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THE CONVERGENCE
OF THE CASCADIC CONJUGATE-GRADIENT METHOD
APPLIED TO ELLIPTIC PROBLEMS
IN DOMAINS WITH RE-ENTRANT CORNERS

VLADIMIR SHAIDUROV AND LUTZ TOBISKA

ABSTRACT. We study the convergence properties of the cascadic conjugate-
gradient method (CCG-method), which can be considered as a multilevel
method without coarse-grid correction. Nevertheless, the CCG-method con-
verges with a rate that is independent of the number of unknowns and the
number of grid levels. We prove this property for two-dimensional elliptic
second-order Dirichlet problems in a polygonal domain with an interior angle
greater than 7. For piecewise linear finite elements we construct special nested
triangulations that satisfy the conditions of a “triangulation of type (h,7, L)”
in the sense of I. Babuska, R. B. Kellogg and J. Pitkdranta. In this way we can
guarantee both the same order of accuracy in the energy norm of the discrete
solution and the same convergence rate of the CCG-method as in the case of
quasiuniform triangulations of a convex polygonal domain.

1. INTRODUCTION

In this paper, we consider a cascadic conjugate-gradient method (CCG-method)
for solving discretized elliptic equations that yield discrete symmetric positive def-
inite problems. This algorithm can be considered as a multigrid or multilevel
method, but without coarse grid correction, i.e., if a certain grid level is attained,
we do not return to coarser grid levels but proceed only at the same or on higher
grid levels. The CCG-method can be recursively defined as follows. On the coars-
est grid, the linear system is solved directly. On finer grids, the system is solved
iteratively by the conjugate-gradient method. These iterations are started by an
interpolation of the approximate solution from the previous coarser grid. On each
fixed grid level we do not use any preconditioning based on coarser grids nor any re-
strictions onto coarser grid levels. Nevertheless, the CCG-algorithm as a multilevel
method has optimal arithmetic complexity, and its convergence rate is independent
of the number of unknowns and of the number of grid levels.

A CCG-algorithm has been recently presented by P. Deuflhard in [4] and [5],
where the excellent convergence properties of this algorithm were demonstrated by
numerical test examples. Its optimal arithmetic complexity with respect to the
number of unknowns was proved for H2-regular elliptic problems in [12]. Then for
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quasiuniform meshes this result was extended in [11] and [2] to elliptic problems
with reduced regularity caused by interior angles greater than w. Nevertheless, the
use of piecewise linear finite elements on quasiuniform triangulations reduces the
convergence order of the Galerkin solution. Furthermore, F.A. Bornemann [2] stud-
ied the replacement of the CG-method by other iterative methods (damped Jacobi,
GauBl-Seidel, SSOR, etc.) and gave sufficient conditions for optimal complexity of
the cascadic algorithm. In the three-dimensional case these conditions are satisfied
by many known iterative schemes, but in two dimensions the amount of work is
suboptimal unless the CG-method is used.

Here we use piecewise linear finite elements on triangles in order to discretize a
second-order elliptic problem in a polygonal domain with an interior angle greater
than . We construct special nested triangulations that are refined towards this an-
gular point as in [13] and satisfy the conditions of a “triangulation of type (h,~, L)”;
these were defined in [1] and used for the classical multigrid method in [14]. We
prove in detail that one obtains the same order of accuracy of the approximate
solution and the same convergence rate of the CCG-method in the energy norm as
in the H?-regular case.

2. THE CASCADIC ALGORITHM

We denote by My, My, --- , M; finite-dimensional vector spaces of increasing di-
mension equipped with inner products (-, -);, for i =0, 1,--- ,I. Moreover, let linear
prolongation operators
(21) Iz Mi_>Mi+17 fOI’i:O,l,"',l—l,

and linear invertible operators
(2.2) L;: M; — M;, for i =0,---,1,

be given. Then the cascadic algorithm is an iterative method for solving the fol-
lowing problem:

For a given f; € My, find u; € M such that
(2.3) Liwi = fi,

by using approximations of the solutions of the following problems:

For a given f; € M;, find u; € M; such that

on lower levels i = 0,--- ,1 — 1. The idea is to start with the exact solution
Vo = Up

on the lowest level i = 0 and to prolong each approximate solution
V; € Mi

of (2.4) to the next higher level in order to find an initial guess for an iterative
method that approximates the solution u;1+;. Applying the conjugate-gradient al-
gorithm (CG-algoritm) on each level, we obtain the cascadic conjugate-gradient
algorithm (CCG-algorithm), which can be formulated in the following way:
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CCG-algorithm

{1. Set vo = Ly ' fo-
2. For i=1,2,---,l and given v;_; do:
{ 2.1. Set W; = 1;—1V;—1;
2.2. Perform m; iterations of the conjugate-gradient method :
Yo = Wy;
po =710 = fi — Liyo;
o0 = (70,70)3;
fork=1,2,---,m; do:
{ ak—1=0k-1/(pe-1, Lipk—1);
Yk = Yk—1 + Ok—1Pk—1;
Tk =Tk—1 — _1L;pg_1;
ok = (Thy Th)i5
if o), = 0 then { ym, = Yk ;goto 2.3 };
Br = 0k /ok—1;
Pk = Tk + BrPr—1;
} the end of the iteration;
2.3. Set v; = Ym,;;
}  the end of the level ¢;

} the end of the algorithm.
We shall study the convergence properties of the CCG-algorithm under the as-
sumption that the operators L;, for i« = 0,1,---,1, are self-adjoint and positive
definite, i.e., for i = 0,1,--- ,l we have

(2.5) (Lsu,v); = (u, Liv);, (Liu,u); > a;(u,u);, a; >0, Yu,v € M; .

