MATHEMATICS OF COMPUTATION

Volume 69, Number 229, Pages 159-176

S 0025-5718(99)01131-X

Article electronically published on March 10, 1999

GLOBAL SUPERCONVERGENCE
FOR MAXWELL’S EQUATIONS

QUN LIN AND NINGNING YAN

ABSTRACT. In this paper, the global superconvergence is analysed on two
schemes (a mixed finite element scheme and a finite element scheme) for
Maxwell’s equations in R3. Such a supercovergence analysis is achieved by
means of the technique of integral identity (which has been used in the super-
covergence analysis for many other equations and schemes) on a rectangular
mesh, and then are generalized into more general domains and problems with
the variable coefficients. Besides being more direct, our analysis generalizes
the results of Monk.

1. INTRODUCTION

1) Problem. Let Q2 be a bounded polygonal domain in R® with the boundary
I' := 8Q and the unit outward normal n. Let e(x) and u(x) denote the dielectric
constant and the magnetic permeability of the material in ), respectively. Let
o(x) denote the conductivity of the medium. Then, if E(x,t) and H(x,t) denote,
respectively, the electric and magnetic fields, Maxwell’s equations [2] state that
eEi+ocE-vyxH=-J in Qx(0,7T),
(1.1)
uyH; + 7 XE =0 in Q x (0,7),

where J = J(x, t) is a known function specifying the applied current. For simplicity,
in this paper we shall assume a perfect conducting boundary condition on € so that

(1.2) nxE=0 on 00Qx(0,T).
In addition, the initial conditions must be specified so that
(1.3) E(x,0) = Eo(x), H(x,0)=Hp(x), VxeQ,

where Eg and H are given functions. The coeflicients €, 1 and ¢ are bounded, and
there exist constants €,,;, and fimin such that

0 < €min < €(X), 0< timin < pu(x), Vxe

Furthermore, the conductivity o is a nonnegative function on €.

Received by the editor September 22, 1997 and, in revised form, March 3, 1998.
1991 Mathematics Subject Classification. Primary 65N30; Secondary 35L15.
Key words and phrases. Maxwell's equations, superconvergence, finite element.

©1999 American Mathematical Society
159



160 QUN LIN AND NINGNING YAN

2) Monk’s results. P. Monk (see [7] and [8]) described a mixed finite element
scheme and a finite element scheme, respectively, for Maxwell’s equations, and
provided error estimates for smooth solutions as follows:

(1.4) |H - H"|o + |E - E"|y = O(h¥), for mixed FEM,

(1.5) IV %(E~E")]o+ B — Effo = O(h*), for FEM,

where k is the order of the finite element space, and E* and H" are mixed finite
element solutions or finite element solutions of E and H, respectively.

Moreover, for the equation (1.1) with e = 4 = 1, ¢ = 0 and the mixed finite
element scheme, Monk (see [11]) provided the superconvergence estimate

(1.6) E - E"|| + [[H"||w = O(h**),
where ||| - ||| and (|| - [|[w are special mesh dependent discrete norms (see [11] for
details).

3) Our results. In this paper, it is shown that when the finite element meshes are
structural and the solutions are smooth sufficiently, global superconvergence can
be achieved, i.e. the standard error estimates (1.4) and (1.5) can be improved to

(1.7) |H — I H"||o + |E — I, E™||o = O(KF),

(1.8) | v x(E - H3,EM)lo + |(E — T2nE"): [0 = O(RF ),

where I, and I3, are the interpolation postprocess operators, which will be de-
scribed in Section 5.

4) The relationship between above results. Comparing (1.6) and (1.7), it is
easy to see that our superconvergence result (1.7) is very close to Monk’s result
(1.6), but differs in some respects:

a) Because we used the technique of accurate integral identities, the proof of the
superconvergence is more direct and easier. In particular, the results of supercon-
vergence can be extended to the problem with variable coefficients €, u, o and a
general domain with almost cubic meshes (see Section 6 for details).

b) Our error estimates show that the finite element solution is superconvergent
to the interpolant in L? norm, whereas in [L1] superconvergence is proved in a
special mesh dependent norm.

