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A MIXED FORMULATION OF BOUSSINESQ EQUATIONS:
ANALYSIS OF NONSINGULAR SOLUTIONS

M. FARHLOUL, S. NICAISE, AND L. PAQUET

ABSTRACT. This paper is concerned with the mixed formulation of the Bous-
sinesq equations in two-dimensional domains and its numerical approximation.
The paper deals first with existence and uniqueness results, as well as the
description of the regularity of any solution. The problem is then approximated
by a mixed finite element method, where the gradient of the velocity and the
gradient of the temperature, quantities of practical importance, are introduced
as new unknowns. An existence result for the finite elemert solution and
convergence results are proved near a nonsingular solution. Quasi-optimal
error estimates are finally presented.

1. INTRODUCTION

Let © be a bounded domain of R?, with a Lipschitz continuous boundary T'.
We consider the stationary equations of thermohydraulics in the setting of Bous-
sinesq approximation with Dirichlet boundary conditions for the velocity and mixed
Dirichlet and Neumann boundary conditions for the temperature:

([ —vAu+ (u-V)u+ab+Vp=f inQQ,
—kAG+(u-VYb=g in 9,
V-u=0 in §,
(1) .
u=20 onT,
=0 onl"D,
L %=0 on I'y,

where u is the velocity field, p the pressure, 6 the temperature, and
2 2

(u-Viu= Zu]% Zujauz V~u—6u1+aﬁ
j=1 j=1

aa:j’] dx; | T 0z Oz

I'p is a nonempty open part of I', I'y = '\ T'p, n denotes the unit outward normal
to I', and by a%’ we mean the exterior normal derivative. We suppose that the
right-hand sides of (1) are square-integrable in 2, i.e., we impose that f € (L?(£2))?
and g € L?(Q). The coefficients v and k in (1) are assumed to be positive; v is
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called the kinematic viscosity and k the thermal diffusivity. « denotes a constant
vector in R?, the term af in the first equation is related to the buoyancy forces;
in our context a is arbitrary while usually in physical contexts it is parallel to the
vertical axis.

Recently, Paquet [14] and Bernardi et al. [1] have studied systems of equations
similar to (1). They have proved that this problem has at least one solution. In
(1], the authors also show that under some very restrictive hypothesis on the data,
this solution is unique; moreover they analyze the corresponding discrete problem
by classical finite element methods.

Let us mention that the first equation of (1) is slightly different from the one
considered in Bernardi et al. [1]. However, in Section 2 we adapt the proof of
the existence results obtained by Bernardi et al. to our system (1). We further
give sufficient conditions on the data f and ¢ insuring uniqueness. The difference
between system (1) and the system considered in [14] comes from the boundary
conditions since there thermocapillarity effects are taken into account. Note also
that in [14] existence results are based on fixed point arguments (as in [11]), while
here we use the degree theory as in [1].

In Section 3, we analyze the regularities of the solutions u,p and 6. Namely
assuming that §2 has a polygonal boundary, we give the optimal regularities of
the solutions (in the spirit of [13, 4, 5]). As a consequence, we deduce sufficient
geometrical conditions insuring the regularity H%(2) for u,6 and H'(Q) for p. As
usual such results are useful for finite element analysis. Here they are also used to
check the equivalence between the classical weak formulation of problem (1) and
its mixed formulation.

In Section 4, we consider a mixed formulation of problem (1), where the gradient
of the velocity and the gradient of the temperature are introduced as new unknowns.
Thus the problem (1) can be formulated as

(0 =vVu in Q,
Vi(e—pb)—Lo-u-0f+f=0 inQ,
Vu=0 in Q,
£E=kV0O in 9,

(2) <

ViE—ftu-+g=0 in Q,
u=20 onT,
0=0 on I'p,

L g—z=0 on I'y,

2 2
v 8’1].,‘
u= Oz s g-u= E O15Uj, E o2;u;5 |,
7/ 1<4,j<2 j=1 j=1
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and for a tensor T,

_ (Or11 | Omi2 Oma1 | OT22
ver= (3x1 t e By ax2>'

Clearly, a classical finite element method may be used for the approximation of
(1) as used in [1]. However in many applications, the knowledge of the gradient of
the velocity and the gradient of the temperature (o and £) is of particular impor-
tance. In such cases, the use of a mixed finite element method might be preferred
as long as it provides a better accuracy for o and &.

The mixed finite element that we will consider in this paper, for problem (2), is a
combination of the one that we have analyzed in [9] for the Navier-Stokes problem
and the lowest degree Raviart-Thomas finite element (15] for Dirichlet’s problem.
Assuming that (u, p,0) is an isolated solution of (1) and that the mesh width h is
small enough, we will prove in Section 5 that the discretized scheme has a solution
and we will find optimal bounds for the error of the same order on u,p, 8,0 and &.
Let us mention that a numerical test confirming the theoretical estimates has been
performed in (10].

We close this introduction by pointing out that the analysis of the mixed finite
element for problem (2) with nonhomogeneous boundary conditions presents more
technical difficulties. This problem is left for the future.

