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EXTRAPOLATION METHODS AND DERIVATIVES
OF LIMITS OF SEQUENCES

AVRAM SIDI

ABSTRACT. Let {S,,} be an infinite sequence whose limit or antilimit S can
be approximated very efficiently by applying a suitable extrapolation method
Eog to {Sm}. Assume that the S, and hence also S are differentiable functions
of some parameter &, %S being the limit or antilimit of {d%Sm}, and that we

need to approximate -%S. A direct way of achieving this would be by apply-
dg

ing again a suitable extrapolation method E; to the sequence {%Sm}, and
this approach has often been used efficiently in various problems of practical
importance. Unfortunately, as has been observed at least in some important
cases, when j—ﬁsm and S,, have essentially different asymptotic behaviors as

m — oo, the approximations to %S produced by this approach, despite the
fact that they are good, do not converge as quickly as those obtained for S,
and this is puzzling. In this paper we first give a rigorous mathematical ex-
planation of this phenomenon for the cases in which Eg is the Richardson
extrapolation process and E; is a generalization of it, thus showing that the
phenomenon has very little to do with numerics. Following that, we propose
a procedure that amounts to first applying the extrapolation method Eg to
{Sm} and then differentiating the resulting approximations to S, and we pro-
vide a thorough convergence and stability analysis in conjunction with the
Richardson extrapolation process. It follows from this analysis that the new
procedure for digS has practically the same convergence properties as Eg for
S. We show that a very efficient way of implementing the new procedure is
by actually differentiating the recursion relations satisfied by the extrapola-
tion method used, and we derive the necessary algorithm for the Richardson
extrapolation process. We demonstrate the effectiveness of the new approach
with numerical examples that also support the theory. We discuss the appli-
cation of this approach to numerical integration in the presence of endpoint
singularities. We also discuss briefly its application in conjunction with other
extrapolation methods.

1. INTRODUCTION AND MOTIVATION

Let {S,,} be an infinite sequence with limit or antilimit S that can be approxi-
mated efficiently by suitable extrapolation methods. Assume that the S, and hence
S are differentiable functions of some parameter &, j‘é—S being the limit or antilimit
of {j—gSm}, and that d%Sm and S,, have essentially different asymptotic behaviors

as m — oo. Suppose that we need to approximate (—ing . In this paper we propose
a procedure by which this can be accomplished very efficiently via derivatives of
extrapolation methods used for approximating S.
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Without further delay we proceed to the motivation of this approach, which
we present through the well-known Richardson extrapolation process that we use
as our model. In doing so we keep the treatment general by recalling that infinite
sequences are either directly related to or can be formally associated with a function
A(y), where y may be a continuous or discrete variable.

1.1. Brief review of the Richardson extrapolation process. Let a function
A(y) be known and hence computable for y € (0,b] with some b > 0, the variable
y being continuous or discrete. Assume, furthermore, that A(y) has an asymptotic
expansion of the form

(1.1) Aly) ~ A+ oy as y — 0+,
k=1

where o}, are known scalars satisfying

(1.2) ok #0, k=1,2,...; Roy <Rog < -+ klim Rop = +o0,

—00
and A and ag, k=1,2,..., are constants independent of y that are not necessarily
known.

From (1.1) and (1.2) it is clear that A = lim,_,o+ A(y) when this limit exists.
When limy_,o+ A(y) does not exist, A is the antilimit of A(y) for y — 0+ , and in
this case $o1 < 0 necessarily. In any case, A can be approximated very effectively
by the Richardson extrapolation process that is defined via the linear systems of
equations

(1.3) Aly) = AP+ @y, j<I<j+n,
k=1

with the y; picked as
(1.4) i =yow', [ =0,1,..., for some yo € (0,0 and w € (0,1).

Here Aﬁf ) are the approximations to A and the @y are additional (auxiliary) un-

knowns. As is well-known, A,(f ) can be computed very efficiently by the following
algorithm due to Bulirsch and Stoer [BS]:

AV = A(y;), j=0,1,...,
(1.5) oAU o 40)

where we have defined
(1.6) cn=w'", n=1,2,....

Note that {y;} can be chosen to be an arbitrary positive decreasing sequence in
(0,b] such that lim;,oo y; = 0. Actually, {y;} can be chosen to make the extrap-
olation process more economical computationally. The choice of the y; in (1.4),
however, enables us to compute the Aszj ) by the very simple and elegant algorithm
in (1.5) and to give a complete analysis of convergence and stability, and hence to
justify our procedure rigorously.
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1.2. The generalized Richardson extrapolation process for d%A. Let us
now consider the situation in which A(y) and hence A depend on some real or
complex parameter £ and are continuously differentiable in & for £ in some set X
of the real line or the complex plane, and we are interested in computing d%A = A.

Let us assume in addition to the above that d%A(y) = A(y) has an asymptotic
expansion for y — 0+ that is obtained by differentiating that in (1.1) term by
term. (This assumption is satisfied at least in some cases of practical interest, as
can be shown rigorously). Finally, let us assume that the oy and oy, as well as
A(y) and A, depend on ¢ and that they are continuously differentiable for £ € X.
As a consequence of these assumptions we have

o0
(17) Aly) ~ A+ (cn + anor logy)y™ as y — 0+,

k=1
where &y, = d%ak and 6 = d%ak. Obviously, A and the d&y, and & are independent
of y. As a result, the infinite sum on the right-hand side of (1.7) is simply of the
form ZZo:l(ako + a1 logy)y°*, with ago and ag; constants independent of y.

Note that when the o} do not depend on &, we have 6, = 0 for all k, and,
therefore, the asymptotic expansion in (1.7) becomes of exactly the same form as
that given in (1.1). This means that we can apply the Richardson extrapolation
process above directly to A(y) and obtain very good approximations to A. This
amounts to replacing A(y;) in (1.5) by A(y;), keeping everything else the same.
However, when the oy are functions of £, the asymptotic expansion in (1.7) is
essentially different: from that in (1.1). This is so since y°*logy and y°* behave
entirely differently as y — 0+. In this case the application of the Richardson
extrapolation process directly to A(y) does not produce approximations to A that
are of practical value.

