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CONVERGENCE RATES
TO THE DISCRETE TRAVELLING WAVE
FOR RELAXATION SCHEMES

HAILIANG LIU

ABSTRACT. This paper is concerned with the asymptotic convergence of nu-
merical solutions toward discrete travelling waves for a class of relaxation nu-
merical schemes, approximating the scalar conservation law. It is shown that
if the initial perturbations possess some algebraic decay in space, then the nu-
merical solutions converge to the discrete travelling wave at a corresponding
algebraic rate in time, provided the sums of the initial perturbations for the
u-component equal zero. A polynomially weighted {2 norm on the perturba-
tion of the discrete travelling wave and a technical energy method are applied
to obtain the asymptotic convergence rate.

1. INTRODUCTION

We shall investigate here the convergence rates to the stationary discrete travel-
ling wave for a class of relaxation numerical schemes of the type introduced by Jin
and Xin (7] as well as Aregba-Driollet and Natalini [1] to approximate the scalar
conservation law

(1.1) ur + f(u)a =0

when the relaxation time is small.
The relaxation numerical schemes we consider take the form

(1.2)
u?“ —uj + %(v;brl —v7_y) = §(ufy —2uf +uf ) = 0,
VTt =P+ (- u) = S - 207 + o) = —k(oft = f(ufT).

The discrete solution (u”,v™) := (u},v});jez is a numerical approximation of the
point values (u,v)(x;,t,) on the grid given by z; = jAz and ¢, = nAt, with
Az = r and At = h being the spatial and the temporal mesh lengths. Further, we
assume that the mesh ratio A = %,% satisfies the Courant-Friedrichs-Lewy (CFL)
condition

(1.3) pi=+a\ < 1.
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The relaxation scheme (1.2) with x = At/e > 0 was introduced in [7] as an approx-
imation to the system

u+v, =0, z€eR, t>0,
(1.4)
U+ auy = —%(’l) - f(u))7

which approximates scalar conservation laws (1.1) when the relaxation rate e > 0
is small. For rigorous justification of such a kind of zero relaxation limit we refer
to Chen, Levermore and Liu [2], Liu [14] and Natalini [22], etc., for 2 x 2 systems.
One of the main advantages of the system (1.4) is its form of local relaxation
structure and linearity in convection which makes it possible to solve this system
quite easily by underresolved stable numerical discretization using neither Riemann
solvers spatially nor nonlinear systems of algebraic equations solvers temporally [7].

In (1.4), the constant a > 0 is assumed to satisfy the subcharacteristic condition
introduced by Liu [14]:

(1.5) —v/a < f'(u) < y/a for all u under consideration.

To see that (1.4) is a good approximation of (1.1), application of the Chapman-
Enskog expansion to (1.4) implies

(1.6) ut + f(u)e = 5[(02 - f,(u)2)uw]m-
The Cauchy problem for (1.6) is well-posed if (1.5) holds.

Throughout this paper it is assumed that the flux function f is smooth and
convex, i.e.,

(1.7) f"(u) >0, for all u under consideration.

Our interest here will be on the discrete traveling wave solution of (1.2) propa-
gating at subcharacteristic speed s = 0 in the sense that

(1.8) —Va<s <.

If (u™,v"™) = (Uj,Vj)jez is a travelling wave solution to (1.2) connecting constant
states (u4,v+) = (Utoo, Vo), We must have

Vg = f (u:i:)a
since the only constant state solutions of (1.2) are equilibrium states which are on
the equilibrium curve v = f(u) in the state space (u,v).

Under the CFL condition (1.3) and the subcharacteristic condition (1.5), related
to an admissible stationary shock denoted by (u—,u4,0) for the equation (1.1), the
scheme (1.2) admits a unique stationary discrete travelling wave (U;,V;);cz
with U; taking on a given value u, € Juq,u_[at j =0, i.e., it satisfies the conditions

Vit = Vi) = vVa(Uj1 = 2U; + Uj1) = 0,

(L9) (Uj1 = Uj) - ﬁ(vjﬂ —2Vi+ V) = -2V, - f(Uy), j€Z,
‘ llm]_-yj:oo(UJ,Vy) = (uﬂ:af(ui))v

Ujlj=0 = tx.
The existence of such discrete solutions and further properties, see Proposition 2.1,

were proved by Liu, Wang and Yang [17]. Moreover, by using the energy method
the authors in [17] were able to show that these stationary discrete travelling waves
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are nonlinearly stable with respect to initial perturbations, provided the total mass
of the perturbation is zero.

The main goal of this paper is to improve the nonlinear stability results in [17]
by establishing the time convergence rates to a stationary discrete travelling wave
(U;,V;)jez- To the author’s knowledge, this seems the first time-asymptotic con-
vergence rate for a difference scheme applied to a relaxation system of conservation
laws. The result is based on an observation in Liu, Woo and Yang [19] that the
perturbation of travelling waves that initially decay in space with some algebraic
rate yields a corresponding decay rate in time; see also Zingano [27]). This obser-
vation suggests that we should use L2-based weighted norms on the initial pertur-
bations to investigate the algebraic decay. This strategy was initiated in a paper
by Kawashima and Matsumura [8] for the scalar viscous conservation law. Using
this approach, a time decay result in the context of numerical scheme was obtained
by Liu and Wang [13]. In the present paper the algebraic decay in space will be
encoded through the use of an algebraic discrete weight analogous to [13]. The
result then states that the perturbation will decay algebraically in time.

Now we state the main theorem in this paper.

Theorem 1.1. Assume that the CFL condition (1.3), the subcharacteristic condi-
tion (1.5), and (1.7) hold. Let (U;,V;) ez be a stationary discrete travelling wave
defined by (1.9) connecting (us, f(ut)) to (u—, f(u—)). Assume that

(1.10) > W -U;) =0
jez
and, for some a > 0,
(1.11) DI+ ) - U+ 1+ %) 2 ) - V3] <6
jez
for some positive constant 6. Then the unique global solution (uj,v})jez to the

relazation scheme (1.2) with the initial data (u], ])JEZ tends m the mazimum
norm to the discrete travelling wave (U;,V;)jcz at the rate

(1.12) Supl(uj, o) = (U;, V)] < C(L+nh)~*/2V/6, n>0,

provided ) is suitably small, k € RT.
A few remarks are in order concerning the theorem and its proof.