2. EXISTENCE OF A SOLUTION
TO THE STEADY-STATE BOUSSINESQ EQUATIONS
AND A UNIQUENESS RESULT

We first introduce some notation that will be used in the following. H*(f),

IO-IS(Q), s € R, denote the standard Sobolev spaces normed by |.||s,o [13]. In
particular H2(T') is the space of traces of functions in H'(Q) and H~%(T') is its
dual space. The inner product of L%(Q2) := H°(Q) is denoted by (.,.). Since no
confusion can arise, we use the same notation for the corresponding norms and
inner products on L*(2) = L*(2) x L*(Q), H*(Q) = H*(Q) x H*(Q), etc. L3(f)
stands for the subspace of L2(Q2) consisting of functions with zero mean value over
). We will frequently use the spaces

H(div,Q) = {ve L}(Q):V-v e L}Q)}
and

H(div, Q) = H(div, Q) x H(div, ),

which are equipped respectively with the norms

1
||V||H(div,g) = {||V||3,Q +[V- V||(2),Q}2
and
1
I legdivay = (irl3n + 1V - 713,032,

Note that the trace operator v — v-n is a continuous mapping of H(div, {2) onto
H~%(I") where n denotes the unit outward normal to I' (cf. [12]).

The purpose of this section is to prove the existence of a solution to the Bous-
sinesq equations (1). We will also give sufficient conditions insuring the uniqueness
of the solution. In particular, it will be shown that the solution is unique if the
right-hand sides are sufficiently small.
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Let us first start with the existence problem. The arguments involved consist in
a slight variant of those in [1], the difference coming from the fact that in [1] it is
assumed that f = 0 in the first equation of (1).

Let us now derive the variational formulation of our problem. We begin by
introducing the following functional spaces:

3) V = {ve(H (Q)%divv=0in 0},
4) H,(Q) = {neH'(Q);n|, =0}

endowed with the norms

vz = /(}gradv1}2+|gradv2}2)dx Vv = (v1,05) € V,
Q
Il = /ngradm?dx v € HN(Q).

Performing a formal integration by part in the two first equations of (1) against
some v € V and n € H!(Q), respectively, we get the following weak formulation
of problem (1). Find a pair U = (u,0) € X := V x H}(f) such that for every
V=(v,n) eX: '

; v [ogradu-gradvdz + [,(uV)u-vdz + [,af -vdz = [,f-vdz,
(5) k [, grad @ - gradn dz + [,(uV)0n dz = [, gn dz.

We first need some a priori estimates whose proof is similar to the one of Propo-
sition 2.1 of [1].

Proposition 2.1. Let U = (u,0) € X be a solution of (5). Then we have

Y
(6) ol < 7,
PP* P
(M lul < lof 61l + —1fllo.,
v v
where
) - sup Jogn dz
neH()\{0} 71l
(9) P = su ”77"0,9’ * _ su ”77”0,9.
neﬁl(sz)\{o} il neH}()\{0} lImll
Consequently, we also have
PPy P
<o)L 4 = )
(10) Jull < lol = + ~Ifloa

In particular, the solutions U = (u,0) € X of (5) are a priori bounded.

As in [1], we are going to use degree theory. Let us then endow X with the
following inner product. For every U = (u,0),V = (v,n) € X, we take

(U, V) :=/gradu~gradv dx+/grad0‘gradn dz.
Q Q
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For every a € R? and f € L2(Q), we define a nonlinear map ®*f from X into
X as follows. For every U = (u,0),V = (v,n) € X:

(11) (@>fu,v) = /gradu'gradv d:c+%/(uV)u'vd:c
Q Q

+ l/a0-vd;t—l/f~vdx
Vija Vo
1 1
+ /gradO grad n dz+ (uV)On d:c—E/gn dz.
Q

In other words, the right-hand side of (11) deﬁnes a continuous linear form on X,
which by the Riesz representation theorem is the inner product with one and only
one element of X, called ®*fU. Clearly, U = (u,0) € X is a solution of (5) if and
only if ®>fU = 0.

We can also define another nonlinear map F*f from X into itself by

(12) (FOEU, V) = (*fU, V) — (U, V) VU,V € X.

It results from (11) and (12) that ®f = I + F*f; consequently the equation
®fU = 0 is equivalent to —F*fU = U. Therefore, we are reduced to find a fixed
point for the mapping —FFf,

In the following, O will denote a fixed bounded open set of X containing the set

PPy P
(13) {U = (u,0) € X; 61l < 2, lhul < ol + ZlIfllo.0}-

Accordingly, by Proposition 2.1, we are sure that
(14) YU € 00 : U #£ 0.

To be allowed to speak about the degree of ®*f with respect to O and 0, we
must show that F*f : @ — X is completely continuous [16, p. 184]. As the Riesz
isomorphism from X’ into X is continuous, it suffices to show that the mapping
O — X':U — (F*tU, ) is completely continuous. Now from (12), (F*fU,-)
extends naturally to a continuous linear form on I-OII(Q) x H!(€). Denoting this
extension by (F*fU, -), it is clear that it suffices to show that the mapping: O —
(I-Oll(Q) x H}(Q)) = H71(Q) x H}(Q)' : U — (F>fU,.) is completely continuous.
This is easily shown by using the same arguments as in the proof of Proposition
2.5 of 1] based on the compact imbedding of H!(f2) into L*(Q2). This fact and
(14) show that the (Leray-Schauder) degree of ®*f with respect to O and 0 is
well defined. In conformity with [16, p. 184], we denote it by d[®>f, 0,0]. By the
existence theorem of Kronecker (16, pp. 176, 184], to prove that there exists U € O
solution of ®*fU = 0, it suffices to show that d[®>f, 0, 0] # 0.