¢) By means of the interpolation postprocessing technique, global superconver-
gence is provided on the whole domain, not on special points, lines or faces as usual
(see [11], 3], ... ).

We would like to point out that the technique of the accurate integral identities
used in this paper has been used to achieve global superconvergence for standard
finite element methods, mixed finite element methods, nonconforming finite ele-
ment methods, for differential equations, integral-differential equations, integral
equations, for elliptic problems, parabolic problems, hyperbolic problems, Stokes
problems, --- (cf. [5], [6], ... ). It has been shown that this technique (accurate
integral identities) and the symmetric technique of A.H. Schatz, I.H. Sloan, and
L.B. Wahlbin (see [13], [14]) are powerful tools for achieving superconvergence. We
would like to mention here that the accurate integral identities technique combined
with the symmetric technique gives an improved superconvergence estimate.
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Throughout the paper, we shall assume that E and H are sufficiently smooth;
the requirement for the smoothness will be shown by the norms in the cases.

The plan of the paper is as follows. In Section 2, we shall describe the notations
to be used in this paper, and the mixed finite element scheme, the finite element
scheme for Maxwell’s equations and their error estimates shown in [7] and [8]. In
Section 3, two lemmas about integral identities with high accuracy will be shown,
which are the basis of our paper. Based on the lemmas in Section 3, the superclose
analysis is achieved in Section 4. In Section 5, global superconvergence is derived
from superclose estimates by using the interpolation postprocess. In Section 6,
the results in Sections 3-5 are extended to problems with variable coefficients and
general domains.

2. PRELIMINARY NOTATIONS AND DISCRETE SCHEMES

Let us start by defining some notations. We denote the standard Sobolev space
by
Wm™P(Q) = {v e LP(Q); 0% € LP(Q),¥|a| < m},

equipped with the standard norm
1
ol = (3 [ 10007)3.
al<m Q

When p = 2, we drop the subscript p from the norm and denote the space W"™2((Q)
by H™(Q?), and
HY(Q)={ve H(Q); v=0 onT}.
In addition, let (-,-) denote the [L?()]? inner product.
In our analysis for Maxwell’s equations, there are two important spaces of func-

tions:

H(curl; Q) = {v € [L2(Q)]?; v x v € [L2(Q)]*},

Ho(eur; Q) = {v e H(curl; Q2); nxv=0 onT},
equipped with the norm

IVlige = (IVIE + | 7 xvI[3)2.

To approximate (1.1)-(1.3), we use finite element spaces U" C [L?(2)]® and
VP C H(curl;Q). In addition, V§* C Hp(curl;Q). Then, two discrete schemes
presented in [7] and [8] are described as follows.

1) A mixed finite element scheme. Multiply equation (1.1) by test functions
® € [L?()]3 and ¥ € H(curl; Q) and integrate over . Integrating the curl term
in the second equation of (1.1) by parts (also using (1.2)), we can obtain the weak
form for (1.1)-(1.3) as follows:

(2.1)
(eE;, @) + (0E, @) — (v x H,®) = —(J,®), Ve [LA(Q)]?,

(uH:, ) + (B, v x ¥) =0, YU € H(curl; ),
E(X, 0) = EO(X)7 H(X, 0) = HO(X)'
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Then, a mixed finite element scheme is to find B € U*, H" € V" such that
(€Ef, ®) + (B!, @) — (v x H", 8) = —(J, @), V& e U™,

(2.2) (upHP, U) + (EF, 7 x ¥) =0, Yo e Vh,
EM0) = El, H"0)=HL.

where E{ € U" and HY € V" are interpolations of Eq and Hy, respectively.
The existence and uniqueness for the above equations have been shown in [7]
with the error estimate
(2.3)
I(H —H")(#)llo + II(E —E")(#)llo

¢
1
< CR*[[H(0)[k+1 + E(0) | + (/O (EE + 1R + B + (B[R],
where k is the order of the mixed finite element space.

