.
Section 5 deals with the finite element approximation of the equations, and we
prove existence of solutions, again without conditions on the data. In Section 6 we
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reformulate the equations of magnetohydrodynamics as an operator problem and
derive an error estimate for the general nonlinear case.

2. NOTATION

Let Q be a bounded domain with boundary I' := 99 of class C1'!. We denote
by W*P(Q) and H*(Q2) the standard Lebesgue and Sobolev spaces equipped with
norms [[vflyr.r(q), [v]k.a and seminorms [vlyx.p(q), [v[k.o (see [1]). We use the
notation H* () for vector-valued functions v:  — R?® with components in H*(£2);
the norm on H¥(Q) is given by the canonical Euclidean norm. For our purposes we
need two subspaces of H! () that satisfy specific boundary conditions:

H(Q) := {ve H(Q): v|r =0},
H!(Q):={¥ c H(Q): (¥ n)|r =0}.
We also make use of the product spaces
W(Q) :=H'(Q) x H}(Q),
Won () == H{(Q) x H}(Q),
Weo(Q) i={veH (Q):v=gon T} x {T e H(Q): ¥ n=gonT}

with the usual norm
v, ®)lw = (VI o + 1217 .0) "2
Next we define
Z(Q):={veH|Q): V- -v=0}

which is a subspace of the solenoidal functions, and a subspace of L*(Q2)

13(9) = {qeL2<m: /Qq=o},

the space of L2-functions with zero mean value on €.

We also need the notation H™1() for the dual space of H} (), and by (-,-)q we
denote the duality pairing between these spaces. The norm of H™1(Q) is defined
as usual:

£
[flro = sup V2
veni(o) [Vho

v#0

For the boundary conditions we make use of the trace space
HY2(T) := {v|p: v e HY(Q)}

and analogously for vector-valued functions H'/2(I'). We denote their duals by
H~Y2(T") and H™'/2(I"), and the duality pairing by (-,-)r. The norms in these
spaces are defined in a canonical manner (see [9]).
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3. EQUATIONS AND THE WEAK FORMULATION

We consider the equations of stationary, incompressible magnetohydrodynamics
in a domain € € R® with the described properties. The equations are given in re-
duced form, i.e., the electric field E and the current density j are already eliminated
from the original set of equations (for a detailed description of the origin of these
equations see [12] and the references therein). The equations with the associated
boundary conditions are the following:

1 1 1
_M_zAu+ N(u-V)u+Vp—Rm(VxB)va_(f)'
1 h= in Q
7 Vx(VxB)—Vx(uxB)=0
(3.1) " V.-B=0
u=g
1 B.n:q onT.
[(VxB)xn]—[(uxB)xn]=k

m

Here u denotes the velocity, B the magnetic field, and p the pressure. All variables
have been nondimensionalized (see [9]). For the definition of the parameters M, N,
and R,,, which mean the Hartmann number, the interaction parameter, and the
magnetic Reynolds number, respectively, we refer again to [12] and the references
therein. The function f belongs to H~1(£2). In order to allow a solution to system
(3.1) the following regularity and compability conditions for the boundary data are
needed:

(3.2) ge HY?(I) with /g ‘n=0,
r

(3.3) qe HY*(T') with / q=0,
r

(34) keH YD) withk-n=0, (k,1)p =0, (k, V®)p =0Vd e H*(Q).

Remark 3.1. In problem (3.1) we have no Lagrange multiplier for the condition
V - B = 0 from the physics. We will see that the system is nevertheless solvable
because of the Helmholtz splitting of the space L?(Q2) (see Remark 3.4). d

Next we present the weak formulation of problem (3.1). For this reason we test
the first equation of (3.1) with v € H}(2), the second with x € LZ(Q2), and the
remaining two equations with ¥ € HL(€2). For use in Section 6 we also scale the
equations and then obtain the following weak formulation (for details see [12]):

(3.5)

Find (u,B) € Wgq(Q),p € L§(QY) such that

a((u,B), (u,B), (v, ¥)) + b((v, ®¥),p) = F((v,¥)) V(v,¥) € Wo,()
((u,B),x) =0 Vx € Lj(9).
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Here the various forms are defined as follows:
ao((v, ¥), (w, ®))
=/VV'VW-F/{(VX‘II)~(VX‘I>)-I-(V-‘I’)(V-‘I>)},
a1((u, B), (v, ¥), (w, ®))

MQ/[ )v]-w—Rm/Q{[(VX\II)xB]-w—[(Vx@)><B]-v},

a((ua B)7 (V’ \Il)a (W’ @)) = aO((vv ‘I’)a (Wv Q)) + al((u7B)7 (V7 ‘Il)’ (W7 @))7
(v W), = = [ (7 9)x
F(e %)= M? [ v+ MO W)r.

Remark 3.2. A useful property of the nonlinear form a; is the so-called antisym-
metry condition, i.e., for (u, B), (v, ®), (w, ®) € W(Q) with V.-u =0, and at least
one element of {u, v, w} from H{({2), the form a; is antisymmetric with respect to
its last two arguments:

(3.6) a1((u,B), (v, ®), (w,®)) = —a1((u,B), (w,®), (v, ¥)). O

Remark 3.3. The equivalence of the weak formulation (3.5) and the system (3.1)
was shown in [9]. The main tool there is that for every function B € H'(Q) there
exists a scalar function b € H2(Q) withV - Vb=V -B and (Vb n)|p = 0. O

Remark 3.4. Note that in (3.5) the condition V - B = 0 is not formulated with
the introduction of a Lagrange multiplier but with the term [,(V x B) - (V x &).