Proposition 2.2. If the bounded open set O is taken sufficiently large, then
d[®%°,0,0] € {1,-1}.

Proof. The ideas of the proof follow those of Proposition 2.5 of [1] because here
f = 0 with even the simplification that we only consider homogeneous Neumann
boundary conditions. |

Theorem 2.3. Under the assumptions of Proposition 2.2, we also have
d[@>f,0,0] € {1,—1} and consequently problem (5) has at least one solution.
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Proof. We modify the homotopy introduced in Theorem 2.7 of (1] in order to take
into account the nonzero datum f. Here we take

Y:0x[0,1] = X : (U, t) — oty

By (13) and Proposition 2.1, we have ®!** U/ # 0, for every t € [0,1] and every
U € 90.
Clearly (U, t) = U + Ft**U. Let us then define the mapping

F:0x[0,1]— X :(U,t) — Ftotfy.

If we show that F' is completely continuous, then it will follow from the invariance
of the degree by such homotopy (16, p. 185] and from Proposition 2.2 that

d[®>f,0,0] = d[¢°°,0,0] € {1,-1}

and the theorem will be proved.

By the continuity of the Riesz isomorphism, it suffices to show that the mapping
O x[0,1] - X' : (U, t) — (Ft~#U,.) is completely continuous. As before denote
by F the natural extension of F' to H™1(2) x H!(Q) defined by

F:0x[0,1] - H Q) x HX(Q) : (U,t) — (Ft>tfU, ).

The restriction mapping from ﬁl(ﬂ) x H}(Q) to X being continuous, it suffices to
prove that F' is completely continous. Now from (12), we have

(}-ta,tf(u’g)’ (V,ﬂ)). = :_l. /(;(UV)U -vdr + % /Q(UV)O’O dz

v

1 1 1
—E/andx+t[;/;a&vdx—;‘/ni\vdx].

We already know that the first three terms of this right-hand side define a com-
pletely continuous operator from O x [0,1] to H=}(Q) x H}(2)'. The last term is
t times a constant term so that it trivially defines a completely continuous oper-
ator (as a consequence of the compactness of [0,1] in R). The last but one term
t% fn af - v dzr defines also a completely continuous operator due to the compact
imbedding of H!(f) into L?(Q). This shows that F is completely continuous, and
thus F' too. a

Now we are going to state and prove a sufficient condition for the uniqueness.
This condition involved the data f, g as well as the physical constants v,k and a.
Let us first prove some technical estimates.

Lemma 2.4. Let U, = (u1,6,),Us = (ug,6,) € X be two solutions of (5). Then
they satisfy

vl - ugll? = - / (w1 = u2) - V)ug] - (u; - ug) dz

(15) ?

- / a(6, — 02) - (u; — up) dz,
Q

(16) K16: — 6% = — /ﬂ (a1 = ug) - V]85(61 — 65) da.
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Proof. Applying successively the first identity of (5) with u = u;,0 = 6;, v =
u; —uz and u = up,0 = 63, v = u; — uy and subtracting the two obtained
identities, we get

vus =gl + [ (@ 9)us — (@ 9)ua] - (s - wa) da
(17) ;
+ [ (6 =62) - (s — o) dz .

By Green'’s theorem and the condition divu; = 0 in €, it follows that

/Q(ulv)(ul —up) - (u; —uy) dz =0.

Using this identity into (17), we obtain (15).
The identity (16) is proved similarly using the second identity of (5). O

Lemma 2.5. Under the assumptions of Lemma 2.4, we have
*

SS
61 — 2] < —k_z—”g”H}(Q)’”ul - ugl|,

where S and S* denote the Sobolev constants

S= sup Inllo.a.0
sei @y 1M
S*=  su Inllo.a.0

neat@M\{0}  lI7ll

Proof. Applying successively Holder’s inequality, the definition of S and S* and
Proposition 2.1, we obtain

‘/{;[(ul - 112) . V]02(01 — 02) dz

00,
< Yl - u2)jlloaallz"lloqllfr = alloaq-
J

j=1,2

< 887 [ur — uz|[|62]][|61 — 62|l

*

SS
< 5 lgllzrz oy llu — uz|l[16y — 02|l
The result follows using this last estimate in (16). O

Corollary 2.6. Under the assumptions of Lemma 2.4, we have

a(0: - 62) - (w1 — ug) da| < 12APP75S”
Q k2

< llgll £z ey llur — uzl?.

Proof. This follows from the Cauchy-Schwarz inequality, (9), and the estimate of
Lemma 2.5. O

Lemma 2.7. Under the assumptions of Lemma 2.4, we have

\LWm—wwaymrmnm

s? PP
< Zus - wal? 1012 gl + Il
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Proof. As (7), one can show that

I+ —||f||v'

The desired estimate follows from the Cauchy-Schwarz inequality, the above
inequality, the definition of S, and the estimate (6) with (8). O

We are now ready to prove our uniqueness result (compare with the condition
(2.25) of [1]).

