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ANALYSIS OF LEAST-SQUARES MIXED FINITE ELEMENT
METHODS FOR NONLINEAR NONSTATIONARY
CONVECTION-DIFFUSION PROBLEMS

DAN-PING YANG

ABSTRACT. Some least-squares mixed finite element methods for convection-
diffusion problems, steady or nonstationary, are formulated, and convergence
of these schemes is analyzed. The main results are that a new optimal a priori
L? error estimate of a least-squares mixed finite element method for a steady
convection-diffusion problem is developed and that four fully-discrete least-
squares mixed finite element schemes for an initial-boundary value problem of
a nonlinear nonstationary convection-diffusion equation are formulated. Also,
some systematic theories on convergence of these schemes are established.

1. INTRODUCTION

The purpose of this paper is to analyze the fully-discrete least-squares mixed
finite element methods for a nonlinear nonstationary convection-diffusion problem
written as a first-order system. Recently, there has been an increasing interest in
applications of least-squares finite element algorithms to various problems, steady
or evolutionary. Many papers have been writtén on applications and theories of
least-squares finite element methods for various elliptic boundary value problems,
e.g., see [2, 3, 7, 8, 10, 11, 12, 13, 14, 18, 19, 20, 21, 25, 26]. In recent years,
least-squares finite element methods have been extended to many nonstationary
problems, e.g., see [9, 14, 15, 16, 24, 28]. However, compared with least-squares
finite element methods for stationary elliptic problems, the corresponding theory
for time-dependent problems is much less developed. Some convergence analysis
for first order hyperbolic systems and for some semi-discrete methods for a linear
convection-diffusion problem and a hyperbolic system were discussed in [9, 15, 16]
and the references cited therein.

In this paper, we will develop the algorithms and theory of the least-squares
mixed finite element methods for elliptic problems proposed in (7, 8, 25, 26] to a
nonlinear nonstationary convection-diffusion problem. Let 2 be an open bounded
domain in R%, d = 1,2,3, with a Lipschitz continuous boundary I'. As a model
problem, we consider the following initial-boundary value problem for a nonlinear
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convection-diffusion equation:

(a) c(u)%% —div(A(w)Vu +b(u)u) = f(u) inQ, 0<t<T,
(1.1) () u=0 on I'p, (AW)Vu+bu)u)-v=0 on I'y, 0<t<T,

(¢) u=up in Q, t=0,
where V is the gradient operator and div the divergence operator. b(u) =
(by(u), ---, bg(u))T is a vector-valued function, the coefficient c(u) a strictly posi-

tive function and the coefficient matrix A(u) = (a;;(u))qxq a symmetric uniformly
positive definite matrix, i.e., there exist positive constants a. and c, such that

d d
(1.2) a, Y <Y ay;()égj, c<c(v), VEER!, veR,
i=1 i,j=1

I' =TpUTwN and v is the unit vector normal to I'y. In general, the coefficients
c(u), f(u), b(u) and A(u) are also dependent upon the time variable t and space
variable . For convenience and without loss of generality, we assume that the
coefficients depend only on the unknown u.

The nonlinear convection-diffusion problem (1.1) may be rewritten as a first-
order system of the form

(a) c(u)% +dive = f(u) in Q, 0<t<T,
(1.3) b o+ AW)Vu+buwu=0 in Q, 0<t<T,
(¢) u=0 onTp, o-v=0 on 'y, 0<t<T,

(d u=wy inQ, t=0.

By using the difference quotient to replace the partial derivative with respect to
time in (1.3(a)), one can discretize the nonlinear first-order parabolic system (1.3)
into a system of first-order elliptic equations and then solve them layer by layer
through use of various least-squares finite element methods. For elliptic problems,
various weighted L2-norms may be used to formulate least-squares finite element
schemes. However, it is well-known that convergence of any approximate scheme
for evolutionary problems is also based on their stability in the time direction in
the sense of some norms. For the standard finite element methods and the classical
mixed element methods, the conservative properties of the original problems are
kept naturally so that they are stable and convergent, but this is not true for least-
squares finite element schemes based on general weighted L? norms. Therefore, it
is very important to choose a suitable weighted L?-norm to formulate least-squares
mixed finite element schemes for time-dependent problems.

The paper is organized in the following way. In Section 2, we give a new result
on the optimal L2-convergence of a least-squares finite element method without
introducing the curl operator for a linear elliptic problem. In [7, 8, 25, 26], the
ellipticity and the optimal error estimates in H(div;2) x H!(Q) have been proved,
but the optimal L2-norm error estimate was not-given. We formulate a modified
scheme in the sense of a weighted L?-norm and prove that this scheme has opti-
mal accuracy in L2-norm if the classical mixed elements are used. Then we will
formulate four fully-discrete least-squares mixed finite element schemes for the non-
linear first-order system (1.3) in Section 3, and establish the systematic theories on
convergence of these schemes in Section 4.
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2. A NEW RESULT ON LEAST-SQUARES FINITE ELEMENT METHOD
FOR LINEAR SECOND ORDER ELLIPTIC PROBLEM

Throughout the paper, we introduce usual Sobolev spaces W*P?(Q) (k >0, 1 <
p < 00) defined on Q with usual norms || - [|w.» (o) as in [1]. Let H*(Q) = Wk Q)

and define the standard inner products as follows:
d

(o) = [ u@)ie)dn Y uve @ (gw) = Y (00w, ¥ 2.0 € (LD
Q

=1

In this section, we study a least-squares mixed finite element method for solving
a linear steady convection-diffusion problem of the form

(@) —div(AVu+bu)=g¢ in Q,

(2.1) () u=0 on I'p, (AVu+bu)-v=0 only,

where b = (by (), -+ ,b4(x)) " is a given vector-valued function and A = (a;;())dxd
is a symmetric positive definite matrix function satisfying (1.2).

Carey, Pehlivanov, Vassilevski and Lazarov in [8, 25, 26] and Cai, Lazarov, Man-
teuffel and McCormick in [7] studied least-squares mixed finite element methods
for the first-order system of the form

(@) dive+b A lg+cu=g inQ,
(2.2) ) ¢+ AVu=0 inQ,

(¢) u=0 onTp, c-v=0 onTly.

Under some restrictions on the coefficients of (2.2), the systematic theories on
positive definiteness and convergence of some least-squares mixed finite element
schemes in H(div;Q) x H!(Q2) were established in [8, 25, 26], and then a new
theory was given in (7] under a very general condition. We consider a first-order
system of the form

(@) dive=g inQ,
(2.3) (b)) ¢+ AVu+bu=0 in{,

(¢) u=0 onT'p, g-¥v=0 onTy.

Introduce the spaces H = {w € (L*(Q))%; divw € L*(Q), w-v =0 on 'y}
and S = {v € H'(Q); [,v dz = 0} if ['p is an empty subset and b-v = 0 on
[or S ={ve H(Q);v=0 onTp} Let T, and T, be two families of
finite element partitions of the domain 2, where h, and h, are mesh parameters,
generally denoting the largest diameter of elements in the partitions T}, and T},
respectively. In practical applications, the partitions 7}, and T,, may or may
not be the same. Here, we want to emphasize their independence in calculation
and convergence analysis. Construct the finite element function spaces H,, C H
defined on T}, and Sy, C S defined on T},

A least-squares approach is based on a minimization problem for a suitably
defined quadratic functional involving residuals of the differential equations in the
sense of some norms. Let a be any strictly positive function and D be any symmetric
positive definite matrix function. Introduce the weighted inner products (e -, - )
in L?(Q) and (D -, - ) in (L%(Q))? with the corresponding weighted norms ||v]|, =
V(av,v) and | w ||p = /(Dw,w), respectively. A general least-squares mixed
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finite element scheme for the first-order system (2.3) is based on the following
minimization problem.
Least-squares minimization problem. Seek (g, up) € Hp, x Sp, such that

[l divay — g |2 + || @5 + AVun + buy |3 ]2
(2.4) . . 2 2 11
o n [ dive, g 2+ | w, + AVoR -+ bun [ )}
Introduce a bilinear form
(2.5) a((g,w), (w,v)) = (adive, divw) + (D(e + AVw + bw),w + AVv + bv).

The minimization problem (2.4) is equivalent to the following least-squares mixed
finite element scheme.

Least-squares mixed finite element scheme A. Seek (o), up) € Hp, X Sp,
such that

(2.6) a((@p, un), (Wi, vr)) = (ag,divwy,), V (wh,vr) € Hp, X Sh,.

In the simplest case, @ = 1 and D = I. The least-squares mixed finite element
scheme (2.6) has been studied, and the following results were given in [7].

