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CONVERGENCE RATES 
TO THE DISCRETE TRAVELLING WAVE 

FOR RELAXATION SCHEMES 

HAILIANG LIU 

ABSTRACT. This paper is concerned with the asymptotic convergence of nu- 
merical solutions toward discrete travelling waves for a class of relaxation nu- 
merical schemes, approximating the scalar conservation law. It is shown that 
if the initial perturbations possess some algebraic decay in space, then the nu- 
merical solutions converge to the discrete travelling wave at a corresponding 
algebraic rate in time, provided the sums of the initial perturbations for the 
u-component equal zero. A polynomially weighted 12 norm on the perturba- 
tion of the discrete travelling wave and a technical energy method are applied 
to obtain the asymptotic convergence rate. 

1. INTRODUCTION 

We shall investigate here the convergence rates to the stationary discrete travel- 
ling wave for a class of relaxation numerical schemes of the type introduced by Jin 
and Xin [7] as well as Aregba-Driollet and Natalini [1] to approximate the scalar 
conservation law 

(1.1) ut + f(u)x = 0 

when the relaxation time is small. 
The relaxation numerical schemes we consider take the form 

(1.2) 

n)+1 -U') + 2Avj+ -V,n 1) (- 
8 Ujnl-n + Ujn 1) = 0, 

?2+1 
uj u 3-~ 2 '3 =3- 0,+ 

v+1 -Vn + aA2 - - 2 (Vn 1 -20 + 1+) _-(Vn+l 
f 

(Un+l)) 3 3 23j1 3 2\3+1 3 3- 

The discrete solution (un, vn) (u> v7)jcz is a numerical approximation of the 
point values (u,v)(xi,tn) on the grid given by xj = j/\x and tn = n/\t, with 
Ax = r and At = h being the spatial and the temporal mesh lengths. Further, we 
assume that the mesh ratio A = At satisfies the Courant-Friedrichs-Lewy (CFL) 
condition 

(1.3) ,u:= v/aA < 1. 
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The relaxation scheme (1.2) with i, = At/e > 0 was introduced in [7] as an approx- 
imation to the system 

ut+v,, =0, xEIR, t>O, 
(1.4) 

vt +aux = - (v -fz(u)), 

which approximates scalar conservation laws (1.1) when the relaxation rate E > 0 
is small. For rigorous justification of such a kind of zero relaxation limit we refer 
to Chen, Levermore and Liu [2], Liu [14] and Natalini [22], etc., for 2 x 2 systems. 
One of the main advantages of the system (1.4) is its form of local relaxation 
structure and linearity in convection which makes it possible to solve this system 
quite easily by underresolved stable numerical discretization using neither Riemann 
solvers spatially nor nonlinear systems of algebraic equations solvers temporally [7]. 

In (1.4), the constant a > 0 is assumed to satisfy the subcharacteristic condition 
introduced by Liu [14]: 

(1.5) -Va < f'(u) <Va for all u under consideration. 

To see that (1.4) is a good approximation of (1.1), application of the Chapman- 
Enskog expansion to (1.4) implies 

(1.6) Ut + f (u)x = c[(a2 - f/(u)')ux]x- 

The Cauchy problem for (1.6) is well-posed if (1.5) holds. 
Throughout this paper it is assumed that the flux function f is smooth and 

convex, i.e., 

(1.7) f"(u) > 0, for all u under consideration. 

Our interest here will be on the discrete traveling wave solution of (1.2) propa- 
gating at subcharacteristic speed s = 0 in the sense that 

-(1.8) -a < s < a. 

If (un, vn) = (Uj Vj)jEz is a travelling wave solution to (1.2) connecting constant 
states (u?, v?) = (U?+o, V?O), we must have 

.Vi = f(u?), 

since the only constant state solutions of (1.2) are equilibrium states which are on 
the equilibrium curve v = f(u) in the state space (u, v). 

Under the CFL condition (1.3) and the subcharacteristic condition (1.5), related 
to an admissible stationary shock denoted by (u, u+, 0) for the equation (1.1), the 
scheme (1.2) admits a unique stationary discrete travelling wave (Uj, Vj)j 7z 
with Uj taking on a given value u*, E ]u+, u_ [ at j = 0, i.e., it satisfies the conditions 

(Vj+l - Vj_l) - V/a(Uj+l - 2Uj + Uj-,) = 0, 

(Uj+l - Uj) - 1 (Vj+l - 2Vj + Vj_1) = -(Vj - f(Uj)), j E 
(1.9) 

limj-?O(Uj ,Vj) = (u+, f(u?)) 

Uj 0o = u*. 

The existence of such discrete solutions and further properties, see Proposition 2.1, 
were proved by Liu, Wang and Yang [17]. Moreover, by using the energy method 
the authors in [17] were able to show that these stationary discrete travelling waves 
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are nonlinearly stable with respect to initial perturbations, provided the total mass 
of the perturbation is zero. 

The main goal of this paper is to improve the nonlinear stability results in [17] 
by establishing the time convergence rates to a stationary discrete travelling wave 
(Uj, Vj)jcz. To the author's knowledge, this seems the first time-asymptotic con- 
vergence rate for a difference scheme applied to a relaxation system of conservation 
laws. The result is based on an observation in Liu, Woo and Yang [19] that the 
perturbation of travelling waves that initially decay in space with some algebraic 
rate yields a corresponding decay rate in time; see also Zingano [27]. This obser- 
vation suggests that we should use L2-based weighted norms on the initial pertur- 
bations to investigate the algebraic decay. This strategy was initiated in a paper 
by Kawashima and Matsumura [8] for the scalar viscous conservation law. Using 
this approach, a time decay result in the context of numerical scheme was obtained 
by Liu and Wang [13]. In the present paper the algebraic decay in space will be 
encoded through the use of an algebraic discrete weight analogous to [13]. The 
result then states that the perturbation will decay algebraically in time. 

Now we state the main theorem in this paper. 

Theorem 1.1. Assume that the CFL condition (1.3), the subcharacteristic condi- 
tion (1.5), and (1.7) hold. Let (Uj,Vj)j7z be a stationary discrete travelling wave 
defined by (1.9) connecting (u+, f (u+)) to (u_, f (u_)). Assume that 

(1.10) Z(u - Uj) = 0 
jC7 

and, for some a > 0, 

(1.11) S [(1 + j2) ̀+1 IuO _ Uj 2 + (1 + j2) `V - Vj2] < 6 
jC7 

for some positive constant 6. Then the unique global solution (uJ, v0)jcz to the 
relaxation scheme (1.2) with the initial data (u?, v?)jcz tends in the maximum 
norm to the discrete travelling wave (Uj, Vj)j 7z at the rate 

(1.12) sup I(uJv) v -(U7 Vj)| < 0(1 + nh) V/2v, n > 0, 
3 

provided A is suitably small, i, E R+. 