Theorem 2.8. Ifx:= 55 Sl + la|SPP*[ 5 + 51119/l a1y < 1, then problem
(5) has a unique solution.

Proof. Let (u;,6;) and (ugz,62) be two solutions of problem (5). Then by (15),
Corollary 2.6 and Lemma 2.7, one gets

u; — ug||? < &fju; — ug?.

If u; # uy, we may divide the two sides of this inequality by ||u; — up||?, which
contradicts the hypothesis. Consequently, u; = uz and by Lemma 2.5, we deduce
that 6; = 0,. O

Corollary 2.9. If 1 := Z2||f|lo.0+|a|SPP*?[:5: +355]ll9lloq < 1, then problem
(5) has a unique solution.

Proof. By the Cauchy-Schwarz inequality and (9), we have

£l < Plifllo.e,  lgllaz)y < Pliglog
Consequently, with the notation from Theorem 2.8, one has k < x; and the result
follows from Theorem 2.8 and the assumption x; < 1. |

3. REGULARITY OF THE SOLUTIONS

From now on, we suppose that {2 is a plane domain with polygonal boundary.
More precisely, it is assumed that 2 is a simply connected domain and that its
boundary T is the union of a finite number of linear segments I';,1 < j < n. (it
is more convenient to assume that I'; is an open linear segment (13, p. 182]). We
further fix a partition of {1,...,n.} into two subsets N’ and D. The union of the
I'; with j € D is denoted by I'p and similarly the union of the I'; with j € NV is
denoted by I'y. As before, we assume that I'p is not empty.

The aim of this section is to describe the regularity of any solution (u,p,0) €
V x LE(9) x HL(Q) of problem (5). We shall see that this regularity is related to the
singularities of the solution of the Stokes problem with Dirichlet boundary condition
in Q and the solution of the Laplace equation with mixed boundary conditions. To
recall the regularity results about these problems obtained in [13, 4, 5], let us
introduce the following notation. Let S;,j = 1,... ,n., denote the set of vertices of
2 and let w; denote the interior opening of Q2 at S;. Then the singular exponents
of the Stokes problem near S; are the roots A € C\ {0} of

(18) sin(\w;) — A?sin® w; = 0
(see [5] for more details). Let us set {s(w;) = min{RA; X is solution of (18) and
R > 0}. It is well known [5] that

Es(wy) > 1 ifw; <,
Es(w;) > 5 ifm <w; < 2m.
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The singular exponents of the Laplace operator near S; are simpler [13]: they are
equal to Q’%}ﬁ'—, with k € Z, if mixed boundary conditions occur near S; (i.e., if
one has a Dirichlet boundary condition on one edge and a Neumann one on the
other edge); otherwise they are equal to ’g]—f, with k € Z. The most singular positive
exponent £ (w;) is then equal to (playing a similar role of £s(w;)) Z"TJ in the first
case and - in the second.

J
Now we are able to state the following regularity result.

Theorem 3.1. Let (u,p,0) € V x L3(Q) x H}(Q) be a solution of (5). Then

(19) (u,p) € HX(Q) x HY(Q), if Q is convex,
(20) (u,p) € H'*5(Q) x H(Q), if Q is not convex,
(21) 6 € H*7(Q),

where s = min(1, minj=1,... », s(w;) —¢€), 0 = min(l,minj—,, .. », a(w;) —¢), for
any € > 0 (except if min;—1 .. n, {a(w;) = 1, where we take o0 =1).

Proof. As € L*(Q), we may look at (u, p) as solution of the Navier-Stokes equation
with a datum f — af € L%(Q):

—vAu+(u-Vu+Vp=f—-af inQQ,
(22) V.u=0 in Q,

u=20 on ON.

For this problem, we use the usual trick which consists in sending the nonlinear
term in the right-hand side. By Theorem 1.4.4.2 of [13], the fact that u € H}(Q)
implies that

(u-V)3ue H#(Q) Ve>0.

Consequently, (u, p) is solution of the Stokes problem with a datum f —a 60— (u-V)u
in H™¢(Q), and by Theorem 3.6 and Sections 4.1, 4.2 of [5] and the fact that
&s(wj) > 1/2, we deduce that

(23) (u,p) € BY/2+5(Q) x H'/?*(Q2),
for € > 0 small enough. This additional regularity implies that
(u-V)u € L%(Q).

Therefore, (u,p) may now be seen as the solution of the Stokes problem with a
datum f — a6 — (u-V)u in L%(Q) and Theorem 3.6 and Sections 4.1, 4.2 of [5] lead
to the regularities (19)—(20).

Going back to (1), we may see § € H}(f2) as solution of

—kAf=g—(u-V)f inQ,
(24) 6=0 on FD,

20 _
-5—5—0 onFN.

By (23) and the Sobolev imbedding theorem, u € (C(Q))?, accordingly (u - V)
belongs to L?(2). Therefore, 6 is solution of the Laplace equation with a datum
in L2(Q) and mixed boundary conditions. By Theorems 4.4.3.7 and 1.4.5.3 of [13],
(21) holds (the case w; = /2 with mixed conditions around Sj is treated separately
using a reflection to get the H2-regularity). O
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Corollary 3.2. Ifw; <7 forallj =1,... ,n. such that mized boundary conditions
for 8 occur near S;, then

(25) 6 € H¥?*¢(Q)
for € > 0 small enough.