It is then guaranteed with the compability condition (3.4) on k and the identity
V x (V xb) =0 for all b € H?(Q). O

To conclude this section, we reduce problem (3.5) to a problem with homogeneous
boundary conditions. We again use a result from [9] that allows us to split the
velocity into a sum of a function that satisfies the given inhomogeneous boundary
condition and a function that satisfies homogeneous boundary conditions. The
same can be done for the magnetic field. We set

u:=up + 1, up € HY(Q) withug =gon T and V-uy =0 in Q, G € H)(Q),

B:=By+B, BycH!(Q) withBy-n=qgonT
and V-Bo =V x By =0, B € H,(),

and so obtain the following problem:

(1 iWOn(Q) € L3(Q) such that
a((9,B), (0, B), (v, ¥)) + ((V ¥),p) = F((v, ®)) (v, ¥) € Won(9),
4,B),x) =0 Vx € LE(Q).
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Here, G and F' denote the following forms:
d((u’ B)v (V, ‘I’)’ (W7 <P)) = a((u’ B)v (Vv ‘I’)v (W’ Q)) + a1((V, ‘I’)7 (u07 B0)7 (W’ @))
+ al((u()? BO)’ (V, ‘Il)a (Wa ‘P)),
F((v, ®)) := F((v, ®)) - a((uo, Bo), (w0, Bo), (v, ¥)).

The key point of Section 4 will be a judicious choice of &1 and B.

4. EXISTENCE OF SOLUTIONS WITHOUT CONDITIONS ON THE DATA

Problem (3.7) fits into the abstract framework for nonlinear problems described
in [5, Chapter IV.1], so we can apply those results. In order to derive an existence
result we mainly have to establish—apart from easy properties like the continuity
of 4, etc.—the following properties (see [5]).

1. The trilinear form & in problem (3.7) must be coercive, i.e., there exists a
constant a > 0 with

(4.1) a((v, ®), (v, ), (v, ) > af|(v, ¥)}),  V(v,®) € Z(2) x H, ().

2. The bilinear form b has to satisfy the inf-sup condition, i.e., there exists a
constant 8 > 0 with

(4.2) inf sup b((v, ¥),x) >
X€L2(Q) (v, 2)eWon (@) (Vs B)Iwllxlo.0
x7#0 (v, ¥)0

3. The space Z(€2) x H} (€2) must be separable, and the map
(v, ®) € Z(Q) x HL(Q) — a((v, ), (v, ), (w, ®))
has to be weakly sequentially continuous on Z(Q) x HL(Q), i.e., the following
conclusion is valid for all (w, ®) € Z(Q) x HL(Q):
(v, ¥), — (v, ¥)in Z(Q) x HL(Q)

m
m—00

= A((V, @), (V, W), (W, @) = (v, ®), (v, D), (W, ®)).

Condition 2 is the well-known inf-sup condition of the Stokes problem, and prop-
erty 3 is already established in [9]. Thus it remains to prove the coercivity of a. In
[9], this condition has already been proven, but only with a smallness condition on
the boundary data g for the velocity. This condition can be eliminated if we choose
the continuation of the boundary data g in a suitable manner, as in Lemma 4.3.
Before we do this, we need a technical lemma.

Lemma 4.1. Suppose that the domain Q has a CY'-boundary T'. Then there exists
a constant ¢ := c(p) > 0 with

lo/d(-, D) vy < cldlwir)y Vo€ WyP(Q), 1< p < oo.
Here, d(-,T) denotes the distance from a point x to the boundary T'.

Proof. Using the smoothness of " and introducing a partition of unity, we need only
to investigate the case where Q is the half-space R} := {z = (z/, z3) € R®: z3 > 0}.
In this case the function d becomes d(z,I') = z3. Because C§°(12) is dense in L?()
(1 <p < ), it is sufficient to check that

/RS |/ z3|P d < 6/Rs |0¢/0z3|P dz V¢ € CF°(RY).
+ +
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This is an immediate consequence of the Hardy inequality (see [10])
e} P [e'e}
[Tweonracs (S0 [Tiwora vee opo.). o
0 - 0

Remark 4.2. We have proven Lemma 4.1 only in the case where Q has a CUl-
boundary I'. Indeed, this is not an essential restriction and we can prove—with
more technical effort—Lemma 4.1 (and also Lemma 4.3) for domains which have
only a Lipschitz boundary T' (see, e.g. [7]). ]

We now come to the announced result for the continuation of the boundary data
g.

Lemma 4.3. For given g € HY?(T') with the compability condition (3.2) there
exists for any € > 0 a function u. € H'(Q) with

u.=g onl, V-u.=0 1inQ,
(4.3) i
[usllLe(o) < ellgli/zr
Proof. In [5] it is proven that there exists a function uy € H'(Q2) with
(4.4) u =g onl, V.ou =0 inQ, lluoll.o < 1iliglijzr-

For this ug there exists (see [5]) a vector potential ¥, € H?(Q2) with the following
properties:

(4.5) u =V x ¥y, Poxn=0 onT, ”\IIOHQ,Q < c||u0||1)g.