The existence of an asymptotic expansion for A(y) of the form given in (1.7),
however, suggests immediately that a generalized Richardson extrapolation process
can be applied to produce approximations to A in an efficient manner. In keeping
with the convention we introduced in [Si3], this extrapolation process is defined via
the linear systems

L) In/2]
(18) Bu)=BP+ > @y + > Gmyi*logy, j<I<j+n,
k=1 k=1

where B(y) = A(y), BY) are the approximations to B = A, and @y and @ are
additional (auxiliary) unknowns. (This amounts to “eliminating” from (1.7) the
functions y°t,y°t logy,y°2,y°2logy, ..., in this order.) Provided we take the y;
as in (1.4), which is what we shall do throughout, the approximations BY) can be
computed very efficiently by the following algorithm developed in [Si3] and called

the SGRom-algorithm there:
B§) = B(y;), j=0,1,...,
. j+1 j
(]. 9) Bf(z]—+1) _ /\an‘LJ_)l

BY) = i = o, n=12...
n 1_An b) J 071’ 7n b b) b

where we have now defined
(1.10) /\2k—1 =)\2k=ck, k=1,2,..‘ y
with the ¢, as defined in (1.6).
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Before going on, we would like to mention that the problem we have described
above arises naturally in the numerical evaluation of integrals of the form B =
fol (log x)z¢ g(x)dx, where RE > —1 and g € C*[0, 1]. It is easy to see that B = d%A,
where A = fol 28g(x)dz. Furthermore, the trapezoidal rule approximation B(k) to
B with stepsize h has an Euler-Maclaurin (E-M) expansion that is obtained by
differentiating with respect to £ the E-M expansion of the trapezoidal rule approx-
imation A(h) to A. With this knowledge available, B can be approximated by
applying a generalized Richardson extrapolation process to B(h). Traditionally,
this approach has been adopted in multidimensional integration of singular func-

tions as well. For a detailed discussion see Davis and Rabinowitz [DR]. See also
Sidi [Si2).

1.3. Theoretical comparison of Aq(‘;,j ) and B,(zj ). 1f we arrange the A££ ) and Bﬁlj )
in two-dimensional arrays of the form
Q5
o o
@@
0 1 @y Q3

)

. o0
53 ) with fixed j have much better convergence
@1
n

=0

then the diagonal sequences { o
n=

properties than the column sequences {Q with fixed n. In particular, the

following convergence results are known:
1. The column sequences satisfy
AD) — A= O(leqsrl) as j— oo,
(112) BéﬁH — B=0(G""*lcm1) as j — o0, s=0,1.
2. Under the additional condition that
(1.13) Rox+1 —Rop >d >0, k=1,2,..., for some fixed d,

and assuming that oy, d&x, and apdy grow with k& at most like exp(Bk™)
for some B > 0 and n < 2, the diagonal sequences satisfy, for all practical
purposes,

Aﬁp—A:O(HMI) as n — 00,
i=1

=1

(1.14)

In addition, A££ ) and Bﬁlj ) can also be expressed in the form

(1.15) AD) = aniA(yHi) and BY) = ZOniB(yj_H-),

1=0 =0
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where both p,; and 6,; are independent of j and are defined through
(1.16)

n

ﬁz:zl—z:pmz and V,(2) =
el )

i=0 =1

S

E:

M,
i /\=2_%0mz

The numerical stability of A%j ) and B,(zj ) with respect to errors (computational or
other) in the input values A(y;) and B(y;) is controlled by the quantities

S

(1.17) Y = lem-| and YY) = Z|9ni|,

respectively, and independently of j. From the fact that Y. ; pn; = 1 and > ;- 6

= 1, which results by letting z = 1 in (1.16), we have T'Y’ > 1 and T§ > 1. Thus,
the larger I‘(J ) and Tgf , the worse the propagation of errors into the computed
values of AY) and BY). We also have

(1.18) 1"(7)<H|1+|z’: and TV <
- &

with equality in both cases when the ¢; all have the same phase or, equivalently,
when all o; have the same 1mag1nary part.

The results pertaining to AY in (1.12), (1.14) and (1.18), with real o, are due
to Bulirsch and Stoer [BS]. The case of complex oy, is contained in Sidi [Si3], and

so are the results on By @) . Actually, [Si3] gives a complete treatment of the general
case in which

o o] qr
(1.19) Aly) ~ A+ [Z o (log y)ll Yy as y— O,
k=1 Li=0

where the g are known arbitrary nonnegative integers, the ay; are constants inde-
pendent of y, and the oy satisfy the condition

(1.20) o #0, k=1,2,...; Roy <Rox <+ klim Rop, = +o0,

which is much weaker than that in (1.2). Thus, the asymptotic expansions in
(1.1) and (1.7) are special cases of that in (1.19) with ¢, =0, £ = 1,2,..., and
=1, k=1,2,..., respectively.