Moreover, we assume that the operator L;_; : M;_1 — M;_; on the lower level can
be represented by means of the operator L; : M; — M, and the transfer operators
Ii—l : Mi—l — Qs ;_1 : Mz — Mi—l in the form

(26) L,;_l = I;_1LiIz’—1 .
Note that the adjoint operator I ; : M; — M,;_y, for i =1,2,--- 1, is defined by
(Ii*‘lv,w)i_l = (’U,Ii_fw)i Yve M;, we M;_q .

We introduce a scale of norms on M; by

Hulll$® = \/(Lew,w)i, we M,

with o € (—00,00). In order to simplify the notation, we write

' 0
il = D, Jalis o= el € M.
The operator norm induced by ||| - |||; for an operator B : M; — M, is given by
Bull|;
D Bl = sup Ml

ueM;\{0} [ []¢ '
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On a fixed level ¢ € {1,---,1} we apply the CG-algorithm to reduce the error
u; — w; of the initial guess w; for the exact solution u; of problem (2.4). After m;
steps we get the error

Us — Vi 1= Bi(ui — wz)

of the final approximation v; on level i. In this way we define the operator B; :
M; — M, of error reduction on level i. This operator can be represented as a
polynomial in L;:

mq
(2.8) Bi=P(L;) =1+ axL¥,
k=1
with coefficients which depend on the parameters oq, - ,0m,, @0, , Qm,_, given

in the definition of the CCG algorithm (see [10]). Here and in the following we
denote by I the identity in the corresponding space. From [10] we recall the well-
known optimality property of the CG-algorithm:

Lemma 2.1. Among all polynomials of the form (2.8) with arbitrary coefficients ay,
the conjugate-gradient method minimizes the error u; —v; of the final approximation
v; in the norm ||| - ||l for a fized given initial guess w;.

3. OPTIMAL POLYNOMIALS

For estimating the norm of the error-reduction operator B; on the level i, we
consider polynomials ¢,, of degree m with ¢,,(0) = 1. These polynomials can be
written in the form

(3.1) gm(z) = | [ (1 = px) ,

s

Il

k=1

with parameters u # 0 for k = 1,..., m. Note that the polynomial P; that defines
the error-reduction operator B; on the level i has the same structure. We shall
show that on a given compact set [0,d] the parameters ug, for k = 1,...,m, can
be chosen in such a way that the resulting polynomial satisfies certain optimality
properties.

Lemma 3.1. For any v > 0 and any d > 0, there exist parameters ui, for k =
1,...,m, such that the polynomial defined by (3.1) satisfies

(3.2) (ax lam(2)] <1
and

v/2 < v/2
(3.3) (nax [27 g (2)] < 11 (m)d""™,

where ny(m) is independent of d and tends to 0 if m tends to infinity.

Proof. We consider the minimization problem
Find parameters py1,- - - , by Such that

(3.4) M(p, -y fom) = oBax, IV gm ()|

becomes minimal.
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In [13, §4.1], it has been proved that the solution of this problem defines the
polynomial g, with
(3.5) V& gm(x) = (=1)™pp cos((2m + 1) arccos \/z/d), pm = Vd/(2m +1).
One can check that g, is a polynomial in z of degree m with zeros at Z;, and whose
parameters py are given by

(3.6) bk = g‘c—lk = écos_2 21((22:;—1%,
In [13, §4.1] it has also been proved that
(3.7) lgm(z)| <1 Vz €[0,d].
It follows directly from (3.5) that
(3.8) [VZ Gm ()| < pm Yz € [0,d].
Now let us first consider the case v € (0, 1]. Using (3.7) and (3.8), we get
272G (2)] < VZ G ()" < &%/ (2m +1)7 Yz € [0,d).

Thus we have shown that there are parameters py in (3.1) such that the estimates
(3.2) and (3.3) hold with 7.,(m) defined by

1

for k=0,---,m—1.

(3.9 ny(m) = (CCESE for v € (0,1].
Next we consider the case v > 1 and put
_ _(_a_J v ifvyis an integer,
r=-[-= { [v]+1 otherwise.