Lemma 2.1 ([7]). The bilinear form a( - , - ) is such that there exist positive
constants K1, Ko and (3, dependent only on the weighted functions o and D, such
that for any (o, w), (w,v) € H x S
1
(@) al((g,w), (w,v) < Ku[ IVwlfrz(qyya + lel Faiviny 12
1
(2.7) [ ”VU“%LZ(Q))“’ + @l (aivi) 125
() a((w,v),(w,v)) = ﬁ“W””?m(m)d + “‘ﬂ”%-l(div;ﬂ)]'
Let (g,u) and (o, ur) be the solutions of (2.3) and (2.6), respectively. Then we
have the a priori estimate
lu — unllro) + llg — anllmivie)

< Ko vhienthu lu—vnllgi) + g,,ienlgha lg — willb(givi) }-

(2.8)

Assume that there exist integers k&; > k > 0 and m > 1 and a constant Ks,
independent of h, and h,, such that the finite element spaces Hj_ and Sp, have
the following approximation properties (see [4, 5, 6, 17, 22, 23]): for any w €
(H*+1(Q)N H and v € H™T1(Q) N S,

(@) inf |w—whyllzzye < KshET |wll ey
hEHn,

w

(2.9) (b) g,,ienlgh,, [div(w — wp)llr2i) < Kshi @l s+ (y)as
(c) vhiensfh {lIlv = vall L2 () + Rl V(v = va)ll 2y} < Kahg ™ol msre),

where k; = k + 1 when Hj_ is one of the Raviart-Thomas elements in [23] or the
Nedelec elements in [22], and k1 = k > 1 when Hj,_ is one of the other classical
mixed elements in [4, 5, 6] or the C-elements in [17]. Then (2.8) and (2.9) lead to
the a priori error estimate

lu — unll gy + | @ = apllirivio)

(2.10)
< Ka{hiull mri () + hot | all ey}
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The estimate (2.10) is optimal in H (div; Q) x H'(R2), but not in (L2(Q))%x L2(£).
For general spaces Hj,_ constructed by C°-elements, approximate solutions with
optimal accuracy in the L?-norm cannot be obtained from the general scheme (2.6).
This fact has been indicated in (7, 8, 21, 25, 26]. In order to obtain approximate
solutions with optimal accuracy in the L?-norm in the cases of general spaces Hj,_,
such as C° elements, many authors have proposed various modified schemes, e.g.,
see [2, 3, 8, 10, 11, 12, 13, 18, 19, 20, 21, 25, 26], in which some consistent curl
equations are introduced to change the original problems into first-order systems
with H!-ellipticity so that C°-elements can be used to obtain approximate solutions
with optimal accuracy in the L2-norm.

We hope to obtain optimal approximate solutions from least-squares mixed fi-
nite element schemes with the simplest forms without introducing any additional
equation. Introduce a bilinear form

b((g, w), (w,v)) = (adive,divw) + (.Z(Q + AVw + bw),w + AVv + bv),

where A = A~! and define a least-squares mixed finite element scheme.
Least-squares mixed finite element scheme B. Seek (¢, un) € Hy, X Sk,
such that

(2.11) b((gn,ur), (Wh, vr)) = (ag,divw,), V (wp,,vr) € Hp, X Sh,.

Our main result in this section is that the approximate solution defined by (2.11)
has optimal accuracy in the L2-norm if the finite element space Hj, is one of the
classical mixed element spaces in [4, 5, 6, 22, 23].

Theorem 2.1. Suppose that the finite element space Hy, is one of the classical
mized elements, such as Raviart-Thomas elements in [23], Nedelec elements in
[22], Brezzi-Douglas-Duran-Fortin elements in [4], Brezzi-Douglas-Fortin-Marini
elements in [5] and Brezzi-Douglas-Marini elements in [6] with indez k. Let (o, u)
and (gy,up) be the solutions of (2.3) and (2.11), respectively. Then an optimal
error estimate holds:

l[w = unllL2 (@) + llg = @pll (L2 @)

(2.12)
< Ks{ht [ull grmsr(ay + RET I rrma+1 0y }-

The proof of Theorem 2.1 is completed by using the following two lemmas.

Lemma 2.2. Let (o,u) and (g,,upn) be the solutions of problem (2.3) and the
least-squares mized finite element equation (2.11), respectively. Then an a priori
estimate holds:
lu —unllLz) + llg — anll(zz(a))e
< Ko A || gom + inf g—w
o) < Kol K ullmosiey +  inf [ e - @il
(adiv(g — wy,), divey,)

+ sup :
en€Hn, [divey |l 2)

]}

Proof. Introduce a bounded linear operator P; : S +— S, such that

(AV(Pru — u), Vug) + (b(Pru — u), Vo) + (V(Pru — u), bup)
+ MPiu—u,vp) =0, Vo, €Sh,,

where ) is a positive constant such that the bilinear form on the left-hand side of
(2.14) is coercive in H(2). It is easily seen that the operator P is a standard finite

(2.14)
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element projection of an elliptic problem so as to satisfy a standard error estimate
(see [17]):
(2.15) lu— P]U“L2(Q) + hy||V(u — Plu)”(Lz(Q))d < K7hT+1||u||Hm+1(Q).
(2.3) and (2.11) result in the error equation
(2.16) b((gc — ap,u —up), (Wh,vr)) =0, V (wy,vr) € Hp, X Sh,.
It follows from the error equation (2.16) that
b((wh =, Pru—un), (wp — o4, Pru — up))
=b((wh — @ Pru — u), (wh = Gps Pru — up))
= (Alwy, — 0),wp, — g, + AV(Pru — up) + b(Pru — up))
+ (Ab(Pru — u),w, — 05 + b(Pru — us))
+ (adiv(wy, — @), div(wy, — i) — A(Piu — u, Piu — up,)
+ (V(Piu —u),wp — ap)-

(2.17)

Performing integration by part in the last term on the right-hand side of (2.17) and
using the boundary value condition, we obtain an estimate from (2.17):

BLIPrw — unl ) + llwn = gallFraivioy |
< b((wp, — o, Pru— un), (wy, — ap, Pru— up))

< Kg{llu = Prul a0y + llg = wplltrz(aye

(2.18) (adiv( ), dive,)
adiv(e — wy,), divey) o
+ | su -
L dvelem )
+ o[ | Pru— Uh“%{l(n) + llgn - gh”?—l(div;ﬂ)]v
for each wy, € Hy, and 0 < § < 1. (2.18) and (2.15) imply (2.13). O

Lemma 2.3. Assume that the finite element space Hy,, is one of the classical mized
elements with index k in [4, 5, 6, 22, 23]. Then an approzimate property holds:

(adiv(w — wy),divey,)

inf w— wyllL2)e + sup -
(2.19) ﬂh“’ha[ | oz n€Hn, divenllr2(n)

< KohE M |wll (o ayyar YV w € HHPH(Q)? () H.

Proof. It is well-known that in the classical mixed element spaces defined in [4, 5,
6, 22, 23|, there exists an operator II;, from H onto Hj, such that

(2.20) (div(llpw — w),div wy) =0, Vw, € Hy,, we€H,
and

(@) llw — Mawll(z2())r < Kiohs ™ |wll(mesr @)t
(0) [Idiv(w — Thw)ll 20y < Kioh§ @l (rea+1 @)y

for any w € (H**1(Q))¢ N H.
If the finite element space Hj, is one of the Raviart-Thomas elements in [23] or
the Nedelec elements in [22] with index k1 = k + 1, (2.21) leads to (2.19). If the

(2.21)
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finite element space Hp, is one of the other classical mixed elements in [4, 5, 6]
with index k; = k, we see from (2.20) that

(adiv(w — Tw), dive,)
(2.22) < ||div(w — ITpw inf adive;, —
< |ldiv(w — Irw) | L2(0) . P ladivey, — wnllL2(0),
where div(Hy,) = {pn = divwy; w, € Hp,}. It is also clear that the space
div(Hpy,) is a piecewise polynomial function space of degree k; —1 > 0. Let oy,
be a piecewise linear interpolating function of a on T},. From the approximation
(2.9) and the inverse property of the space Hp,_ we know that

inf apdive, —
Whediv(Hh”)” hAIVER <Ph||L2(Q)

2.23 .
(2:23) < Knh® E llandivey, |3, (r)
TETh,

< Kizho|laflwio ) l|diven | L2 (o)-

Hence
adiv(w — Mw), divey,)
(2.24) (odiv( kil " _
S Klgha ”allwl,oo(Q)||L£||(Hk1+l(g))d“leéh“LZ(Q).
(2.21) and (2.24) imply (2.19). O

For a usual space Hj, constructed by a C°-element, the approximation (2.21)
and (2.24) cannot be ensured, so the optimal L2-norm error estimate (2.12), gen-
erally say, does not hold. Theorem 2.1 shows that a suitable choice of the weighted
function a and the matrix D will improve the accuracy of the approximate solution.
In the next sections, we will see that a suitable choice of the weighted function «
and the matrix D is more important for time-dependent problems to have stability
in the time direction.

3. FULLY-DISCRETE SCHEMES FOR A NONLINEAR NONSTATIONARY PROBLEM

In this section, we formulate four fully-discrete least-squares mixed finite element
schemes to solve the nonlinear first-order system (1.3). Let the function spaces H be
defined as in Section 2, S = {v € H'(Q); v=00nTp}, and let Hy, xSy, C Hx S
be a family of finite element spaces defined on a family of partitions Th, x Tj,.
Denote by A the inverse matrix of A. Make a time partition: 0 = t5 < -+ <
tp, < --- < ty=T. Set 7, = t, — th,_1, and 7 = max 7, as time step size. Let

1<n<N
u™(z) = u(z, t,) and " = (u® — u™"1)/7,.

By using the backward difference technique with first-order accuracy to discretize
the nonlinear first-order system (1.3), we can rewrite (1.3) as

(a

)
(b)

3.1
(3.1) |
)

uW=uy in Q,
c(u” o™ + dive™ = f(u™ )+ R} in Q,
a" + A(u" ) Vu™ + b(u™?

Ju" =F7 in Q,
u"=0 on I'p, o¢"-v=0 on Iy,

—

Cc

(d



936 D. P. YANG

where
(3.2) (@) RP =c(u" "o — c(u™uy + f(u) — f(u"1),

' (b) ET = (A@u"!) - Au"))Va" + (b(w""!) — b(u™))u™,
forn=1, 2, ---, N.

Define a weighted bilinear form

An(Z;(Q, w), (w,v))
1
= (@

+ 7 (A(2) (2 + A(2)Vw + b(2)w),w + A(2) Vv + b(2)0).

(c(z)w + Tpdiv 0),c(2)v + Tpdiv w)

Omitting the terms R} and F7 in (3.1) and then applying the least-squares mini-
mum principle to (3.1) at each time step, we can define a system of least-squares
mixed finite element schemes to solve the system (3.1) step by step.