Remark 1. Although we only present the results for implicit scheme in the theorem
and its proof, however, it should be clear from our analysis and the nonlinear
stability analysis in [17] that the corresponding result holds for the explicit scheme
in the form

uptt —up + 3 —vf) - Sy — 20 +up ) = 0,
v;'lﬂ vi + a/\( ujyy —up_) = 5(0f — 207 407 ) = —k(v] — f(u})),

under some technical restriction on « (for stability result, 0 < kK < 1 in [17]).

Remark 2. Our result shows that there is a relationship between the spatial decay
assumed of the initial perturbation and the rate of decay in time. In this sense the
theorem exhibits the transformation of spatial decay into temporal decay.
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Remark 3. In the theorem and its proof we just use the fact that «x > 0. If we take
k = exp(At/e) — 1 instead, then (1.2) will reduce to a relaxation scheme studied
in the paper of Aregba-Driollet and Natalini [1]. They considered a fractional-
step scheme, where the homogeneous (linear) part is treated by some monotone
scheme and then the source term is solved exactly thanks to its particular structure.
Therefore the asymptotic convergence rates presented in Theorem 1.1 still hold true
for a first order relaxation scheme in [1].

It is well known that in general the initial value problem of (1.1) develops dis-
continuities in a finite time which present difficulties for numerical computation of
solutions to (1.1). Discrete shock profiles of the numerical schemes for (1.1) epito-
mize the propagation of solutions and structure properties of shocks in numerical
solutions. In recent years existence and stability of discrete shocks has been an
interesting subject of study. The existence of a discrete shock was first studied by
Jennings [6] for a monotone scheme. For a first order system, Majda and Ralston
[21] used a center manifold theory and proved the existence of a discrete shock; see
also Michelson [20]. The asymptotic stability for scalar equations was studied by
Jennings [6], Tadmor [25], Smyrlis [24], Engquist and Yu [3], Liu and Wang [11],
[12], and other authors. For a first order system, Liu and Yu [15] recently showed
both the existence and stability of a discrete shock when the relative discrete shock
speed is a diophantine number. For a modified Lax-Friedrichs scheme Liu and Xin
[9], [10] proved the stability of discrete shocks. For a general initial perturbation,
Ying [26] obtained a stability result for the Lax-Friedrichs scheme. For the exis-
tence and stability of the discrete travelling wave for some relaxing schemes, see
[17], [18]. Existence and stability of discrete shocks are essential for error analysis
of a difference scheme approximating (1.1); see [6], [9], [3] and [4]. These and our
other references also quote and describe further earlier work.

The rest of the paper is outlined as follows. In Section 2 we recall the existence
and stability of the stationary discrete travelling wave, then reformulate the original
problem and restate the main theorem. In Section 3 the basic time decay estimates
are proved by using a weighted energy analysis. The proofs of some intermediate
technical energy estimates summarized in Lemma 3.4 are relegated to Section 4,
from which the restriction on A is clarified. Finally, the main theorem is proved
in Section 5. Some computations in grouping of terms for constructing the energy
function are carried out in the Appendix. Grouping terms in this way yields a
simpler energy function than that in [17]. Actually our proof here reduces to a
slightly simplified version of the stability proof in [17] after replacing the weight by
1 in this novel energy expression.

We end this section by presenting the following definitions of discrete norms to
be used in subsequent analysis.

First let us define the weighted [2-norm. Suppose that {K; > 0,j € Z} is any
discrete weight function. For any infinite dimensional vector v = (u;);ecz, we define

2

ule = | D lu[*K;
i

We denote the corresponding space by

3 ={u |u|lg < oo}
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When for r = Az specifically K; = (jr)® = (1 + (jr)?) % for some a > 0, we write
lf< =li with norm |- |x = | |a-

Ifa =0, ||, becomes the regular I norm |- || = |-|o. We will denote the difference
of a discrete function (u;);cz in space by

Au = (uji1 — Uj)jez.
2. DISCRETE TRAVELLING WAVE AND MAIN THEOREMS

Let (Uj,V;)jez be a stationary discrete travelling wave connecting (u+, f(u+))
for the relaxation scheme (1.2). For the existence of (Uj,V;);jcz a necessary and
sufficient condition is Rankine-Hugonoit relation

(2.1) flus) = fuy)
combined with Lax’s shock condition
(2:2) flug) <0< f'(u-)

when the propagation speed s = 0. Due to the convexity of the flux function f, the
shock condition (2.2) is equivalent to
U4 <U_.

Further, it was shown in [17] that (U;);ez, the u-component of the discrete travelling
wave (Uj, V;)jez, is the stationary discrete shock profile of a monotone conservative
difference scheme which becomes as € — 0,

(2.3) “j+1 =u; — 5(f(“j+1) = f(ui_1)) + §(uj+1 = 2uj +uj_q).

The scheme (2.3) is a first order monotone difference scheme for the scalar conser-
vation laws (1.1). This yields the monotonicity of (U;);cz, which is crucial in our
stability analysis.

Proposition 2.1 ([17]). Under the Rankine-Hugonoit condition (2.1), Laz’s shock
condition (2.2) and the subcharacteristic condition (1.5), for each given u. €
Jug,u_[, there exists a unique stationary discrete travelling wave (Uj;,V;)jez for
the scheme (1.2), i.e., (U;,Vj)jez satisfy (1.9). Moreover,
7 Ujr1 < Uj forany j€Z.
Let (uf,v})jez,nen be the numerical solution of (1.2) corresponding to a slight
perturbation of the wave profile (Uj, V});ez, i-e.,
(ug,v7) = U, V5) + (45, 0;)

with (@4e0, V400) = (0,0) and (Uteo, Vioo) = (ut, f(us)). After assuming
(2.4) > W) -U;) =0,

j€z
we have

> (uf =U;) =0

J€z
indicated by the conservation form of the first equation in scheme (1.2). Then we
can expect to show that

(2.5) (uj,vi) — (U;,V5) as n — oo.
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Denote

J
(2.6) )=y () -Uy), 05 =)V,
i=—00
When |||+ ||2°|| is small, the authors in [17] could derive energy estimates related
to (2.5), leading to the following result.