Any integer m can be decomposed in the form
m=tr+s,

where t = [m/r] and 0 < s <r — 1. Then the polynomial

(3.10) Um () = G (€)1 (2)
is of the form (3.1), with ¢ parameters
= 1 ,m2i+1)
(3.11) M= 708 22+ 1)’
of multiplicity 7 — s and ¢ 4+ 1 parameters
1 _,m(25+1)

fori=0,---,¢t—1,

12 fi= - —— - forj=0,---,t
(3.12) e 7 €08 20t +3) orj=0,---,t,
of multiplicity s. Applying (3.7) to §; and Gi+1, we get
(3.13) | @m @) = [2(2)"° l@al* <1 Ve € [0,d).
In order to show (3.3) we use (3.8) for ¢; and §;+1, and obtain

¥/r
d
|27/%7 gy ()] < W ()" < Vi vz € [0, d]
2t 41

and

/r
i _ YA
|27/ g1 ()] < WE G ()7 < <2t—+3 Vo € [0,d].
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Consequently,
(314) 1272 @ ()] < |27/ 7 (@) |2 * Gopa (@)]° < /Py (m) Ve € [0, d],

where
1

1 =
(3.15) M(m) (2t + 1) (r=)/7 (2t + 3)s/7

Note that the function 7, (-) is monotonically decreasing with respect to m = tr+s.
Moreover, if s =0 (i.e., if m is a multiple of r) we have

1
c]. = ———————————
(3.16) W) = Gy 1)
Therefore 7,(m) tends to 0 when m — oo. Thus, setting py in (3.1) equal to the

values in (3.11) and (3.12) with their corresponding multiplicities, we get (3.3) for
the case v > 1 also. O

vz € [0,d).

=0(m™").

We set d = A}, where A} denotes the largest eigenvalue of the operator L; in the
space M;, and choose the parameters uy as in the proof of Lemma 3.1. Then the
optimal polynomial g, defines the auxiliary operator S; ,,, by

m
Si,m = Qm(Lz') = H(I - ,Ukai)y
k=1
which majorizes the error-reduction operator B; on level ¢ owing to Lemma 2.1.

Lemma 3.2. Let the operator L; be self-adjoint and positive definite. Then for
any v > 0, we have the inequalities

(3.17) 1S mwllls < A5 20, (m)||wl[|$7 vw € M;
and
(3:18) 1Ssmwlll < |llw]ll; Vw € M;,

where the function 0., is independent of d and tends to 0 if m tends to infinity.

Proof. We can assume that the set of eigenvectors {¢; }}”:1 of the eigenvalue prob-
lem

(3.19) Lip; = N\jp;, for j=1,---,n;  where n; = dim M;,

is orthonormal with respect to the inner product (-,-);, i.e.,
(@jawk)iz ks for j,k=1,...,’l’l/7;,

where 6,5, is Kronecker’s symbol. Then, using the basis representation

(3.20) w=Y_ap;
j=1
of w € M;, we get
2 i
1— _

(3:21) (It I P

j=1
and

(3:22) 1SimwlllF = Xam (e
j=1
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From (3.3) we obtain

D Nam V)l < m)(A) YN
j=1

j=1

(3.23)
=2 (m)(A) (lwl||S )2,

which implies (3.17). Using (3.2), we get immediately
n; g
Do Ng(g)ad <D el = llwlli,
j=1 Jj=1
which implies (3.18). O

4. THE ALGEBRAIC CONVERGENCE THEOREM

In order to formulate our abstract convergence result, we assume that the fol-
lowing criterion is satisfied:

There exist constants ¢* > 0 and v > 0 such that for i = 1,---,1 we have the

following relation between two neighbouring solutions u;,_1 and u; of the problems
(2.4):

(4.1) s — Ticxaia |15 < )72 g — Timrwia ||l

Note that this inequality can be proved not only in the case of H'T*-regularity
with A € (0,1], but also for A > 1 when for example second-order finite elements
are used.

Theorem 4.1. Let the operators L;, for i =0,...,1, be self-adjoint, positive defi-
nite and satisfy

Liy =1Ll .

We assume that the convergence criterion (4.1) holds for some v > 0. Then, for
each level i, where 1 = 1,...,1, the approximate solution v; of the CCG-algorithm
satisfies the inequality

i
(4.2) s = villls < ¢y my(my) Iy = L-vwgallly
j=1
where the constant ¢* and the function n, are independent of i and u; for j =

Proof. Let us denote the iteration error of the CCG-algorithm at level ¢ after m;
steps by

Ei = U; — Vy V’L=O,1, ,l.
Using the definition of the error-reduction operator B;, we have

€ = Bi(u; —wy) ,
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where w; is the initial guess for the CG-algorithm on level i. The polynomial g, ()
that defines S; , () has the form (2.8) with some coefficients altered. The mini-
mization property of the CG-algorithm (Lemma 2.1) implies that

lleillls = [1|Bi(us — wi)llls
(4.3) < 11Si,m (ui — wi)lls
S NSsm (ws — Limawi— )|l + [11Sim, Li-18i-1] s

Taking into consideration (3.17) and (4.1), we can estimate the first term in the

right-hand side of (4.3):
1S (s — iyl < (AE)Y 20 (ma) |lats — Timquia |||
(4.4) :

< ny(mg) |||us — Limqwi—1]|]s-

To estimate the second term, we use (3.18):
1Ssm dim1gi-allli < |[Himagiallls
and by (2.6) we have

Wireialll} = (Lo Lilici€io1,€i-1)i1
= (Li—18i-1,€i-1)i-1
= llei-alllEs-
Thus we obtain
(4.5) eallls < e ny(ma) [lwi — Licauia|lls + [llei-1llli-1,
from which the statement of the theorem follows by induction on i. O