Comparison of the diagonal sequences {Agf )}oo and {353' )}oo (with j fixed)
with the help of (1.14) reveals that the latter ha%—?nferior conve?g_eonce properties,
even though the computational costs of A,(f ) and B(] ) are almost identical. (They
involve the computation of A(y;), | < j < j+n, and B(y;), | < j < n, respectively.)
As a matter of fact, from (1.6), (1.10), and (1.14) it follows that the bound on
|Ag],,)1 — A| is smaller than that on |B§Z,)L — B| by a factor of O ([T~ lem+i/cil) =
O(wdmz) as m — oo. This theoretical observation is also supported by numerical
experiments. Judging from (1.14) again, we see that, when Roy 1 — Roy, = d for all
kin (1.13), Bﬁ}_ n will have an accuracy comparable to that of AY, This, however,
increases the cost of the extrapolation substantially, as the cost of computing A(y;)
and B(y;) increases drastically with increasing ! in most cases of interest.
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1.4. A new procedure for d A This inferior quality of B(j ) relative to that of

A(J ) is rather disappointing. Thus, we wonder whether we can somehow approxi-
mate B = A as accurately as we are able to approximate A by AY ), and at a cost
similar to that of Agf ) as well. For this we first take a critical look at how the B7(3 )
are determined. )

Now even though the equations in (1.8) that define the BY) are based directly
on the asymptotic expansion of A(y) given in (1.7), it is clear that the generalized
Richardson extrapolation process applied to B(y) completely ignores the fact that
B(y) and B are derivatives with respect to £ of A(y) and A, respectively. In fact,
A(y) does not feature directly in (1.8) at all. Similarly, the relation of & and &y
to ay and oy, respectively, is also ignored. These seem to be important facts to
overlook.

Since we do not necessarily know either the oy or the dg, there is apparently
nothing we can do with the fact that they are related. We do, however, know
the function A(y) as well as A(y). On the basis of this it can be argued that
an approximation procedure that is better than the one that generates the Bff )
should probably make use of both A(y) and A(y). One such procedure may be to

directly differentiate A(j ) with respect to £ and take 3 A(J A(j ) as the desired

approzimation to A. This is exactly what we propose to do in the present work.
We must add immediately that, a priori, there is no reason for Ay @D to approxnnate
A as well as A(] ) approximates A. In fact, we are not even sure that A(J is as
good as qu,) In addition, we must find a way to actually compute A(] ). From the

equations in (1.3) that define AY ), it is not clear how this computation is to be
carried out. For this purpose we propose to differentiate the recursion relation in
(1.5) that is satisfied by AY

As far as we know, our approach is new and so is the relevant theory. Needless
to say, this approach can be used for computing higher order derivatives of A with
respect to €. Furthermore, it can be used for computing partial derivatives of
arbitrary orders of A in case A depends on more than one parameter.

1.5. Outline of the paper. In the next section, we develop an economical recur-
sive algorithm for computing the A,(f ). In Section 3 we provide some results on
the pn; and d% Pri that are very useful in studying the stability and convergence
properties of both AS{ ) and Aﬁ,?' ). In Section 4 we analyze the stability of column
and diagonal sequences of the A££ ). The main result of this section is Theorem
4.1, which states that both column and diagonal sequences are stable. In Section 5
we dwell on the convergence issue for both Aﬁf ) and A££ ). In Theorem 5.1 we
give a convergence result on column sequences that assumes (1.2), but not neces-
sarily (1.13). In Theorem 5.2 we give computable upper bounds on |A£zJ ) Al and
[A%j ) AI that we use to derive powerful convergence results for diagonal sequences.
In Theorem 5.3 we show that both Aq(‘;,j ) and AY ) converge as n — oo at rates faster
than exp(—An) for any A > 0, assuming (1.13). (For A there is an additional mild
assumption on the 6.) Here the result for A%j ) seems to be new. In Theorem 5.4
we show that, by imposing suitable growth conditions on the ay and dk, in addition
to those already imposed on the o in Theorem 5.3, both A(j ) and A J converge as
n — oo practically at the rate of ([T}, |c;|), i.e., at worst at the rate of exp(—rn?)
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with k = %(log w™1)d, hence at the same rate as well. (The part of this theorem
pertaining to A%j ) is already given in (1.14) and follows from a more general result
in [Si3], as mentioned earlier. We have chosen to give a much simpler proof of it
here.) Thus, the new procedure for approximating A proposed in this paper seems
to be superior to the generalized Richardson extrapolation process applied solely
to B(y) = A(y).

In Section 6 we give a numerical example that supports the theory of the sec-
tions preceding it. In Section 7 we show how the new approach can be applied
very economically to integrals (simple or multidimensional) of functions that have
logarithmic singularities at endpoints, corners, and along lines and surfaces. Fi-
nally, in Section 8 we discuss briefly how to extend the procedure of this paper to
a generalized Richardson extrapolation process and other extrapolation processes.

As the developments in the remainder of this paper will involve the c¢; abun-
dantly, before we go on it is important to make the observations that -

(1.21) c #1, k=1,2,...;5 |ea| > ea| > -+ klim cp =0.
—0

These follow from (1.2) and (1.6).

Also, note that all the developments of this paper, including the recursive algo-
rithm of the next section and the theory of the subsequent sections, directly apply
to infinite sequences {S,,} that satisfy

o0
(1.22) Sm~ S+ > Brcl as m — oo,
k=1

with the ¢ as in (1.21). Here we have the analogy S,, < A(ym), and S <« A, the
rest remaining the same.

2. RECURSIVE COMPUTATION OF Asz])

Differentiating the recursion relation given in (1.5), and invoking (1.5) again, we
obtain the following recursive algorithm:

2.1)

Agjll) - angzjll

AW =
n 1— cn )
o AU 4@ . ‘ }
AP = Znmt ZOn ol O 46— A9 ), =01, n=1,2,... .
1—c, 1—c,
Here ¢, = d%cn, n = 1,2,... . This shows that we need two tables of the form

given in (1.11), one for AY and another for AY). We also see that the computatioﬁ
of the AY involves both A(y) and A(y).

As is clear from (2.1), the computation of AY involves A(y) and A(y), 1 =
J,7+1,...,5+n, whereas that of AY) involves only A(y), l=4,7+1,...,j+n.
Thus it may be argued that the computational cost of A£Z ) is twice that of A%j ),
However, at least in some problems of practical interest, such as those that arise

in numerical integration, A(y) can be computed simultaneously with A(y) and at
almost no additional cost. In other words, the computational cost of A,(f ) for such
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cases is practically the same as that of Ag ). This is a very important and useful

feature of the method that we have proposed.