A few remarks are in order concerning the theorem and its proof. 

Remark 1. Although we only present the results for implicit scheme in the theorem 
and its proof, however, it should be clear from our analysis and the nonlinear 
stability analysis in [17] that the corresponding result holds for the explicit scheme 
in the form 

nj+1 _-Un + A (Vjn+l-j1 (Ujn+ -2Un + U,j, 1) 0 7 

n+- V + aA -uU1) - _ (vn+ -2vJ+_vI_1) iV(n -f(u7)) 

under some technical restriction on n (for stability result, 0 < n < 1 in [17]). 

Remark 2. Our result shows that there is a relationship between the spatial decay 
assumed of the initial perturbation and the rate of decay in time. In this sense the 
theorem exhibits the transformation of spatial decay into temporal decay. 
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Remark 3. In the theorem and its proof we just use the fact that K > 0. If we take 
K = exp(A\t/c) - 1 instead, then (1.2) will reduce to a relaxation scheme studied 
in the paper of Aregba-Driollet and Natalini [1]. They considered a fractional- 
step scheme, where the homogeneous (linear) part is treated by some monotone 
scheme and then the source term is solved exactly thanks to its particular structure. 
Therefore the asymptotic convergence rates presented in Theorem 1.1 still hold true 
for a first order relaxation scheme in [1]. 

It is well known that in general the initial value problem of (1.1) develops dis- 
continuities in a finite time which present difficulties for numerical computation of 
solutions to (1.1). Discrete shock profiles of the numerical schemes for (1.1) epito- 
mize the propagation of solutions and structure properties of shocks in numerical 
solutions. In recent years existence and stability of discrete shocks has been an 
interesting subject of study. The existence of a discrete shock was first studied by 
Jennings [6] for a monotone scheme. For a first order system, Majda and Ralston 
[21] used a center manifold theory and proved the existence of a discrete shock; see 
also Michelson [20]. The asymptotic stability for scalar equations was studied by 
Jennings [6], Tadmor [25], Smyrlis [24], Engquist and Yu [3], Liu and Wang [11], 
[12], and other authors. For a first order system, Liu and Yu [15] recently showed 
both the existence and stability of a discrete shock when the relative discrete shock 
speed is a diophantine number. For a modified Lax-FRiedrichs scheme Liu and Xin 
[9], [10] proved the stability of discrete shocks. For a general initial perturbation, 
Ying [26] obtained a stability result for the Lax-Friedrichs scheme. For the exis- 
tence and stability of the discrete travelling wave for some relaxing schemes, see 
[17], [18]. Existence and stability of discrete shocks are essential for error analysis 
of a difference scheme approximating (1.1); see [6], [9], [3] and [4]. These and our 
other references also quote and describe further earlier work. 

The rest of the paper is outlined as follows. In Section 2 we recall the existence 
and stability of the stationary discrete travelling wave, then reformulate the original 
problem and restate the main theorem. In Section 3 the basic time decay estimates 
are proved by using a weighted energy analysis. The proofs of some intermediate 
technical energy estimates summarized in Lemma 3.4 are relegated to Section 4, 
from which the restriction on A is clarified. Finally, the main theorem is proved 
in Section 5. Some computations in grouping of terms for constructing the energy 
function are carried out in the Appendix. Grouping terms in this way yields a 
simpler energy function than that in [17]. Actually our proof here reduces to a 
slightly simplified version of the stability proof in [17] after replacing the weight by 
1 in this novel energy expression. 

We end this section by presenting the following definitions of discrete norms to 
be used in subsequent analysis. 

First let us define the weighted 12-norm. Suppose that {Kj > 0, j E 2} is any 
discrete weight function. For any infinite dimensional vector u _ (uj)jz, we define 

IUIK= (ZujU2K3) 
jUK 

We denote the corresponding space by 

IK ={U K < oo}. 
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When for r = Ax specifically Kj = (jr) = (1 + (jr)2)2 for some a > 0, we write 

12 = 12 with norm I IK = I Ia- 

If a = ?, I 1,c becomes the regular 12 norm 11 1 = Io. We will denote the difference 
of a discrete function (Uj)jEz in space by 

Au : (uj+l - uj)jcz. 

2. DISCRETE TRAVELLING WAVE AND MAIN THEOREMS 

Let (Uj, Vj)jz be a stationary discrete travelling wave connecting (u?, f(u?)) 
for the relaxation scheme (1.2). For the existence of (Uj, Vj)j7z a necessary and 
sufficient condition is Rankine-Hugonoit relation 

(2.1) f(u_) = f(u+) 
combined with Lax's shock condition 

(2.2) f'(u+) < 0 < f'(u_) 
when the propagation speed s = 0. Due to the convexity of the flux function f, the 
shock condition (2.2) is equivalent to 

u+ <U-. 

Further, it was shown in [17] that (Uj)jcz, the u-component of the discrete travelling 
wave (Uj, Vj)jZ, is the stationary discrete shock profile of a monotone conservative 
difference scheme which becomes as e -+ 0, 

(2.3) u2n1 u f (U J1) _f(uUn1)) + A(un -2U + uUn 1). 

The scheme (2.3) is a first order monotone difference scheme for the scalar conser- 
vation laws (1.1). This yields the monotonicity of (Uj)jE, which is crucial in our 
stability analysis. 

Proposition 2.1 ([17]). Under the Rankine-Hugonoit condition (2.1), Lax's shock 
condition (2.2) and the subcharacteristic condition (1.5), for each given u* E 
]u+,u_[, there exists a unique stationary discrete travelling wave (UjsVj)j7z for 
the scheme (1.2), i.e., (Uj Vj)j z satisfy (1.9). Moreover, 

Uj + < Uj for any j E Z. 

Let (Up, v Vjn)jeZ,nTN be the numerical solution of (1.2) corresponding to a slight 
perturbation of the wave profile (Uj, Vj ) j i.e., 

(ujO V5) = (Uj ,V3) + (ii, f)j) 

with (ii?O,viO?) = (0,0) and (U?. , V?.) = (u?, f(u?)). After assuming 

(2.4) (uO - Uj) = 0, 
jC7 

we have 

_U3) = 0 
jEC 

indicated by the conservation form of the first equation in scheme (1.2). Then we 
can expect to show that 

(2.5) (u ,v ) ( jUj,1( ) as n r-oo . 
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Denote 

(2.6) u?:= 3 (ui-Ui), - i :=v v -Vj. 
i=-oo 

When ll'll + ll lis small, the authors in [17] could derive energy estimates related 
to (2.5), leading to the following result. 