Remark 4.2. Each term in the sum (4.2),

c*

2m; +1
can be considered as the error contribution at the corresponding level j of the
CCG-algorithm. Since c¢* is independent of j and m;, we can reduce this error
contribution by taking a suffiently large number of smoothing steps m;. Later we
shall see that asymptotically the size of the term |||u; — I;_1u;_1]||; also decreases
as the level j increases. This is important, since the complexity of the CG-iteration
increases with j.

g — Li—1uji—1l|l;,

5. THE BOUNDARY VALUE PROBLEM

Let us consider the following Dirichlet problem in an open bounded polygon
Q ¢ R? with boundary I' = 9Q:

2
(5.1) - ) 0i(aidu) +bu=f in Q
4,j=1
(5.2) u=0 on T,
where the coefficients and the right-hand side of (5.1) satisfy the conditions
Oraij € Ly(), q>2, i,j,k=12; a2 =as on
(5.3) b e Ly(Q); b>0 on £; thereare s > vy > 0 such that
V1 27,2:1 & < Zf’,j:l aii ()& < o Z?:l @2 V& €eR on Q.
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We shall use the standard notation of Sobolev spaces H*(Q2) equipped with the
norm | - ||s,o for any integer s > 0. The space H°() coincides with the space
Ly(2), and HE(Q) is the subspace of H!(Q) that is the closure of the set C°(Q)
of infinite differentiable functions with compact support in Q. With this notation
the problem (5.1)—(5.2) can be formulated in its weak form:

Find u € HL(Q) such that
(5.4) a(u,v) = (f,v)e W € Hy(Q),

where the bilinear form a(-,-) and the linear form (f,-) are given by

2
(5.5) a(u,v) = /(Z aij 0ju 0 + buv) dz, (f,v)a =/ﬂfvda:.

4,j=1

It is known that under the assumptions (5.3) the problem (5.4), (5.5) has a unique
solution [8]. Under the assumptions that f belongs to Lo(€2) and that Q is convex
the solution is H2-regular. This regular case has been studied in detail in [12]. Here
we are interested in the more general case of a non-convex polygon. To simplify the
presentation we consider only the case of one re—entrant corner with inner angle
6 > m at the origin (0, 0).

In order to describe the type of regularity loss, let us take a positive g in such
a way that the circumference of the circle with center (0,0) and radius ro cuts
only a sector w from the domain Q. Then we introduce polar coordinates (7, ),
where x; = rcos ¢ and zo = 7sin ¢, such that sector w is described by 0 < r < rg
and 0 < ¢ < 6. The singular behaviour of the solution in these coordinates is
characterized by the following function:

(5.6) w(r, ) = ré(r) sin e/,

where the constant y € (1/2,1) can be given in explicit form [9, 6]; for example
in the case of Poisson’s equation we have y = w/8. The cutoff function £(r) €
[0, 00) is given by :

1 if rel0,r/2],
(5.7) &(r) =< monotone if r € [ro/2, 1],
0 if r€lrg,00).

Using the singular function (5.6), we can represent the solution of (5.1)—(5.2) in
the form

(5.8) u(z) = v(z) + ow(z),

where w(z1,z5) = w(r cos ¢, rsiny) = w(r, ), and o and v denote a constant and
the regular part of the solution, respectively, that satisfy

(5.9) lol + [lvllze < cllflloo-

The regularity properties of the solution « can also be described by special spaces
with weighted norms [1]. For this purpose, we introduce the weighting function

(5.10)  ®p(xy,22) = Ps(rcosy, rsing) = da(r,p) =r°  for B € (—00,0)
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and denote by H™#(Q), for m > 0 and 0 < 8 < 1, the closure of C*®(Q) in the
norm || - ||, g defined by

lul2, 5 = lull2 s + /Q o Y (@maru)?ds,

mi+mao=m

mZ]-a leO, mZZoa
||u||(2,ﬁ = /QCIJIQBqux.
Then we have the following regularity result [7, Theorem 1.1]:
Theorem 5.1. Suppose that 1 —u < B <1 and
(5.11) f e HYP(Q).

Then the solution u of (5.4) belongs to H>P(Q), and there is a constant ¢; > 0,
which is independent of f, such that

(5.12) l[ullz,s < cill fllo,s-

Remark 5.2. Note that Lo(Q) C H®P(Q) for 3 > 0. Therefore the condition
(5.13) fe Ly

is sufficient for (5.11), and a positive constant cy exists such that

(5.14) Ifllo,s < c2ll fllo-

6. THE MESH REFINEMENT STRATEGY

Standard finite element triangulations result in optimal convergence rates, pro-
vided that the solution is sufficiently regular. A reduction of the convergence rate
can be observed both theoretically and numerically when the solution is not H?2-
regular. Consequently special mesh refinement strategies have been developed to
guarantee optimal convergence rates [9, 1, 14]. Standard techniques for adapting
the grid in the neighbourhood of singular points lead to a family of meshes with op-
timal order of convergence, but not necessarily to a family of nested finite element
spaces (see, e.g., [9]). In this section we derive a special mesh refinement technique
which guarantees both optimal order of convergence and a nested family of finite
element spaces.