3. THEORETICAL PRELIMINARIES

Let us recall the definitions of ¢, in (1.6), of p,; in (1.15), and the result per-
taining to > ., pns2" in (1.16). Theorem 3.1 below is a special case of Theorem
2.1 in [Si3)].

Theorem 3.1. The p,; satisfy
lz| + cZ
(3.1) Xa(2) Z|pm|| i <H driel = 5,0,

Corollary. Assume the condition on the oy given in (1.13). Then there exist

positive constants Lo, L1, ..., and M, all independent of n, for which
652) X1 = Y lowd < Lo
n
(3:3) Xu(eor1) = D lpnil less]’ < Lslesa|s n s,
i=0
and l

(3.4) n(Cny1) Z il |Cn+1| <M (H |Cz|>

Proof. We first note that the condition in (1.13) implies that |c;11/c;| < w? for all
i. To prove (3.2) we let z =1 in (3.1). We thus obtain

n

n
14 |c 1+|c
(3.5) > lend <11 e HH_';:_LO‘
i— 3

=0

The infinite products in (3.5) converge and have nonzero limits, since the series
>0, ¢i converges absolutely by the fact that |c;+1/c;| < w? < 1 and by the ratio
test. To prove (3.3) we let z = ¢cs41 in (3.1). We then have

= ; D1+ |ci/cs )
(3.6) Z lpnil les41]" < lesta]™ H sy

i=0 i=1 Il - cil
The result follows again by the fact that the infinite products [[;o, |1 — ¢;| and
[T521(141¢;/cs+1]) converge and have nonzero limits. Finally, to prove (3.4) we let
2z = Cpy1 in (3.1). We have

3. 7)
1+ |ent1/cil 14w
leml Icn+1| < (Hl ll) (H_"Il—tl_ HI zl H .
i=0 i=1
The proof can be completed as before. O

Theorem 3.2. Define p,; = d% Pni and ¢; = d%ci. Then

(3.8) Ya(2) =3 1wl 2] < (Z ln(z)) Xn(2),
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where X, (z) is the upper bound on X,(z) given in (3.1) and

1 1
3.9 bi(2) = + )c’~,i=1,2,....
59 @ = (2 )
Proof. We start with the recursion relation
(3.10) prg = PRLiml T OnPali g g

1—c,

where we adopt the convention p,; = 0 for i < 0 and i > n. Differentiating both
sides of (3.10), and invoking (3.10) again, we obtain

. pn 1,5—1 — cnpn 1,2 Cn
3.11 =
(B11)  fni = 1-c, A

(Pni — Pn—1,i); 1 =0,1,...,n
Taking moduli on both sides of (3.11), multiplying by |z|° and summing over i, we

obtain
z| + len Cn
(3.12) Yo (z) < ||1| _l || Yoo1(2) + |1|—(|: I[Xn(z) + Xn-1(2)],

which, by invoking the upper bounds X,,(z) and X,_1(z) on X,(z) and X,_1(2),
respectively, becomes

+ n v
(3.13) Ya(z) < l—lzll——JETlYn_l(z) + b (2) X (2).
Starting now with the fact that Yy(2) = 0 and using induction on n, the result in
(3.8) follows. O

Corollary. Assume the condition on the oy given in (1.13). Assume also that
Yooy léil < co. Then there exist positive constants Ly, L}, ..., independent of n,
such that

n
(3.14) Yo(l) = Z pnil < L6
1=0
and
n .
(3.15) Yo(cs+1) = Z |Pnil lcs+1|Z < Llslcs+1|n, n=>s.
1=0

If also |¢] < Kileil, 1 = 1,2,..., for some K; > 0, then there exists M’ > 0,
independent of n, such that

(3.16) o (Cng1) Z|pm||cn+1| < (M’+ZK> (H |cz-|).
i=1

Proof. The proof can be achleved by setting z = 1, 2 = ¢s41, and 2 = ¢p41 in
(3.8), and recalling that lim, . ¢, = 0. Thus, b;(1) ~ 2|¢;| as i — 00, bi(csy1) ~
(1+[esta]™)léi] as i — oo, and bi(eny1) < |1 — il 7' ||+ Ki ~ |&i| + K; as i — oo,
independently of n. In particular, we have L = [>_:2 b;(1)] Lo < co. We leave
the details to the redear. O

A very commonly occurring case is one in which K; < K for all <. In such a
case Y | K; < Kn. When K; = O(i™') as i — oo, then Y ., K; = O(logn)
as n — oo. When K; = O(i%) as i — o0, a > — 1, then )" | K; = O(n**!) as
n — oo. In all these cases > | K; — oo at worst like n® with some @ > 0, and,
furthermore, we have > oo |&;| < oo, since |¢;| = W% < WR717dwid and w € (0,1).
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4. STABILITY

In Section 1 we mentioned the well-known fact that I'Y) = S o lpnil, of. (1.17),
controls the propagation of errors in input values of A(y;) into A%] ) by the fact that
AY) = S o PriA(yj1i), cf. (1.15). Analogously, by the fact that

(4.1) AD =" pniAyi) + D iAW),
=0 =0

what controls the propagation of errors in input values of A(y;) and A(y;) into AY
is now

(4.2) QP =3 lonil + Y Ihnil = Xa(1) + Ya(1),
=0 =0

independently of j. Using (3.1), we can bound X, (1) by X,,(1), obtaining the easily
computable bound on anj ) given already in (1.18). Using also (3.13), we can bound
Y, (1) by Y, (1), where Y;,(z) are determined from the recursion

_ et lenls

=i o Yoo1(2) + bp(2)Xn(2), n=1,2,...; Yo(z)=0.

Substituting these in (4.2), we obtain
(4.4) Q) < X (1) + Ya(D),

(43) Ya(2)

which provides us with an easily computable bound for Qﬁf ), .
The following theorem summarizes the subject of stability of the AY ),

Theorem 4.1. The column sequences {Agf )}]9';0 (n fized) are stable in the sense

that sup; QY < 0o. Under the condition on the oy, given in (1.13) and the ad-
ditional condition of Theorem 3.2 that > oo, |é| < oo, the diagonal sequences
{A,(f)}ffzo (j fized) are stable in the sense that sup,, Y < oo.