For any n > 0 it is again proven in [5, Lemma IV.2.4] that there exists a function
6, € C*(Q) with

0,=1 in a neighborhood of T,
O,(x)=0 if d(z,T) > d(n) := e~ /",
80, (z)/0z; < n/d(x,T) if d(z,T) <d(n), 1 <i<3.
We construct the function u, € H!(Q) as follows:
u, =V x (0,%y) = VO, x ¥+ 6,(V x ¥).
From the construction we easily obtain
=g onl' and V.u,=V-(Vx(0,%))=0.

It remains to prove (4.3). For this purpose we consider the terms u, ; and u,
separately. For u, o the following estimate holds:

1/3
”un,2||L3(Q) {/ lun 2(55)]3 dm}
)<8(n)

1/3
X X 3
(4.6) { d(z, F)<<>(n) P o) dx}

c1(meas{z € Q: d(z,T) < 8(n)})"/°|V x ¥o| Lo
< Q(meas{x € Q: d(z,T) <5} Tol20
< c3(meas{z € Q: d(z,T') < 6(n)})1/6|lg||1/2,1‘,
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where we have used the Sobolev imbedding theorem H!(2) — LY(€2), the Holder
inequality and the estimate (4.4).

In order to treat u, ; we have, as in Lemma 4.1, only to investigate the case
where ) is the half-space Q := {(z',z3) € R*: 2’ € R?, z3 > 0}. Let us consider
the function 0,,(z) defined by (d(1) as before):

1 0 < zy <d(n)?,
0,(x) = py(zs) = { nn(d(n)/zs) 6(n)* < 3 < 8(n),
0 otherwise.
For the gradient of o, we have
o _n N2 )
Vo, = T d(n)* <x3 <6(n),
and
y [ Yoz .
Vo, x®o=— | =Wo1 |, 3 <z <)
x3 0

This implies

lw,allLz ) = Ve, x ®ollLs )

2
<7 Z 1Wo.i (@' x3) /sl 100

i -1
Taking (4.5) into account, we can conclude that ¥y; = 0 on I' ( = 1,2) and that
Wy, € H2(Q)N HL(Q). Therefore, using Sobolev’s imbedding theorem W?22(Q)) —
W!3(Q) (see [1]), we can apply Lemma 4.1 (with p = 3) for ¥, (i = 1,2). For
i = 1,2 this yields the estimate

1Wo.i/zsllLsco) < calVoilwrsy < esllWoillaa < collglijzr
Thus, for u, ; we obtain

2
(4.7) w1 llLs) <0 1o/l sy < nerliglhar

i=1
Finally, we may choose 7 := 7(e) small enough such that
cy(meas{z € Q: d(x,T) <PV + ner <e.

Then the desired inequality (4.3) follows immediately from (4.6) and (4.7). d

With Lemma 4.3 we are now able to establish the coercivity condition (4.1)
without any smallness conditions on the boundary data g of the velocity.

Lemma 4.4. The trilinear form & from (3.7) is coercive, i.e., there exists a con-
stant a > 0 with

a((v, ®), (v, ¥), (v, ®)) > af(v, ©)[fy V(v,¥) € Z(2) x H, ().
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Proof. Using standard results, we infer that the following inequality holds for all
(v, ®) € Z(Q) x HL(Q) (for details see [12]):

d((va ‘I’)7 (Va ‘I‘)’ (Va ‘I’)) 2 kl”"”%,ﬂ + kQII‘I’”%,Q

(4.8) +MW2/Q[(V'V)uO]-v—|—Rm/Q[(V><\Il)X\II]-uO.

=(1) =(2)
Next we treat the terms (1) and (2) in (4.8) separately. For (1) we have, by a
generalized Holder’s inequality and the continuous imbedding of H'(£2) in L8(12),

2 Lo 9wl v = |5 [ 9w ug

M2
< WI|V”L6(Q)HVV”O,QHuO“L3(Q)

' (4.9)

M2
< 01—]\7“"“%,9”110“0(9)'

Similarly for (2),

< RullV x ¥llo.¥llLs)lluollLe o)

Rm/ﬂ[(VX\I/)X‘I’]'uO

(4.10)
< R ¥ 13 o lluollLa(o)-

Therefore, using Lemma 4.3, we can choose ug such that along with (4.9) and (4.10)
the following inequalities hold:

(4.11) (1) <ellvIlE o
(4.12) (2) <l ®|I2 o,

with € < min{ky, k2}.
Thus, the desired estimate follows from (4.8), (4.11), and (4.12):

a((v, ¥), (v, ), (v, ) > (kr = e)||VIIT o + (k2 — €)1 ®II} o
>al(v,®)[}y Vv, T) € Z(Q) x H,(Q),
with  := min{k; — €, k2 — €}. O
Lemma 4.4 leads to the following existence theorem.

Theorem 4.5. For all functions £ € H™Y(Q) and for all boundary data g,q,k
which satisfy the regularity and compability assumptions (3.2)—~(3.4), problem (3.5)
has at least one solution ((u, B),p) € We,e(2) x LE(€2).