We shall follow a technique described in [13]. Let us start with an initial ad-
missible triangulation Fy of 2 into closed triangles, i.e., each pair of triangles has
either no common points or a common vertex or a common edge. In order to de-
fine the refinement near the singular point A = (0,0), we introduce the refinement
index p > 1. Then every initial triangle is divided into 4 finer ones. If a triangle
of refinement level ¢, where i = 0,1,--- ,1 — 1, does not contain the origin (0,0), it
is subdivided into 4 triangles by connecting the midpoints of its edges. This type
of refinement is called a regular partition of the domain. Now let AAB;C; be a
triangle of refinement level ¢ and have a vertex A = (0, 0) (see Figure 1). We denote
by by the length of the perpendicular from A to the opposite side ByCy of the initial
triangle AAByCy. Then we construct the straight segment B;;1C;1 parallel to
ByCy at a distance bp2~(tDP from A, with ends B;t1, Ciy1 on the edges ABy,
AC) respectively. The midpoint of B;C; is denoted by A;1. Connecting the points
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A By, B

2

FIGURE 1. Irregular partition of triangle.

A1, Biti1, Ciy1, we get 4 finer triangles of the triangulation Fjy; at refinement
level (i 4+ 1). This type of refinement is called an irregular partition.

Thus, starting with the initial admissible triangulation Fq of 2, we end up with
a family of admissible triangulations F; for any i, where i = 1,2,--- . Before we
show that F is a triangulation of the type considered in [1], we note an important
property of the locally refined meshes constructed above. If we define the maximal
length of all edges of the triangulation F; by h;, then the relation

(6.1) h; = hy 271
holds true for ¢ = 1,2,---. This can be seen in the following way. On the triangu-
lation F;, for i = 0,1,---, all edges of triangles sharing A as a vertex have length
less than or equal to h;. Now let us consider the next triangulation F;4;. Since
the distance from each parallel line B;C; to A is by2~ ("t for i =0,1,-- -, we can
show by an elementary argument that

[Cis1Ci| < |CiCi1]/2, |Cip1Ai| < |CiAi1]/2.

|Biv14i| < |BiAi-1|/2, |Biy1Bi| < |BiBi-1|/2.
Therefore we have

hi+1 = hz/2 .

Thus by induction we get (6.1). To classify the properties of the triangulation we
shall use the definition given in [1]:

A triangulation F is said to be of type (h,, L) if it satisfies the following three
properties:
(i): for any triangle A € F and for any angle a of A, we have

(6.2) a>L7Y
(ii): if @, # 0 on A, then
(6.3) L7'®, (z) <da/h < LY, (2),

where da = sup{|z —y| : z,y € A} is the diameter of A;
(iii): if ®, = 0 at some point of A, then

(6.4) L~ sup ®,(x) <da/h < Lsup &,(x).
€N zEANA

Lemma 6.1. Let p be the refinement index and v = (p — 1)/p. Then each trian-
gulation F; is of type (hi,y, L) with a constant L independent of i.
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Proof. First, we note that in each initial triangle there are only 4 different types
of geometrically similar triangles at any level of triangulation. They are similar to
the triangles of ;. Therefore their angles are independent of the level number 4.
Thus (6.2) holds true with

6. L>Ly= -1
(6.5) > Lo = max a

Now let x € A; € F; and let &, # 0 on A, i.e., the point A does not belong to
the A;. We consider all triangles A, on lower levels that contain this x:

(6.6) zEA]’C"'CA¢+1CAiC"‘CA0€f0.

There are two cases. First, Ao does not contain A. This means that ®, > c on Ay
(and in particular on A;) for some constant ¢ that is independent of j. Moreover,
we have da; = da,hj/hy for j = 1,2,--- . Both these facts follow from (6.3) for
this type of triangle. Second, Ay contains A. Then there is an index 4 such that

(67) A g Az’+1 but Ae Az
The notation used in the following is given in Figure 1. The statement (6.7) implies

that = belongs to the trapezium C;11B;1B;C;. Therefore the inequality | — A| >
b2~ (“+1)r holds true. Hence, we have

(6.8) by2~ I < @ () < d),
by definition of ®.,. On the one hand, da,,, can be estimated from above by
(6.9) dAi+1 <dp, = dAOQ_ip.
Taking
L> Ly =da,hytby 72078,
we get
(6.10) A, [hiv1 < L1®4(2) < Lo, ().

On the other hand, da, , can be estimated from below by

dn,., >dn, /20 =270,

it+1
i+1
Taking
L7 <Lyt =dphyte?,
we get the inequalities
(6.11) dpsgs/hivs 2 Ly @y (2) > L7104 (2).
Thus (6.3) is proved at the level i + 1. At the higher levels j > i + 1, we have
dAj/hj = dAi+1/hi+l

by construction. Therefore (6.10) and (6.11) give us
(6.12) L7, (z) < Ly'®, () < dn, /by < L1D4y(2) < L4 (2)
for all 7 when ®., # 0 on A;.