Proof. The stability of column sequences follows from the fact that QY is inde-
pendent of j. The stability of diagonal sequences follows from X, (1) < Lo and
Y, (1) < Lj in the corollaries to Theorems 3.1 and 3.2, respectively. O

5. CONVERGENCE

5.1. Convergence of column sequences. With the subject of stability treated,
we now turn to convergence. We start with the column sequences.

Theorem 5.1. Assume that the oy, satisfy (1.2), but not necessarily (1.13). Then,
for fixed n, the error A,(f ) _ A has the complete asymptotic expansion

(5.1)

AD —A~ N i[Un(ck)ak] + Un(ck)okorlogy; p y7* as j — oo,
k=n+1 dé‘ ’

as a result of which

(5.2) AD — A = 0(@lens1l’) as j— oo



DERIVATIVES OF LIMITS OF SEQUENCES 315

Proof. The expansion in (5.1) is obtained by term-by-term differentiation with re-
spect to £ of the well-known asymptotic expansion of Aﬁf ) A, namely,

(5.3) AD) — A~ Z Un(ck)akys* as j — oo.
k=n+1

This is allowed by our assumption that A(y) has an asymptotic expansion as y —
0+ that is obtained by term-by-term differentiation of (1.1) with respect to £.
For the sake of completeness, we recall that (5.3) follows by substituting (1.1) in
AY = S PniA(yj+i) (which is justified since lim; o y; = 0), and then invoking
Yj+i = Y;wt, g = w*, (1.16), and finally U,(cx) =0, k=1,... ,n. O

The result in (5.2) means that if the (n — 1)st column of the extrapolation

table for Aﬁﬂ ) converges, then the nth column converges at least as quickly as the
(n — 1)st column. The nth column converges if |c,| < 1 even when the (n — 1)st
column diverges. If the nth column diverges, it does so at most as quickly as the
(n — 1)st column does. In summary, each column is at least as good as the column
preceding it. Finally, this convergence is linear.

5.2. Convergence of diagonal sequences. We next treat the convergence of
the diagonal sequences. We start this by deriving upper bounds on |A£f ) _ Al and
|A£f ) A| that are valid for all j and n.

Theorem 5.2. Define for each s

(5.4) Ro(y) = Aly) — A= 3wy,
k=1

and also

(5.5) Gopr = max |Rq(y)/y”*|

and

(56) Bon = max |Ru(u)/ (5" logy)|.

Then, for n > s, the errors in A%j ) and A%j ) satisfy, respectively,

(5.7) |49 = 4] < i |7+ | Xaleorn)
and
(5.8)

‘A%j) - A‘ < @sq I?J;SH | Ya(cstr) + Bst1 Iy;s“l (Ofélfgn | 10gyj+i|) Xn(Cst1)-

Proof. We start with
(5.9) AD) — A= pniRs(yj4i) for s<n,
i=0

which follows by substituting (5.4) in AD = S o PriA(Yjts), and invoking (1.16),
S o pni =1, and Up(ck) =0, k =1,...,n. Differentiating (5.9) with respect to
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£, we obtain

(5.10) AD — A= pniRa(yjrs) + Y priBa(yjra),
=0 i=0
with R(y) = d%Rs(y). From (1.1) and (1.7), we have
(5.11) R(y) ~ Z ary’* as y — 0+,
k=s+1
and
(5.12) Ro(y) ~ Y (&k + axonlogy)y”™ as y — 0+,
k=s+1

which guarantee the existence of finite &s11 and 3,41 as defined by (5.5) and (5.6),
respectively. To prove (5.7) and (5.8), we now take moduli on both sides of (5.9)
and (5.10), use the fact that

(5.13)
|Rs(v)] < Gsqa|y”>*| and |Rs(y)| < Baraly”+* logy| for y € (0,0,
and then invoke y,4; = y;w’, ¢ = w’* , and (3.1) and (3.8). O

It is worth noting that when &1 and Bs+1 or upper bounds on them are avail-
able, (5.7) and (5.8) provide computable bounds on |A5Lj) — A| and |A£lj) — A,
respectively.

The bounds of Theorem 5.2 can be turned into powerful convergence theorems
for the diagonals as we show next.

Theorem 5.3. (i) If (1.13) is satisfied, then

(5.14) AD) — A =O0WH™) as n— oo, for any p> 0.
(ii) If, in addition, > .o, |é;| < oo, then

(5.15) AY) — A= O0WH™) as n— oo, forany u> 0.

Proof. Invoking (3.3) in (5.7), we obtain

(5.16) AD) — A = 0(lcsy1]™) = O(wRos+)") as n — oo.

Similarly, invoking (3.3) and (3.15) in (5.8), and noting that maxo<i<p | log yj+:| ~
|log w|n as n — oo, we obtain

(5.17) AY) — A = O(n|esy1|™) = O(nw®o+)") as n — oo.
The results in (5.14) and (5.15) now follow if we realize that s in (5.16) and (5.17)
is arbitrary and that limy_,., Ko = +00. O

What Theorem 5.3 implies is that the diagonal sequences {Agf ) > and
{Agf ) > o all converge and do so superlinearly in the sense that |A$f ) - A| and
|A$Lj )~ A| tend to 0 as n — oo like exp(—An) for any A > 0. By imposing suitable
growth conditions on the & and fx, we next show that |A£f ) Al and |A$f ) Al
tend to 0 like exp(—xn?) for some k > 0.
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Theorem 5.4. (i) In part (i) of Theorem 5.3 assume also that éyyg* = O(ePF")
as k — oo, for some B8 > 0 andn < 2. Then, for any e > 0 such that w+e < 1,

(5.18) : AV —A=0 <(w + €)dn2/2) as n — oo.