Proof. The theorem follows easily from the abstract results in [5] for nonlinear
problems and the stated properties of the various forms (for details see [12]). O

5. FINITE ELEMENT APPROXIMATION

In this section we present the discrete approximation of problem (3.5). For
convenience, we restrict the analysis of the case where 2 is a convex polyhedral
domain. For the approximation we choose finite-dimensional spaces X"* ¢ H!(Q),
Y" c H(Q), and S} C L3(R), and define the following spaces: X} := X"NH}(Q),
Y! .= YrnHL(Q), Wh:= X" x YY", and Wp, := X} x Y?. The norms on these



FINITE ELEMENT APPROXIMATION IN MAGNETOHYDRODYNAMICS 91

spaces are induced by the analogous infinite-dimensional spaces. Finally, we define
the space of the discrete divergence-free functions, i.e.,

Zh = {w, e X}: /(V -wh)Xn =0 Vxn € SI}.
Q

Note that, in general, Z" ¢ Z(f2). Therefore we must slightly change the nonlinear
form a; in order to preserve the useful antisymmetry condition (3.6) also for discrete
functions. Thus, we define

(5.1)
a1((up, Bp), (Vh, ¥r), (Wh, ®1))

= gon((w,B), (), (i, @1)) — s ((wh, B, (wh, 1), (v, 1))
M?
= 5 Al vl w = (s V)wil v}
—Rm/ﬂ[(Vx ‘I’h) XBh]'Wh-!-Rm/Q[(VX ®;) XBh]~Vh.

Tt is easy to check that a; and @, are identical for functions u € Z(Q?). In addition,
we now have, by construction,

(5‘2) &1((‘1’ B)’ (Va ‘I’)a (Wa (I))) = _&1((11’ B)7 (W7 {)), (V’ ‘I’))

on all of W(Q) x W(Q2) x W(Q).

We also modify the form a and define for (ux,Bp), (v, ®r), (Wh, &) € Wh x
Wh x Wh
a((up, Br), (Va, ®n), (Wh, ®1))

= ao((Vh, \I’h)7 (Wh? §h)) + al((uha Bh)7 (vh’ ‘I’h)7 (Wh’ éh))

For the discrete weak formulation we need to approximate the essential boundary
data g and q by functions g € X"|r and ¢ € {(¥h -n)|r: ¥, € Y"}. We then
have the discrete problem (with W, 4, similar to Wg,(£2) in Section 2):

(5.4)
Find (up, By) € We,q, and py € Si such that
&((Uh, Bh)a (Uh, Bh)7 (vh7 ‘I’h))+b((vh: ‘Ilh)’ph) =Fh((vha ‘I’h)) V(Vh, \I’h) € Wgna
b((up,Br),xn) =0 Vxn € 55

(5.3)

with
(5.5) Fu((vh, 1)) =M2/ f~vh+M/k-\Ilh|p.
Q T

Remark 5.1. For the discrete spaces X", Y", and Sg we choose finite element
spaces. In order to obtain a stable approximation, we have to guarantee that
the spaces X" and S satisfy the discrete inf-sup condition

(5.6) inf sup b((vhs ¥n), Xn)

€88 (vnwmewt, | (Ve Tn)lwlixallo
Xn#O (v, W) £0

>p

with ,@ > 0 and independent of h. O
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Remark 5.2. In order to obtain error estimate (see Section 6) we have to make
additional regularity assumptions on the boundary data g and ¢, namely

(5.7) ge H¥?5(Q),  qe HY*™(Q).

As a consequence, g and ¢ are continuous and we can choose for the approximation
qn of q the interpolant of g at the boundary vertices. In order to get an existence
result we have to construct the discrete function gj so that it satisfies the com-
pability condition fF gn -n = 0. This leads to a construction which we will not
present in detail, but which can be found in [6] and also in [12]. We note that this
construction is only of theoretical interest, and can be neglected in many practical
computations [8]. O

Next we will derive an existence result for the discrete problem (5.4). For this
purpose we closely mimic Section 4 by constructing suitable continuations of the
discrete boundary functions g; and g,. We begin by stating a result from [9]
without proof.

Lemma 5.3. For any € > 0 there is a real number hg := ho(e) > 0 such that for
all h with 0 < h < hy and for all g, € {(¥y, -n)|r: ¥, € Y"} there is a function
Bio € Y" with

Bro-n=¢q, onl
and
[V xBhrolloe <e and [[V-Bypolloo <e.

Moreover, there is a 2 > 0 such that

IBrollio < A2llanlli/2r. O

For the construction of a discrete continuation of g, we first define ug, € H'(Q)
as the continuous continuation of the discrete boundary data g with the following
properties (see Lemma 4.3):

(5.8) ug, =g, onl, V-ug, =0 inQ,
and for a given n; > 0:

(5.9) lug,lLs) < mllgnllier and  |lug,llie < clgnlli/zr-

In addition, it follows from the proof of Lemma 4.3 that ug, has a small support
in Q.