Theorem 2.2 ([17]). Let (Uj, Vj)jcz be a discrete stationary travelling wave of the 
relaxation scheme (1.2). If I9u-01 + &IV-01 is suitably small, then there exists a unique 
global solution, (u~J,v7)jz, to the scheme (1.2) with initial value (uQ?,v?)jcz such 
that 

lim Z(Iu -3Uj + 1v - Vj2) = 0 

j 

provided A is suitably small, and i, E R+. 

Also, experience suggests that, in the case of discrete shock profiles, perturba- 
tions might decay quite fast as n r-* oc, provided they are sufficiently localized in 
space. Our main result in Theorem 1.1 shows that this is indeed the case; and 
Theorem 1.1 can be obtained from the following theorem. 

Theorem 2.3 (Convergence Rate). Let (Un, v)jc z be a solution obtained in The- 
orem 2.2, and (-i, Vi)jz E 12 for some a > 0. If 'u9lY + Lv?i0 is suitably small, 
then 

sup I(u-Uj, v7 -Vj)l ?0C(1 + nh)- 2 (JU?1ce + IV-01e) 

for all n E N0. 

Theorem 1.1 is a direct consequence of Theorem 2.3 if we note that the condition 
(1.11) in Theorem 1.1 implies that (u, 3i?) jz 3 12 (whose proof requires a discrete 
version of a weighted Poincare inequality and is omitted here; for details, see [5]). 

In order to prove Theorem 2.3, we reformulate the scheme (1.2) by formally 
introducing 

j 
(2.7) uj= E (uk-Uk), vi7:= Vj-Vj. 

k=-oo 

It will be shown below that the summation always gives a finite value. 
Now, both (u0,vjn)jcz and (Uj,Vj)jcz satisfy (1.2); by taking the difference of 

the two systems of the scheme and summing the first equation with respect to j 
over (-oo, j), we obtain, after linearizing the resulting system around the wave 
profile (Uj, Vj) jZ, 

-72+1 ?~~~~~(~~7?~i? )- 2 -2'~U) 0 

j -jn + f A (( n - fU) - fn U(un - U ) 
(2.8) 2n Vjn+ a ujn+ -Uj -lj + 0 n2) - Vjn+1 - 2v-' + iv-)_1) 

t =-K;[Vj 
1 - Aj (o+ -un+l) _ n+l] 

onj fn(u1) _-f ( Uj) -f ' (Uj )(Un+ 1 _ U) 
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(2.10) Aj = f(Uj)I 
(2.11) -n _ -uz 1 = u- - Uj. 

Set 

(2.12) L n : _ +1 + vn). 

This by the first equation of (2.8) yields 

(2.13) Ljn = ujn+l-un _ A 
(-n+ -fn + -n (2.13) Ln~ u- Uj1 

For simplicity of presentation, we introduce 

(2.14) w = u3+1 -u , u 3=? U+ -uj 

F'urther summing both sides of the second equaion of (2.8) with index j and j + 1, 
then multiplying by -, we get 

(2.15) 

I(L ) = ]ijJl - Ln- 2(A 1) - 2Ln + - (w2 l -Ln 

+ i&A~ + +1+ r wA~ D? + +1 3j 2(n+l) W +1 +2(n+1) w) 

e n+1 

where 

n1 A on1 on1 (2.16) en+l A.--(0+l +072?1) p =a i 2 3 j+1' 

The -corresponding initial data for the reformulated scheme (2.15) are 

(2.17) iU 7n=0 = uj0, L>non=0 = Lo :- - + 

We observe from (2.9) that the right hand side "+ en+' in (2.15) involves only high 
powers of terms which we expect to be small and have little effect in the subsequent 
energy analysis for small perturbations. As shown in [17], the most important prop- 
erties for the stability of the discrete travelling wave are its compressity, expressed 
by the inequality 

(2.18) Aj > Aj+17 j E 2, 

which is implied by the convexity of f and the monotonicity of Uj in j; as well as 
the fact that the wave travels at subcharacteristic speed, see (1.8). In fact, under 
the assumptions in Theorem 2.2, the authors in [17] were able to derive the energy 
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estimate 

(2.19) sup Z {4(L;)2 + (k?1)(tJ)2 + (k?1)(wJ) + k?1 (wJ)2} 
k,u2 + ~ ~2(A -2~1 2 1)? k (+ 

+ 1)2 (k+l)2 (+ k A 2+ 1 )2 2(-t k)2 + 2k 1(,)2 + (k ?1)2 ( k+1 - )2 2 4 k(Lt - 3 

+ (k 1 ) (v+ _ ) a12k + 1 2 )2} C(k 'u01l2 + 1&jl2) 

provided we take fl'u? i + &flv?1 sufficiently small (see [17] for the detailed derivation). 
Let us point out that (2.19) implies the stability result in Theorem 2.2, but, due to 
the fact that 

Aj-A=+l 3 O as j-*+oo, 

no decay rate can be directly inferred from (2.19). This will be done by a different, 
though related, analysis. 

We now restate Theorem 2.3 in terms of (4, L7)j as follows. 

Theorem 2.4. Under the assumptions of Theorem 2.3, there exists a positive con- 
stant 61 such that if W + +L0] < q, then the Cauchy problem (2.15), (2.17) has 
a unique global solution (ufJz,Lj)jcz such that 

(2.20) (1 + nh) [W1n) 2 + fkLnW2] + (1 + rh)- (1 + ih)1 3 
i<ni 

* []Lifl2 + ,tB l]2 + 2 < C?lf012 + 1Lo]27 

for any p > 0. 

It is easy to get the unique solution (sm, Ll ()1z from the scheme (2.15) for some 
n~ > 0. Our effort henceforth is concentrated on establishing the basic time decay 
estimate (2.20) which is carried out in Sections 3-4. The proof of Theorem 2.3 
based on Theorem 2.4, is given at the final Section 5. 

3. TIME DECAY ANALYSIS 

In this section, we investigate the time decay estimates for (L be d jz generated 
by the reformulated scheme (2.15) with initial data (2.17). First we present the basic 
reasoning behind the argument. Let us rewrite the scheme (2.15) as 

where 

zl(tiy ~ ): + L 
-2(,+?l) (LJ?l-2LJ?+LJl) 4( +1 

(w72+ -w_) 

L2.20) (I + nh)ce Ln + K A 4[Ajj n+( + Anh)P .h]. 
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Because of the subcharacteristic speed of the wave profile, the dynamics for the 
perturbations is expected to be mainly governed by the first order approximation 
scheme 

2(Uj) O 0 

with propagation speed (Aj)jcz. Since a discrete shock profile (Uj) Ez is strictly 
decreasing in j E 2, see Proposition 2.1, and f(u) is convex, there exists a unique 
joE Z such that Ujo < u < Ujo-1, with u- E ]u+,u_[ uniquely determined by 

u= U+ = 0. Again by the convexity of f and Aj = f'(Uj), we have 

(3.2) Ajo < 0 < Aljo-1 Aj < Aj1, j E Z. 