Theorem 2.2 ([17]). Let (U;,V;) ez be a discrete stationary travelling wave of the
relazation scheme (1.2). If ||u®|| + ||2°|| is suitably small, then there exists a unique
global solution, (u},v})jcz, to the scheme (1.2) with initial value (ud,v)jez such
that

Tim S~ U+ o = Vi) =0
J

provided )\ is suitably small, and k € RT.

Also, experience suggests that, in the case of discrete shock profiles, perturba-
tions might decay quite fast as n — oo, provided they are sufficiently localized in
space. Our main result in Theorem 1.1 shows that this is indeed the case; and
Theorem 1.1 can be obtained from the following theorem.

Theorem 2.3 (Convergence Rate). Let (u},v});jez be a solution obtained in The-
orem 2.2, and (a5, ))jez € I3 for some a > 0. If [u®]y + |0°|o is suitably small,
then

sup |(u} — Uy, v} = V;)| < C(1 +nh) ™% (ju°]q + [2°]a)
J

for all n € Ny.

Theorem 1.1 is a direct consequence of Theorem 2.3 if we note that the condition
(1.11) in Theorem 1.1 implies that (a),99);ez € I2 (whose proof requires a discrete
version of a weighted Poincaré inequality and is omitted here; for details, see [5]).

In order to prove Theorem 2.3, we reformulate the scheme (1.2) by formally
introducing

J
2.7 uj = Z (ul, — Uk), vy = vy = Vj.
k=—00
It will be shown below that the summation always gives a finite value.
Now, both (u},v});ez and (Uj,Vj) ez satisfy (1.2); by taking the difference of
the two systems of the scheme and summing the first equation with respect to j
over (—o0,j), we obtain, after linearizing the resulting system around the wave

profile (U;, V) ez,

—n+l __ —n A(m»n A\ __ B(mn _ 9mn ST —
U uj + 5V, +07) = 57y, — 207 +@j_,) =0,

(2.8) O — 0+ QU — W - Gy + G ,) — SOy, — 207 07 )

= R - A (@ — At - ),
07 = fith) — £(U) — £(U) ()™ = U))

(2.9) 1 2
=5 T+ A =n)U)T = U5)7, 0<n <,
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(2.10) A; = f/(U;),
(2.11) u} —uj_y =uj —Uj.
Set

n A
(2.12) L} = =5 (07 +97).

This by the first equation of (2.8) yields

n _ —n+l =N
(2.13) I =at - —

(ujyq — 20y +aj_,).

N =

For simplicity of presentation, we introduce

S e SR R
(2.14) Wy = Ujp1 — Uj—1y Wy = Ujpr — Uy

Further summing both sides of the second equaion of (2.8) with index j and j + 1,
then multiplying by —_2—’\, we get

(2.15)
L(a}) = L;.”rl - L7 - ETH_NJF—U(L;LJrl T4+ LY ) - 4(K+1 (wJ+1 w_ )
vl Rt - zm;
= (nj—l)e;'H_la
where
(216 = =S O, = Var

The corresponding initial data for the reformulated scheme (2.15) are

>

(217) ﬁ?ln:O = ﬂ?, L?In:O = Lg = _5(1_)?4'1 + Q_)?)

We observe from (2.9) that the right hand side (—Kj_—l)e?H in (2.15) involves only high
powers of terms which we expect to be small and have little effect in the subsequent
energy analysis for small perturbations. As shown in [17], the most important prop-
erties for the stability of the discrete travelling wave are its compressity, expressed

by the inequality
(2.18) Aj> A, €L,
which is implied by the convexity of f and the monotonicity of U; in j; as well as

the fact that the wave travels at subcharacteristic speed, see (1.8). In fact, under
the assumptions in Theorem 2.2, the authors in [17] were able to derive the energy
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estimate

(2.19)  sup Z{4(Lz k+1)2( at)? + (kil)Q( @i)? + k+1( wh)? }

0<i<n

12 2/\ i+1 2 k:u’2 —i _iN2
+ZZ{(k+l 3 (<) + 24 - A7+1)(k+1)2( i) +m(“’j+1—%‘)

k2 z2
T @)t @
3 . .
J“(k+1)(‘“3‘+1““j)2 k+1

provided we take |||+ ||2°|| sufficiently small (see [17] for the detailed derivation).
Let us point out that (2.19) implies the stability result in Theorem 2.2, but, due to
the fact that

- u5)® + (k+ D ey (Lo — L )2

ki } < o) + [2°]),

Aj—Ajp1—0 as j— Foo,

no decay rate can be directly inferred from (2.19). This will be done by a different,
though related, analysis.
We now restate Theorem 2.3 in terms of (4}, L?) ez as follows.

Theorem 2.4. Under the assumptions of Theorem 2.3, there exists a positive con-
stant €1 such that if |u°|, + |L°|o < €1, then the Cauchy problem (2.15), (2.17) has
a unigue global solution (u},L7) ez such that

(220) (1+nh)* (a2 + IL712] + (1 +nh) P 3O(1+ik)=+

i<n
B + ALY + plad 2] < C a2 + |L02]
for any p > 0.

It is easy to get the unique solution (u}, L?) ez from the scheme (2.15) for some
n > 0. Our effort henceforth is concentrated on establishing the basic time decay
estimate (2.20) which is carried out in Sections 3-4. The proof of Theorem 2.3
based on Theorem 2.4, is given at the final Section 5.

3. TIME DECAY ANALYSIS

In this section, we investigate the time decay estimates for (L;?, ﬁ;‘) jez generated
by the reformulated scheme (2.15) with initial data (2.17). First we present the basic
reasoning behind the argument. Let us rewrite the scheme (2.15) as

(3.1) L1(@5) + Lo(u]) = —ef ™,
where
= +1 s

Lo(u?) := L™ + )[A JOI + Aot

K
k+17 (
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Because of the subcharacteristic speed of the wave profile, the dynamics for the
perturbations is expected to. be mainly governed by the first order approximation
scheme
Lo (ﬂ?) =0

with propagation speed (A;)jez. Since a discrete shock profile (Uj);ez is strictly
decreasing in j € Z, see Proposition 2.1, and f(u) is convex, there exists a unique
Jo € Z such that U;, < @ < Uj,—1, with @ € Juy,u_[ uniquely determined by
fl(@) = iﬁ%:i(__%) = 0. Again by the convexity of f and A; = f'(U;), we have

(32) A]'O <0< Ajo—la Aj < Aj_l, jE€ Z.