To keep the exposition simpler we restrict ourselves for the moment to scalar
functions. We also need some additional notation. Let A/}, be the set of all vertices,
Np.q the set of all interior vertices, and Ny, r the set of all vertices on the boundary
I' of the finite element discretization. The vertices are denoted by x;, and the
nodal basis functions belonging to each vertex by ;. Then we define P; as the
local L2-projection onto the support S; of p;, i.e.,

Pii L2(Sl) — Hk(SZ),

u— P with / (Pou —w)m =0 Vr € T (S;).
Si
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Here I, (S;) denotes the space of polynomials of degree k on S;. Our projection
operator is a slightly modified interpolation operator of Clément’s type [4]:

Ih: L2(Q) - Xh
u— Ipu = Z (Pyu) (i) i + Z gn () s

;€N 0 z;€ENRD

(5.10)

On the one hand, this operator preserves the approximation properties of the stan-
dard Clément operator, and on the other hand the condition u,4, = g5 on I, i.e.,
Ihug, = gnon I

Lemma 5.4. There exists a constant ¢ > 0 which is independent on h such that
for ug, € H™(Q) the following interpolation estimate holds:

|Ihu£lh - ughlk,Q < Chm—klugh |m79> 0<k<m.

Proof. Denote by IT: L?(Q) — X" the usual Clément interpolation operator (see
[4]). Then we have

|Ihugh - ughlk,ﬂ < lIhugh - Hugh|k,ﬂ + IHugh — Uy, |ka
(5.11) < |Tnug, —Tug, [0 + cth™ *lug, |n.go-
=(1)

For the estimate of the term (1) in (5.11) we need the following result for an
arbitrary boundary simplex T € 7}, r:

2 k
(5.12) g, = ug, |20 < chy™ ™ ST Jug, 2, 6,
fCiEN]lyrﬂT

which can be established as follows. From the construction of I, we have

Inug, —Tug, = > (Pug )@+ Y gn(@dm — Y (Pug,)(@:)

;€N T, ENRT ;€N
> {on(mi) = (Poug, ) (@) b
T, €ENp T

Thus for an arbitrary T' € 7}, we obtain

|Ihugh - Hugh,lk,T = Z {on(=z:) — (Piugh)(xi)}l"i

€N rOT BT

< Z {gn(xi) — ug, (%)t

(5.13) @ €Ny rNT G o
+ Z {(Piug, ) (i) — ug, (i) bpilk,7
z;€ENp

< eshr meas(T}? 3 [(Puug, ) () — g, ()]

z, €Ny rNT
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For the term |(Pyug, — ug,)(z;)| the following estimate holds (for details see [12]):

l(Piugh)(xi) — Ugp (z5)] < “(Piugh - ugh)l‘r“L""(T)
(5.14)

Here, x; is an arbitrary vertex of a boundary edge 7 C T € T 1.

—-3/2
< eshy®*{| Paug, — ug, |12 + B3| Piug, — ug, |2 7112,

From (5.13) and (5.14) we obtain with the regularity assumption for finite ele-

ments (see [3]) and properties of the L?-projection (see [4]):

3/2, —
g, — Mug, lkr < crhyPh® 7 |(Piug,)(@:) — ug, (z1)]
a;iE./\/h,rﬂT

3/2, — —-3/2
<eshy?hz N hp (P, — g, |31 + W3 Prug, —ug, |3 2}

T, ENp,rNT
1/2

m—Fk § : 2
S cghT |ugh|m,s,;
z€Np,rNT

Then (5.12) follows easily with c; = c3.
With (5.12) we further obtain

IIhugh - Hugh|i,ﬂ = Z IIhugh - Hugh|i,T
Te,Th

Z 'Ihugh - Hughl%,T

TGTh,r‘

< co Z h”?"(m_k)lugh zns
(5.15) z; €N, r

< e 2R Z lgn .1,
mieNh,r‘

2(m—k 2
<erh®™ RN ug, 2
TeTh r

2(m—k 2
= c12h®™ R fug, |2, 6.

Finally, (5.11) and (5.15) yield the claimed estimate.

O

From Lemma 5.4 we have the following corollary, which we present without proof

(a proof can be found in [12]).

Corollary 5.5. Denote by u,, € H'(Q) the continuation of gr, € X"|r as in (5.8)
and by I, the projection operator defined in (5.10). Then for every ny > 0 there

exist two constants c1,co > 0, both independent of h, such that

(1) [Hnug,ll1.0 < cillgnlliyer,
(2) nug, lz3@) < c2(m + hY2)||gnlli/2,r-
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We define uy, g, := Ipug,. This function has the following properties (7, > 0,
c1, ¢y two constants independent of h):

(1) upg, =grnonT,
(2) fr* Upg, 0 =0,
(5.16) (3) ung,llie < cilgnllizr,
(4) llun g, IlLs@) < c2(m + b2 |lgrll1/2r,
(5) up g, has a small support in Q.

Finally we construct from uj g, with a Stokes-projection a solenoidal continua-
tion of the discrete boundary function gy.

Lemma 5.6. For all e > 0 there is an hg := ho(e) > 0 such that for all0 < h < hg
and all gy, € X"|r as in Remark 5.2 there is a function up o € X" with the following
properties (c; > 0 a constant independent of h):

(1) Jo(V-uno)xn =0 Vxn € S§.
(2) upo=gn onT.

(3) llunollie <cllgnllijzr.