Experience suggests that at large times most of the information for solutions of 
(3.1) come from points j away from jo on the initial line. Thus we can consider 
a decay factor nra2j - joj/3 in deriving our time decay estimates. Without loss of 
generality, we may assume jo = 0. We introduce for r = /x and h = /t the 
abbreviations 

Pi (jr)j and Hj (1 + nh)>, 

where 3 E ]0, a] and ay are positive constants at our disposal. To avoid the singu- 
larities we choose a time-dependent discrete weight function of the form 

Kn = H 3PJ, j E 2, 

which will be used to characterize the decay rate. 
In fact, the above choice of jo and the convexity of f give us a lower bound for 

Aj = A(AjPj -Aj+,Pj+) 

with Aj = f'(Uj) satisfying (3.2) and Pj = (jr) ,3 3 E [O, a]. This lower bound on 
Aj plays a crucial role in our later argument and is summarized in the following 
lemma. 

Lemma 3.1. For any 3 E [0, a], there exists a positive constant co independent of 
/3 such that 

(3.3) Aj > co/3(jr)3-1h 

for any j E 2, provided A is suitably small. 

Proof. The proof can be done by an analysis similar to [13]. We omit the details. El 

To handle the weighted terms, we further state some basic estimates on the 
weights Pj = (jr): = (1 + (jr)2)3/2 and H n = (1 + nh)>. 

Lemma 3.2. (i) For any j E Z and /3 [0, a], there exist constants 0 E ]0, 1[ and 
cr > 0, Cr > 0 such that 

01P1 > Pi+, > FPj, 

cr/3r (jr)<1 < Pj - { < Cr/3r(jr)-1. 

(ii) For any n E N0 and ay> 0, 

Hn < Hn+l < (1 + h)Hn, 

Hn+1 -Hn < y(1 + h)>(1 + nh)-'h. 

Proof. The proof of (i) can be found in [16]; and (ii) can be easily verified by using 
the Taylor expression. Dl 
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Armed with Lemmas 3.1 and 3.2, we turn to establish the basic time decay 
estimate. Set 

(3.4) N(nr,a) := sup [ic + IL'], N(n) := N(n,O), 
O<i<n 

where . 1, denotes the norm in the weighted 12 space. 
In what follows, we always assume that N(nj) is small for any given n1 > 0. 

This assumption will be verified by an a priori estimate in subsequent sections, 
if the initial perturbation N(O, a) is sufficiently small. To derive such an a priori 
estimate, we need the following inequalities: 

sup sup <J N(rn), 
O<i<n j 

(3.5) O<i<n j 

su u wz ,w 2 VN(rn). SUp SUp I(iw 0 
O<i<n j 

In order to shorten notation, we introduce 

(3.6) G(i, /3) := U + L, i E No, 

which satisfies G(O, ) = N(O, 03) and 

(3.7) G(i,O3)<N(n,O3), forii<n. 

We will solve the Cauchy problem (2.15), (2.17) in 0 < n < n1 for a given n1 > 0. 
The most important step of the whole analysis is to establish the following estimate. 

Lemma 3.3. Let (u, ,LA Z be a soluttion of (2.15) for n < nl. Assume that 
N(ni) and A are suzitably small. Then for any , E [0, a] there exists a positive 
constant C independent of n1 such that for all n < n, and 

i 12 = 1 + '+-i+1 _ 1 + - Aii p + IAAL 1p, i E No, 

the following estimate holds: 

(3.8) (1 + nh)YG(n, 3) + 3 Z(1 + ih) G(i, O3-1)h + Z(1 + ih)>lriF'3 
i<n i<n 

<C {G(0, 03) + -y Z(1 + ih) Y1G(i, 3)h 
i<n 

+13 Z(1 + ih)- [|uiW2 + IIAL&fl2] h}. 
i<n 

Proof. The proof consists of three steps: grouping of terms, energy estimates, and 
concluding the proof. 
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Step 1. Groupping of terms. Multiplying (3.1) by 2L7nKj7 and summing the result 
over j e Z for 0 < n < n1 gives 

n 2LnKn(Ln+1 n j) - 1 i ]jJK7n(Ln 1 -2Lnj + Ln->) 

+ ic + 1 S KjLjnW +l + i+ i = 

After a few summations by parts, we obtain 

5 {(JJ?l2K7+- (L?)2K7 - (KWn? - Kn7)(L? )2 - (JnJ? - 

i 

{b Kn Ln Ln)2+ (Jnl-Kn)t1+ n(+lL ) 

2__ [(j+-K _LD2J+ + ( -K7) _L w+(L7n+1- Lj7_l)] 
(3 10) -- ( i + 1 

(3.10) ~~2(i, + 1) [(K - t)L,w7+ Uw(L? 

+ E+ 1 [2K (L)2 + AnLn(LAjn)2 + AAj+iKVn+(L 
2 + Ln) 

* (( 1-) wj + tb(WJ7+ + wJ7 i)) )- A(K7+ 1- K7)Aj?+lL>nwn?11] } 

= E Kj i ,- LnK ei 

where 

-j A(K7nA - K71n+Aj+) =AJHTh. 

In fact, two typical terms involved in leading to (3.10) can be given as follows. 
Using the indentity 

(L1n+1)2 - (L n)2 = 2L_(Ljn+1 -Ljn) + (L n+- _ n1 2 

in 2 ~ K7L7(Ln+1 - 117), we arrive at 

S Kn [(7?jn1)2 - (1?1 - L) _(L 1) 2] 
i 

-n (Lj?l -L 1 

-,.2Kn(Ljn) 2K -K A L ) 2. A j+ L +I i i 

Using the relation 

n+1 - Ln JJ2 = \Ln +L n+1 
L?\JtL+LjJn+1/-L) 
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in the last term of the right side of (3.9), one obtains 

1 ZAj+1 (L 1?Kj+1 + Ljn) ) 

- +21 ZAj+l [(Li+1 + Li )K+1 - Li (K+1 -Kj)] 

[n _Ln+Wn +- Ab (wfV-Wn+ ,- jn) 

E i A n (Ln)2 + K'A> E Aj?+Kj+? (Ln 1 + L n) 
J i+ 

+ 

* [w) + 2 (WJ+1 -2 3 + I Aji)] - + j+,-Kj j 

To make (3.10) useful in constructing the weighted energy function G(n, 3), we 
have to combine it with some additional terms. To this end, we multiply (3.1) by 

2Kjnu i?l and sum the result over j E Z for 0 < n < nl, which gives, after a few 
computations (carried out in the Appendix), 