Scheme 1. Give an initial approzimation ul) € Sh,:
Seek (o}, up) € Hp, x Sy, such that for each (wy,,vn) € Hp, X Sh,

An(uz_l; (QZv u;:)v (ﬂha vh))
(3.3) P
eup™)

forn=1,2,--- N.

(c(uf™ Y™ 4 f (™)), (™ Yom + Tadiv wy),

From Lemma 2.1 we know that the bilinear form A,(z; -, - ) is continuous and
positive definite in H x S. From the Lax-Milgram theorem, we derive an existence
theorem.

Theorem 3.1. Scheme 1 has a unique solution at each time step.

In order to formulate least-squares mixed finite element schemes with second-
order accuracy in 7, we must approximate the value of functions at the midpoint of
the time interval with second-order accuracy by the mean value or Taylor expansion
formula. Let "~ % = (u® + u""1)/2, 6" 2 = (¢" 4+ ¢"!)/2 and

~ 1 T .
(@) 47 =u+ 20(;0) (f(®) — diva?),
(3.4) .
(b) T R %"c')tu"_l, Vn>2.

By using the Crank-Nicolson difference technique with second-order accuracy to
discretize the nonlinear first-order system (1.3), we can rewrite (1.3) as

(@) u =ug, a°=—(A(uo)Vug+b(ug)ug), inQ,
(b) (@ 2)du" + dive™ % = f(@""2) + R} in Q,
(¢) "%+ A@ ) Va"~# +bE""3)a" "t =F} in Q

(d) v"=0on I'p, ¢"-v=0 on I'y,

(3.5)
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where 4"~ % is defined by (3.4) and
() Rp =c(@ )" —c(w Hyuy * + f(unF) — f(@nF)
(3.6) 1 1 1 1 1
(b) Ep =6" 2 0" 3+ A" H)Va T — AT Vur

forn=1, 2,3, .-+, N.
We define another weighted bilinear. form:

Dn(z; (o, ) (w,v))

=(=7=
( )
+ —271(A(z)(g + A(z)Vw + b(2)w),w + A(z)Vv + b(2)v).

(c(z)w 4+ d1v 0),c(z)v + —le w)

Omitting the terms R} and F7 in (3.5) and then applying the least-squares mini-
mum principle to (3.5) at each time step, we can define a system of least-squares
mixed finite element schemes to solve the system (3.5) step by step.

Scheme 2. Give an initial approzimation (o9, u)) € Hp, X Sh, .
Seek (op,up) € Hp, x Sk, such that for each (wy,vn) € Hp, X Sp,

—1
Dn(a, *;(ak,uR), (whyvh))

=(—— (c(iy 2 )up~! — Ldivep™!
c(ty, *)
(37) +rnf(uh )l Fyon + Zaiv wy)
(A e+ A Ve
+t_>(ah Jup ), wn + Al 1) Von + @y Hen),
where ﬂz_% is defined similarly to (3.4) forn=1, 2, 3, ---, N.
Similarly to A,(z; -, - ), the bilinear form D,(z; -, - ) is also continuous and

positive definite in H x S.
Theorem 3.2. Scheme 2 has a unique solution at each time step.

The convergence analysis in the next section shows that Schemes 1 and 2 yield
the approximate solutions with accuracy optimal in H(div; Q) x H(Q) but not in
(L?(02))? x L?(£). We consider another first-order mixed system equivalent to the
nonlinear convection-diffusion problem (1.3) as follows:

(a) c(u)%+diva=f(u) inQ, 0<t<T,

68 ) S Ao+ b))+ VI =0 w0, 0<i<T,

(¢) u=0 onTp, c-v=0 onTy, 0<t<T,
(d) u=w inQ, t=0.



938 D. P. YANG

By using the backward difference technique with first-order accuracy to discretize
the nonlinear first-order system (3.8), we can define a new least-squares mixed finite
element scheme.

Scheme 3. Give an initial approzimation (o), u?) € Hp, X Sh,.
Seek (o, up) € Hp, x Sh, such that for each (wy,vn) € Hp, X Sh,

An (G (UZ,UZ) (Wh,vn))

( ( n) (C( h)’u";:—1 + T‘nf(ﬁ;:))v c(ﬁ;:)vh + Tpdiv ﬂh)

3.9

. + ’Tn(./Z( N+ Aup ) VuR T + bup R,
wp, + A(@k)Von + b(ih)vn),

forn=1, 2, ---, N, where 4} is given by

(3.10) Up = u;:_l + Tnétuﬁ_l, n > 2,

or

(3.11) ap =ud T + — 2 (fulY) = dive}Y), n>1.

c(up™)
Theorem 3.3. Scheme & has a unique solution at each time step.

Define another weighted bilinear form

Bn(zly 225 (97 ’U)) (w ’U))

= c(il)( c(z1)w I dlv 0),c(z1)v + %div w)
+Ta(A(22) (e + A(zg)w + b(z2)w),w + A(22) Vo + b(z2)0).
We can also define another scheme with second-order accuracy in 7.
Scheme 4. Give an initial approzimation (¢9,u)) € Hp, X Sh,.
Seek (o}, u}) € Hp, x Sp, such that for each (wy,vn) € Hp, X Sh,
By ¥, ufs (o7, u), (wh, vn)

= ( ! (c(ﬁz—_)u;:_l - —dlva" !
e(ip )

+ (i 2))selan Hyon + Thdiv wy)
+ T (AU (@R + A(ul ") Vup
+b(up up ), wp, + A(GR) Vor + b(aR)vs),

(3.12)

forn=1,2, 3, --- N, where i, % 4 given by (3.4) and 4}, = 4}, by (3.10) or
(3.11), and a} by

“n n— Tn n— . —

af =up~ 4 In—_g(f(uh ') —divey ™)
(3.13) 2
+ 28] G 1)(f(u" ) ~divgy ™) ], n>2.

Theorem 3.4. Scheme 4 has a unique solution at each time step.
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In Schemes 1-4, we choose different weighted L? inner products to formulate
least-squares mixed finite element schemes at different time steps. In the next
section, we shall see that the approximate solutions determined by Schemes 1-4
keep the stability in the sense of weighted L2-norms, and prove that Schemes 1-
4 yield approximate solutions with accuracy optimal in H(div;Q) x H'(2) when
the finite element space Hp, is any subspace of H(div;{), and that Schemes 3—4
yield approximate solutions with accuracy optimal in (L?(£2))¢ x L2(Q) if the finite
element space Hj, is one of the classical mixed elements with index k1 = k + 1,
such as the Raviart-Thomas elements in [23] and the Nedelec elements in [22].

4. CONVERGENCE ANALYSIS

In this section, we assume that the solution (o, u) of the nonlinear first-order
system (1.3) is smooth, that there exists a constant K* such that 0 < 7 <
K* mini<n<n Tn, 1.€., the time partition is quasi-regular, that the finite element
spaces Hy, and Sp, have the approximate property (2.9), and that the initial ap-
proximation satisfies

1) (@) lluo — uplirzgay < Kiah M Hluoll gmsr (o),
() e° - Q(;);”(m(n))d < K15h§+1||£O||(Hk+1(9))d‘

We also suppose that the coefficients c(v), f(v), bi(v) (1 < i < d) and a;;(v)
(1 <€14,j < d) have continuous derivatives of first and second order.

Theorem 4.1. Let (c",u™) and (o}, u}) be the solutions of (1.3) and Scheme I,
respectively. Suppose that the mesh parameters h,, h, and T satisfy the following
relations:

(@) RE™ =o(v/hy), ford=1,
(b) 1 =o(h?), K,h: % <7 (m=1),
(4.2) R+ = o(max(v/ThS  hy)), for d =2,
() T =o(hX*®),  K.hl5% <1 (m=1),
het! = o(max(vThy®**, by ®)), for d =3,

where 0 < 61 < § << 0.25 and K, is a positive constant. Then we have the a
priori error estimate

jmax [lu" — ulZay + D Talle™ — oh ()
(4.3) =ns 0<n<N

< Kig{min(h™, AT /7) + RZED 4 72,
where the constant K16 depends only on T and some norms of the solution u.

Proof. 1t is clear that the solution (¢™,u™) of the system (1.3) and the solution
(ak,up) of Scheme 1 satisfy an error equation

An(up (@ — gty u™ — ul), (W, Un))
1 — - n— pn n— s
(4.4) =(M(C(“Z D = up™h) + T RY), clup l)vh+fndlvgh)
h

+ 7o (A YT, wp + A} Vo + b(ul o),
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for each (wy,vy) € Hn, X Sh,, where

(@) RBY = (c(up™") —c(u"1))du" + f(u™') — f(up~') + RY,

4.5 _n

o) () Ep = (A(up™!) =A@ 1) Va™ + (b(up™") = b(w"1))u" + T,
forn=1, 2, ---, N. Introduce an operator @, from S to Sy, such that

(4.6) (A(w)V(Q1v — v), Vor) + (b(uw) (Q1v — v), Vur) + (V(Q1v — v), b(u)vr)

+ AMQ1v —v,vp) =0, Yv €S, vy € S,

where ) is a positive constant such that the bilinear form on the left-hand side of
(4.6) is coercive in H'(Q). The operator Q; is a standard elliptic projection and
satisfies a standard error estimate (see [17, 27]):

(@) llu() — Quu(t)llrz) < Kirhl T u(t) | gm0y,
(0)  ue(t) = (Quru)e(t) || L2 s

< Kyrh P lw(®) |l gmer @) + llwe ()]l gmer e 1
() IV(u@®) = (Qiu)(®)llze () < Kig(u) < oo,

for any 0 < ¢ < T. From the approximate property (2.9) we know that there exists
a vector-valued function o, € Hp, such that forany 0 <t < T

(4.7)