2) A finite element scheme. Another approach to approximating (1.1) is to
derive a second-order hyperbolic problem for E(x,t). By taking the time derivate
of the first equation and using the second equation in (1.1), we obtain the following
electric field equation:

1
(2.4) €Ey + 0B, + v X (;vxE) =G inQx(0,7T),
where G(x,t) = —J(x,t). Also using (1.1) and (1.3) we obtain the initial condition
1
(2.5) E;(x,0) = Eyp(x) = Jx—)[J(x, 0) + v x Ho(x) — o(x)Eg(x)].

Multiplying (2.4) by a test function ® € Hy(curl; 2) and integrating the curl term
by parts, we obtain the weak form for (2.4) as follows:

(2.6)

1

(eEtt, Q) + (JEt,q)) + (; \ XEv Vv X Q)) = (G7 Q)a Vo e HO(Curl; Q)v
subject to the initial conditions
(27) E(O) = Eo and Et (0) = EtO-
The finite element scheme is to find E* € V', such that
1

(28)  (eEL,®) + (oE}, ®) + (; v xE", v x @) = (G, ), V& € V],
subject to the initial conditions
(2.9) E"(0)=E! and E!N0)=E],

where E{ and E/; are interpolations of Eq and E,, respectively.
The existence and uniqueness for (2.6) and (2.8) have been shown in (8] with the
error estimate

I(E ~ EM)(0)l| e + (B — E")o(t) o
(2.10) < C(I(B —E")(0)|a + [|(E—E"):(0)]lo
+ (g B + [ [Bullnads)),

where k is the order of the finite element spaces.
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3. TWO FUNDAMENTAL LEMMAS

In order to concentrate our attention on the primary idea, in this and the next
section we shall assume that Q is a cubic domain. Let T} be a cubic mesh on Q
with the largest size h, and let the mixed finite element space ([12]) be

Ur ={® € [L>(Q)]%; @l € Qrh—1,k-1 X Qr—1,5k-1 X Qr—1,6-1,, Ve € Th},

Vh={U € H(curl; Q); Vle € Qr—1,kk X Qik—1,k X Qi kp—1,Ye € T},
where @Q); ; is a space of polynomials whose degrees for x, y, z are less than or
equal to %, j, k, respectively.

In addition, define E! € U" and H! € V" to be the interpolations of E and H
satisfying

/(E—EI)-<I>=0, Ve e U",
and

/(H—HI)tqdlz(), qupk;, i=1,"'712a
U

/ ((H - HI) X n) ! ng = 07 Vq € Qk—?,k)—l X Qk—l,k)—Q, 1= 1’ e ’6’

T4

/(H ~H) - q=0, Vq€ Qu-15-2k-2 X Qr—2h-1,6-2 X Qh—2,k—2,k—1,
e

where [;, o; are edges and surfaces of the element e, t, n are tangent vector and
normal vector, respectively, and Py is a polynomial function space of order k.

On the cubic element e = [ze — he, Te + he] X [Ye — key Ye + ke] X [2e — de, ze + d],
define

_ (w—=m)?—h2
- 5 ,

(y — ye)? — k2

(2 — 2)% — d?
2 ’ ’

A(z) B(y) = D(z) =

Then, we can obtain some integral identities with high accuracy by means of the
functions A(x), B(y), D(z) and the interpolation conditions.

Lemma 3.1.

61 [ 9 E-H)- 0 = OW ) Hlal 0o, V8 €U
Proof. Let w=H — H! and w = (wy, we, ws), ® = (P1, P2, ¢3); then
(3.2) (V x W11 = (Oyws — Bzw2) ¢,

where 9, = a%’ 0, =2, 61 € Qrpp—1-1-
When k=1 and ¢1 € Q1,0,0 we have

(33) ¢1 = ¢1 (xea Y, Z) + (CZI - xe)3x¢1-
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FIGURE 1

By the interpolation conditions of H/ and noting that A(z) = 0 when = = z. + h,,

3.4)
/e Byws = ( / - / Yudadz = ( / - / VA" (2)wsdzdz
/ZB /14 /11 /12 x)wsdz — / / z)0,wadxrdz
=0- (/13 /14 /11 /12 6w3dz+(/ / (2)0?wsdzdz

= 0+/A(:c)azayH3,

where 71, 79, l1,- -+ , 14 are surfaces and edges of the element e (see Figure 1).
In a similar way, it can be proved that

(3.5) / Byws (@ — z) = / (A%(2))"8,w; = ~ / (A2(2))'6%0, Hs.