Finally, let ®,(z) = 0 at some point * € A. This means that x = A. For
instance, let x = A € A;y1 = AAB;11Ciy1 in Figure 1. By analogy with (6.8), we
have

(6.13) by2~ DD < sup @ < dA,..
i+1
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Let us choose
L>Ls=dp,/(2h1b]) .

Since

(6.14) dp,,, = dp 2700

we get

(6.15) dp; i /hiv1 < L sup @, < L sup ®,.

Aot Dit
Then, for L satisfying
L' <Lyt =dy /2,
and taking into consideration (6.13) and (6.14), we have
(6.16) dn,,,/hiy1 > Ly " sup @, > L sup @,,.
JAVER] i1
Therefore, (6.2)—-(6.4) are proved if L is sufficiently large; more precisely, the choice
L = max{Lo,---, L4}

is sufficient to guarantee (6.2)—(6.4). O

Thus conditions (i)—(iii) of [1] are satisfied and we can use its results. For ex-

ample, there is a constant c3 independent of h; such that the number n; of interior
vertices in F; can be estimated in the following way:

(6.17) n; < cshi®.

Now we derive the Galerkin approximation based on the triangulation described
above. We denote by Q; the set of all nodes of the triangulation F;, and by €,
the set of all interior nodes. For each node y € Q;, we define the basis function
gog € H}(Q) by requiring it to be linear on each triangle of the triangulation F;, to
equal 1 at the node y and to equal 0 at every other node z € ;. We denote the
linear span of these functions by

H' =span{y; : y € A}
Considering (5.4) on the subspace H* C H}(Q), we get the discrete problem:
Find @; € H* such that
(6.18) a(ii,v) = (f,v)a Vv € H

Let M; be the n;-dimensional vector space of all vectors w = (w(z) : « € £;).
Then the formulation (6.18) is equivalent to the linear system of algebraic equa-
tions

(619) Liui = fz y

where u; € M; is the vector of unknowns with components u;(y), y € Q;; fi € M;
is defined by f;(x) = (f,¢%L)q for all z € Q;; L; is the matrix whose elements are
(620) Lz(za y) = a(@;a @;)7 va,y € Qi'

Let us define the usual isomorphism 7; between vectors v € M; and functions
¥ € ‘H' that are their prolongations, i.e.,

(6.21) b=Jv means 9(x)= Z v(y)ey(z), VzeQ,
YyeN;
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and, vice versa,
(6.22) v=J'% .is defined by v(y) =9(y), Yy Q.
Now we introduce the energy norm for functions belonging to H}(Q):
l3llle = £(5,9)"/?,

and specify the inner product and the norm for vectors in M;:

Ww); = Y v(@)w(@),

€,

o]l = (v,0)}"%, Vo,w e M.
From (6.20) and (6.21), we have for an isomorphic pair v € M; and 9 = Jv € H*
the relationship

(6.23) o[l = [llo]]]q-

Now let us introduce the interpolatiqn operator I; : M; — M;1. Let v € M,.
Since its prolongation 9 belongs to H!*!, the isomorphism associates with 7 a vec-
tor w € M;y1. In such a way, we have uniquely defined I; : v — w.

The convergence of the Bubnov-Galerkin solution to the exact solution was stud-
ied in a number of papers (e.g., [3]). A standard analysis on a quasi-uniform trian-
gulation gives a non-optimal convergence rate because of a loss of regularity in the
exact solution u. In our case we can however use the special nested triangulations
that are refined towards the singular point and hence obtain the optimal first-order
convergence.

Lemma 6.2. Let the triangulations F; at the levels i =1,--- 1 be generated with
a refinement index

(6.24) p>1/p

and let B = (p — 1)/p. Suppose that the assumptions (5.3) are satisfied and that
f € H%P(Q). Then the solution ii; of the Galerkin problem (6.18) satisfies the error
estimate

(6.25) v —@allla < cshill fllos -

Proof. Let us note that ( satisfies 1 — o < # < 1. This means that we can apply
Theorem 5.1 and prove existence of a solution of the continuous problem in H?#(Q).
Using Lemma 4.5 from [1], we can estimate the interpolation error by

(6.26) lu = ill1,0 < chillull2,s -

Here 9; denotes the piecewise linear interpolant of u on F;. Next, applying (5.12)
and using the equivalence of the norms ||| - |||q and || - ||1,o, we get

(6.27) Il = Billle < cahall fllo,6-

Finally, the optimality of the Galerkin solution @; implies that

v = @llle < |llu—villla < cahall fllo,s-

In the following we need
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Lemma 6.3. Under the assumptions of Lemma 6.2, the solutions U;—1, u; of the
Galerkin problem (6.18) in H'~! and H* satisfy the inequalities

(6.28) @ — i-1llo,—p < cshil|lt; — Gi-1llle,
(6.29) |t = di—1llle < [|lu— Gi-1][|o-

Proof. We shall use a duality argument as in [1]. Let z denote the solution of the
problem