(3.11) 

S [2(Kjn+L n+?1 +l - nKL n)-2(K _K)Ln+?1 n+l 

E 2 'Li u 
3 

- 
KjL j uj 

- 
2(Kjn-lKjnL (uj 1 j )L 

-2K7(Nu??+l - -nQL'jn 

r n nL 2 + (K>n n)( n n - Ln)(Ln + n1) + , + 1 g Kjn(Lj+l - L ) + (K+- Kj ) L+-L ) (L+l +uj+l 
i 

+ Kjn fV- (Ln1 - L n)] + + 

2Q(ec + 1) Z(zj - vn 1) (L n+1 - 2Ln + L ) 

+2( 1) [Kt1 lw7n(L,'j? - L>i l) + (K,7n+ l- Kjnt)w7n(L'J?i + tl?n l) 

+ K7(w71) 2 
- UK7(zb7_ b7i)(w7?_ w>i)] 

+ ls1 [Kn+1 (un1) 2 - K7n(uj)2 - (K7n+1 - j)(j+ 

+ K27(n 1 - 1) 2] 

+ A n [() n Kn (n + ) (Kjn n ) + ( n ) - -n 

+ + 1 E [Ajn (uj + Kj (W n ) 2 _ A K,+1Kjn (V un 1 jn+ n n 

+ ,E 1 K [An(n+l?1n+1)2 _ Kn(n2K1 - K j)? -n+1] 

+ jJjU)U 
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with Aj' = (1 + nh)7Aj. We perform (3.10) + (3.11) X T with a positive number 
T (determined later on) and suitably group the terms in the result to obtain the 
following inequality: 

3 

(3.12) Hn+l E(n + 1) - H nE(n) + L, (n) + L2((n) < ZRi (n). 
i=l1 

The individual expressions are, using K= (1 + nh)-(jr)3 HTPj, 

E (n) :=[(Ln 2 + 2TUV'L?n + r un 2 

n)= 1 (1+ rhj E Aj [(Ln)2 + T(un+1)2], 

Li (n) =+ (I + nh)-y A2t1 - (Lu+ T Un2+8/\1] 

+ (1?rh>7 [(1?T)LL\T 2? 3PJCjb?D1 

Ri(rn) :=[Hn+1 HT]E(rt+ 1), 

R2(rt) =~ Hnm ; [(Ljn?1 - Ljn) 2 + 2T (?-n+1 12jQ)L1J 

L2(n)~~~ + (Itj + nh)--) [21L /31n_ + Tl U /3 + /WtTA_ ) 

+ 

+ A F + J_p 
+nh)y (I+T)-AL ()Vn 1(2 +w)] 

+ + 1 Hn + 1) w?Lj 2 + Lj 

L 

R, (n) := n+l _ Hn ]En lP+ 1-P ) +-j l[ )lLnl J+1I 

+j Pj )|(L n+1j - L?jn2+ 2T( n+1) - V')E 'j b n ? 

R2 (n) 2iu+ ) 7 - )Lu1-2~ 11 

+ - V_1 - W'L,j L 

____+ ?l- + ? 31 K+l + | + 
+tep 2.lH2~>%(LJ?Tu E) Aj et n +L n ou 

+ (1-VT) ,u(L?Iw + T7?2 w7?1 L) + -K7+wL+ n27?) 

+ ~~'7 1U~~Z +'? -) Tj+2+ (L U?1W+] 

the above grouped terms L-(r), i = 1,2, and RJ(L), i = 1,2,3, respectively. This 
is done in Lemma 3.4, which will be proved in Section 4. 
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Lemma 3.4. Assume that A and N(ni) are suitably small. Then for any 0 < n < 
n1 and 03 E [0, a], there exist positive constants C, c1 and 0 < a < 1, independent 
of n, such that 

(i) L1 (n) > cl(1 + nh) YG(n, 3 - 1)h, 

(ii) R, (n) < C7 (I + nh)7- G (n, 3) h, 

(iii) R2(n) < L2(n), 

(iv) R2((n) + R3(n) 
< aL2(n) + (1 + nh)-1 {C3[u iT2 + 2L LW2]h + 2 G(rt3-1)h}. 

Based on these estimates, we continue the proof of Lemma 3.3. 

Step 3. Concluding the proof. FRom (3.12) and Lemma 3.4, we find that 

_ Hn ~~Cl H Hn+l E(n + 1) -HE(n) + 2 3HTG(n, 3 - 1)h + (1 - u)L2(n) 

?0< C ?(+hY^j (|| Thfl2 + nhinf l2) h+ h(l +?nh)7-G(n,/3)]. 

Taking T 4(t5+1) we have 

E(n) G(n, r) 
and 

L2((n) > +- minT , 1}(1 + nh)Yl]nl2 

with 

Ipn 12 =Ln12 + P n+1 _ nI12 + _lnl/ 2 + n 12 

Noting the above facts and summing (3.13) in n from 0 to n - 1, we at once obtain 
(3.8). This proves the desired result in Lemma 3.3. D] 

Equipped with the basic estimate in Lemma 3.3, we are in a good position to 
proceed. First, taking , = = 0 in (3.8), we immediately get 

Lemma 3.5. There exists a positive constant C, independent of n1, such that for 
n E [O, ni] 

(3.14) G((n, 0) + S II%iII2 < CG(O, 0) 
i<n 

provided N(ni) and A are suitably small. 

Applying induction to (3.8) in , and 7y, we have 

Lemma 3.6. Let 7y E [O, c] be an integer. Then, for any n < ni, 

(3.15) 

(1 + nh)>'G(n, a - y) + (a - y) Z(1 + ih)>G(i, a - - 1)h + Z(1 + ih)Fy ie_, 
i<n i<n 

< CG(O,c a). 

Consequently, if a = [ca], then for any y < o< we have 

(3.16) (1 + nh)YG(n, 0) + Z (1 + nh)F 11 ri 112 < CG(O,cx) 
i<n 

for any n < ni. 



CONVERGENCE TO THE DISCRETE TRAVELLING WAVE 597 

Proof. Step 1. We take 0 < ae < 1. Letting , = a and y = 0 in (3.8), we have 

G(n, ca) + x E G(i, c - l)h + S IrI 

(3.17) 
i<n i<n 

< C [G(O, a) + Za iH2 + HZ\LiW2]h]. 
i<n 

The second term on the right hand side is bounded by C Ei<n II ]pill 2, which together 
with Lemma 3.5 leads to 

G(n, ca) + ca E G(i, ca - 1)h + E IJil2 < C[G(O, ca) + G(O, 0)]. 
i<n i<n 

Combining this with G(O, 0) < G(O, ca) gives (3.15) with y = 0. Therefore Lemma 
3.6 is proved for 0 < E < 1. 