Note that
¢1(weay7 ) = ¢1 - (‘T - xe)am(zsl'
By (3.3)-(3.5) and the inverse inequality [1], it can be proved that

Jower = [(A@er(enp2) + (4@ 060020
[A@) 61~ 5@ - 20201320, Hy

e

O(h?) || Hsls,cll 1o,

Similarly, we can obtain the same results for fe O, wa¢y and fe(v XW)is, 1 =2,3.
Hence, (3.1) is proved for k = 1.
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When k > 2,
k-2 _ i _ k-1
b= (x—we)*a;qbl(we,y, )+ M——@ﬁ‘l(z&l(%,y,z)
(3.6) = _—
\k
+(x—]<;'Trﬁ)_6];¢l

By the interpolation conditions for H’,

/0 ’LU3Z 81(251 -Te,y, )

(3.7) / / )3Z¢1(xe,y, z)dzdz

/'w3z 87’ yd)l(xevyv z) = 0.

Note that

(x _xe)k—l ok

(38) CESRC]

(A (@)Y + F(a),

where (AF(x))(**+1) is a derivative of order k + 1 for A*(x), F(x) € P,_3. We can
obtain that

(3.9)
/ angﬁ”(;—fel)—;f[—la’;%l(xe,y, 2)
- (22_]; / (A*(2)) ¥ D0,ws0, 7 81 (e, 9, 2)
+ / F(2)0,wsd5~ 1 (e, , 2)
_Z%(/Tg_/m)(Ak(x))(k)@yw?’ai‘—l(pl(a:e,y,z)dydz

(22: [ (A4 @)90.0,00 81,2 +0

Ak (k w3 6k 1¢ Tey Y, 2
2k /1\3 /1\1 /1\4 lz 1( )

—@< [ [ @) ®usss—0,61(z0 1, v

ok
(gk;! /Ak(x)aicHayHSai_l(bl(xe,y,Z)

=040+ O(R*™)||Hs| k12,61 k-1,
= O(h**Y)|| Hs | k42,el| 61 [lo,e-
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In the same way,

(3.10)

k (_2)k+1 k+1 1 ak+1 k
/0y’w3 6 ¢1 (2k+ 2)' /(A (JL‘)) 695 @Hg@mqbl

= O(h*™) [ Hs |l ks2,e |1 l0,e-

So, by (3.6)-(3.10),
/ Bywsdr = O(R* )| Hylisn |61 lo-
Q

In the same way, we can prove the samilar results for the terms fe 0,wa¢1 and
fe(v X W);d;, © = 2,3, for k > 2. Hence, the proof of Lemma, 3.1 is completed.

Lemma 3.2.
(3.11) /Q (H — H)W = O(RF) [Hea | U0, YT € VA,

Proof. Let w=H — H!. When k=1 and 93 € Q®1,1,0, we have

(3.12)
Y3 = ¢3(we,ye, z)+ (SL‘ - xe)aoﬂp{}(xa Ye, Z) + (y - ye)ayw?)(ftevyv z)

+(@ —z)(y — ye)axayw&
In the similar way as for Lemma 3.1, it is easy to show that

(3.13)
/ wy = — / A'(z)B'(y)8:0,ws + / A(z)07Hs + / B(y)0,Hs,

(3.14) /(a: — ZTe)wg = —%i /B’(y)@méng + %/(Az(x))’ang,

2
61 [o-vu =% [A@0.0u -+ [(Bw)eim,

e

(3.16) @ =2 w)ws = [ A@BwO.0,n

e
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By (3.12)-(3.16), and note that ||0,0,ws|lo < C||Hsl|2,

/ watps = O(h2) || Hs|a.el|tslo.c.