(6.30) a(z,v) = (g,v)q Vv € Hi(Q)
with the right-hand side
9= 952 — Ui1)-
We show that g € H%P. From [1] we know that there is a constant ¢ such that for
all v € HY(Q) we have
[vllo,—5 < cllv]l1-
Setting v = @; — U;—1, we get
(6.31) lgllo,s = 1t — ti1llo,—p < |t — @izl < oo.
Let Z;_1 be the Galerkin solution of the problem
(6.32) a(Zi_1,v) = (g,v)a Vv eH
Applying Lemma 6.2, we obtain
(6.33) Iz = Zi—allle < cahi—1]|@; — Gi—1]lo,— -
From (6.30) and (6.18) we get the representation
llt; — ﬁi—l”%,_g =a(z — Z_1,U; — Us—1).
By means of the Cauchy-Bunjakovski inequality we obtain
la: —ialls s <z = Zicalllellli: — dialllo
< cahia||t — Giallo,-pll|E — Bi-1]|lo,

which yields (6.28) with c5 = 2¢4.
In order to prove (6.29), we set v = @; — @;—1 in (5.4) and (6.18); this gives

a(u, @ — Ui—1) = a(t, 4 — Ui—1),
and taking into consideration
a(ti—1,U; — U;—1) =0,
we obtain the representation
a(u — Uy, Uy — Ui—1) = ally — U, Uy — Use1).
Estimating the left-hand side by the Cauchy-Bunjakovski inequality,

a(u — ti—1,8; — Ui—1)

Il = @1 llellld: — di-1lle,

we finally get (6.29). O

[t — -1/

IN

In order to check the convergence criterion (4.1) in the next section, we need a
result on the equivalence of norms.
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Lemma 6.4. Let v € M;, = Jiv € H' be an isomorphic pair, let p > 1 be the
refinement indez of the triangulation, and 8 = (p —1)/p. Then there are constants
cr,cg > 0, which are independent of i, v, and D, such that

(6.34) crl|9llo,—p < hallvlli < csllollo,—p-

Proof. First we consider a triangle Aajasaz € F; that does not contain A = (0,0).
Then we have (6.3), which gives

h2 h?
L—Z—g—/ dexg/ 0% de < L*—+ [ 7 dw.
d d
A JA A A JA
From (6.2), we have the affine regularity of A and get, analogously to Theorem
3.13 of [13],

e d% (v¥(a1) + v2(az) + v2(ag)) < /Af;? do
< cod (v*(a1) + v*(ag) + v*(as)),

with a constant cg that is independent of A. Thus

(6.35)

cg 'L72R2(v2(a1) + v¥(az) + v (a3)) < /AT)Q‘I'EZ dx

S CQLQh?(vQ(al) + 1)2(0,2) + v2(a3)).

Second, we consider a triangle A € F; that contains A = (0,0), e.g., AAB;C;.
From the left-hand side of (6.4), we get

L'—l@ﬁ(:l?) < dA/hi Vr € A.

Therefore we obtain as above the left-hand side of (6.36) for this A. It remains to
show the second inequality of (6.36). For this we introduce barycentric coordinates
X1(z), A2(z), Az(x) corresponding to the vertices B;, C;, A respectively. Since
v(A) = 0, we have

(6.37) 0(x) = v(Bi)M(z) +v(Ci)Aa(z) Ve A.
Let C; = (by,b2). Then
' |A1(x)| = |z1b2 — T2b1]/(2measA) .
From the Cauchy-Bunjakovski inequality, we obtain
[A1(z)] < r(z)da/(2measA) Vz € A.
The Law of Sines and (6.2) imply that
2measA > d2% sin®(1/L).

(6.36)

Consequently we have

(6.38) A1 (2)| < r(z)/(da sin?(1/L)).
Analogously, we get
(6.39) Me(@)] < r(@)/(da sin’(1/L)).

From the second inequality of (6.4), we have

(6.40) dp/hi < L sup r(x) < Ld%, ie., dx?<Lh.
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Using (6.37)—(6.39), we get
/ 7 (2)r2%(z) d = / r28 () (0(Bo)\ () + v(Ci)ha(x))? d
A A
< er0d2(0(By)| + [u(Ch)])? / P22 (z) da

< 2¢10d 2% (v3( / / =20 drdy

< 6100d2 2'6( (B ) + v (
< c100L2h2 (v (By) + v (Ci)) )

(6.41)

where ¢ = sin”2(1/L). Now we are able to prove the second inequality of (6.34)
by summing the left-hand side of (6.36) over all triangles A € F;:

& LR = 'L Y v ) < [ 57 de = (ol
yeN; Q
Thus we can take cg = /cg L in (6.34). To prove the first inequality of (6.34), we
sum the second inequality of (6.36) over all triangles A € F; that do not contain
A and (6.41) over all triangles A € F; that do contain A. This gives

||17||(2)’_/B = / 92 (z)r~%(z) dz < ¢ kL*h? E v2(y) = c.ikL?R2|v|? ,
Q
yeN;

where ¢11 = max{cy, c100} and k is the maximum number of triangles having a
common vertex. Therefore we can take ¢y = c;;/ *k~ /2L~ in (6.34). O

7. THE MAIN CONVERGENCE RESULT

Now we are ready to apply the abstract convergence result of Theorem 4.1 to
the boundary value problem.