(ii) In part (ii) of Theorem 5.8 assume also that both duyl* = O(e*") and
Bkyg’”‘ = 0(eP*") as k — oo for some B > 0 and n < 2. In addition, as-
sume that |¢;| < Kilal, ¢ = 1,2..., with K; = O(%) as i — o0, a > —1.
Then, for any € > 0 such that w +¢ < 1,

(5.19) A A= O((w+e)™ ) as n— oo.

Proof. Letting s = n in (5.7) and (5.8), and invoking (3.4) and (3.16), we obtain,
respectively,

(5.20) |AY) — Al < My [y]+| <H lcil)
=1
and
(5.21)
AP — A

< KM + Zm) b1+ M (Orgiaixn llog yj+i|> Bnﬂ} |y (]:[1 |ci(> :

i=1
The results can be obtained by noting that

(522) H Icll — wzzvizl Ro; < w(%gl)n—i—dn(n—l)/Q’

i=1

which follows from (1.13), and Y . | K; = O(n?) as n — oo for some @ > 0, and

(5.23) Jnax. |log y;+i| ~ |logw|n as n — oo,
which follows from (1.6). We leave the details to the reader. 0

Note. Under the conditions of Theorem 5.4 it is clear from (5.21) that both |A$f ) —A|
and |AY) — A| tend to 0 as n — oo at the rate of (IT_; lei]) for all practical purposes.

6. A NUMERICAL EXAMPLE

In this section we shall apply our new procedure to the summation of the infi-
nite series > o, (—logk)k~5~1, whether this series converges or not. For ¢ > 0
the series converges and represents a function analytic for 2 > 0 in the &-plane.
Furthermore, this function is ¢/(§ +1) = d%( (£ +1), where (£ +1) is the Riemann
zeta function defined by the convergent infinite series Y o,k ¢~! for R > 0
and then continued analytically to the rest of the {-plane. Obviously, if we let

o k76 = A, then > (—logk)k=¢71 = %Am = A,,. It is known that,

whether {A,,} converges or not, and as long as £ # 0,

(6.1) Ap ~CE+1)+ ) an ™ as n— oo,
k=1
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with a1 = —€7, @ = 1/2, ax = =€ '(,.%)Be-1, k = 3,4,... . Here B; are
the Bernoulli numbers. It can also be shown that d%An = A, has an asymptotic

expansion as n — oo that is obtained by differentiating the one in (6.1) termwise.
Thus,

(6.2) Ap ~C(E+1) +Z (6 — o logn)n™¢7**1 as n — 0.
k=1

By drawing the analogy A, < A(y), n ! <y, ((E+1) = A, op=E+k—1, k=

1,2,..., we see that A(y) is of the form discussed throughout the paper, provided
& #0,-1, . Also, y now is a discrete variable that takes on the values
1,1/2,1/3,... . Finally, 6, = 1, and hence & = (logw)cy for all k, so that

Soeqléil < oo and K; = |logw| for all ¢ in Theorems 5.3 and 5.4.

In our numerical experiments we took 7o = 1 and w = 1/2, so that y; = 27! and
Aly)) = Ay, 1= 0,1,... .

We computed Aslj), Aslj), and Béj) for £ =1 and £ = —1+ 101, and we give the
results of the computation in Tables 6.1 and 6.2. For £ = 1, {A,,} converges and
has ¢(2) = 72/6 as its limit. For £ = —1 + 101, it diverges with antilimit ¢(101).
Similarly, {A,,} has ¢/(2) as its limit for £ = 1 and ¢’(101) as its antilimit for
& = —1+410i. Note also that when £ = —1+ 101, the partial sum As~ diverges like
2™ as n — oo. All our computations were done in quadruple precision arithmetic.

The results shown in Tables 6.1 and 6.2 are in complete agreement with the
theory provided in the paper. In particular, A%O) and A%O) seem to converge to

their respective limits or antilimits at the same rate. Also, since Rogy1

1 (0) (0)
for all k, Ay’ and BLﬁnJ

last paragraph of subsection 1.3.

TABLE 6.1. Results of computation with the series Y 7o | k

and Yy ;(—logk)k=¢~1 for £ =1 (convergent series).

—£—1

[ 142 — Al [ (4D — 4] [[ [Ay — 4] [ |AD

— A [ 1BY - B| |

6.45D — 01

6.45D — 01

9.38D — 01

9.38D — 01

9.38D — 01

3.95D - 01

1.45D - 01

7.64D — 01

244D - 01

5.91D — 01

2.21D - 01

1.53D — 02

5.56D — 01

3.01D — 02

1.03D - 01

1.18D — 01

5.16D — 04

3.69D — 01

1.14D — 03

9.10D — 03

6.06D — 02

8.13D — 06

2.30D - 01

2.71D — 05

4.25D — 03

3.08D — 02

4.43D - 07

1.38D - 01

1.49D — 06

3.98D — 05

1.55D — 02

4.74D - 10

8.01D — 02

7.81D — 10

2.42D — 05

7.78D — 03

4.28D — 11

4.56D — 02

1.94D - 10

7.55D — 07

3.90D — 03

8.79D — 14

2.55D — 02

4.15D — 13

6.82D — 09

1.95D - 03

3.92D - 16

1.41D — 02

2.26D — 15

1.47D — 09

9.76D — 04

4.79D — 19

7.74D — 03

2.92D — 18

4.45D — 11

4.88D — 04

3.01D — 22

4.21D - 03

2.11D —

251D - 14

2.44D — 04

1.88D — 25

227D - 03

1.38D —

6.09D — 15

ool 2 Bl e || oo w| wl o= oS

1.22D — 04

1.66D — 29

1.22D — 03

1.39D — 28

4.23D - 17

6.10D — 05

1.58D — 32

6.53D — 04

6.07D — 32

6.25D — 19

- §RO’ k= 1
do have comparable accuracies, in agreement with the
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TABLE 6.2. Results of computation with the series >y, k=¢1
and Y ;o (—logk)k™¢"1 for £ = —1+ 10i (divergent series).