Similar results can be proved for fe w;;, 1 = 1,2. Hence, (3.11) follows for k = 1.
When k > 2,

SN @2y~ )’
'¢3 = ZZ 4l < ] = 818‘71/13(«'367%272)
i=0 j—=0 .
(2= 2 )V X W= Ye) ooty
+ (k _ 1)[ Z j' 6§ 16511&3('1:6, Ye, Z)
7=0
k: lc—2

.'I,' xe Z y ye 6k6]1/)3(11:e,ye, )
7=0

Y—Ye T —z)" i ak—
+( (k— 1)' | ) azajl,]j 1w3(xeayevz)
=0
(3.17) NS T
L k,y) @ = 2e)’ 5t ok o (e e, 2)
’ =0

k—1qk—1
= 1) (k—l). 108 g (2, e )

kak—1
k! (k_ 1) 0 6 w3(we,y€7z)

e k-l (y ye) _
(k—1) k! 01; 10§¢3(w67y6’z)

z—x) (y — ye)k
+( k' ) ( k' ) 01;6;];1/}3('%‘673/6,2)‘

By the definition of interpolation for HY,

@z (Y =) o
(3.18) (ws, Y 3 e L 0000 (e, e, 2)) = 0.

! |
i=0 j=0 v J
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From (3.8) and (3.18), integrating by parts, it can be proved that

(3.19)
o Nk—1Fk=2. j )
[t S U g o e, 2)
e ’ j=0

4!

— 2 (v - ye) ;
_/ G A (k+1)2 Ot gt g2, +0

3=0

2k o
=([ - [ i)™ (y_j'&@i B o )
T3 T4 . !

(y_]ye;)ak 16]'¢3(weaye> )
= O(h?)|| Hs|k41.el¥sllk—1.e = O )| Hz[lk41.ell¥sllo.e-

In the same way,

/ (x—fce Z(Z/ Ye)’ 5k33¢3(a:e,ye,z)

(3.20)
= O(R** )| Hsllk+1.ell¥slloes
k—2 ,
(Y—u)" ' = (@ = 2e) i e
w3 s 8;;6 ¢3(x6>ye7 Z)
= O(h*™) || Hzlk+1,el¥sllo.e;
k—2 ;
(V= ¥e)* = (@ — @)’ i ok
ws ; 6;3 "/’3(33e7yea Z)
(3.22) / k! ; it ‘

= O(h**)|| Hs | k+1,ell¥slo,e-
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For the sixth term in the right of (3.17), when k = 2,

(3.23)

(z—z) " (y—ye) ! it i
/ew?’ GO G O O (e e 2)

=Aw@—%m—%MQ%WMM@
_ % / (A%(2))" (5 — Yo )w3BaByths (e, Ye, 2)
=_%Lm%m%ww@mmm@wum%@

+ é(/m - /u)(Az(w))”%(B2(y))”’w33x3y¢3($e>ye»z)dydz

1
— ~5 /AQ(x)(y - ye)c‘?iwgaxang(we,ymz)

1h2 2 "
-2 / / J(B2(4))"Bywsds0, b3 (e, ye, 2)dydz

1 h2 2(
+ __(/l [ [ l (B w38 3y¢3($e»ye, )

— 5 [ 2@~ 900,05z,

h2
+ 15 [(B20))0.00000.0, 050,12, 7) + 0
= OU®) 1 Hslsellpsllz = O Holls sl

Note that

(a:—a:e)k‘l 2k—1

k-1 ~ (2k-2)!

(AP @)Y + F(2), F(2) € Pe-s.

Hence, when k£ > 3, k — 3 > 0, by (3.19),

(3.24)

o Nk=1 (. k=1
/ew?’ (x(k ff> (y(k gei)! 0:710, ™ s (e ver 2)

2k—2
«72‘2_/ (A (@) =D (B @) Vg

x 8510y s (e, Ye, 2) + O(WMH)|| Hyl1,e 130,

= ((—é)kkilg;k);Q /Ak_l(:13)(Bk_l(y))(k_3)8§_18§w3

x O8O ps (e, Ye, 2) + O(RF )| Hs lgvelltbs o
= O(P**)||Hs|lks1,ell¥3ll26—2,e + OR* )| Hs |l k41,e %3]0,
= O(h**™)) | H3 |l k+1.ell¥3l0e-