Theorem 7.1. Let the assumptions (5.3) and (5.13) on the data be satisfied and
let the refinement index p of the triangulation be greater than 1/u. Then for the
CCG-algorithm with m; iterations on each level j for j = 1,---,1, we have the
error esttmate

(7.1) e = vellle = [l — v lle <0122 1o,

m; + 1
where U; = Jyu; and v; denotes the final approm’mation of the CCG-algorithm.
Proof. Let us note that for i = 1,--- ] we have the usual estimate

(7.2) 0< A <cg

for the largest eigenvalue A} of the matrix L; (see, e.g., [13, Theorem 3.14]). Taking
into consideration (6.28) and (6.23), we get

(7.3) @ — @i—1llo,—p < cshilllui — Limauial|li-
The norm equivalence (6.34) gives

(7.4) hillus — Liauia[li < cgll@ — ti-allo,—s-
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Combining these inequalities with (7.2), we obtain

(7.5) s — imywicalli < cscsy | solllus — Lioyuioallli-

A*

This proves (4.1) for v = 1 and ¢* = ¢5¢g,/Cs. Since all the assumptions of Theorem
4.1 are satisfied, we get

v — ]|l < ¢

i; — j-1lln

j=1
from (3.9) and (6.23). Owing to (6.29) and (6.25), we have (7.1) with c12 = c*cacy.
O

Now we count the number Noog of arithmetic operations for the full CCG-
algorithm and try to choose m; in an optimal way. Upper bounds for the arithmetic
operations have been considered, e.g., in [12], [13], and are given by

1
(7.6) Necag < N(ma, -+ ,my) ij +da)n; +ds

with constants di, dy and ds that are 1ndependent of mj, n; and h;. On the
other hand, the accuracy of the CCG-algorithm is characterized by the value € =
e(my,...,my):

_ h;
(7.7) Wlla = aillle < e(ma,---,mi) d422m )
J

with the constant ds = c12|f|lo- This leads us to solve the optimization problem:

Find my,--- ,my such that the value (myq,--- ,my) is minimal under the con-
straint
(78) N(mla"' 7ml) S d5

for an appropriate constant ds > 0.

Applying the method of Lagrange multipliers, we obtain
(7.9) (2m; + 1)2 = dghj/nj, forj=1,...,1,

with a constant dg that depends on di,---,ds but is independent of m;. We
eliminate dg by using (7.9) for j =, and get

(7.10) 2m; + 1 = (2my + 1)/ hyng/hyn;.

Since h; = 2!=9h; and n; ~ 4'~9n;, we obtain
(7.11) 2m; + 1 & (2my + 1)230-9)/2,

We use this relation in the following way. Fixing the number of iterdtions at the
highest level | by setting m; = m, we choose m; at the lower levels as the smallest
integer m; such that

(7.12) om; +1> (2my+ 1)V for j=1,... 1 1.
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Theorem 7.2. In addition to the assumptions of Theorem 7.1, let the number m;
of iterations in the CCG-algorithm be defined by (7.12). Then the error of the final
approzimation v in the CCG-algorithm satisfies the estimates

U h
(7.13) s = vl = |11 = Blle < exs 5= 11 lo
and
~ C
(7.14) ke = @illla < hu(eaca + 5 =) Il

where U; = Jyv; and the constants co and ¢4 are given in (5.14) and (6.25). The
number of arithmetic operations is bounded by

(7.15) Neoce < (cram + cis)m;

the constants ciz3—c15 are independent of the number of levels, the number of CG-
iterations on the highest level m, and the number of unknowns on the highest level
ng.

Proof. Using (7.12) and the relation h; = 2!=7h; in (7.1), we get

!

L hy _—j

I~ il < era s 3 2072 g
=1

Summing, we get (7.13) with the constant ci3 = ¢12/(1 —27'/2). From the Euler
formula for a polyhedron, we have

(7.16) n, > 47In;.
The definition of m; implies that

2m; +1 < (2m+1)230-9/2 1 9,
Using these inequalities in (7.6), we obtain the estimate

1
Ncog < dimg Z((2m +1)230=9/2 _1/2 4 dy)2720-9) 4 dg.
j=1

Calculating the sum, we finally get (7.15) with constants
ca=2/(1-2"Y2) and ¢15=1/(1 —27Y2) + (4dy — 2)/3 + d3. O

Remark 7.3. Now choosing m in order to get cocy ~ c13/(2m + 1), we see that the
amount of arithmetic operations is proportional only to n;.

Remark 7.4. The inequality (7.14) shows that the final numerical solution produced
by the CCG-method. is, in the energy norm, of the same order of magnitude as the
discretization error of the finite element method. Nevertheless, this approximate so-
lution ; is not the finite element solution and may not have a higher-order L? norm
error nor exhibit superconvergence. In this sense, the CCG-method is not as good
as multigrid V-cycle iterations or the CG-method with a V-cycle preconditioner
23], [14].

Remark 7.5. The inequality (7.12) gives an upper bound for the estimated number
of iterations on each level. For the coarse grids this bound may be too pessimistic
(i.e., much larger than the number of unknowns).
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