[ [1Ax — A [ 147 A [ 1Ay — AL [ 1AY 41 [ 1BY — Bl ]

0 (| 763D—-01}763D—01| 495D —01|4.95D —01|4.95D —01
1 504D —01|1.44D+00 || 4.80D —01 | 591D —01 | 9.94D — 01
2 |/ 5.54D —01 | 2.90D + 00 || 8.30D —01 | 3.92D + 00 | 1.57D + 00
3 [ 897D —01 254D +00 || 1.91D+00 | 5.34D + 00 | 2.54D + 00
4 || 1.67D + 00 | 8.80D — 01 || 4.66D + 00 | 2.40D + 00 | 3.83D + 00
5 (13.25D+00 | 154D —-01 || 1.13D 401 | 5.11D — 01 | 2.89D + 00
6 || 6.42D 400 | 1.26D —02 || 2.67D + 01 | 491D — 02 | 2.19D + 00
7 || 1.28D 401 | 5.68D — 04 || 6.20D +01 | 2.55D — 03 | 8.00D — 01
8 || 255D +01 | 1.27D —05 || 1.41D + 02 | 6.43D — 05 | 2.58D — 01
9 || 5.10D+01 | 1.55D —07 || 3.18D 4+ 02 | 8.79D — 07 | 3.95D — 02
10 || 1.02D +02 | 1.00D — 09 || 7.06D + 02 | 6.27D — 09 | 6.10D — 03
11 || 2.04D 402 | 3.28D — 12 || 1.556D + 03 | 2.26D — 11 | 4.98D — 04
12 || 4.08D 402 | 6.31D — 15 || 3.39D + 03 | 4.72D — 14 | 3.51D — 05
13 || 8.156D 4+ 02 | 5.45D — 18 || 7.34D + 03 | 4.43D — 17 | 1.38D — 06
14 || 1.63D +03 | 3.14D — 21 || 1.58D + 04 | 2.74D — 20 | 5.36D — 08
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Finally, all of these approximations can be computed quite stably. Actually,

from (1.18) and (4.4), we have that Pﬁf) <9, Tslj) < 69, and lej) < 22 for & =1,
while for £ = —1 + 101 we have T'¥) < 38, T < 1387, and Q¥ < 200.

7. APPLICATION TO NUMERICAL INTEGRATION

Let us consider the numerical approximation of the integral
1
B= / (logz)ztg(x)dz, RE> -1,
o .

with ¢ € C*[0,1]. As mentioned in Section 1, B = EdEA = A, where 4 =

fol zfg(z)dz. Let us set h = 1/n, where n is a positive integer, and define the
trapezoidal rule approximations with stepsize h to A and B, respectively, by

-1
(7.1) A(h) = h [Z GUR) + Eeq)|,  G(z) = 2fg(x),
Jj=1
and
n—1
(7.2) B(h)=h |>_ H(jh) + %H(l)} , H(z) = (logz)zty(z).
j=1

Note that B(h) = A(h) since H(z) = G(z). The following extensions of the classical
Euler-Maclaurin expansion are special cases of those given by Navot in [N1] and
[N2]:
(7.3) A(h) ~ A+ a;ih® +) bR as h— 0,

=1 =0
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and

(7.4) B(h) ~ B+ \iaih% + i(bi + b;log h)RETH as h — 0,
=1 i=0

with

(75) a; = (}'2?2)1 GR(1), i=1,2,...; b = ng(m, i=0,1,..

and a; = Edgai and b; = digbi' As before, By are the Bernoulli numbers. The
expansion in (7.4) is obtained by differentiating that in (7.3). (Note that G(z)
depends on £ but g(z) does not.) For a different derivation of (7.3) see Lyness and
Ninham [LN].

Let us now consider the case —1 < ¢ < 0. Then A(h) is of the form described
in Section 1 and treated throughout, with o1,02,... asin

(76) 03;—2 =£+2Z-—1, 03;—1 =£+2’L, g3; =2’i, 1= 1,2,...,

so that (1.13) is satisfied with d = min(—R¢,1+ R¢) > 0.

Let us also apply the Richardson extrapolation process to the sequence {A(h;)}
with by = w!, 1 = 0,1,..., for some w € {1/2,1/3,...}. (We should, of course,
keep in mind that other more economical choices of {h;} are possible, but they do
not enable us to make rigorous statements about convergence, convergence rates,
and stability. We therefore stick with the above choice of {h;}.)

Recall now that |A£f ) — A is practically O([]}_, |ci|) as n — oo. This implies
that 1A§fn)L — Al — 0 as m — oo practically like w®™, where %, Z 1 Ro; =
3m? + O(m) as m — oco. (Recall the note at the end of Section 5.)

Since 6359 = d3i—1 =1, 63, =0, i = 1,2,..., we have ¢3;,_2 = (logw)csi—2,
¢é3i—1 = (logw)esi—1, é3; = 0, i = 1,2,..., and thus Y ;o |&| < o0 and K; <
|log w| for all i. Consequently, Theorems 5.3 and 5.4 apply, and so |A§f,,)L —Al—0
as m — oo like w3™ practically. (Again, recall the note at the end of Section 5.)

Similarly, B(h) = A(h) is of the form given in (1.19) with o; as in (7.6) and
Qi—2 =q3;—1 =1, g3, =0, i =1,2,... . Let us also apply the generahzed Richard-
son extrapolatlon process to the sequence {B(h;)} with h; = !, 1 =0,1,..., for
some w € {1/2,1/3,...}. By Theorem 4.2 in [Si3] the sequence {B$’}% con-
verges to B, and especlally from equation (4.16) in the proof of this theorem, it
follows that [BY) — B is practically O(J]-™ |ci|%*") as m — oo. This implies that
IBéi,)l — B| — 0 as m — oo practically like w®m, where A,, = Zf:’l(qi + 1)(Ro;) =
5m? 4+ O(m) as m — oo.