Proof. 1t suffices to notice that the assumption implies that o > 1/2. O

4. A MIXED FORMULATION FOR THE BOUSSINESQ EQUATIONS

To introduce a mixed variational formulation of problem (5), we define the spaces
(compare with [9, p. 118])

X = {(r,9) € (L) x L§(Q), (T - ¢8) € H(div, D)},

Y = (LYQ)?
Z = {ne(L*Q)*nH(div,Q),n-n=0o0nTy},
T = L*Q),

equipped with the norms

(T, @)l = lITllo.a.0 + llgllo.e + 1(T = ¢8)lg(div,ay» VIly = lIVlioa0,

Inllz = lInllo,a,0 + 17l g(div.ay» ¥z = ¥lloq-
We further introduce the following notations:
2 2
(o,'r)=/0':‘rdaz= Z /a,-jnjda:,(u,v)z/u~vdx=2/uividw.
Q i,j=17% Q =170

For a tensor T = (735), ; ;<o the normal trace Tn is defined by

2 2
™m = E T15M5, E T2515 | »
j=1 j=1

where T7; = (71, Ti2), © = 1,2, is a vector corresponding to the line ¢ of 7, and finally
(.,.)r means the duality pairing between H~1/2(T") and H'/%(T").

Then the mixed formulation of (5) reads as follows. Find (o,p) € X, u €Y,
€ € Z, and 0 € T solutions of (26) to (29) hereafter:

(26) L0 1)+ (V- (r—ab)u) =0 ¥(r,q)€X,

(27) (V- (0~ pb),v) = > (0-u,v) ~ (@b, v) + (£,v) =0 WEY,
(8)  LEM+(V0=0 ez, .

(29)  (VEd)- @&V +(eh) =0 WET.

We now check that, under the assumption of Corollary 3.2, (5) is equivalent to
(26)-(29):
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Theorem 4.1. Assume that w; < 7, forall j =1,... ,n., such that mized bound-
ary conditions occur near S;. Then (u,6) € V x H}(Q) is a solution of (5) if and
only if (o,p) e X, ueY,{€Z, and 0 € T are solutions of (26) to (29), with the

next relations:
Bui
vWu=v ( 3 ,
Tj/ 1<i,5<2

(31) ¢ = kvo.

Proof. Let (u,0) € V x H}(Q) be a solution of (5). Define o and ¢ by (30) and
(31), respectively. By Theorem 3.1 and Corollary 3.2, we have

o (H*(Q))t,  ¢eH/*(Q),
for some £ > 0. The Sobolev imbedding theorem yields
HY?e(Q) — L4(Q) Ve >0,

and therefore o € (L*(Q))* and ¢ € L4().
Fix an arbitrary (7,q) € X. Multiplying (30) by 7 and integrating over (2, one
gets

(30) o

(32) ~(@,7) = (Vu,7) = (Vu,7 — gb),

because V - u = 0. By the following Green formula, which holds for any v €
H(div, ) and any w € H!(Q) (see the identity (1.2.17) in [12])

(33) /QV~vwd:c=;/s]v~dez+(v-n,w)p,
the identity (32) becomes
L(0,1) = (V- (r— ab),w) + (( ~ g)m,u)r
Since ujr = 0, we have obtained (26).
The identity (28) is proved similarly using (31).

Starting from the first identity of (5), replacing Vu by % and using Lemma 1.2.1
of [12], we have

—(o—pb,Vv) — % (0-u,v)— (ad,v)+(f,v)=0 V¥veHQ).

By the Green formula (33) and the fact that v € H}(f2), we deduce that
—(o—pb,Vv) = (V- (0 - pb),v).

Therefore, (27) holds for all v € H}(Q) and then for all v € Y by density.

The identity (29) is established analogously with the help of the second identity
of (5).
Let us fix (0,p) € X, u €Y, £ € Z, and 6 € T solutions of (26) to (29).

Take first as test functions in (26): ¢ =0 and 7 € (D(Q2))*. Then one has

% (6,7)=—=(V-T,u) v71 E (D(Q))4’

or equivalently

Vu = %o in (D'(Q))*,
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which proves (30). Since u € L?(Q2) and ¢ € (L*(Q2))*, we deduce that u € H'(1).
Going back to (26) with test functions ¢ = 0 and 7 € (C*(Q))*, by the Green
formula, we get

/(‘rn) udo =0 Vre (C®()°,
r

which implies that u;r = 0.
Taking now in (26) 7 = 0 and q € D(Q2) N L3(Q), we have

(Vu,g6) =0 Vg e D(Q)NLA(Q).
Consequently, u satisfies
V-u=ceC.

Applying the Green formula and the fact that u = 0 on I, we deduce that V-u = 0.
This means that u € V.

Similarly, taking appropriate test functions in (28), we show that § € H'((Q),
Orp =0, §2 ., = 0 and the identity (31).

Since V is a subspace of Y, (27) implies that

(V- (0 — pb), v) —%(a'u,v) (@b, V) + (V) =0 Wve.

Using (30) and the Green formula (33), we arrive at the first identity of (5). Remark
that considering v € (D(92))?, we also get —vAu+(u-V)u+ad+Vp = f in (D'(Q))2.