Step 2. We take 1 < E < 2. First, letting , 0, y = 1 in (3.8), we have 

(1 + nh)G(n, 0) + 5(1 + ih)Iri12 < C{G(0, 0) + E G(i, 0)h}, 
i<n i<n 

and by combining this with (3.15) (y 0) we obtain (3.16) with 7y 1, where we 
have used the inequality ?i<n G(i, O)h < Zi<nl lfi 12 < CG(0,0). Then, letting 
, = a - 1 and - = 1 in (3.8), we have 

(l+nh)G(n, a - 1) + E(1 + ih) [(cx-l)G(i, acxI-1-)h + I]pil21-] 
i<n 

<C{G(O, a-1)+E G(i, oa - 1)h + (aE -1) Z(1 + ih) [H in2 + \LiW2] }, 

i<n i<n 

which, together with (3.16) with y = 1 and (3.15) (y = 0), yields (3.15) with 
1, where we have used the fact that A1ful2 + IlLILl2 is bounded by ClFrfl2. 

Therefore the proof is completed for oa < 2. 

Proceeding in this way, i.e., taking successively in (3.8) a - m, y = m, and 
then = 0 y = m + 1, for m = 0,1, *, [a] -1, we can get the desired estimate 
(3.15) for any oa > 0. This completes the proof of Lemma 3.6. D] 

From Lemma 3.6, if oa is an integer, then 

(3.18) (1 + nh)OG(n, 0) + 5(1 + ih)llrill2 < CG(0, ca), 
i<n 

which obviously implies (2.20). 

We show a sharper estimate when oa in not an integer. Taking = 0 in (3.8) 

gives 

(3.19) 

(1 + nh)YG(n, 0) + (1 + ih)-YHIFr 112 < C{G(0,0 ) + 7y (1 + ih)7-lG(i,0 )h}. 
i<n i<n 

Taking also 7y= [aE] in (3.15), i.e., 

(3.20) (1?+nh)[a]G(n,ac-[a]) +(ca-[ca]) (1?+ih)[a]G(i,aE-[ca]-1)h 
i<n 

+ Z(1 + ih) Ic] Ipi 12 _ [] < CG(O, cx), 
i<n 

we get an estimate for the final term in (3.19). 
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Introducing the notation Igi I := G(i, ca) for simplicity of presentation, we have 

S (1 + ih)1-1G(i, O)h = (1 + ih)-'1Igi 1h 
i<n i<n 

= (1 +ih)'-Y1 (~jr)(ce-[ce)([ce]+'-c)-(ce-[ce)([c]+'-a) (?i 'i2) a]+'-a+(ce- Ic]) h 

i<n jEr 

/ \ ~~~[a] + 1-Ca /\_t[Ca] 

< 1(l+ih)- 1 : (Ej r) 
ce- Ic] 1I g3 28 E(r)-([a]+1-a)j '9120 h 

i<n jEZ / jEz 

j(1 ih)-([a]+1--7) ((l+ih)Ia1G(i,e- Ice])) 
i<n 

((1+ih)[a]G(i, cx - [c] - 1) , 

where we have used the Holder inequality 

Lab < (5aP)l/P(51{bP )l/p, + 1 
p p' 

Here p and p - and G(i, - [ac]) =I 12 

Further, again using the Holder inequality and (3.20), one obtains 

(3.21) 

E(1 + ih)Y-1G(i, O)h 
i<n 

<0CG(O, a)[ 5+el- (1 + ih)-( [a] e+ -) ((1 + ih)Ha1G(i, a - [aE] - i )) h 
i<n 

(5(1?ih)Ho(i~~~~~ - [cE] - 1)h)1c 

[a]+1-a ~ ~~~~ [Oz]+1-cY 
< CG(O5 a) (1?+ih)-> j h < 01- h h 

i<n 

/ - \ ~~~~~~~~~- [a] 

* t(l+ih) [a]G(i, oe-[ce]-l)h) 
i<n 

\[a]+1-a 

< CG(O1 +) h((l+ih) +IZ(+h ) 
i<n 

Now take mi = +p for any p > 0, as was done in [23] for scalar viscous conservation 
law. Then it is easy to find that 

(3.22) (l+ ih)-&+- h < C(1I + n h)[+- 

i<n 

Applying (3.21), (3.22) into (3.19) leads to the following estimate. 

Lemma 3.7. For any p > O and n < nl, 

(3.23) (I + nh)O,+PG(n, 0) + E(1 + ih)o'+P Ir i 12 < CG(0, a) (I + nh)P. 
i<n 

Combining the above estimates yields the following uniform time decay estimate. 
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Proposition 3.8. If A and N(ni) are suitably small, then 

(3.24) (1 + nh)'N(n, 0) + (1 + nh)-P (1 + ih)a+P lri 12 < CN(O, ce) 
i<n 

for any n < ni and p > 0. 

4. ENERGY ESTIMATE 

Now we justify the estimates in Lemma 3.4. Hereafter we fix 

4( + 1) 

and denote by C a generic positive constant, which arises from using the Young 
inequality and Lemma 3.2 (i) in various circumstances, and also depends on a and 
f'(u) for the u under consideration. 

To prove (i), we claim that there exists a positive constant c such that 

(4.1) IL +0 u+ l,B > G(n,3), for any3 E [0, a]. 

This estimate together with the estimate on Ai in (3.3) yields 

L1~ ~ ~ (n 1 n E j(En12 + 1-n+1 12) Li(rn) ? 1TH ZA-(IL2 + uT?12 

? 3H~(~L~~1 + 
? Eco 1: Hn( Ln|,2_1 + Jun+12_ 1)h 

? +T OH nG(n, , - 1)h, 

which proves the desired estimate (i) with c1 =C co . 
Finally, in order to conclude the proof of (i), we need to prove (4.1). Using the 

identity 

(4.2) u ui+l + uj, J)J i JJ22J?1J -1 

and the Young inequality, one obtains 

(Ln)2 + (-n+1)2 > (2- 61- 62)(L n)2 + (1 -_ )2(1-_I -_ )(fn)2 u~~~~~~~~ 

-2 (63 + U+ + u?)2 

>?P (Ln)2 + 1 (- )2(un)2 - 5,2 2[('in 1)2 + (?n 1)2], 

where we have chosen 61 = 3/2, 82 = 1/4 and 83 = 6 for definiteness. 
Using the smallness of A and Lemma 3.2, we have 

ILn12 + lin+112 > 6G(nr 3) 

with a < 6 (- /t)2. This concludes the proof of (4.1). 
Concerning (ii), the factor -y(1 + nh)>-1 h comes from the estimate of Hn+l Hn 

in Lemma 3.2 (ii). It remains to show that 

(4.3) E(n + 1) < CG(nry), 3 E [O, a] 

Using Lemma 3.2 (i) and (4.2), one gets 

(4.4) lIn+l 12 < C [Ln|B + InI 
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By (2.15) one may write 

(~~~~~~A n A n ,W (45)K- i~+1 l) 2(;+1) (i)+l + +-e n + A~+i ~~1) + ej1 

2( + 1) 
I 

I 

Note that (2.16) with (2.9) and (3.5) yields 

(4.6) e+1 I < C NN(n + 1)I [zV?n+l + +IjV- ]. 