(@) lle(t) — o, ()l (z2yye < Kight! gl e+ (2))es
(®) lldiv(a(t) — e, )llL2() < Kioh§ o (®)ll(rri+1 0ye-
Let 0" = (Qi1u)™ — u}, p"* = u™ — (Q1u)", " =gy —opand " =o" — gp. We

have to estimate 6™ and ™. From (4.4) we see that (7r ,0™) satisfies the followmg
error equation:

(4.8)

An (uh'l‘(W" "), (wh» vr))

(4.9) (C( R

+ divesy) = 7 (Al )" + AR Vo™ +b(up )"
- E?)”"-’h + A(uﬁ_l)Vvh + I_?(u;:—l)vh),

(c(@p™1) (07 = 7aBip™) — T (dive™ — BY)), c(uf ™ )op

for each (wy,vn) € Hp, x Sh,. Take (wy,,vn) = (7", 6") in (4.9). Since
An(z; (w,v), (w,v))
= (c(2)v,v) + T (.A(z)Vv Vo) + (A(2)b(2)v, b(2)v)
+ (A(z)w W) |+ 7 (——

divw, divw)

( )
+ 27| (w, V) + (divw, v) + (.A(z)g + Vo, b(2)v) |,

and

(w, Vv) + (divw,v) =0, V (w,v) € H xS,
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it follows that
An(up™h5 (2, 0™), (=", 7))
= (c(ul™1)0™,0™) + T (A(u] ™) VO™, VO™)
+ (Alup™)b(up=)6", b( ""1)9")

+ (A(up ", 7" | +Tn(

(4.10)
divz",dive™)

D)
up~
+2Tn(A( D™ + Vo™, b(ul1)em).

From (4.9) and (4.10), we get the equality
(clu™)8", %) + Tl (A1) V0", VO") + (A(u;: Yt 1)

+ (AP Ybur~1)0™, b(ud—1)0™) | + 72( o )d1v7r ,diva™)

= (c(up™)0""1, ") + 7 (671, diva™)

— 27 (A(up =)z + VO™, bup~1)6")

- Tn(c(u+_1)(c(u;:_ )d.0™ — R}, c(up~h)e"™ + T, diva™)
1

- Tz(c T

— (VA" ") = Ta(Alup)b(up ™ ")p" 2" + blup 0"

+ T (A(up Yy, 7 + Aup =) VO™ + b(up~1)0")

+7al ((A") = A(up ™) Vp", V")

+(Vp", (b(u™) = b(up™1))6")

+ ((b(u™) = b(up™"))p", VO™) + A(p", 07) |-

Estimate the terms in (4.11). We make an inductive hypothesis that for any
n > 1 we have the uniform estimate

. i I || poo () = <j<n-1.
(4 12) hu,ilbl‘f}'——»olle ”L Q) O, VO_j_TL 1

(4.11)

dive™, divr™) — Tn(Z(uZ_l)é "+ b(uph)60™)

It is clear that
(™) = clup~)0m 1,67
= —/ (¢ (sup™ + (1 — s)up~2) (g™t — gn~2
0
+pn—1 _ pn—2 _ un—l + un—2)0n—1,0n—1)ds'
Let ("~ € Sy, be such that
(e(up )¢ om) = (€ (suf ™ + (1= $)uf 7202, m), Y v € S,
Then
(c’(suh 4 (1 . s) n—2 )(On 1 0n—2)0n—1’9n—1)
= (c(up~) (O™t = 6772), ¢,
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From the error equation (4.9) we see that
(clup™ ") ("1 = 6"72),¢" )
= (c(up )" = ")+ T RETLCMTY
(4.13) — T2 (AR (A2 V(O™ + o) + blup %) (0™
oMY = BT, AV b))
— Ta( A ) (@t + €, blup )¢,
It is also clear that ("~ is a weighted L2-projection of the function
(sul ™t + (1= s)up™2) (0" )2 /e(up ™).
Hence
<" 2@y < Kaoll0™ 2@y 167 Lo (2)
and
IV U2y < KalVIE (sup ™ + (1= s)up =) (0" )% /e(up ™))l (L2 (a)2
< Koo[ 14+ (16" | Loo (@) 10™ Ml oo (@) 167 1 ()
On the other hand, we have
[(Aup =) Vo™, V) + (b(up=2)p™ 1, VET)
+ (Vo bup )¢ )|
= |((A(up™?) = Au™ 1)) V"1, V()
+ ((b(up™?) = b(u™1))p" ", V¢
+ (Vo (B(up =) — 0™ 1)) = A", ¢ Y]
< Koa{ 1021|3200 + 10" NZ20) + 10721220
+ 73—1||VP"_1||%L2(Q))¢1} +81C" 3 (gy-
Substituting the above estimates into (4.13), we have
|(c(up =)0 — 6772),¢" 1)
< Kaa{mn-2| ||0"_2||%2(9) + ||P"_2||%2(Q) J
(4.14) + 71 [ 100" M F2() + Ta— 1 IV M I L2y
+ e ez + IR Wy + IET Izaanye ] }
+ O+ 10" 2o () a1 [ 167 I3 0y + 1™ M 12202y )
so that for sufficiently small h,, h, and T we have
(e ™2) = c(up1))6" 1, 67|
< Kos{Taa[ 167 2(172() + 12" 21720 ]
(4.15) + 71 10:0" M2y + To— 1 IV M I L2 )
e e + 1B ey + BT Iz ]}
+ 071 [ 10" @) + 177 T2 (ayye -
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It is easily seen that
(c(up™h) (0" = 6"71),0m)
! n—1ygn gn n—-2ygn—1 gn—
= 5[(C(uh 1)0 ,0 )_ (C(uh 2)0 130 1)
+ (C(uz—l)(en _ Gn—l) " — on—l)
+ ((e(up™®) = clug™))e" 1,671,

and
| (6771, diva™)|
< 'rn[ |(VO™, z™)| + (8™ — 6™, diva™)|
[(A “Hver, vor) + (A(up ", 1) |
v é(c(u"-')<e" ), -6
( o ! )d1v7r ,dive™),
and

(Vo™ m™)| < min([|p™ |72 (g ldiva™ | L2y, VO™ |2y I (L2 a))4)-
Substituting these estimates and (4.15) into (4.11), we derive that
(c(u™)6%,07) + S(elup ™) (6" — 67),6" - 6")

+ Tl (A(u}~1)VO™, VO™) + 2(.Z(uﬁ'1)l_>(uﬁ_1)0",l_)(u',:‘l)on)
2

+ (A(up~ Nz, ™) | + "( diva™, divz"™)

1
2wy )
< (c(up™2)0" 1, 0771) + Kag{mn—2[ 16711320y + 10" 2720 |

+ Tt [ 107 320y + 107 320y + 106" 1720

+ 701V L2 gyye + 1™ L2 (gy)e + ||ﬁ?_l||i2(s2)

+ ||i‘111_1||%m(9 a ]+ T 10717200y + ||P"||%2(9) + 116:0™ 172y

+ (100" ||L2(Q) +[le™ ||(L2(Q))d + min(||Vp" ||(L2(Q))d» 2 le” ||L2(9))
+ ”R?“LZ(Q) +EY I7220)¢ + Tnlldive™[122(ay ] }

+0[ Taa (VO ”%jﬂ(ﬂ))d + ”En_lll%jﬂ(ﬂ))d) + Tn(”V@n”%m(Q))d
+ |z 12 ayye + Talldiva™ (|72 (q)) ]

(4.16)

Summing (4.16) from 1 to n, we get

n
16717202y + z'fa‘[ V67117120 + 172112 2yye ]
Jj=1
n .
< Kor{) 71161135 () + min(RZ™, h5HD /1)
j:l
+ 2+ 4 a2 g 22}

(4.17)
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for 1 <n < N. An application of the discrete Gronwall’s lemma to (4.17) leads to

1071320y + D LIV 172209y + 177122 (02y)a ]
(4.18) 0<5<N

< Kog{min(h?™, p2m+1) /7y 4 p2(k+1) L 12} v 1 <n < N.

We have proved the error estimate (4.18) under the inductive hypothesis (4.12).
Now we check (4.12). We will prove by induction that (4.12) holds under condition
(4.2). From the Sobolev embedding theorem [1] and the inverse property of the
finite element space Sy, it follows that

1
min(hy ?||v ) lv , d=1,

(019) Jonllzmien < Ko { (1 [onlle, Lo )

lrlla ), d=2, 3,

min(hy * [vn |l L2(0), hu
for each vy, € Sy, where 0 < §; << 0.5. We start from n = 1 to check (4.12).
From (4.1) and (4.19) we see that when h, — 0

1—4
”90“Loo(g) S K30hZL+ 2 ”'U,()”Hm+1(9) — 0 (1 S d S 3),

i.e., (4.12) is true for n = 1. Suppose that (4.12) is also true foreach 1 < j <n—1.
Then

(4.20) ||0n”L2(Q) + \/7'_n||V0n||(L2(Q))d < K31{min(h$, th-lT—%) + h§+l + T}.
Under the condition (4.2), we know from (4.19) and (4.20) that when hy, hy,7 — 0

-4 1

@) min(hy £, 7= 3)[ AT + hEH 4 7] S0, d=1,
. _d_s 1
min(hy 2, ke * 00778 min(h, AP ITE) 4 REY 4 1) - 0,d = 2,3.