The second identity of (5) follows using the trivial inclusion H}(2) C L?(f2) and
from the identity (29) combined with (31), applying Green’s formula. a

The Boussinesq equations (cf. [1] and Sectioh 2) have in general more than
one solution, unless the data satisfy very restrictive requirements. We propose
here to analyze an approximation of nonsingular solutions of the Boussinesq mixed
formulation (26)-(29) (cf. [9] and [12, pp. 298-300]). For this purpose, we define
two linear operators S and L. The operator S associates to any function fe
(L?(€2))? the solution ((a,p); 1) € X x Y of the problem

{ (@, 7))+ (V- (1-¢8),0)=0 Y(r,9) €X,
(34)
(V-(&—-p6),v)+(f,v)=0 VYveY.

The operator L associates to any function § € L2(Q) the solution (£,6) € Z x T
of the problem

{ 1 (EmM+(Venb) =0 VneZ,
(35)

(V&) +(3,%) =0 VHeT.

Problem (34), respectively problem (35), is nothing else than a mixed formulation
of the Stokes problem (cf. [7]), respectively the Dirichlet problem, with mixed
boundary conditions. Thus, using the same techniques as in [2, 7, 12] and the
regularity results of Section 3, problem (34), respectively problem (35), has a unique
solution in X x Y, respectively in Z x T. Furthermore, under the assumption of
Corollary 3.2, the a priori estimates

1Sfl v < Clflloe, Ldlzer < Cldlloa
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hold with a constant C' > 0 which only depends on 2 and where
X=(L'()*xLEQ), Y=Z=(L"()?, 2<r<4
and
(7 @) Wlxxy = ITllo.r + llgllo.q + llullora,

I, D)lzxr = Inllore + [¥lloq-
Note that we have the following continuous injections:

XX, YoV, Z—2Z
Next we define the mapping H from X x Z into itself by

(36) H(t,m) = (é) _ (g 2) (f —g%_(‘r%-(::)' ;)oﬂ/’) ,

where X =X xY, Z=ZxT, T =((7,9);v), and 7 = (n,%).
With these notations the Boussinesq equations (26)—(29) take the form
(37) Find (o,¢) € X x Z such that H(g,§) = 0

where g = ((0,p); u) and € = (£,0).

In the sequel, we shall be concerned with the nonsingular solution of (37). A
solution (g,&) € X x Z of (37) is said to be nonsingular if the Frechet derivative

of H at the point (a,€): H'(0,€) : X xZ — X x Z

T g v '
o wesen-()-6 ()

is an isomorphism
Hence, (0,&) is a nonsingular solution of (37) if and only if, for each f* €

(L?(9))? and g* € L%(Q), the linearized Boussinesq problem
(39)  Find (0,£*) € X x Z such that H'(¢,£)(0,£*) = <§ 2) <;>
is well posed.

Now in order to study the nonsingular solution of (37) we introduce the bounded
linear operator

Kel(XxZ,Xx2Z)

=3 ) (405

and we state the following result.

(40)

Lemma 4.2. Assume that (6,&) € X x Z is a nonsingular solution of (37) such

that u € H2(Q) and 8 € H*(Q). Then the operator (I + K) is invertible and has a
continuous inverse in L(X X Z,X x Z), where X =X xY and Z=27Z x T.

The proof of this lemma is similar to the one of Lemma 2.1 in [9].
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5. THE DISCRETE PROBLEM AND ERROR ESTIMATES

Let us now introduce the discrete version of (37) by using mixed finite element
methods.

Let (74)),>o be a uniformly regular (or quasi-uniform) family of triangulations
of Q (see [3] or [12, p. 98]), in the sense that there exist two positive constants o, T
such that

Th < hg <opx VK € T,Vh > 0,

where hy (resp. pg) denotes the exterior (resp. interior) diameter of K. For
K C R?, let P, k > 0 denote the restrictions of polynomials of total degree < k to
K.

For any K € T;, and x = (z;,x2), let

RTy = (Po)? @ xPy = {(a,b) + c(z1,22); a,b,c € R}

and set
Xn = {(rnan) €X; Thix € (R, quic € R VK € Ta
Y, = {vi€Y; vpk € (R)? VK € Tp},
Z, = {77h €Z; nk € RTo VK € 7;1}7
Tw = {¢h €T, zpthePOVKeTh}.

Observe that the definition of Zj, is possible if the partition into elements is made

in such a way that there is no element across the interface between I'p and I'y on
T.
We have the following approximation results {cf. [3, 12, 15]):

i) Owing to Theorem II1.4.4 of [12], there exist two interpolant operators I, €
L(X N ((HY(N))2 x HY(Q)),X}) and TI9 € L(Z N (H'(R))?, Zy) such that
(41) ”(Hh - I)(Tv Q)HO,s,Q < Ch’2/s I (7-7 Q) II,Q Vs > 2,
(42) M0 — nllo,s.0 < CRY* [0 Vs 22,
where | (7,9) |1,0=| T |1,0 + | ¢ |1,0 and C is a positive constant independent
of h;
ii) Owing to Theorem 3.1.5 of [3], there exist two projection operators P, €
L(HY(Q),Y) and Py € L(H(Q),Ty) such that
(43) [Prv —vloso < CR* [v1a Vs>2,
(44) 1Py — Ylloso < CR*® [P 1o Vs>2.
Now, in order to write the discrete problem in the same form as the continuous

problem, we introduce the discrete operators.S, and L, of S and L. For fe
(L2(£2))?%, Suf = ((0h,Pn); @n) € Xp x Y, is the solution of the problem