Experience suggests that at large times most of the information for solutions of
(3.1) come from points j away from jg on the initial line. Thus we can consider
a decay factor n”|j — jo|® in deriving our time decay estimates. Without loss of
generality, we may assume jo = 0. We introduce for r = Az and h = At the
abbreviations

P;:=(jr)? and Hj;:= (1+nh)",

where € ]0,a] and v are positive constants at our disposal. To avoid the singu-
larities we choose a time-dependent discrete weight function of the form

K} =H"Pj, jEZ,
which will be used to characterize the decay rate.
In fact, the above choice of jo and the convexity of f give us a lower bound for

Aj = MAjPj — Ajy1Pjy1)

with A; = f(U;) satisfying (3.2) and P; = (jr)?, 8 € [0,a]. This lower bound on
A; plays a crucial role in our later argument and is summarized in the following
lemma.

Lemma 3.1. For any (8 € [0, ], there exists a positive constant cy independent of
B such that

(3.3) Aj 2 coB(jr)’~'h
for any j € Z, provided X is suitably small.
Proof. The proof can be done by an analysis similar to [13]. We omit the details. O

To handle the weighted terms, we further state some basic estimates on the
weights P; = (jr)% = (1 + (j7)?)%/? and H" = (1 + nh)".

Lemma 3.2. (i) For any j € Z and (8 € (0, o], there exist constants 6 € ]0,1[ and
¢ >0, C. > 0 such that

0~'P; > Pj11 > 0P,
e Br(jr)? = < [Piy1 — Pi| < CoBr(jr)® 1.
(it) For any n € Ny and v > 0,
H™ < H™' < (1+h)H",
H™ — H™ < 4(1+ h)"(1 +nh)" h.

Proof. The proof of (i) can be found in [16]; and (ii) can be easily verified by using
the Taylor expression. O
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Armed with Lemmas 3.1 and 3.2, we turn to establish the basic time decay
estimate. Set

(3.4) N(n,a) := Oililgn[lﬁili +IL'2], N(n):=N(n,0),

where | - |, denotes the norm in the weighted [2 space.

In what follows, we always assume that N(n) is small for any given n; > 0.
This assumption will be verified by an a priori estimate in subsequent sections,
if the initial perturbation N(0,«) is sufficiently small. To derive such an a priori
estimate, we need the following inequalities:

sup_suplai| < v/N(m),
J

0<i<n
(3.5) sup sup|Li| < +/N(n),
0<i<n j
sup sup |(w}, wi)| < 24/N(n).
0<i<n j

In order to shorten notation, we introduce

(3.6) G(i,8) = |u'l3 + L', i€ Ny,
which satisfies G(0, 8) = N(0, 8) and

(3.7) G(,8) < N(n,(), fori<n.

We will solve the Cauchy problem (2.15), (2.17) in 0 < n < ny for a given n; > 0.
The most important step of the whole analysis is to establish the following estimate.

Lemma 3.3. Let (u},L})jez be a solution of (2.15) for n < ny. Assume that
N(n1) and X are sustably small. Then for any B8 € [0,a] there erists a positive
constant C independent of ny such that for all n < ny and

IT*(5 = [L*[5 + wla*t! — u'(3 + p|AT (3 + p|ALYE, i€ No,

the following estimate holds:

(38) (1+nh)'G(n,B)+ 8> (1+h)'G(i, 8- 1h+ D (1+ih)7|I[3

<n <n

<cC {G(O, )+ (1+ih)"7'G(i, B)h

i<n
+8Y (1 +h)7 [ Aa? + ||ALi||2]h} .
i<n

Proof. The proof consists of three steps: grouping of terms, energy estimates, and
concluding the proof.
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Step 1. Grouping of terms. Multiplying (3.1) by 2L7 K7} and summing the result
over j € Z for 0 < n < ny gives

D 2P KR (L3 - L7) - + - Z LKLY, — 207 + L7 )
J
Hz
J

L)

KA nrn —n+ 2K n nn+1
+ﬁ+1 KPLP(Aopt + Ay o)t = Z’H_lL]K :

After a few summations by parts, we obtain

Z{(L;&+1)2Kjﬂ+l _ (L?)QKJn _ (K;‘b+1 _ K}‘)(L?-H)Z _ (L;}+1 _ L;L)ZK;L

u n n n n n
+ (K} (L} — L) + (K — KP)Lp (L — LY)]

k+1
(2
(3.10) " 2(k+1) [(KFyy = KF) L3 wf + K ywi(Lfy = L3y)]
' K n n n n n n n
+ +1[2K (L7)2 + AM(LD)? + My 41 KTy (L7 + LT)
(= W@+ L@ + @) = MKy — KA Lol |}
2K nrn_ n+l
- /~e+1ZKijej ’
J

where

AT = N(EPA; — Ky A1) = A;H™.

J

In fact, two typical terms involved in leading to (3.10) can be given as follows.
Using the indentity

(L;L+1)2 _ (L;L)Q — ZL?(L?-H _ L;z) + (L;H-l _ L;L)2
in 23 KPLP(LH — LF), we arrive at

ZKJn [(L;jb+1)2 _ (L;H-l _ L?)Q _ (L?)Z]

=D (PR (LDPKG = 3 (L — L7)PK
J J J
_ Z(L?+l)2(K;L+1 _K;L)
J
Using the relation

- oy Bos
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in the last term of the right side of (3.9), one obtains

1
H+1ZAJ+1 K + LYK )] nias

=H+1ZAJ+1 L34y + LK = LYKy — KJ)]
_ M, _ _
: [ T - Ly a0y + S (@, - 20] +w;_1)]
K 2
J

_ M, _ _ KA B
@ S @ 20+ 07| - 5 DT A (K - KL
J

J‘+1K;L+1 (L?+1 + L?)