This implies that [|6™| ey — 0, so that (4.12) is also true for j = n. This shows
that the inductive hypothesis (4.12) is true for each 0 < n < N, so that the error
estimate (4.18) holds under the condition (4.2). (4.18) implies (4.3). O

Theorem 4.2. Let (¢",u") and (c}},u}) be the solutions of (1.3) and Scheme 2,
respectively. Suppose that u) = Qiup if m =1 and that the mesh parameters h,,
ho and T satisfy the relations

(a) K,hl % <r< K*‘h?,“"s2 (0 <81, 62 << %),
(4.22) Tn — Tn_1 = o(T%) for m =1,
(b) max(hE*,VThE) = o(hd), T=o(hd),

where 0 < K, < K* are constants. Then the a priori error estimate

2 _n—1i _n—1 2
(4.23) omax [[u” = uhllz o) + D mlle™ =g fe gy
. - 0<n<N

< Ksg{h2™ + ThZE 4+ h2EHD 4 743

holds, where the constant K33 depends only on T and some norms of the solution
u.
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Proof. It is clear that the solution (¢”,u™) of (1.3) and the solution (¢}, uj) of
Scheme 2 satisfy an error equation

D, (ﬁ'Z ,(0‘ —o'h’u —uh) (whwvh))

= (—— (@ H @ )
c<~;‘"> "

(4.24) - —dlv(cr"_1 o )+ Tnﬁg),c(ﬁz_%)vh + %divgh)

(A(JL 2)( n— 1_0_;11 1+Q(,&Z—§)(un—1_uz—1)

n—j n—1
- Ez) + V@ — ), wy + A )V, + b 2 )on)

for each (wy,,vn) € Hy, X Sp, andn =1, 2, ---, N, where

(a) Rz: = (c(@}™?) — (@™ #))Bun + f(@F) — f(a" %) + Ry,
(4.25) (b)) F=(A(@ %) - A@*3)va -
+ (B ) — b(am))ant + Fp.

Let ™ = (Q1u)" —u}, p"* = u" — (Q1w)", 1" = op —aj and g™ = o" — o), again.
From (4.24) we see that (7™, 0™) satisfies the error equation

Do(@) % (™ + 71,07, (wn v1))

(@O = )
c(t, *)

(4.26) - T—"div(g" + ") + T RE), (@ Yon + %divﬂh)

- (A e e by DO 0"+ 0" - EY)

n—1 n—1
F VO T+ 40" ), wy + Al 2)Von +b(@, 2)os)

for each (wy,,vn) € Hy, X Sp, andn=1, 2, ---, N.
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Taking (w,vn) = (7™ + 7"~ 1,6™ + 6"71) in (4.26), we get the equality

(el )0, 07) + 2] (Al D4 504
+ (A, 2) gn%, v i)
+ (A, e b He ) |

+ 12 (——dive™~}, diva™ )
ot ?)
n—3 .
= (c(it, 2)0"~1,0m71) — (6" — 0"} diva" )
+ (( (uz 2) —C(UZ__))OR 1 N i 1)

(4.27) Cdr, (A@ )z £ Vet ba Hen )
-1 —dive""2,diva™” %)
(i )
1 -n—13 n— n D ~T = n n—
(o (e(@, ")l Lo gt 4B e )(0m +6mY)
c(a, *
+radiva™ ) — 27 (Al DGy o - SE)

+ Vb h @ v sy e
- @ h) e + e, 5 o).

In order to estimate the terms in (4.27), we make an inductive hypothesis that for
each n > 1 the uniform estimate

(4.28) . Jim [0 lwre() =0, VO<j<n,

holds. Under the inductive hypothesis (4.28), we have the following estimates:

Tal(6" — 6771, divE™ )| + | (e(ity By (@ 5o, )|
(4.29) < Kaa{ 72010071722 + Taca[ 167 3200y + 100" 17200y ]
a — 3 . —n—4
+ Tn2ll 0™ 212 ()} + 8] Tnll 0107 (172 2y + TRNAIVE™ 2 (|72 ),
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o[ |( — (e} #)d,p" — Rp),cliy 2)gnt + dwfr" 3)|
C(“h )
+ (A () h +l_a(a’;‘%)é"-%)|
FIAGHE, 77 + A@ Va4 b@l hend)
+ (A e, 2 b 2)an )
(430) (A ety Hmh)
(V8" b, 8] ]+ 72— dive™ diva™ )
c(d, ?
< Kas{ Tl 1071220y + 860" 220y + 15" 2 120
+1E" 2 122 qyye + TalldivE™F 32 + RS 120
+ 1 E2 2z 1+ Tam 167 g} + 07l I 2 122 e
+ Vo2 17220y + TolldivE" % %20 1
Tl (A )V %, V8™ 4) + (Vo bay )0 )
+ (b(a’; Honoh, v |
= 7l 31 (A — @)™, V6 )
+ (A@ ) = A1) Vpnt, vt
+ (Vo™ (b, F) - b(um)f"?)
+ (Vo (@, E) — b ))En )
(4.31) . 7
+ ((b(@y, ?) —b(u™))p", Vo™~ 2)
+ (oG E) — b))t e |
— @R |
< Kae{ 7o 1071320y + [Pk 1220y + T2 VO™ 112 03y )
F o1 107 M 32 + 721 (1060™ H T2y + 180" M F 2 ()
1V M 2 ayya ) 1+ a2l 108" 21720y + 106" 2720 1}
+ 67, | VO 122 cyes
(4.32) (VF"~%,2"7%)| < Ky min(|| V5"~ ||?L2(n))d||in_% ”?L2(Q))d

_n—1 e —n—1
2™ 2||2Lz(n)“dlvﬂn 2”%2(0))
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Substituting (4.29)—(4.32) into (4.27) and then summing (4.27) from 1 to n, we
find that

n
=5 1 _a_1
167120y + D 7L VB 120y + 177721212000 ]
j—l

(4.33) < Ks{ ZTJ[ 1671Z 2 + 75118:6 113 2y ] + min(h3™, HE™ 1 /)
j=1

. n
+hZETD 4 7RZE 4+ P2R2™ £ 7t} 48> 718,871 2 -

=1

On the other hand, taking w, =0 and v, = 6™ — 6"~ ! in (4.26), we get another
equality:
o (c(ir™ )80, 8,0™) + (A, ¥)ver, vor)
= (A 5)Ver=, verh) + (A %) - Ay #)ver—, ver)
—27,[ (A(ay~ )i"‘f +VO"3, b(a;“f)aton)
+ (A Db HE A )vae” +b(a, )a.6m)

1 doA m men o medim

+ (o (@, 3" — B3), el *)3,6™)
c(a, ?)

+ (@, e 4 b(@, B + (A, *)(b(ay, *)p"
1~

= SED + Vo A v + yay oo )

(4.34)

Estimate the terms on the right-hand side of (4.34). Under the inductive hypothesis
(4.28), the following estimates hold:

(A %) - Aday ) Ve, vgn)|
(435) < Kao{ 7a-1[lVO" M IEL2 (e + 10:0™ 122 ()] + Ta2010e0™ 2720}

+ O[rn1]10:6™7" ||%2(sz) + 7n-2[18:6" 2720 |-

Since

(A "2)V5"F, VE,0™) + (V5" 4, b(@ $)8,0™) + (b(@" )51, va,0m)
= A — AWV + (bl ) — b)), V")
+ (A — A1)V + by E) - b)), Vo)
+ (Vo (b, )~ b(u™)30") + (Vo™ Y (b(@y, )~ br))5,0m)]
+A(p"2,8,6™),
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and

ra(AE2) = AW™) Vo™ + (b ?) - b(u™)p", V80"
= ((A@ ) — AW™) Vo™ + (@) - b(u™))o™, VO™
— (A E) — A ) V!
+ (b ?) — p(ur1))pn vo”*)
~ (@A) — AW™)Vp
+ (b(a " %) - b(u™)p™), VO™,

it follows that

1

—Tn[(A(ﬂZ—z)Vﬁ"_% vao")+(v/s"-% by #)a.0m)

+ (A} - A ) vt + (b(a;“%) b(u=1))p" L, VO™
(436)  —((A@ 3 — A )Vt + (b ) — bun)en !, ven )
— (A ) — A@2) V"2 + (bap F) — bu"2))p" %, V)
+ Kao{ Tar[ 167 30y + o1 (1067 M Zaey + 1000 3 o
HIVo ey ) ]+ Ta2l 16772170y + T2 1807272y
+110:0" 231y ) ]+ 7l Hﬁn_%niz(sz) + 72V 12y 1}
+ 6788 230

and |
Tall (A )b, 2)(0™ + 61, by #)5,6™)|
+I( j_l (c(ay, 55,0 —Rf.»),c(aZ‘f)atonn
C(“h %)
+ (A HE b )|
+ (A ) Ey, by 2)a,6m)|
(4.37) + (A 2 by %), by 2)d.0™)|
+ (A e, by 2)aem)|

1

(v b Haem)] |

< Kai{ 7o 1077 ) + 7ol 1071y + “in_%ll?m(n))d
+ 112" 2 2y + 100" L2y + €7 2 17120
+ || R R3 |72 + IE; 1FL20)e 1} + 671100717 2(52)-
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Similarly to (4.36),
Tal(F5,V8,6™) — (b 3)"%,va,0m) |
< (B - b(ay 50", ve) — (F;  —b(ay )" 3, venY)
(4.38) + Koo {7a[ 16™|F2 () + ||3—tEé||?L2(sz))d + ||5t/’n||?L2(sz))d ]
+ Tt [ 107 3 gy + 196" 12 (qyya 1} + 61 Tall0:6™ (1220
+ Tno1[18:6™ T2y + Tn—2||3t9n_2||2m(sz) ]

Substituting (4.35)—(4.38) into (4.34) and then summing (4.34) from 1 to n, we
derive the estimate

Y 1887132y + V07 1122y
1<j<n

< Kaa{[10%1 310y + 1071720

+ > L0 Fn q) + 17272 P2 qyye ]
1<j<n

(4.39)

+ min(h2™, hﬁ(m“)/T) + hg(k“) + Th?,kl + 72h2™ 4 74},
By applying the discrete Gronwall’s lemma. to (4.39), we have
Z 75118:67 1320y + 1V6™ 171202y
1<j<n

< Kaa{ll6°1 31y + 1071320y +° D 75l 1671320
1<j<n

+ ||z~ ”%L2(Q))d ] + min(h2™; B2V /1)

+ h2kF1) 4 pp2k | p4y

(4.40)

Substituting (4.40) into (4.33), we obtain for sufficiently small 7 the error estimate

n
1071320y + D 75l IV 21212y + 12772 1122y ]
j=1

(4.41) n , .
< Kas{[16°1131 ) + ZTJ'”e]”zL?(Q) + min(h2™, R2(™H /1)

j=1
+ h2KFTD 4 2R 4 r1Y,
Applying the discrete Gronwall’s lemma again, we have
2i1 i1
16™1% 20y + Z LIV ™2 |12 qyys + 172 L2 0ya ]
1<j<n
(4.42)
< iy JURSEY +nhi o min(hl, B /) 47} (m = 1),
TP RS frhZ 4 hZm 41t ) (m 2 2),

for1<n<N.
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We have proved (4.42) under the inductive hypothesis (4.28). Now we check
(4.28). From (4.40) and (4.42) we see that

p2kH1) | g2k min(h2,hd/7)+ 74} (m=1)
4'43 07L 2 < K { a o ur u ,
(4.43) 110”1152 () < Kaz {{ K2 4 p2ks 4 p2m oy nd ) (> 9).