170 QUN LIN AND NINGNING YAN

In the same way, when k > 2,

(3.25)
(z—ze)* (Y =)' kb
/ew3 k! (k—1)! 8may P3(Te, Ye, 2)
( k+122k ' Ak: Bk: 1 (k—Q)Bka akak—l
(2k 2 (1‘( (y)) z OyW30, 0y ¢3(xeyye)z)
+ O(h*) || Hs | k41.ell3]l0,e
= O(h**1)|| Ha|lp41,ell95]l0,c-
Similarly,
(3.26)
x —xe)k ! .
/ ! (k—i)! o y) Ok 0fps (e, Yer 2) = O(WFHD)| Halkrv,e s lo.e,
(3.27)
z—xz)* (y — ye)*
/w3( k! = k!y) 050y 1h3 (e, Ye, 2) = O(h* )| Hsllhs1.ellvhs]o,e-

So, by (3.17)-(3.27),
/Q w33 = O(R*+Y) | Hs ks [0slo-

Similar results can be proved for [, w;i;, i = 1,2, when k > 2. Hence (3.11) follows.

4. SUPERCLOSE ESTIMATES

Now, based on the lemmas in Section 3, we can get the principal results in this
paper. In this section, we will assume that € = 4 =1 and o = 0 for equation (1.1).

Theorem 4.1. Let E, H, E", H" be the solutions of (2.1) and (2.2), respectively,
and E' € U", H! € V* be the interpolations of E and H. Then

(4.1)
¢
IE* —E'[lo + |H" - H'|jp = O(hk+1)(/0 (IELZ 42 + [HL 1Ry )ds) 7
Proof. Let ¢ = EF — E!, n = H* — H!; then by (2.1) and (2.2),

22 el + 1B = (€. 8) + (o)
(4.2) = (&,8) — (Vv xn,8) + (e, 1) + (§, v x )
= (E-E), &) - (vxH-H),¢
+(H-H),n) + (E-E),v xn).
Note that £ € U*, n € V*, v x n € U". By the interpolation difinition for EZ,
(4.3) (B-E),¢) =0,

(4.4) (E-El, v xn)=0.
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Then, by (4.2)-(4.4) and Lemmata 3.1 and 3.2,

1d
(4.5) 5 dt(lléllo +nllg) = O™ ) (I1Hlke+2ll€llo + [Helli+1ll7]0)-

Note that £(0) = n(0) = 0. Integrate (4.5) with respect to ¢t. Then (4.1) follows by
the Schwarz inequality and Gronwell inequalities.

Theorem 4.2. Let E, E" the solutions of (2.6) and (2.8), respectively, and Ef €
V& the interpolation of E. Then

IE" —E"ello + | 7 x (E* —E”)o
(4.6) t 1
= O(R* ™)(|Ellk+2 + (/0 (I Belfrs + [EelZ 2)ds) 7).
Proof. Let £ = EP — El. Then, by (2.6) and (2.8),

(||§t||o + |7 *E13) = (€ &) +(V x €7 x &)

=((E- E’ )et» &) + (V x (E - EI),V x &)

Because £(0) = &(0) = 0, integrating (4.7) for ¢ and integrating by parts, we can
prove that

&.I&

(4.7)

t
&2 + 11 v x€3 =2 /0 (B - Bl),&,)ds

. t
+2(vx(E—EI>,vxs>—2/0 (v % (B—E'),, v x £)ds

Note that ¢ € V?, v x € € U". Then by Lemmata 3.1 and 3.2 and the Schwarz
inequality,

t
162 + | 7 xE[l2 = O(h%+2) /0 (Bl + [ Eel215)ds

t
1
-l-/0 (1&lE + I 7 %€[15)ds + O **)[Bllfs + 51| 7 xE[5-

Hence, (4.6) follows by the Gronwell inequality.
Thus we have achieved the superclose estimates

IE" — El[lo + [H* — H'[|o = O(R**1),
I(E" —Eello + | 7 x(E* — E)]lo = O(R**).