To make (3.10) useful in constructing the weighted energy function G(n, (), we
have to combine it with some additional terms. To this end, we multiply (3.1) by
2K;lﬁ?+1 and sum the result over 5 € Z for 0 < n < ny, which gives, after a few
computations (carried out in the Appendix),

(3.11)

n+1rn+l-n+1 nrn=n n+1 nyyrn+l-n+l
S [2(kg Ly a — KpLyag) - 2K - KLy
J

— 2K} (@ - @)Ly

Z{ K7( g+1_L?)2+( e — K LG ey — L7) (L4 + ufyq)
J

+ K (L — L)]

Q(ﬁ ) 207 ~ 0 (B — 207+ 1)
2n + 2e+1) [ Ly = L7 1) + (K — Ko pwi (L +45y4)
J
n n ILL n{.-
K (W) = SKM) — 0wy —w)]
K n n n{=n n n ~T
+,€+1Z[K +1(g J+1) Kj(uj)z—(Kj“—Kj)(uj“)z
J
+Kn( n+1 ,E;L)Z]
/{/lu’ n an —n n n\=-n =N
J
;@ +1 Z [ n+1)2 /\Ag+1( Kn)un+1w;z+1]

J

2K
— E : Kn n+len+1
P e A
J
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with A} = (1 +nh)?A;. We perform (3.10) + (3.11) x 7 with a positive number
7 (determined later on) and suitably group the terms in the result to obtain the
following inequality:

3
(3.12) H" M E(n+1) — H*E(n) + L1(n) + Ly(n) < > _ Ri(n).

The individual expressions are, using K} = (1 + nh)7(jr)? = H"P;,

n SFnrn KT T
E(n) =Y [(L})? +2ra} L} + 7 (@)*]P;
J
K n
Ly(n) i= — (1+ k) 30 A, (L) + ()2,
J
Ly(n) : = —= (Lt nh)” (210} + vl — a3 + prlar 3]

nz | T
+ +1(1+nh) (1+7)AL ﬁ+ ZP Ty )?

Ri(n) == [H"' — H"E(n +1),
Ry(n) = H" ZP [ (L7 — L2 4 20t — @)L

+ B @ —an) (@ - why) — (LR, — LT

P 3 \Wj i~ o1
ko A B, _
1 e L0 W+ S o)
(1+7)u?
" S 1y UL — L)
Tu2 —T —T Ln 2Ln L’n
+m(wj — i) (L — 207 + L y)
3
T _ _
+ m(w” — Wiy ) (Wi, — w?—l)]
K _
+ P IH"ZPj(L;” +Tu?+1)e?+1,
J
w _
Baln) = g " 3 v = P I{ILJH @+ DIl + Tl
(1 -I-T)
+ |N(LJ+1w +L]+2w]+1)|+ l(u]+1w ‘|‘U]+2 '+1)|
+ H"ZIP Py|[rlag )+ | ’+1(L"+T-n+1)wn+1|]
K+ 1 J+1 j+1 NG g :

Step 2. Energy estimates. In order to get the desired estimate, one has to bound
the above grouped terms L;(n), ¢ = 1,2, and R;(n), i = 1,2, 3, respectively. This
is done in Lemma 3.4, which will be proved in Section 4.
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Lemma 3.4. Assume that A and N(nq1) are suitably small. Then for any 0 <n <
ny and B € [0,a], there exist positive constants C, ¢ and 0 < o < 1, independent
of n, such that

(i) Li(n) > c18(1 + nh)*G(n, B — 1)h,

(ii) Ri(n) < Cy(1 +nh)*~1G(n,B)h,
(iii) Ra(n) < La(n),
(iv) Ra(n) + Rs(n)
< oLy(n) + (1 +nh)Y {CB]|AT"||? + [[AL™|?]h + 4BG(n, B — 1)h} .

Based on these estimates, we continue the proof of Lemma 3.3.
Step 3. Concluding the proof. From (3.12) and Lemma 3.4, we find that

H™E(n+1) — H"E(n) + %ﬁH"G(n, B—1Dh+(1—0)La(n)
(3.13)
< C 801+ nh) (AT |2 + |AL™ )b+ ¥h(1 + nk) ™ G(n, B)] -
Taking 7 = m, we have

E(n) ~ G(n, 8)

and
r

Ls(n) > ——min{s, 1}(1+nh)7|0"[3,
with
IP™[5 = IL™[5 + sla™*" — @[5 + plAu™{F + uAL"|.
Noting the above facts and summing (3.13) in n from 0 to n — 1, we at once obtain
(3.8). This proves the desired result in Lemma 3.3. O

Equipped with the basic estimate in Lemma 3.3, we are in a good position to
proceed. First, taking 6 =+ =0 in (3.8), we immediately get

Lemma 3.5. There exists a positive constant C, independent of ny, such that for
n € [0,n4]
(3.14) G(n,0)+ Y _|IT¥)|* < CG(0,0)
i<n

provided N(n1) and A are suitably small.

Applying induction to (3.8) in 8 and v, we have
Lemma 3.6. Let v € [0,a] be an integer. Then, for any n < nq,
(3.15)
(1+nh)"Gn,ac—7) + (e —7) Z(l +ih)"G(i,a —y—1)h+ 2(1 + ih)|T* i_,y

i<n i<n
< CG(0,q).
Consequently, if o = [a], then for any v < o we have
(3.16) (1+nh)G(n,0)+ > (1 +nh)"|T%? < CG(0,a)
<n

for any n < n;.
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Proof. Step 1. We take 0 < a < 1. Letting § = a and v = 0 in (3.8), we have
G(n,a)+ay Gli,a—1)h+ > I
i<n i<n
< C[G(0,0) +a Y [T | + |AL?A]
i<n
The second term on the right hand side is bounded by C' )
with Lemma 3.5 leads to
G(n,a)+a Y G(i,a—1)h+Y [T < CIG(0,a) + G(0,0)).
i<n i<n
Combining this with G(0,0) < G(0, @) gives (3.15) with v = 0. Therefore Lemma
3.6 is proved for 0 < a < 1.
Step 2. We take 1 < a < 2. First, letting =0, v =1 in (3.8), we have
(14 nh)G(n,0) + Y (1 +ih)[[*[3 < C{G(0,0) + > G(i,0)h},
i<n . <n
and by combining this with (3.15) (y = 0) we obtain (3.16) with v = 1, where we
have used the inequality Y., G(i,00h < 3, [IT%|? < CG(0,0). Then, letting
B=a—1and y=1in (3.8), we have

(14+nR)G(n,a — 1) + 3 (1 + ih) [(a— 1)G(i,a—1— 1)h+ |rf|g_1]

(3.17)

i<n IT*]|?, which together

i<n

gc{G(o,a ~ 1)+ Y Glia— Dht (0= 1) Y (1 +ih) AT + 1|AL¢||2]},

which, together with (3.16) with v = 1 and (3.15) (y = 0), yields (3.15) with
v = 1, where we have used the fact that |Au®||? + |AL?||? is bounded by C||T'%||2.
Therefore the proof is completed for a < 2.