It follows from the inverse property of the finite element space Sy, that

_d
(4.44) lvnllwieo ) < Kaghu ? lvrllgr), Y vn € Sh,.

Similarly to the proof of Theorem 4.1, it is easily proved by using (4.43) and (4.44)
alternatingly that (4.28) holds under the condition (4.22). (4.42) leads to (4.23). O

Theorem 4.3. Let (¢",u") and (cf},ufy) be the solutions of (1.3) and Scheme 3,
respectively. Suppose that the mesh parameters h,, h, and T satisfy the relation

k d d
(4.45) hgt =o(hZ), T=o(hZ).
Then the a priori error estimate

n _ n n _ n
(4.46) OISEzasXN”g arllczz e + og}langv [u™ = upllL2@)

< K49{h§1 + hzl+1 +7 }

holds, where the constant K49 depends only on T and some norms of the solution
u.

Proof. Let ™ = u}! — (Qiu)™, p™ = (Q1u)" —u", 7" = o} - oy and g" = o —a™
We only have to estimate the bounds of (™, 0"), which satisfies an error equation
An(af; (™, 0" — 671), (z", 6" — 0" V)) = 7o (A(up~Hz" 1, 1"
— 7ol (diva™1,8,6™) — (A(up =)z, b(ap),0™)
(s
c(dy)

— (A(upHz" ™, (A@R) — Alup ™)) Va6 |

— (A(ap)e™ — A(up ™M™t + (A(up~Mb(up™) — A(ag)b(iR))o"
(4.47) — TaF5, 1" + T A(UR) V6™ + Tob(47)0:0™)

— (A(ap)b(ap)p™ — A(up ™ )b(up=")p" 1, 1 + rb(a)3,0™)

= 1l (VO™ 1) + ((A(}) — Alup™")b(up~")p" ", A(i) V,6™)

+ ((A(ER) — A@W™)Vp™ — (A@R) — A1) Ve

+ (b(aR) — b(u™))p™ — (b(up ") = b(u"1))p" 1, VIH")

+ (Vo (b(aR) — b(u™))3:6™) — (Vo™ ', (B(aR) — b(u""))8,6"™)

~ AT (0107, 0:0™) ] },

(c(@f)dep™ + dive™ — RY), c(af)8,0™ + diva™)

where
Fp = [ (A(u™) — A(ap))e™ + (A(u™)b(u™) — AR )b(ar))u"
(4.48) — (A@™™) = A(up))g™ !
+ (A" ) = A(up~Mbup™)u") /7.
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In order to estimate the terms in the error equation (4.48), we make an inductive
hypothesis that for any n > 1 we have the uniform estimate

d

(449) | Jim (107l + max(haf ho B)lla? | gagane | =0, VO <n.
It is clear that
An(af; (2", 6" = 0"), (2, 0" = ")) — 7 (A Ha" 1)
= 7l 3l ()", ") - (A a1 |

+ Tal (c(@})0:0™, 8:6™) + ( ! diva™, dive™) |
c(ap)
(4.50) 2[(A(aﬁ)v5t0n,v(§t0") + (A(aR)b(a)B,0™, b(iif) 5,6™) ]
—[ ap)(A@ap)n™ — A(up~ )z ), A(ap)r” — A(up ™)z )
- ((A(u:: - g a2
+ (A(up ) (A®@R) — Alup ™)) A(up a2 |
+ 27 (A(GR)T™ + 1, VB:0™, b(0})5,6™)},
|(A(up~ ") (A@@R) — A(up™)Afup )zt 71|
+ (A" = Aup= )z, 7|
(4.51) < Kso( 1+ min(hy %, hy Im™ H1F12ayya ) a1 (™ 12 )y
+18:0" T2y ) + Ta2ll8ep™ 2|7 2qy |
+ 0 Tn-1[10:0™ 2 () + T—2010:8" 2122y ),
Tull(A@R)T™ + 7, V30", b(a)3,0™)| + |(A(up =)z, b(ii)8:6™)| ]
(4.52) < Ksi{7a|l7" ||(L2(Q))d + Tz 1“(L2(Q))d +7200:0™ 13202y }

+ 07 180671200y + TnlIVB:0" 112 (c2yya ]

We estimate the terms in the brackets on the right-hand side of the error equation
(4.47):

1 _
Tal(— (c(i2)p™ + dive™ — RY), c(3)8,6™ + dive™)|
453 C(uh)
(4.53) < Kool 1800 122y + IR 2a(cry + dive™ |22 gy |

+ 67 ||5t9"||2m(n) + ||diV£n||i2(sz) ],

7ol (A(up ™ )m™1, (A(GR) — A(up ™)) VE,0™)|
(4'54) < K537' 1{ mln hud,ha )”En_lll%Lz(Q))d( ”5150”_1”%2(9)
+ “6tpn l”[ﬂ(g)) ) + ”E _1”?[,2(9))4 } + 5T3||V6t0"||%m(m)d,



(4.55)

Since

(4.56)

it follows that

(4.57)
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|(A(ap)e™ — Alup™)e " + (AupHbup™)

— A(@)b(ap))0" ", 1™ + T A(iiR) VO0™ + T b(ii})8,6™)]|

+ |(A@R)b(ER) ™ — Afup~b(up )™ 1" + Tab(i7)0:0™)|

+ Tl [((A(up™) — A(aR))b(up~)p™ 1, A(iy) VE,6™)|

+ (Vo™ (b(u™) — b(a3))B0™) — (V" (b(u™1) — b(aR))D.0™)|
+[((b(u™) — b(aR))p™ — (b(u™") — b(up~1))p" 1, VIO™)|

+ ((AW™) — A@R)Vp" — (A1) — A(ap))Vp"~t, Va,6™)]
+ (V3™ )| + T A(Bep™, 0:0™)| |

< Ksaf o1 Ta1108™ T2 gy + 10e0™ M 2200

+ 1€ Ezzye + 10" zaey |+ 7l 700" 220y

+18:™ 112 0ye + 100132y + 12" 1020y

+ Tul V0" IE2(yye 1} + 07l 1087 [ 72(0) + Tl VOO [IEL2 ()
+ [ldiva™ 1 Z2 0y )-

|E5 (2 (02))e

< llg" (Aw™) = A@™) /7l z2(ap)a
+ [l (A™)b(u™) — A@BE™) [7al (12020
+ (1 Bea™ (A(a™) — A(@7)llz2@y)e.
+ 1B (A(am)bo(i™) — A(aR)b(iR)) | 22y
+lg " (A@ar) — Aig) — (A@™t) = A(up ™)) /7allz2@)e
+ un (A@)b(ar) — Aap)b(ar) — (Au™ )b )
— A(up1)b(up™ ")) /Tall L2(a)e
< Kss{mnllugtllz) + 107 Lz + 107 MLz @)
+ Tae1[ 106" Ml L2y + 10:0™ M L2(y + IIdiva™ | 2(q)
+ [ldive™ M2y 1}

\./A

l

)l
(ur”

Tol (B3, 7™ 4+ T AGR) V0™ + T,b(07)0,0™)|

< Kse{ Tl 17" 172 () + Tall0687 720y + T luftll 72y |
+ 71 [ 167 2y + 107 T2 () + o1 (10:67 7 1220
+ [diva™ Ty + 10e0™  HIZ 2y + Idive™ HIZeggy ) 1}
+ 67 [ 100671320y + Tl VO™ I 2 (2yya 1-

953
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Substituting (4.50)—(4.57) into the error equation (4.47) and summing it from 1
to n, we get

n
Iz 122 e + O 7l 1087320y + lldiva 320 ]
Jj=1

n
< Ks7{ sz[ 771 220yye + 1671720y ]
i=1

+ h2k1 4 p2(m+D) 4 p2)

(4.58)

Applying the inequality
n —_ . n .
(459)  116™132(q) < 16%172(ay + 8D 75110:67 |72y + Kos Y 7ill07 32
j=1 j=1

to (4.58), we have the estimate

n
7™ 122 capye + 1671320y + D 5[ 18667 1320y + lIdivar? |32y ]
i=1

n
< Kol 3ol I 12zagapye + 16713200y |
Jj=1

+ 3%+ R 4 7%,

(4.60)

By applying the discrete Gronwall’s lemma to (4.60), we derive that

n n
Og}ng”e |2 ) +02}1ast lm™ | L2 (2y)e

(4.61)
< Keo{hk* + 1 4 7}

It is not difficult to check the inductive hypothesis (4.49). a

Finally, we consider the error estimate of Scheme 4.