5. GLOBAL SUPERCONVERGENCE

In order to achieve global superconvergence, we now define a postprocess oper-
ator Il as follows.
For the first component of w € U”, define Ilopw; e € Qk 2k—1,26—1(€) such that

/ (Mapwr —w1)g =0, Vg€ Quaorpor(er), i=1--- 4,
€q

where é = U?zl e; (see Figure 2). In the similar way, we can define the interpolation
postprocess operator Iy, for the second and the third components of w € U".
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For the first component of v € V", define Ilopv1 |5 € Q2k—1,k % (&) such that
A(thv1 —vy)gdz =0, Vg€ Pe_1(l;), i=1,---,8,
/T‘ (IIgpv1 —v1)gdzdy =0, Vg € Qr—1,k—2(7), i=1,---,4,
/T'(HQh'Ul —wv1)gdzdz =0, VYq € Qi—_1,k—2(7j), j=1,---,4,

/ (Dopv1 — v1)gdedydz =0, Vg€ Qr_1p—2k-2(ei), =12,

where € = e;|Jes (see Figure 3), [; are edges parallel to the x axis, 75, 7; are
surfaces perpendicular to the z axis or y axis, respectively. We can also define Iy,

for the second and third components of v € V" similarly.

For the above interpolation postprocess operator Ilgy, it is easy to see that for

w, ve [HH1]3,
(5.1)

IMon w-wllo < CR** | Wllks1,  [Monv — vilo < CR*FH|v |1,

(5.2) Mopw = Mopw!,  Tlgpv = Mapv?,
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where w! € U", v! € V" are interpolations of w and v. In addition, for w € U”,
vevh
(5.3) [M2rwllo < Cllwllo,  [T2nvilo < C[[vllo.

Based on the above interpolation postprocess operator Il and its properties
(5.1)-(5.3), we can achieve global superconvergence as follows.

Theorem 5.1. Under the conditions of Theorems 4.1 and 4.2,
[T2nE" — Ello + [M2nH" — Hllo = O(W** ) (| Ell41 + 1Hlk+1

5.4 ¢ .
o4 +(/0 (R 2 + IHL IR 1)ds) %),

(5.5)
t
1
ITIonE} — Edllo = O(R* ) (| Ellp+2 + (/O (IBelfrr + [Bell7 i 2)ds) ?).

Proof. By (5.2)
[I5,E" — E = I, E" — I,,E’ + II,E — E.
Then, by (5.1), (5.3) and Theorem 4.1,
o1 E" — Elo < C|E" — Ef||o + O(h**)|[E[l541

5.6 ¢ )
(>0 =O(hk+1)(”E”k+1+(/0 (I3 + [1H )71 1)ds)?).

Similarly,
(5.7)

t
T2rH" — Hllg = O(R* ) (| H 541 + (/0 (L 2 + LR 1) ds) 7).

Hence, (5.4) follows from (5.6) and (5.7). Similarly, (5.5) can be proved from (5.1)-
(5.3) and Theorem 4.2.

In order to achieve global superconvergence for 57 x E in (2.8), we shall construct
the interpolation postprocess operator II3;, with higher order on the larger element.
For the first component of v € V" we have I3,y |5 € Q3k—1,2k,2k(€) such that

/(thvl —v1)gdz =0, Vq € Pr_1(ly), i=1,---,27,

l;

/ (II3pv1 — v1)gdzdy = 0, Vg € Qr—1k—2(T1), i=1,---,18,

/ (H3hv1 - ’Ul)qd{L‘dZ = O, Vq (S Qk_l’k;_Q(Tj), j = 1, s ,18,
j

/ (H3h’01 — vl)qda:dydz =0, Vg€ Qk—l,k—2,k—2(ei)7 i=1,---,12,
e;

where € = Ullil e; (see Figure 4), [; are edges parallel to the = axis, 7, 7; are
surfaces perpendicular to the z axis or y axis, respectively. I3, for the second or
the third components of v € V" can be defined similarly.