(4) llunollae) <ellgnllijzr

Proof. Let upg, € X" be the continuation of gj as in (5.16). We denote by
i, € X2, By € SP the solution of the following well-posed Stokes problem:

Find @y, € X} and pn, € S such that
(5.17) (Vin, Vvi)p2 = (V- Vi, Br) 2 = (VUng,, VVa)rz  Vvs € X§,
(V-tp,xn)r2 = (V- Ung,, Xn)r2 Yxn € SE.

Here (-,-)72 denotes the usual L?-scalar product. Define Upo = Upg, — Up. It
follows from (5.17) that uyp ¢ is discretely solenoidal and, in addition,

Upolr = Upg,Ir = 8h-

It remains to prove (3) and (4). From an a priori estimate for the Stokes equations
we know that (see [5])

[Grllie + IPnlloe < c2{lIVung, oo + IV - ung,lloo}

5.18
(5.18) < czllupg, l1,0-

This immediately yields
(5.19) [anllie < csllung, |10
Together with (5.16(3)) and (5.19) this yields (3):
[unollie = l[ung, —Gnllie < [lung,llie + [Gellie < cillgnlli/zr

For the L3-estimate of up o we need an estimate in the L2-norm for 1. For this
purpose, we solve the following problem:

Find u € HY(Q) and p € L3(Q) such that

(520) (vu7 VV)L2 + (V ' V,p)LZ = (Vﬁh’v)Lz Vv e H(l)(Q)’
—(V-u,x)2 =0 Vx € L3(Q).
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Therefore for arbitrary v, € X", x5, € S(’} with v := 1, X := P we obtain
lanlls o = (V(u=va), Vi) rz — (V- (u—=v4),pn)r2 + (V- 0p, (p— x0)) 22
+ (Vy, Vvi)pz = (Vo v, Dr)rz + (V- Gny xa) L2
= (V(u—=vu),Vip)rz = (V- (u=va),br)rz + (V- 0, (p ~ xa)) 12
+ (Vupg,, V(v =)z + (V- Upg,, (Xn —P)) L2
+ (Vupg,,Vu)r2 + (V- upg,,p)r2
(521) < A{llu=wplieltnllie + o= vallielbrllon + [Grlliellp — Xallo.
+ lung, lrollve —ulie + [ung, liallxe = plloo}
+ (Vupg,,Vu)r2 + (V- upg,,p)re
< cah{l[@nllie + IBrllog + [ung, le}Hllullze + Iple}
+ (Vupg,,Vu)r2 + (V- upg,,p) 2.
=(1)
Define T := Vu + pl. Because of (5.16(5)) there exists a real 7o > 0 with

supp(uh,gh) C Pnz = {x € Q: d(xa]-—‘) < 772}‘
‘We then obtain

uw#vM&amp=Aammwgm%

(5.22) < csl|Vung, ool LllLs ) lxr,, lLs@)

1/3
< collung, 1o {lullzg + lIpllotm’>,

where we have used a generalized Holder inequality and the Sobolev imbedding
theorem H'(Q) — Lé(Q). Then the H2-regularity of problem (5.20) and estimates
(5.21), (5.22), and (5.18) yield

615 0
afl2.0 + llplh.o
Finally, (5.19), (5.23), and (5.16) imply

(5.23) [tnllo, < e < cs(h+ 03" ung, 0.

[[unollLa) < lGnllus) + lang, L)
< collnlg/alanllzhta) + lun g, Lo
< caollanllo/alanly /s + llung, Lo
< en{(h+m/* )% + (W2 + n)Hignll1jz.r-

Thus we may for arbitrary € > 0 choose 71,72 and hg > 0 with
en{(ho +my°) % + (he/* +m)} <e.
This yields the estimate (4) for every 0 < h < ho. O

In order to obtain an existence result for the approximate problem (5.4) we
continue as in Section 4. With the continuations of the discrete boundary data gy,
and q;, we formulate a discrete homogeneous problem analogous to problem (3.7)
and then have to show the analogous properties (for example, the coercivity of a;)
as in the continuous case. We refer to [12] for a detailed presentation of this process,
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and state only the main existence result. Note that for the approximate problem,
we also have existence of solutions without any conditions on the boundary data.

Theorem 5.7. The approximate problem (5.4) has for every sufficiently small
h > 0 and for every function f € H™1(Q), for every boundary function k with
(3.4) and for all discrete boundary functions gn € XM with fQ gr-n =0 and
an € {(®),-n)|r: ®), € YP} at least one solution ((up,Bp),p) € Wi xSy, O

Ehran
We finish this section with an error estimate for the linear case which will be
needed for the error estimate in the general nonlinear case in the next section.
Let us formulate the linear problems

(5.24)

Find (u,B) € Wgy(Q) and p € L(Q) such that
ao((u,B), (V’ ‘I’)) + b((V, \Il)’p) = F((V» \Il)) V(V, ‘I’) € W (Q),

b((ua B)) X) =0 VX S Lé(ﬂ))
and
(5.25)
Find (up,By) € Wghqh and py, € SI such that

ao((un, Br), (vi, ¥p)) + b((vh, ‘I’h)vph> = F((vn, ‘I’h)) V(vh, ¥p) € W(’)I‘Iﬂ
b((ap, Br),xn) =0 Vxh € Sp-

With the abstract results of [5] it is easy to prove that the linear problems both
have a unique solution. We then have the following error estimate (for details and
a proof, see [12]).