LGn,mh)+ (V- (Th —ar8), 1) =0 V(Th,qr) € Xp
(45) :
(V- (0n — Prd), va) + (f,vh) =0 Vv, €Y.
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On the other hand, for any § € L?(2), Lpg = (fh,éh) € Zy, x T}, is the solution
of the problem

{ %(Eh,nh)‘*“(v'ﬂh,éh) =0 V'I]h € Zy,
(46) )
(V- En ) + (G,%n) =0 Vapp € T, .

Next we define the mapping H}, from X, X Zjp into itself by

Th _1 cVh ) —
(1) Ha(tp,m) = (nNh) ) (%h L0h> (f g"(—n%(v:?nh?%)’

where Xp, =Xy, x Yy, Zn = Zp X Th, Th = ((Tr,qn); V&), and M = (na, ¥n).
Then’: the discrete proNblem of (37) reads as follows: N
Find ({h,ﬁh) € Xn X Zn such that
(48) 0T
Hi(an,&) = 0,
where o, = ((04,pr); un) and §~h = (&n,0n).

Finally, we introduce the discrete operator Kp, of K. Let ((0,p);u) € X x Y,
(€,0) € Z x T and set ((0%,p}); up) = (x(o, p); Pru), (€5,05) = (19, PL6). The
operator Kp, € L(Xp, X Zn, Xr X Zr) is defined by

S, 0 l(0‘*'Vh’-l-‘l"h'll*)-l-ozl/}h)
49 Kn(Th,M) = viTh h? . ,
(49) w(Th ) (0 Lh) ( *(Wh - h + Va - &)
where Th = ((Th,qr); Vi) € Xp and M, = (h, ¥n) € Zn.
We now prove some technical lemmas.

Lemma 5.1. For all r such that 2 < r < 4, we have
(V- (Th — qné), V1)

50 su > Clv . Vi € Yo,
( ) (Tthh;)GXh ”(Th,Qh)”j( ” hlIO’ 2 h h
vV 1,
(51) sup %) 5 Glgnllon Vi € Th,
mezn  mnllz

where ||(7,9)llx = lI7llo,r + llallog, Inllz = lInllore and C is a positive constant
independent of h.

Proof. Let us sketch the proof of (50). For any v; € Y}, there exists (cf. [12, p.
255)) i € {r € H(div,Q), 7|k € (RTo)>VK € Ts} such that (V-74,vi) = |[Val§ o
and ||[Thllose + |V - Trlloa < Clivilloq Vs > 2. Now (74,0) € X}, and from the
direct and inverse estimates

2_2 : 2_
I7rllone < Ch="3|IThllos,e, IVallore < CR™"Hvalloq,
we have
(V-tn,va) Vel q

- ZChH%_% Vhrilo,rQ-
1(Th, )% l7ellore vallo,r,
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Therefore, taking s = 2r/(4 —r) (s > 2 since 2 < r < 4), we obtain

(v ‘ Thvvh)

~—————= 2> C|virllo,ra

[ oly = I
and (50) follows immediately. O
Lemma 5.2. Assume that 2 is conver and that w; < 7, for all j = 1,... ,n,

such that mized boundary conditions for 0 occur near S;. Let f € (L*(Q))? and
g € L%(Q2). Then each of the problems (45) and (46) has a unique solution and

(52) 1(Sk — 8)fllx g < CRY"||SE (1,0,
(53) I(Ln = L)gll e < CR¥TIILG1 0.

Proof. Owing to the inf-sup conditions (50) and (51), it is a routine matter to show
that each of the problems (45) and (46) has a unique solution. 5
To prove the estimate (52), let ((6,p);1) = Sf, ((6,Pr);0n) = Spf and set
((65,p8%);05) = (IIx(6,p); Pri). Now, similarly to Theorem 3.2 of [8], using the
theory of mixed finite element methods (cf. [2]) and the fact that (cf. [7])
1
;”Th||(2),Q > Cl(Th, ) l13,0
Y(Th,qr) € {(1,q9) € Xp; (V- (T —qd),v) =0VYv € Y},
we have
(54)
67 — Gnrllo,e + 115, — Brlloa + 18} — rlloe S Ch (|6 1o+ [P la+Tla).
On the other hand, since (cf. [3, 6])
8% — Gnllora < CR™ 6} — 8nllo.0;
65, = @nllo,r0 < CAY ™|}, = dnllo,0,
and r > 2, the estimate (54) leads to
6% = Grllo,r + 157 — Brllo,e + 8} — Trllo,re
<SCRY" (16 o +Ble + @)
This last inequality, with (41) and (43), gives us
6 = Grllo,re + 16 — Brlloe + 16 — Grllo,ne
<CRm (|16 e+ P lae+]dhe),

which is nothing else than (52).
The proof of (53) is similar to the one above. O

Remark 5.3. From (52) and (53) one can deduce the following estimates

(55) 1(Sh = S)Ellxxy < CR*"IIfllo0  VE € (L*())?,

(56) I(Ln — L)gllz 7 < CR*"||Glloe Vg € L3(Q).