Proceeding in this way, i.e., taking successively in (3.8) 8 = a — m, v =m, and
then 8 =0y=m+1, for m =0,1,---,[a] — 1, we can get the desired estimate
(3.15) for any « > 0. This completes the proof of Lemma 3.6. a

From Lemma 3.6, if « is an integer, then
(3.18) (14 nh)*G(n,0) + Y (1 +ih)*||II"|* < CG(0, ),

i<n
which obviously implies (2.20).

We show a sharper estimate when o in not an integer. Taking 6 = 0 in (3.8)
gives
(3.19)

(1+nh)"G(n,0) + > _(1+ih)|T*|2 < C{G(0,0) + 7> _ (1 +ih)*G(i,0)h}.
i<n i<n
Taking also v = [¢] in (3.15), i.e.,
(320) (1+nh)*G(n,a - [a]) + (o= [a]) Y (1 +ik)¥G(i,a —[o] ~1)h
i<n
+Y A+, < CG(0,a),
i<n

we get an estimate for the final term in (3.19).
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Introducing the notation |g*|2 := G(i, ) for simplicity of presentation, we have

> (1 +iR) TG 1,00k =Y (1+ih) g 3R

<n i<n
= Z(l 4 ih)’Y—l ZOT) (a—[a])([a]'l'l—a)—(a—[a])([a]'l'l—a)(|g;|2)[0t]+1—a+(a—[a])h
i<n JEL
[a]+1~c a—[a]
< Z(l—l-ih)’y—l Z<jr>a—[a]]g;l2 Z<jr)—([a]+1—a) |9§‘|2 h
i<n JEZ JEZ

= Z(l + ih)—([a]"'l—’Y) ((H‘ih)[a]G(i,a— [a])) [o]+1—a

<n
. . a—[a]
: ((1+zh)[“]G(z,a ~la] - 1)) ,
where we have used the Holder inequality
O |
ab < () )P TP)YP S p =1,
Sab< () o, St
Here p = W—l—lﬁ and p' = z:lm and G(i,a — [a]) = |gi|§_[a].
Further, again using the Holder inequality and (3.20), one obtains
(3.21)
> (1 +ih)77'G(, )k
i<n

a—[a]
< CG(0, )l =) (1 4 i)~ (el 1) ((1 +iR)MG3G, o — o] - 1)) h

i<n

i<n

[a]t1l-a
< CG(0,a)ld+1- (Z(mh)-P—%iiilh)

<n

a—[a]
: (Z(Hih)[o‘]G(i,a — o] - 1)h>

[a]+1—a
< CG(0,a) (Z(Hih)—fﬂ%h) ,

i<n

Now take v = a+p for any p > 0, as was done in [23] for scalar viscous conservation
law. Then it is easy to find that

(3.22) S (+ik) T R < € (1 4 by =S,
i<n
Applying (3.21), (3.22) into (3.19) leads to the following estimate.
Lemma 3.7. For anyp >0 and n < ng,
(3.23) (1+nh)**PG(n,0) + Y (1 +ih)*T?||T*|> < CG(0,a)(1+ nh)P.
i<n

Combining the above estimates yields the following uniform time decay estimate.
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Proposition 3.8. If A and N(n1) are suitably small, then
(3.24) (14+nh)*N(n,0) + (1+ nh)_pZ(l +ih)*P T2 < CN(0, )
i<n

for any n < ny and p > 0.

4. ENERGY ESTIMATE

Now we justify the estimates in Lemma 3.4. Hereafter we fix

K
4(k+1)
and denote by C a generic positive constant, which arises from using the Young
inequality and Lemma 3.2 (i) in various circumstances, and also depends on a and
f'(u) for the u under consideration.

To prove (i), we claim that there exists a positive constant ¢ such that

(4.1) IL™|5 + [a"T3 > éG(n, ), for any 3 € [0, q].
This estimate together with the estimate on A; in (3.3) yields
Li(n) > SgrH" %:Aj(lL?P + |uft?)

> S BHM(ILMG, + @™ B )k

> %ﬁﬁHﬂG(naﬂ - l)hv

which proves the desired estimate (i) with ¢; = <25T.

Finally, in order to conclude the proof of (i), we need to prove (4.1). Using the
identity

=

(4.2) wfth = L7 + (1 — p)uf + 5 (a +4fy),

[\V]

and the Young inequality, one obtains

(L + (@) 2 (2= 61 = 62)(L7)* + (1 = w)?(1 — & — 3,)(@})?
2
— I (85 + 5) (U + 0y)?

> $(L7)? + §(1 = w)?(@})? - 5pP((afy)? + (a71)°),
where we have chosen §; = 3/2, §; = 1/4 and 63 = 6 for definiteness.
Using the smallness of A and Lemma 3.2, we have
L™ + a1 > eG(n, B)
with & < £(1 — p)?. This concludes the proof of (4.1).
Concerning (ii), the factor y(1+nh)?~*h comes from the estimate of H" ™! — H™

in Lemma 3.2 (ii). It remains to show that
(4.3) E(n+1) <CG(n,B), Bel0,al
Using Lemma 3.2 (i) and (4.2), one gets

(4.4) a3 < c[|Ln|g, + @3]
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By (2.15) one may write

Ln-l-]._( ll’) n+ 2

(4 5) j - K+ 1 ( +1) (L]+1 +L] 1)+ ( +1)( ?—i—l _w?—l)
. _ k- Ao —n+1+,Aa+1_n+1 + K entl
S 2k+1) ffl \/‘J k+17 7
Note that (2.16) with (2.9) and (3.5) yields
(4.6) lef " < CV/N(n + Dp [l + |lwp 5] -

Thus, using |Aa"!|3 < Cla™*!|3 and (4.4), we have
LS = S|
J
(4.7) < C[IL™M3 + | AT % + |Aa™ 3]
< C[]L“ﬁ; + |an|f3].

Combining (4.4), (4.7) and the expression for E(n + 1) gives (4.3), which proves
(ii).