Proposition 5.8. Let (u,B) € H?(Q)xH2(Q), p € H'(Q) and (s, B) € Wi, ..,
pn € S§ be the unique solutions of problems (5.24) and (5.25). Then there is a

constant ¢ > 0, independent of h, such that
(5.26) [[(wa,B) = (wp, Bp)llw + lp — prllo.e < ch{ll(w, B)lr> () xmz (o) + [Iplhio}-

Here the degree of polynomials in X" and Y" is at least 1 and is equal for both
spaces; the degree of polynomials in S} is at least 0. In addition we require the
inf-sup condition (5.6). O

In Section 6 we derive an error estimate in the general nonlinear case based on
the error estimate (5.26). We refer to [9] for an error estimate in the case where
both the continuous and the discrete nonlinear problems are uniquely solvable.

6. ERROR ESTIMATES FOR THE NONLINEAR CASE

For the derivation of error estimates in the general nonlinear case we follow the
analysis of nonlinear problems in [2] and [5]. We deal with operator problems of
the type

(6.1)

Find w € X such that
FO,w(N)) :==w(A\) + TGN w(N)) = 0.

Here T: Y — X is a continuous linear operator, G a C?-map from Ax X to Y, X,Y
two Banach spaces and A C R compact. We further denote by {(\,w())): X € A}
a regular branch of solutions of (6.1) if A — w()\) is a continuous function from
A into X with F(\,w(\)) = 0 and in addition the derivate D, F(\,w())) is an
isomorphism of X into itself for each A € A.
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We then approximate problem (6.1). For this purpose we choose finite-dimen-
sional subspaces X", Y of X,Y and we approximate the operators T' and G by
Th € L(Y", X") and G" € C?(A x X", Y"). Thus we obtain the discrete problem:

(6.2) Find wy, € X" such that
' FrOwi (V) = wi(\) + TPGR (N, wi (M) = 0.

Remark 6.1. Our operator formulation is slightly different from the one in [5], be-
cause we approximate not only the operator T', but also the nonlinear operator G.
This is a consequence of the fact that we have approximated the boundary data
g and g by finite element functions g and g5. An analogous formulation can be
found in [11] for an analysis of a streamline-diffusion finite element method for the
Navier-Stokes equations. O

Let us now define for our problems (3.5) and (5.4) the spaces X,Y, X" Y* and
the operators T, G, T", G". We start with

X =WQ) x LiQ), Y:=Y;xYs,
with
Y :=H"1(Q) x (H,(9))

Yy = {g* e HY3(I): /Qg*~n= o} X {q* e HY(T): /Qq* =o}.

Next, T denotes the continuous linear operator which maps a given ((ff,f5),
(g*,¢%)) € Y to the solution ((u*,B*),p*) = T(((ff,£3),(g*,q*))) € X of the
following linear problem (F*((v, ®)) := £} (v) + £ (¥)):

(6.3)

Find (u*,B*),p*) € X withu* =g*on I and B* -n = ¢* on I such that
ao((u*, BY), (v, ¥)) + b((v, ®),p") = F*((v, ®¥)) V(v,¥) € Won(Q),
b((u",B"),x) =0 vy € L2(9).

With the given data f, g, q and k of problem (3.5) we associate a C*°-function G
from R} x X into Y, i.e.,

G: (M, Ryn, N), ((4,B),p)) = G((M, Ryn, N), (w0, B), p)) := ((G1,Ga), (G, Ga))
with ((v, ®) € Won(Q))

(6.4)
G =22 [ l(w-V)u]- v — Ry [,[(VxB) x B] - v — M2 [, f-v,
Go =R, [([(V x ®) x B]-u— M, ¥|r)r,
(G3,G4) = (-8, —0q)

By setting

F((M> R, N), ((u> B)ap)) = ((u> B),p) + TG((Mv Ry, N)’ ((u’ B)vp))’
we obtain the following operator problem:

{ Pind ((u,B),p) € Xsuch that

(6.5) F((M, Ry, N), ((u,B),p)) = 0.
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Remark 6.2. By construction of the operators T and G it is clear that ((u, B),p) €
X is a solution of problem (6.5) if and only if (u,B) € Wge(Q),p € LZ(Q) is
solution of problem (3.5) with given data f, g, q and k. D

Next we have to write our discrete problem (5.4) also as an operator problem.
For this purpose we approximate the spaces and the operators T and G (see Re-
mark 6.1). For the discrete spaces we choose

=Wt Yh.=Y x Y],

with

Y2h = {g}; EXhlr‘Z /gZ'HZO} X {(‘I’h ~n)|p: v, € Yh}.
Q

Also, we denote by T" an approximation of 7' which maps a given ((f;,f;),
(8h,93) € Y™ with ((u},,Bj;),p;) = T"(((f],£5), (g}, 47))) € X" to the solution
of the following linear discrete problem (F* as in (6.3)):

(6.6)
Find ((u},B3}),p;) € X" withu}, = g; on T and B} -n = ¢} on I' such that
ao((wh, BR), (Vi ®r)) + b((vi, ®r),ph) = F*((Va, ©r))  V(vh, ¥r) € Wi,
b((uZ>B;;), Xh) =0 VXh € Sg

Next we approximate the operator G by G": R% x X" — Y". Compared to the
definition of (6.4), we only have to change the last two components by replacing g
by gn and g by gy, ie.,

(G}fv Gg) = (Gl’ GQ)? (Gg, GZ) = (_gh, _Qh)'

Finally, we set

Fh((Mva,N)v((uh,Bh)>ph)) = ((uhvBh),ph) + ThGh((M>Rm’N)>((uh7Bh)aph))

and obtain the discrete operator problem

6.7) Find ((un, Br),pn) € X" such that

‘ Fh((Ma RmvN)a((uhvBh)vph)) =0.