Theorem 4.4. Let (¢™,u™) and (o}, u}) be the solution of (1.3) and Scheme 4,
respectively. Suppose that the mesh parameters h,, h, and T satisfy the relation

(462) k% =o(hE), T=o(min(hi, hi=?) (m=1), 7=o(hi) (m>2).
Then the a priori error estimate

n_ _n n_,n
(4.63) ognnagzv”g hllz2))e + OgiaéxN [u™ — up|lL2(q)
< Kei{h§ + h7* + VTh + 72 }

holds, where the constant Kgs depends only on T and some norms of the solution
u.
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Proof. Let 0" = up — (Q1u)", p" = (Q1w)" —u" , 1" =g}, — o} and " = g} — "
again. We only have to estimate (7", "), which satisfies the error equation

(———(c(a} " )o" + Mdiv(@” + 1 )),c(ﬂz_%)vh+;—ndivgh)

+Tn(A( I + b(up)0™) + VO™, w, + A(ar) Vo + b(ay)vn)
= (0" e(dy, §)vh+7diwh)+Tn( A(up™ ") (z™ 1 + bup 1)1

—t

B 40wy + AR Von + b(ER)on) + (——p (el ) ("

= ") = Tadiva™} + 1 BE), o % Yun + ™ divwy)
+Tn(ﬁ(u}1‘l)( P b(up ) -
+ T} +V(p" T = ™), wp, + A(UR) Vs + b(aR)vs),

where

Fp= (~( ™) — A(ap)e™ + (Alu™)b(u™) — A(ap)b(up))u”

~7L ~

(4.65)

—
A

-
= A(up ™ b(uy~))u " /7.

First, by taking v, = 0 and w;, = 1™ — 7"~ ! in (4.64), we have the equality

l( 7}_ —diva™, dive"™)
e, ?)

—diva™ !, diva™ 1)

—— = —)diva™ !, diva™ 1)
) (i ?)
(4.66) + (A@p™) = Az, b
+ (A(up)b(up )" — A(a

+ 7o (Alup ) (€ + b(up e

— A7) (™ + b(ag)p™), Bpr™)
)

3
[N

")
Z)b(ftﬁ)@" ™)

s leétﬁn)

— Tn( T (divg"‘% - R’;‘
2

c(,

To estimate the terms in the error equation (4.66), we introduce an inductive
hypothesis that for any n > 1, the uniform estimate

(4.67) N ,13“71__'0[“9].”%00(9) + min(hﬁd,h;d)(nﬂj”%m(n))d + [[diva?||72())] = 0

usite

holds for each 0 < 7 < n.
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Under the inductive hypothesis (4.67), the following estimates hold:
I(( 7}_1 - 1_3 )diva™ =1, diva™ 1)
(@) c(al?)
1A pu e — AR, )|
(AR — A®ap))z™t, 8™

+ (g )+ blup e ) = A@R)(E” + b(aR)p"™), Ber™)-

(4.68) < Ke2{[ 1 + min(h;?, h;?)(|[dive™" 1||L2(Q) + Iz~ ||(L2(n))d) ]
[ 18:8™ 1220y + 10:0™ 1320y + 1™ 1712 c2y)a )
+ Ta—1( ||0n_1||%2(n) + ||5t9n_1||2m(9) + ”Eﬂ_lll?Lz(Q))d
+ [ diva™ Ty + 16" IF2 () + 100™ HIZ2 (0
+ ||diV§n—1||%2(9) )+ Tna( ||5t0n—2||%2(9) + ||5tpn—2||2L2(n)
+Idive™ [ 2(q) ) 1} + 07l 0™ 17120y

—Tn( j —(dive" % — R%),divd,n™)

c(ty, *)
<( 1_§ (divé”_% - ﬁg_l),divgn_l)
c(a, ?)
1 1 ~
- dive™ ™z — RZ),diva™
(4.69) (c(ﬁz— 3 ( ) )

+ Ko {Tn ( [|dive™ (|72 + |dive™ |72y + 10:RE 1326y )

+ Tt (190" 3oy + ldiva™ 11220 + 180" 220y

+ [[dive™ 1320y + I1divOe™ |72y ) + Ta—2( 18:6" (12 (q
+ [[diva™ 2| Z2 ) + 18:07 2 (132 () + I1dive™ 2 (720 )}

Since
F} = o (Au™) — A@@™))/7n + u (A(u™)b(u™) — A(@™)b(@™))/n
+ o™ (A@™) — A1) — (Aap) — AP ™)) /Tw
(4.70) +um(Aamb(™) — A" bu )
— (A(ap)b(ap) — Al bur™))) /T + (A1) — A(up 1))

+ (A b t) = Afup~)b(up ™)),
it follows that
Tal(Fg, 9pn™)| < K64{7'15;||u3t”22(9) + 1 ( ”0”_1”%2(9)
+ 10" 22y + 1diva™ 12 (q) + Idive™ M |F2q) )
+ 7216721320y + 107211720y + lldiva™ |32 (o
+ [l dive™ 2|72 () )} + 0T llBem™ L2 (qy)a-

(4.71)

3
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Substituting (4.68)—(4.71) into (4.66) and summing it from 1 to n, we obtain the
estimate

> Till0en? [F ey + Idiva™ |72y
1<j<n
(4.72) < Kes{lldive® |32y + D 75l lldiva?[|32q
1<j<n

18607 3 gy + 1073y |+ H2HD 4 h268 1 74},
Applying the inequality
”En“%[ﬂ(g))d < ”EOH%Lz(Q))d +46 Z Tj||5tﬁj”%L2(Q))d

1<j<n

+Kes »_ millml[F120y)a
1<j<n

(4.73)

0 (4.72), we find that

||£n||%L2(Q))d + ||diVEn||2LZ(Q) + Z Tj ||5tEj||%L2(Q))d
1<j<n

474) < Ker{lz1Fsagpa + Idiva®lFacy + D w127 F2(0y)a

1<j<n
+ [|diva? 320y + 106671320y + 16711720y | + A2 + h25 4 74}

On the other hand, taking w;, = 0 and v, = 6™ —6™~! in (4.64), we have another

equality:
Ta(c ( )50 0,0™) + T2 (A(u})VH,0™, VI,0m)
7o (AR b(a}) 30", bR )D.6™)
— T (c(iy, 1)<9tp + dive™ %—R2,5t0")
— Tp(dive™™ 3,0,0" ) + T (z™ 1, V5,0™)

+ Ta[ (A )z, (A(

ap) — A(uph)vaen)
+ (A(up™Hr™ ™ - A(ug)z™, b(up)8,0™)
+ (A= 1b(up™) — A(ap)b(ag))0™ ", A(uR) VB,0™ + b(iy) 3,6™)
(4.75) — 27,(V8,0", b(a)B,0™) + (A(up e~ — A(uf)e™
+ T FY, A(UR) V0™ + b(1})0,0™)
+ (A(up =" b(up )"t — Aap)b(ap)e™, biy)d,0™)

+ (Vo™ 1, (b(ug) — b(u™~1))8:6™) — (Vo™ (b(uf) — b(u™))0;0™)
+ (A(upHb(up =)™, (A(aR) — A(up~))VE0™)
+ ((b(up™) = b(u™ 1))t — (b(ap) — b(u™))p", VEO™)
— T ((A(a}) — A®@")) VI, p", VE,0™)
+ ((A™) — A1) Vo™, VE,6™)
— Ta((AGE™) — AW™)VB,p", VEO™) + Arn(80", 8:0™) |-
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Estimate the terms on the right-hand side of (4.75):

Tn[ |(c(11 )(9tp + dive""2 — R§,5t0")|
+ (@™, V30| + |(Alup )z, (A(ag) — A(up ™)) V0™
+ [(AQup~"m" ! — A(ap)z", b(ap)5.0™)|
+ 1((AQup™ b(up ™) = Alap)b(ar))o" ", A(aR) V0™ + b(iih)8,6™)
+ 7al(V06™, b(55)0:6™)| + [(A(up, e — A(ap)e™
+ T EY, A(U7)VO,0™ + b(uh)5 ™)
+ (A b(up™ )" = A(aR)b(ur) ", b(ar)3:0™)
+ Vo™, (b(ak) — b(@™))8:6™)| + (Vo™ 1, (b(aR) — b(u™1))8:6™)|
+ [ (Alupb(up~)p™ 7, (A(ﬂZ) — A(up ™) Va.0™)|
(4.76) +((a(up ™) = b(u™ )Pt — (b(uR) — b(w™))p™, VO™
+ Tul((A(T}) — A(@™)VO,p", V8:6™)]
+ 7ol ((A(@"™) — A(u™)) V80", VI,0™)| + 7 |(Dep™, 8:0™)] |
< Keg{Tn-1[ 10" |Z2(q) + ldiva™ 1320y + ||En_1||%m(n))d ]
+ 7a| 7'n||5t9"||2L2(Q) + ||En||?L2(Q))d + ||diVE"||2LZ(Q) ]
+ Tt [ 10" M Z2 () + 7o 1 1V0™ HFL2qyys + dive™ [72qy ]
+ 7l ol Tz () + T2 IV IT2iyye + V0™ 1712y )
+ 1180122y + lldive™ (122 () + | RS 122
+ Tl EZ 1 Er2cayye + 10”12y 1}
+ 070 [ 18:6™ 1220y + T V0" P12y )

wry  lAGT) A )T )
< K69T3h12;m”pn_1”%1m+1(9) + 5T3||V5t0n”%L2(9))"'

Substituting (4.76) and (4.77) into (4.75) and summing it from 1 to n, we find that

D 1867132y + 751V 807 112y |

1<j<n

(4.78) < Krof Z 5[ 11671320y + 177 122(0yye + lIdive? [Z2q) ]
1<j<n

+ h2mA) L pp2m . pZe 4y
An application of (4.59) to (4.78) leads to

1671320y + D 71867320

1<j<n
(4.79) < Knf Z L1071 F2 () + 77 1712 qyye + 1diva?[|F2q) |
1<j<n

+ R2HD 2 4 p2E 4 7Y
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Substituting (4.79) into (4.74), we have the estimate
7™ 122 (0y)e + diva™[1Zs(q)

< Koo {lIm°lFz2(pye + diva®||Ze(q)

+ Z T 16711720y + Idiva? 132 ) + lm7 12 (qyya |
1<j<n
+ R2mFY) L pp2m L B2k L 14} VO <n < N.
(4.79) and (4.80) lead to
16™132() + 7™ 122 qy)e + [diva™ (122
< K73{[16°)132(q) + 1m°1F22qy)e + I1diva®[|72(q)
+ Z 5[ 167122y + 1771722 (qyya + ldiva? |32y ]
1<j<n
+ 2D L rRZ™ 4 A2 471}, VO << N.