Next we estimate Ry(n) := EZ:I Ryi(n) - H"

We will frequently use the Young inequality and the definitions of w} and @} in
(2.14). Thus, using (4.5), (4.6) and Lemma 3.2 (i), one gets

R — ]Ln—i-l _ Ln]?

n Kt n
—Z [n+1) Wit wj‘1)+2(n+1)( g1~ 215+ L5)

2
__k no_ K/\Aj w’}“‘l_Mw’?"'l_l__K_ n+1
k+177 2k+1) 771 2k+1) 7 Kt 1

5K
<——" N "p|L"?
_4(/-c+1)§]: 1L

Ck 2 2 n+1 2 "t
ol L S T R L s

/J' —n\2
+(:‘€_+1_)22jjpj(wj) .

Noting that sup; |ﬁ;’|2 < N(n), sup; |@}|* < 2N(n), and

_ W, _ _ _
wj =L}, — L} +w; + E(w;ﬂrl =20} +Wj_q),
we may find a constant C such that

Ck

(48) Ry < LM + g AL G + A ] + ZP )

5K
4(r+1)
Here and after in the simplifying process the terms in higher orders of y (< 1) are,
if necessary, absorbed into the terms in lower orders.
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Using

one bounds Ras:

| Raz|

Il
[\
\]
e
b(
3
]
s
|
e
2

(2+C/~L)|L"Iﬁ+ |AT™ 3.

(+1)

Using the Young inequality, we estimate Rog3 as follows:

RUT _ _n _n _n "
|Ros| < __—i-—l Pj(w} — j—l)(uj+1_ |+ _,.;+1ZP L} — L)

K +1 _ =n|2 2\ A1 |2 % 2, T —n|2
< ) [ |a™ a5+ Crp |Au"|ﬁ] + P [—2-|ALn|ﬁ+ —2—|Au"|ﬂ] .

The subcharacteristic condition (1.5) implies [A;/1/a| < 1, so

_ | ke Aj n n .771+ _?—2
|Roa| = P Ej :Pj_\/E(Lj + L) [(1 R 1+H——2 }
<__ M§3P|Ln+Ln 1;[ u)w;‘_1+%(w;?+w;‘_2)’
Ck 1 _
< J217n2 o 3/2) A )2
< =5 [ PIL 4 A

where C may depend on 6, and we use Lemma 3.2 (i) for combining terms of the
same weighted order.
Similarly, we have

|Ras| = +1 ZP —(L+ 1wy (L4 — LF)
+r|(@] — wp_y)(Lf — 207 + L _y)]|

Cu
k+1

< PP ALME + p2 Y Pi(whg)?

J

and

Cru? _
[Raol = +1ZP’"’ Bl il < S5 Py
J
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Finally, using (2.16) and sup; |a}""|* < N(n + 1), sup; |L?|> < N(n) one obtains
_ K —nt1y nt1
| Ror| = 2m ;(L?-FTU? Jer

CK/ n —T — T
y, ZP ILnl‘l‘Tlu +1]) (I +1|2+I +1| )

< f e [<¢N<n> + VNGF D)l ]

Ck .
< ZE VN D) [[AL"3 + |Aa (3]

Combining the above estimates, we derive that, for any n < ny,

5 2+C n n =T
Rl < e [ (5 + 4“+01/2)|L B g - )

H" <c,u + BT et 1) -I-Cu\/N(n—l—l)) |AT" |5

K+ 1 4 8(

1
+ ——_‘:——1— [5 + Ckp+ Cp'’? + Cry/N(n + 1)] |AL"|%

+ —:—1H" (Cu* +cu* + cru?) ;lewﬁllz’

+

which, for a suitably small u, allows us to get the desired estimate (iii). Moreover,
we may find a suitable constant o €]0, 1] such that

2K
5(k+1)

(49)  Ray(n)+ pir| AT + 21+ 7)|AL3 < o La(n).

2K
5(k+1)

Now we turn to (iv). Here we have to carefully separate suitable terms which
will be absorbed by L;(n) or La(n). Set

3
):=H"-Y_ Rai(n)
i=1
Using the estimates in Lemma 3.2(i) and taking

K c j r)8-1
€=( +1)11]11€i£1{<(‘7+1)> }’ ﬂE[O,a],

6+/aC; (gr)P=1
we get
R31(n) Z |Pj1 — Pyl L3y — LR+ ) LY |+ 7lafa )]
. — — n =N (1 ) n
< morﬂT Z(]r)ﬂ ! [f(le+112+ |uj+1|2)+——| i —Lj |?
J
1 . . - B1irm n
< gclﬁh <|L |;29—1 + |u l%—l) + C:0Bh Z(JT)ﬂ lle+1 - Lj |2,

J
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Furthermore,

Cgﬁhz jryA=H LR, — L7

Eﬂh‘ n . — n n
=2 7 BIL3,, — LY+ Ceph 3 ()P ML, — L3P
[71>J1 71T
1+7 " n
< g(—,§+1—)—)|AL 5+ s, AL A

for some large J; > 0.
With a similar argument we arrive at

u 1+T n n ,on
Rsa(n) ( ZIPJ-H Bi||(LF 1wy + L awy'y )]

TR
/c-}—l ZIPJ+1 Pj||u} w7 |

+1 Z]PJH .7” ]+1w?+ﬂ?+2w?+1)l

KT

—n (2 —n(2
———5(&+1)N|AU |3 + BC s [|AU™|[*h

< gclﬁh(anlﬂ—l + a3 ,)+

for some Jy > 0.
Finally we treat the term Rss(n). In fact, if we use the two indentities

@t = L7+ + g(w; — @)
and
ot = L = L ) 4 5

R33(n) can be estimated by using the estimates of R3;(n) and Rs2(n) given above.
Thus we have

K
R33(n) < P Z |Pjy1 — le(an + ,,.un+1”wn+1|)

—T —T T
Wiy — 205 + Wy ),

RUT

5(k +1)”IA" E

%Clﬂh(![’nlﬁ p 13 Eo) +
kp?(1+7)
5(k+1)

with some large J3 > 0. Taking J = max{J1, J2,J3} and C; = (Cj, + Cy, + Cy,),
we have

1
Rs) < se1Bh(IL7 5oy +la"[f,) +

2K
5(k+1)

Combining (4.9), (4.10) and the expression for Ls(n), we immediately obtain (iv).
This completes the proof of Lemma 3.4.