Thus, |A£Z) — Al and IB,(Ij) — B] tend to 0 as n — oo like w™*/3 and W™/,
respectlvely, for all practlcal purposes. That is to say, of the two diagonal sequences
{A(] )} _o and {B(J } o the former has superior convergence properties. Also,

E N will have an accuracy comparable to that of Agf . Of course, BE]\)/_S/E ol

is much more expensive to compute than Agf ) itself. (Recall that the computation
of A(y;) or B(y;) involves 2! integrand evaluations.)

The comparative study above suggests, therefore, that the computation of inte-
grals of the form fol (log z)x¢g(x)dz by first applying the Richardson extrapolation
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process to the integral fol z¢g(x)dr and then differentiating the resulting approxi-
mations with respect to £ may be a preferred method if we intend to use extrapo-
lation methods in the first place. This approach may be used in multidimensional
integration of integrands that have logarithmic corner, or surface, or line singu-
larities, for which appropriate extensions of the Euler-Maclaurin expansion can be
found in, e.g., Lyness [L], Lyness and Monegato [LM], and Sidi [Sil]. All of these
E-M expansions are obtained by term-by-term differentiation of other simpler E-M
expansions, and this is what makes the approach of this paper appropriate. Since
the computation of the trapezoidal rule approximations for multidimensional inte-
grals becomes very expensive as the dimension increases, the economy that can be
achieved by this approach should make it especially attractive.

The new approach can also be used in the computation of the singular integrals
I, = fol (log z)"z¢g(x)dx, where r = 2,3,..., by realizing that I, = dgrA (Note
that B = I;.) The approximations produced by the generalized Richardson extrap-
olation process have convergence properties that deteriorate in quality as r becomes
large, whereas the E’:A(] ) maintain the high-quality convergence properties of the

Ag—f ). For the application of the generalized Richardson extrapolation process to
such integrals, see [Si3]. Again, the extension to multidimensional singular inte-
grals is immediate.

Before closing this section we would like to make the following interesting obser-
vation that is analogous to an observation of Bauer, Rutishauser, and Stiefel [BRS]
about Romberg integration, see also [DR]: The approximation As—f ) to B can be

expressed as a sort of “numerical quadrature formula” with stepsize hj,, of the
form

pitn pitn
(7.7) AY) = Z wih H(khjin) + 3wl Glkhjin), v=1/w,
k=0

in which the “weights” w! jnk and 'wg.,ll)k depend on j and n, and satisfy

pitn yitn

(7.8) Z w{ =1 and Z win), =

These follow from the facts that Y ;" pni = 1 and Y7 pni = 0. (We have obtained
(7.7) and (7.8) by adding the terms $G(0)h and 1 H(0)h to the right-hand sides of
(7.1) and (7.2), respectively, with the understanding that G(0) = 0 and H(0) = 0.)
Also, these formulas are stable numerically, in the sense that

pitn
(7.9) Z <|w§?2k| + |w§}.b)k|) <QW < Lo+ L) < oo for all jand n.
k=0

8. EXTENSION TO OTHER EXTRAPOLATION METHODS

The derivative approach that we have introduced in Section 1 for A(y) asin (1.1)

and (1.2), and for AY) as defined via (1.3) and (1.4), can be extended to the more
general case in which

(8.1) Aly) ~ A+ argr(y) as y— 0+,
k=1
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where {¢x(y)}32, is a known asymptotic sequence, i.e.,

(8:2) bres1(y) = o(dr(y)) as y— 0+, k=1,2,... .

In this case approximations to A can be obtained through the generalized Richard-
son extrapolation process, which is now defined by the linear systems

n
(83) Aly) = AD +> a@mr(u), j<I<j+n,

k=1
where {y;};2, C (0,b] is a positive decreasing sequence with lim;_, 3 = 0 that
is picked by the user. As before, if A(y) and A depend on ¢ and A is desired, we
propose to approximate A by A$Z ), and to obtain the Agf ) by differentiating the
recursive algorithms by which the AS{ ) are computed. Two such algorithms are
the E-algorithm of Schneider [Sc|, different derivations of which can be found in
Havie [H] and Brezinski [B2], and the FS-algorithm of Ford and Sidi [F'S]. For arbi-
trary ¢ (y) these algorithms are quite involved, and their derivatives are even more
involved. Nevertheless, this approach may yield better approximations than the
generalized Richardson extrapolation process applied to the asymptotic expansion

(84) Aly) ~ A+ dndi(y) + Y axdi(y) as y — 0+,
k=1 k=1

and defined through

L) n2)
85) Bw)=BY+ > dxdr)+ Y Gade), j<I<j+n,
k=1 k=1

assuming, of course, that {¢k (y)}%2, is an asymptotic sequence as y — 0+ just like
{or(y)}32,, and the two are of essentially different nature.

Before closing we would like to note that the procedure of this paper can be ap-
plied in a very simple fashion in conjunction with extrapolation methods that are
already defined via recursion relations, whether these are generalized Richardson
extrapolation processes or not. One such method is the transformation of Shanks
[Sh], which can be implemented very efficiently by the e-algorithm of Wynn [W].
When this transformation is applied to a sequence {S,,} that depends on a param-
eter &, our derivative approach produces the following recursive algorithm:

=0, =0, =85, and M =5, n=01,...,

(n) _ (D) 1
€1 = -1 T TmFD — ()’
(8.6) €k €k
(n+1) _ .(n)
ém =t S b n=0,1,..., k=1,2,....

-5
(egn,+1) _ 65:))
(n

Here e%) and eg,z) are approximations to S, the limit or antilimit of {S,,}, and to
d%.S , respectively. Another such method is the 6-algorithm of Brezinski [B1], which
is defined exclusively by a recursion relation similar to the e-algorithm.

We propose to consider the application of the procedure of this paper to some
of the known extrapolation methods in a future publication.
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