Thus, using l/u /l3 < Cun?1 and (4.4), we have 

IL n+1 128 = J:(jr)13L n+1 12 

(47) < c 1 + IA2?n+11 + IAnI2 ] 

< C ILn 12 + un2]. 

Combining (4.4), (4.7) and the expression for E(n + 1) gives (4.3), which proves 
(ii). 

Next we estimate R2(n) := E7 R2i(n) Hn. 
We will frequently use the Young inequality and the definitions of W7 and W-n in 

(2.14). Thus, using (4.5), (4.6) and Lemma 3.2 (i), one gets 

21=IL n+1 - L ni2 ft21 - 3 

pj [j+2 _)+ j) -n W 
) + 2( + 1)(L?n+l - 21 + L>) 

- 1T -jn i&AAy 
Wj _ i&AA? 

] 
W?1+ + /cej?112 

< 4( 4+ 1 ) Z Pj 2n + 3 

+? 1 KA2Z nPA(LAnjL-ln) 2Z2?)2? +L2Zp(wn?1)41 

+ (,+1)2 w j 

Noting that supy |U7nl2 < N(rn) supj IW?l2 < 2N(rn) and 

we may find a constant C such that 

(4.8) ft21 < ______ + 2(+ 2 F 1 2ni2 + 1n)1 + I 

4 - 4(i ?111/3C) 

Here and after in the simplifying process the terms in higher orders of ,u (< 1) are, 
if necessary, absorbed into the terms in lower orders. 
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Using 

-n+l _ n=Ln + A(j-1_) 

one bounds R22: 

=R221 2TZ PjL.j( u) 

= 2T Pj(Lj)2 + TAZPjL.j(?n7 ) 

< T (2 + C,u) IL Ln 1 + 1~IIT7 1 AjjnIl2 '4 (i,+ 1) 3 

Using the Young inequality, we estimate R23 as follows: 

R Kl/>7E 
tT 

n (ftb,+l _ -n) + _ 1Tl p w n(i+ n_ IR231 ? Pj+ - 'KZP .(L> -L) 

The subcharacteristic condition (1.5) implies IAj/l/ < 1, so 
+ 3 PyA L Ln1 (-ll + 31j J+ wj_ 

- -n+ l -, P E +ni p2iAnli2 + ( A{W + n 12+ IAn 124 

< __2 F1/2 i2 32 2n1 

where C may depend on 0, and we use Lemma 3.2 (i) for combining terms of the 
same weighted order. 

Similarly, we have 

|R24 1 Pj 2( `3( + Li- (I P [-(1 + P)J+ Ln2Ln 1R K At V- 

Li 

+T(j- z U_i)(L> +- 2Ljn + L>i_)1 
< 

C, 
12 (ILn/212Ln 

+A3/2ZPWn 

) 

and 

T R I I t n3 U /3 
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Finally, using (2.16) and supj U+12 < N(n + 1), supj L,2 < N(n) one obtains 

R27 1 = 2 1 (L. + Tu 

<2i Z;+1PjL +TUj?1) (3n?1l2 + n 

<C+ [( n) + N(n+ )+l 12)n?11] < - P N(IL + T1) [/\Ln11 W + |\U 1 ] 

Combining the above estimates, we derive that, for any n < n1, 

R2(n)I < ?c +2i~ lHt + 2N 14 + C nl/2) { n + ?12 - 

+ iH (C"b+ Hr+ CT"b2 T/(1' 7 \+T,u/ )f,l l 

+1 <4 +8i 1) i( Ir) 

+ [1 + CiNu + O)[JL2 + C A/N(n + 1)2 / 

+ TbHn (C,) + Cu3-2 + CTI32) Zpj ?i3 2 

which, for a suitably small ,u, allows us to get the desired estimate (iii). Moreover, 
we may find a suitable constant w eO,1[ such that 

n 2K 2r|Cu| 1+ n12( + T)|n\1 _p <n L2( JR(4.)Rn ) I +~ 2, 2 ( A IL +1)U1 

Now we turn to (iv). Here we have to carefully separate suitable terms which 
will be absorbed by L1 (rn) or L2 (r). Set 

R3 (n) :HtT 2 R3i(nI)n 
i=l1 

Using the estimates in Lemma 3.2(i) and taking 

w my fn sIui mmn { (co)tn a ! ,, [ e [O ,ct 

we get 

R31 (n) = +2n + +- | [2L> - Ln 2((l +T T)JAL + n 12 < TLu2n)1) 

<9 5 Crr Z(jr)1 [e UL31 52 + 1vi)?A2i? (1? ? -Ln?_Ln2] 

< 6 cl/Bh ( Ln l + 1IC ti j) + Cr3h-1(jr)-l L1 - 

min 
jr)'-1 

( [01a] 
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Furthermore, 

C3Bh Z(jr) -lILn?i LJ.2 

Ce-:h .,nn 12+ Ch 3Ln Lni2 () (jr)3 IL L-Ljl +Cel3h S (jr)1jL 1-L.ji 
(ljr) j+l 

+ 

< n2p (1 + r) JALn 12 + OCJl IIALn112h 
- 5(i + 1) ~tC1ILt2 

for some large Ji > 0. 
With a similar argument we arrive at 

R32(n) = A2(? + ) JPji+ - Pjll(Ln?wjn + Lwn?n)l 

+ T$f I.t 1-,7||u n 1w 

2 

+ 2( + 1) S - PjI+(U2+w7 + UJ+2Wj+1)I 

1 j I T 

-c (L in + I (w1? +L-Un +WjnlC t 
5l(iin+W12)1 

Finally we treat the term ft33 (n). In fact, if we use the two indentities 

and 

jn+1 =L rLrri-nI11- 2h-vn+-vn-?2 

R33 (n) can be estimated by using the estimates of R31 (n) and R32 (n) given above. 
Thus we have 

R33(n) ? +4 Pj+15 - Pj1I (LjLn + Tujn+? fVjn+1 ) 

3 

< 6 C I3h ( ILn + If B + _ P 1 )A ,fl n 120 6 iihlLl3 lIi) ? 5(K + 1) 

+ 5p (i1 + 1) JALn 12 + ,3CJ3 ( 11 A pn 11 2 + j1 AL n112 )h 

with some large J3 > 0. Taking J = max{Jl, J2, J3} and CJ = (CJ1 + CJ2 + Cj3), 
we have 

R3 (n) < 2cloh ( ILn _j1+ Ijn 12 - +t 2 A 2 3 
(4.10) 2 22, 

+5,+ /2 (1 + r) AL \n l2+OCJ (IlAI \Inl2 + IL ,Xn112) h. +5(i + 1) 3 

Combining (4.9), (4.10) and the expression for L2(n), we immediately obtain (iv). 
This completes the proof of Lemma 3.4. 
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5. CONVERGENCE RATES 

Now we are in a position to prove our main results. 