In order to derive an error estimate we need some additional notation. Set
A= (M,R,,N) € A with A C ]RE”F compact. We further assume that A —

((ux,Bn),py) is a regular branch of solutions of problem (6.5) which satisfies the
regularity condition (uy,B)) € H2(Q) x H2(Q),p\ € H'(Q). We set

Y(A) == D2 F (X, ((ux, B),p2)) " Hlz(x,x) < 00

and " := sup.,ep Y(A). Here, DoF' denotes the derivative of F' with respect to
((u,B), p). We further define

K :=max{1,||(ux,Bx)llm20)xm2Q):IPAll1,0:18l13/2,05 1913 /2,05l fllo,0, 1kl 2,0 }-

Finally, we assume that (({p, ,\]/?\:h, A);Pr) € X" is a suitable projection (for ex-
ample with an operator of Clément’s type [4]) of ((ux,By),px) € X. With this
notation we obtain

Theorem 6.3. Let A — ((uy,By),pa) be a regular branch of solutions of the op-
erator equation (6.5). Then there exists a real hg > 0 such that for each 0 < h <
ho and each A € A the discrete operator problem (6.7) allows a unique solution
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(w2, Bar), i) € XM in a neighbourhood of ((ﬁh,,\,ﬁh,/\),ﬁhy/\). Furthermore,
we have the error estimate

(6.8) [(wn,x; Bra) = (wx, BA)w + llpra — palloa < ch

with ¢ := c(A, K).

Proof. We set for abbreviation u, := ((ux,Bx),ps), 4, , = ((ﬁh,,\,ﬁh,,\),ﬁhy,\).
With properties of the Clément operator, approximation properties of gy, a pri-

ori estimates for the discrete problem and the error estimate (5.26) for the linear
problem, we have

“Fh()\?ﬁh,x)”X = HFh(/\’gh,)\) — F(\uy)llx
x + ||ThGh()\’gh,)\) - T’IG()‘agh,)\)Hx

<y, —

(6.9) + TG\ 1y, ) = T"G(A\ w))lx + |T"G(A\ uy) — TG\, uy) |l x
< c1hK + cyhK + cshK + cyhK?
< ¢sh K2

Let w := ((w,®),T) € X with ||w||x = 1. We obtain
||D2Fh(/\»ﬁh,x)."_" — Do F(\uy)wlx
= |T"DyG" (X, &y, )W — TD2G(\, uy )w| x
< ||ThD2Gh()\>gh,A)ﬂ - ThDQG()\’gh,)\).W_HX
+ 1T " DoG (N, )W — TDG(A, @y, )W
+ [|[TD2G(N, 1y, )w — TDoG(N, uy)w || x
<0+ cghK + c;hK

X

< cshK,
and therefore
(6.10) ||D2Fh()\,ﬂh,x) — DyF(\uy)lex.x) < cshK.
Obviously,
(6.11)

DQFh()th,/\) = Do F(\,uy)[I - DQF(/\,EA)_l(D2F()\vH,\) - D2Fh()\v§h,,\))]-
Because of (6.10) we have, for 0 < h < hy := 1/2y*cs K,
||D2F()\,EA)_1(D2F()\>E,\) - D2Fh(/\7gh,)\))||£(X,X) <y(N)eshK < %

Then we conclude that I — DoF(X, 1)~ (D2F (A, uy) — Do F™ (X1, ) is an iso-
morphism with norm of its inverse < 2. Taking (6.11) into account, we obtain that
DyF™(\, 4, ) is an isomorphism with

(6.12) ID2F" (X 81 3) ™ leex.x) < 29(A)

Analogous arguments yield, for v, := ((v;, ¥;),x:) € X, 4= 1,2, and w € X with
[wllx =1 as above,

| DaF™ (N, vy )w — Do F" (X, vo)w]| x
(6.13) = |T" DG (N, v, )w — T" DG (N, vy )w || x

< cgllvy — vollx-
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Take 0 < h < hy. For v, := ((vi, 1), xn) € X" we define
F: Xh - Xh? f(xh) =V DQFh‘()\’gh,)\)_th()‘aXh)’

It is obvious that we have a fixed point of F if and only if it is a solution of the
operator equation (6.7).

From (6.9), (6.12) and (6.13) we conclude the existence of a real hy > 0 such
that for each 0 < h < hg the map F is a contraction on the set B (g,h \» R) with
R = R(h, ). Consequently, applying Banach’s fixed point theorem, we obtain the
existence of a unique solution uy, ) := ((Wxx, Br.a), ) € B(i, \, R) of problem
(6.7). The error estimate (6.8) follows with the triangle inequality and interpolation
estimates (see [11]). O
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