Applying the discrete Gronwall’s lemma to (4.81), we obtain the a priori error
estimate

(4.80)

(4.81)

16™1172¢q) + “Lrn“?m(a))d + ||div7_r"(|%z(a)
< Krg{h2m+Y) 4 rp2m 4 g2k 4 74} VO <n < N.
We have proved (4.82) under the inductive hypothesis (4.67). It is not difficult

(4.82)

to check (4.67) under the condition (4.62). O
In the case
(4.83) A(u) = a(z, t,u)A(x), a(z,t,u)>ag >0,

where A() is a symmetric positive definite matrix, we have a better error estimate.

Theorem 4.5. Let (o™, u"™) and (g}, u}}) be the solutions of (1.3) and Scheme 4,
respectively. Assume that the coefficient matriz A(u) has the form (4.83) and that
the mesh parameters h,, h, and T satisfy the relation

(4.84) hE = o(hd), = o(hd).
Then the better error estimate
(485 02*’5,”2” —arlza o) + Rl lu™ — upllL2(e)
< Kyg{hE* + 1 4 72}
holds, where the constant K75 depends only on T and some norms of the solution
u.

From Theorems 4.3 and 4.5 we derive two optimal error estimates.

Corollary 4.1. Let (c™,u™) and (o}, u}}) be the solutions of (1.3) and Scheme 3,
respectively. Assume that the finite element space Hy, is one of the classical mired
elements with the index k1 = k + 1, such as Reviart-Thomas elements or Nedelec
elements. Under the condition of Theorem 4.8, we have the optimal a priori error
estimate

n - n n _ n
(4.86) oIsI}zaéxN“g aillea @y + o&%"N lu™ — upllL2()

< Krg{hkt1 4+ At 4 7},
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Corollary 4.2. Let (¢™,u™) and (o}, u}) be the solutions of (1.3) and Scheme 4,
respectively. Assume that the finite element space Hy, is one of the classical mized
elements with the index ky = k + 1, such as Reviart-Thomas elements or Nedelec
elements. Under the condition of Theorem 4.4, we have the optimal a priori error
estimate

(4.87) og?st“gn — iz oy + o T8X, [u™ — ukllL2 (o)

< K77{h§+1 + hT+1 +72 }
To prove Theorem 4.5, we require the following lemmas.

Lemma 4.1. Let G be a bounded domain in R, P,(G) the polynomial function
space of degree r on G, W C P, and ro = max{r; P, CW}. a= (a1, -+, ag) s
the d-dimensional index with |a| = a; + ag + -+ + aq and D* = D! --- D3¢ the
partial differential operators. There exists a family of linearly independent bounded
linear functionals {f;}!_, defined on H'+1(G) of the form

488)  fi(v) = / S basDwds, Voe HM(G), 1<i<],
G

ro+1<]al<m

such that for each w € W, fi(w) =0 (1 <i < 1), and for each v € H™*(G)

I

. 1

(4.89) Jnf llv = wligme) < K[ Y ID}eiqy + Y1) ]2
|lal=r1+1 =1

where the constant Kg depends only on the domain G and ;.

Proof. Let Q = (Pr,\Pr,) U{0}, V = WNQ, and let V) C Q be the orthogonal
complement of the subspace V in H™*1(G). 1t is clear that the space

(4.90) Q' ={g; glv) = Z ba/ D*v dz, Vb, € R', ve H"(G)}
ro+1<]al<r; G

is the dual space of Q. It is also clear that there exists an orthogonal space decom-
position Q' =V’ @ V| such that

J
V' =span{f;})1 = {f; fv) =) f;(v), Ywe H"*(G)}
j=1
and
I
Vi =span{fi}_; = {f; f(v) =) fulv), Vo€ H"*(G)},
=1

where both { fj}‘j’=1 and {f;}/_, have the form (4.88) and satisfy f;(v) = 0 for each
veV,and1<j<J,and fi(v) =0foreachv € V and 1 < i < I. From the
equivalent norm theorem we can easily derive that

J I
vl gri+1(a) < Kool Z D032y + Z |f5(0)? + Z | fi(v)[?
(4~91) |la|=r1+1 7j=1 =1

+ Z |/0D°‘vdx|2]%,

0<|al<ro
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for each v € H"'11(G). It is obvious that for each v € H™1(G) there exists a
function w* € W such that [, D%(v — w*) dz = 0 for any 0 < |a| < 7o, and
fitv—w*)=0for 1 <j<J,and fi(w*)=0for 1 <4< 1I. Hence

I

* o 1

(4.92) lv—wllgriere) < Ksol D 1D[}eiqy + D 1f:i(@) ]2,
=1

|a|=r;1+1

(4.92) leads to (4.89). a

Lemma 4.2. Let 5 be a standard element, W a standard finite element space of
polynomial functions of degree less than or equal to r; on o, and I a bounded
linear interpolating operator from H™1t1(p) onto W satisfying Iv = © for each
v € W. Assume that the partition T}, , the finite element space Sy, on Ty, and the
interpolating operator Iy, from H 7”14’1((2) onto Sp, are generated from the standard
element p, the standard space W and the operator I through use of the piecewise
affine transformation (see [17]). Then the following super-approzimate property
holds for any ¢ € W1 (Q):

(4.93)  |I(I = In)(pvn) |l mr (@) < Ksihullollwreo@llvnllar@)y, ¥ vh € Sh,.

Proof. Let F, be the affine transformation from an element ¢ onto the standard
element g, v, = Vo F, for each ¥ € W, and let ) be a piecewise linear continuous
interpolating function of ¢ on T}, . It is clear that

(I = In)(pvn) | 11 ()
< = In)(pnvr)llar (@) + 1T = In)(( = @r)vr)ll o1 ()

By Lemma 4.1 we have
I(Z=1)(0rvR) 131 ()
< Kgph™ 3~ (I = D)(wnvn) 0 F; M2a 5

0€ThH,
< Kgshi™? Y _in\f_v (pnvn) 0 Fyt = 8 3m 415
(4.94) 0€Th, €
< Ksahl™2 Y[ > ID*((envn) 0 Fy )32
0€Th, |a|=r1+1
I

+ |/ > baiD*((pnvn) 0 F; ) dzf?].

i=1 Y@ ryt1<|al<n

Noting that [, 37, \1<|aj<r ba,i D0 dZ = 0 for each 5 € W and that D*v, = 0
for |a| =r; + 1 and each v, € Sp,,, we have

>~ ID%((prvn) 0 Fy Y)i3a(q
|a|=r1+1

< KgshZM D=4 N " " ID*(pnvn)l132(p)
Ja)=r1+1

< KashZ™ D~ on 131,00 ) l0n 1 3m1 5

< Ks7h3_d||90h||€v1-°°(g)||”h||?11(g)
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and
I
> > baiD*(pn o Fylu, 0 Fyt) dz)?
i=1 Y@ ro41<|al<r
< Kgsg Z hilal_d”‘Ph”%VLW(@)”vh”i{lal—l(p)
ro+1<|a|<r
< Ksshi_d”‘Ph“%w,oo(g) ol gy
Hence (4.93) holds. (]

Generally, the usual C%elements used in engineering satisfy the conditions of
Lemma 4.2, so that the super-convergent approximate property (4.93) holds. Now
we can prove Theorem 4.5.

Proof of Theorem 4.5. It is clear that in the proof of Theorem 4.4 only (4.77) needs
to be changed. By Lemma 4.2 we have

Tal((A(™) — A(u™™1)) Vo1, VE,0™)|
< T2 [(AVP™ 1, V(8ia(u™)8:0™))| + |(AVE™ Y, 8,07 V,a(u™))] ]
< 2 1(AVP™ 1, V(I — 1) (Bea(u™)8:0™))
+ (Vo™ 1 b(u (I — 1) (B:a(u™)8,8™))
+ (b(u ", V(I = 1n)(8a(u™)0:6™))
+ A", (I = 1) (Ba(u™)3.0™))|
+ (Vo™ b(u" 1) Bea(u™)8:0™)] + [(b(u1)p" Y, V(Bra(u™)8:6™))
(L, B,a(u)B.0™) | + AV, 8,07 Vdsa(u™)] |
< KooTn—1{ll0" IZ2(q) + (B2 + T2 )INO™ HIEL2(0y)e}
+8[ TallB8™ 120y + Tal VO™ I 2qyya |-
< KQlTn—l[ hﬁ(mﬂ) + 7'4 ]HU”'III?qmn(Q)
+8[ TallO8™ 1220y + Tl VO™ I L2(qyya |-
This finishes the proof of Theorem 4.5. a

(4.95)
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