+ |AL™MZ + BCu, (| A™ (| + [|AL"|[*) A

2K
5(k+1)

P31+ 7)|ALME+BC (|AT™ 2+ | AL™|?) h.

pirlaa}
(4.10)
+
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5. CONVERGENCE RATES

Now we are in a position to prove our main results.

Proof of Theorem 2.4. In fact, if the initial weighted norm [a9]q + [L9| is small
enough, i.e., N(0, ) is small enough, then (3.24) is true a little longer and hence
forever. This is a form of continuous induction which is given fully in many places
(we omit it here).

The smallness of N(n,0) used in proving Lemma 3.4 can be ensured by (3.24).
Noting the definition of G(n, «:), we now immediately get Theorem 2.4. O

Proof of Theorem 2.3. It remains to establish the convergence rates in Theorem
2.3. From (2.20) we have

> (1 +ih)**P|TY|? < C(1+nh)PN(0,a), for any n € N.
i<n
This implies that
(5.1) sup |T?|| < C(1 +nh)~%4/N(0,0),
i<n
where
ITA? = | 282 + sl — @'||* + pllAa|? + pl| ALY,
Note that by (2.11)
luj = Uj| = lag —uf_,| < || Au"]],
which together with (5.1) yields
(5.2) supluf — Uj| < CIT"| < C(1+nh)~# [[al +[Z5la]

Now it remains to estimate the maximum norm of v7 = v} — V;. It follows from
the second equation of (2.8) and (2.9)-(2.12) that

(l-l-li) mntl
=(1-2p)o7 + 3(17" +207 +07_,) — @(w“ — @) + kA;@TH 4 k07T
= KI5 T 5 Wit 3 T Vi-1) T Wi T Wi iWj-1 g
A
= (1= 20)7} — Va(L + L}_y) = (@} — @_y) + kA, @} + Cr(@} )2,
that is,
i 1-2u_ Vva ax _ _
+1_
v = 1+,€"’?—1+ (L} +Lj_,) - m(w?_ 72)
KA, —n+1 Ck | ni1y2
+ PR + K+ 1(w‘ )

where 0 < 11;_35 <lforO< p< % Using the Young inequality, we have
d@rthE<wd @)%+ CZ Ly)? 24 japtt - apf?]
J J
(5.3) SVII'T)”H2+CIIF"||2,
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where

_ =2 12y

=3 + K NS + K )
for M suitably large, and C is a positive constant of order (%)_M and depends
on N(0,a).

Define

T(n) = (1+nh)**?|z"|.
It follows from (5.3) that
(5.4) T(n+1) < 1T (n) + C(1 + nh)*+?|T7|2,
where

vy = supy (LEOHDANTT
e n>% ]- + nh

for suitably small h, and p < 1.
Summing both sides of the inequality (5.4) over n from 0 to n — 1 and using the
estimate (2.20) yields

T(n) <T(0) (1 —w) ZT(i) + 02(1 + ih)*+P|| T2

< |18°)2 + C(1 + nh)PN(0, ).
Noting that ||2°]|2 < |2°|2 and N(0,a) < C[|@®|2 + |2°|2], one has
(1 +nh)** 5" | < C(1 +nh)P[|a°]a + [0°]a]*.

This estimate implies that

(5.5) sup [07] < |3 < O(1 + nh)~# [[@°]a + [0°]a].
J
Combining (5.2) and (5.5) completes the proof of Theorem 2.3. O
APPENDIX

We want here to compute the terms in 3, 2K7 "+1£( ) to obtain (3.11). By
the definition of £,

(A1)
6
S 2KpurtiL(uy) =y Ji
7 i=1

_ n-n+1l/rn+1 n Ik n- n+1 n n
_Zszuj (L —Lj)—HHZK (L}, —2L7 + L} 4)

Py : —;Z+1Kn(un+1 —;z)

2
H +1
2 n+1)ZKn G (Wi -

_‘U'Z K+ 1 ?—HKn(w — W

1a;}+1Kn(A] i 1 +A]+1w”+1)
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We now estimate each term J; for ¢ =1,---,6 in (A.1). We rewrite the first term
as

=D ARG L - Ky Ly)
J
n+1 ny-n+1rn+tl n(=n+1 M1 N
— 2> (KM - KPyar LIt — 2 KP(antt - af) Ly
J J

Using the identity ] antt = = L} +u} + §(w0} —wj_,) for the second term, we get
~1

Ty = -

u n n n n n
H+1;Kj [Lj"' i T (w — Wj- 1)](Lj+1_2Lj +Lj )

L Z[K”( T — L)+ (K7 — K (L — L?)L?H]

- k+1 r
H n n\,;;n n n
t o Z( i1 — K3)uga (L7, — L)
n _|_ 1 ZK"(uJH )(L3+1 L;z)
2
j

Similarly, for the third term we have

2

i nlrn |, =n Ko n N n 7
5= gy o K 0w
2
© E : K™ h n n 4
2(r+1) & [ Lywy (L = L) + (KGyy — KG gy LJ“]

+2(nu+1>'2[<f9+1 K wy + K (ufa)?]

ne + 4r+1) Z(w ~)(wi — wi) KT

and the fourth is rewritten as

Jy = Z[K;‘L+1(,L—L;z+l)2 _ Kf(ﬁ?f

k+1
j

_ (K;H-l Kn)( n+1) +K};(ﬁ;}+l ,L—L;z)2]
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Using summation by parts for the last two terms, we obtain

K _ _ _
Js = — pad u?“K}‘(w? — Wi 1)
m 41 _ _ KL . =
- S K 0] — )+ o S (G — Ky
+1 .
= n-l-l ZK"(u” — ) (@} — w_y) H_I_lZK"(w
Kl -
+ o7 2K — K)uga
and
KA n-—n+1 n+1
JG:H_H K7 g (At + Ajawgth)
- HHZAJH Ky + Koy
_ —n41y2 KA —n1 —n+l
RS ZA?(U? P e 2 A (K~ K)a el
J j
with
A7 = MAGKD = A K7) = (1+ nh)TA,.
Inserting the new terms for J; with ¢ = 1,---,6 into (A.1), we immediately get
(3.11).
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