Proof of Theorem 2.4. In fact, if the initial weighted norm ju? 1 + ILQ j is small 
enough, i.e., N(O, ca) is small enough, then (3.24) is true a little longer and hence 
forever. This is a form of continuous induction which is given fully in many places 
(we omit it here). 

The smallness of N(n, 0) used in proving Lemma 3.4 can be ensured by (3.24). 
Noting the definition of G(n, ca), we now immediately get Theorem 2.4. O 

Proof of Theorem 2.3. It remains to establish the convergence rates in Theorem 
2.3. From (2.20) we have 

S(1 + ih)+P IIF' 112 < C(1 + nh)PN(0, aE), for any n E N. 
i<n 

This implies that 

(5.1) sup lfI%l < C(0 + nh)- fN(O,a), 
i<n 

where 

11filI2 = 2 + ,'Ilji+1 _ -il12 + ,_1A-iII2 + 1L1Ll2. 

Note that by (2.11) 

n _ U31 = IK-n _ -n 1-1 < /U ||nl, 

which together with (5.1) yields 

(5.2) sup u- U ? Cl u < C(1 + nh)-c [lu01l,, + ILIj]. 
3 

Now it remains to estimate the maximum norm of V-i = - Vi. It follows from 
the second equation of (2.8) and (2.9)-(2.12) that 

(1 +?I)Vjl 

= (1- 2i)vn + /2t (;vn+i + 2 vi + pv7-) n aA - ) + WAj-2+) + on+1 

(1- - Va(Ln + Ln1) - &\(W?2 - wjn2) + I3A1f73- +) 

that is, 

-n?1 = 1-2uvI _ X/ + _ _I 2( 1) 3 

+ ecA 
1n+ 

+ CK ( n+1) I 

where 0 < 12 < 1 for 0 < u < 2. Using the Young inequality, we have 

(,jn+ )2 < v (V7)2 + C5 [(Ln)2 + (zj7)2 + I-n+l _ -ni2] 
J J j 

(5.3) < Vi'Vq2 + CWFnW2, 
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where 

V _I1 
- 

2u)2 +(I2)M <1 

for M suitably large, and C is a positive constant of order (1j2 7+')-M and depends 
on N(0, E). 

Define 

T(n) = (I + nh)ce+Pllv l. 

It follows from (5.3) that 

(5.4) T(n + 1) < vIT(n) + C(1 + nh)a+P I]nII2 

where 

l+ (n + )h 0'+p 
VI = SUp V <1 

n>O 1 + nh 

for suitably small h, and ,u < 1. 
Summing both sides of the inequality (5.4) over n from 0 to n - 1 and using the 

estimate (2.20) yields 

T(n) < T(O) - (1 - vi) Z: T(i) + CZj,(1 + ih)a+p lFpiW2 
i<n i<n 

< j?Vojj2 + C(1 + nh)PN(O, ca). 

Noting that fVO 112 < I0V 12 and N(0, ca) < C[IU- 12 + I one has 

(1 + nh) +PlVn < C(1 + nh)P[JU01 + o, v0]2 

This estimate implies that 

(5.5) sup I;v-n < ll2nHl < C(1 + nh)- 2 [IU j01c + &-?c]J. 

Combining (5.2) and (5.5) completes the proof of Theorem 2.3. EZ 

APPENDIX 

We want here to compute the terms in Ej 2Kjnu+ 'L(W) to obtain (3.11). By 
the definition of L, 

(A.1) 
6 

- 
Knn+ LUn' ) = J 

J. ' 1 

J J= Kjn-n+l (n+1 n -j)_ / jUn+l n l-Ln n L1) 

- 14 E KUn+ L`W)+-)1)+ EK 2 (,i+, 1 j- 1(u 

E 1 nK7(zb7-zW t1) +y E2 Ul+lKfK(Ajl +l ) 2(i J )i 
i -r 
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We now estimate each term Ji for i 1, ,6 in (A.1). We rewrite the first term 
as 

i 
-1= 2 5(K7?+1 - K7)L++1 - 25 K7un1 

j i 

Using the identity -jn+1 L, + uj, + 2 (Wv-jn- 1) for the second term, we get 

J2 K- + 1 5K7[EL + ujn + k2 (W-<-C1) (Ln - 2Ln + L>1) 

=/b1 E [Kj(L,-Lnn)2 + (K1%- Kjn)(Ln>Ln)Ln 1- 

n 

Kj1(K7?1-Kn)7)ni(L - Ln) 
+ / Kj7( , +j-- (L L-n) 

i{ + 1 

_ At y Kn(D7-n CVn)L n - 2L n + L>n ). 
2(n + 1) E KLs ( -1)(L+l + L) 

J 

Similarly, for the third term we have 

A2 
2( +1)S [K>w7(L? 1- L>) + (K > _-K j)wn L 1 

2Qi + 1) Eii -ii 
2 Atj _3Kj lWn + Kj( 

4 2(, + 1) )( K 
-J z+l _ - w )Kjn 

and the fourth is rewritten as 

K 
E[Kjn+l(n+1)2 _ Kjn(()n)2 

-(K7+1 - 17Kn)( +1)2 + Kn(-n+l -n)2]. 
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Using summation by parts for the last two terms, we obtain 
J5 =- + 1 E UJ +lKjn(+ . - n_ 

j j - -'8' ZK7l _ ul7)KQ'Dv -wi-i) + I 4 1 (K(z)2 

3 3 
- 

+ 

3~~~~~~~~~~~~~~~~ 
K/,U Kn (n+l _ n) (W-Wt _1t ) I + ,K (w?)2) 

+ ;+ E (K +i u-jn W3 uJ_J ++ 1 

i 3 

and 

>6 KAi 1 E Kjn U-jn+ 1 (A --n+1l + A - n+1 

ec KA +n(un+l) _ K; n -nAj+l ?n+1- 

with 

A>A AljK7- A1K7) = (1 + rh)'A3 . 

Inserting the new terms for J2 with i - 1,--. , 6 into (A.1), we immediately get 
(3.11). 
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