For 3, it is easy to see that (5.2) follows, and

(5-8) Manv = vlls = OBF )|V,
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FIGURE 4

(5.9) | v x(Mzpv)llo < Cll v xvlo, VveV™
Hence, as we did for Theorem 5.1, it is easy to prove that
(5.10)

t
I 7 % (I3 E" — E)llo = O(h* ) (|Elk42 + (/0 (IEeelZ 1 + 1EelZ2)ds) 7).

When k > 2, then 2k — 1 > k+ 1 and Qg+1 k+1,k+1 C Q2k—12k,2¢- Hence, we
can use 8 elements to construct Iy, satisfying (5.2), (5.8), (5.9), and so (5.10).

6. GENERALIZATION

Let us consider (1.1) with the variable coefficients ¢ € C*(Q), o € C(Q2) and
p € C(Q). Introduce the approximations of €, o, u satisfying

Jee _ Lo _Jer

6|f3 = |e| ’ 0|e = |€| ’ ﬁle - |€| ’

where |e| is the area of e. Then, because E! is the L?-projection of E on U™, it is
easy to see that

(6.1)
(E-E),®) = ((e-&(E-E"),®) =0(h)|el100l(E —E)lol|®]lo
= O(W**1)|E:| x| ®]lo, Vo € U™,
Similarly,
(6:2) (o(E - E),®) = O(R* ™)|E|x]|®o, VP €U

By Lemma 3.2, V¥ € V&,

(w(H-H"),, ¥)
= (B(H — H');,¥) + (o~ p)(H — H'), ¥)
=0 HINE  ~ellolTllo
= O(h**)[Hellk+1 /¥ lo-

Hence, as in Theorem 4.1, it can be proved that if T} is a cubic mesh, and E, H
are smooth enough, then

(6.4) IE* — Ef[lo,c + [H" = H'[lo,. = O(R**Y),

(6.3)
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1
lellog = ( / o)},

9> Gmin > 0, E*, H" are the solutions of (2.2) with variable coefficients, E! € U",
H! € V" are the 1nterpolat10ns of E and H, E H are the solutions of (1.1). The
similar result for the finite element equation (2.8) with the variable coefficients can
be proved similarly. Based on the above results, the global supercovergence as in
Theorem 5.1 can be achieved.

‘When § is not a cubic domain, we cannot construct the cubic mesh on Q. In
order to achieve the superconvergence as in Sections 3, 4, and 5, we construct an
almost cubic mesh on {2 as follows. X

First, make a cubic domain {2 such that Q C ; then construct a cubic mash Tj,

on Q. _Let
m=e @®= | &
eCQ) ENONAD

where

~ where € is the element of Th. Let e be € in 21, and when é C s, let é be divided
into two parts:

é=eUe, ene =0, ecQ, enQ=40

Then the almost cubic mesh is

Th=(Jeoul( J e

eC eCO\Q1

For the above almost cubic mesh, it is easy to see that e is a cubic element in
Q; and meas(Q \ Q1) = O(h). Hence, by (5.3), V¥ € V',

I _ ! . =
(W(H —H),, ¥) = /Q W(H-H >tw+/m p(H - HY), ¥

= O(hW* )| H: ][ %]l0 + OM)I(E = H )sllo . 0\0, 1 ]l0,0704
RE) [ Hel|k | @ llo + O(R®) 1 Helle.on, ¥ llo,0va:
R [ H |k %o + O(R®) (meas(2\ 1))? [0, a\0,
B2 [k o o
Similarly, on the almost cubic meshes,

(v x (H-H,®) = 0o(r**1)|2),, voeU"
And, as in (6.1),

(e(E - E);, @) = O(RF) | Eellxl|®ll0, VO € U,

(0(E—E'),®) = OR* )| E[lcl|®fo, V@ €U,

(E-E,vx¥) =0, YU e Vi
Then, it can be proved that on the almost cubic meshes,

|E" —E'flo.c + [H" —H'|lo,. = O(h**%),

where E" H" are the solutions of (2.2), Ef, H! are the interpolations of E, H, E
and H are the solutions of (2.1). Then, global superconvergence with order O(h*+32)
can be achieved on the almost cubic meshes. Similar results can be achieved for
the finite element equation (2.8).
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