Lemma 5.4. Under the assumptions on 2 of Lemma 5.2, assume that (g,€) is a
nonsingular solution of (37). Then we have i

57) lim (| — Knll 252, 502) = 0-
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Proof. Remark first that the assumptions on 2 of Lemma 5.2 yield with Theorem
3.1ue H?) and 6 € H(Q).

Let (r,7) € X x Z, (0}, 3);u}) = (IIn(0, p); Paw) and (&1,67) = (T3¢, PL).
We have

~

(K - Kn)(z, 77)=< (S(a V+T-u)— Sh(a,’;-v+r-u,*l))>

1
% (L(u-n+v-&) — Ln(aj, -0 +v-&))
( S Sh )
In order to estimate (K —/Cp)(T, ) we shall estimate each term of the right-hand

side of (58). First, owing to (55), we have
(59) (S = Sw) (@)l gxy < Ch*"lapllon < C(@)h* [ ]lo,0-

The term S(o- v + 7 -u) — Sy(0}, - v+ 7 - u}) can be written as follows
(60)

S(o-v+T1-u)—Sp(o} - v+T- 1))

=58l —03) - v)+ 51 (u—uh)) + (S = Sn)(o}, - v) + (S — Sp) (T - up).

Using the fact that [|Sfllgx.gy < Cliflloq for all f € (L?())?, (41), (43) and
(55), we get

(58)

15((6 —a}) - Vilxxy <Clle—0%) Vg
< Cllo = ajllo,s,ellviore
< Cr¥* [{0,p) lne IVlora
where s = 2r/(r — 2) > 2 since r > 2,
[S(T- (u-ui)lxsy <Cl7r-(u-uj)loa
< Clirllorella—ujllos,
< Ch¥* |u |10 [ITllo,ra
(S = Sw)(a}, - V)lixxy < CR¥7|la} - viog
< Ch?" o} llo,s,2lVllor0
< Ch*7|((a,p)ll1,ellvlo,re;
IS = Sw)(T-up)lswy < Ch¥"lIT-ujllo
< CR¥"|I7llo,rallullo,s,0

< CR¥"|[ull a7 llor0-
Therefore, using these estimates and (60), we have
(61)
I1S(e - v +T-u) = Sp(o}, - v +7-up)llx ¢ < CR™EMH (|Ir]lor0 + [Vilore) -
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A similar procedure leads to
(62)
IL(u-n+v &) = Ln(w -1+ V- &)llzr < CH™ 29 (JInllorg + [Vlore) -
We then get, from (58), (59), (61) and (62),
(K = Kn) (2, Ml < CHTC2) (2, m) e g
so that
1K — ’Ch“c();(xZ,)SXZ) < Ch2/s,
and this ends the proof. O

Therefore, Lemmas 4.2, 5.4 and a classical perturbation argument (cf. [12]) lead
to the following result:

Lemma 5.5. Under the assumptions on §2 Aof Lemma 5.2, for h small enough, the
operator (I + K},) is an isomorphism from X x Z into itself. Moreover (I + ICh)_1

maps Xy X Zp into itself.

Lemma 5.6. Assume that the assumptions on 2 of Lemma 5.2 are satisfied. If
(0,€) is a nonsingular solution of (37), then there exists a constant C > 0 such
that

(63) 1Hn(Ghs € )llxxz < CRY,

where a:h = (e}, p});u;) = (a(0, p); Pru) and &, = (&,60;) = (TNE, PRo).

Proof. Since (g, ) is a solution of (37), we may write

£ "fh‘i‘ S -8 0 f—1(0-u)—ab
Hh@h,g)_(gh*_g)Jr( 0 ) (R )

(64)
+ <5h 0) (%(02‘32 — o)+ a8} —a)> |
0 Ln Hup g —ug)
From (41), (42), (43), (44), (52) and (53), we have

(65) 10 = @ llguy < CRY" 1€~ Ellzp < CRY"

1

I(S ~ S)(E ~ > (@ u) — aB)|g,y < O™,

(66) v

1 T
IZ = La)(g = £ (- E)lzur < CRY".
The term Sy,(0} - uj, — 0 - u) may be written as

(67) Sn(0} - uh — - u) = Su(} - (uh — W) + (0}, — o) - w).
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Using the fact that [|Saf|l ¢ < Clfllo. for all f € (L2(Q))?, (41) and (43), we
get

[Sn(0%, - (0} —))lxxy < Clloy, - (uf —w)log
< Cloillosallu; —ullore  (s=2r/(r—2))

< Ch¥"||(0,p)ll1,e | u |10,

[Sn((0}, —0) - Wlxxy < Cli(o}, —0) - ulloa
< Clloy, = allo,rallullo,s

< Chz/r I (0’,p) |1,Q ”ulll,Qa
and
[1Sh(a(0h — )% v < C(a)lI6h — Ollo,0 < C(a)hf]l1,0.
Therefore, these last estimates, with (67), give us
1 * * * T

(68) ISh( (o - up, — 0 - u) + (0 = 0))lIxxvy < CR?/".

Finally, a similar procedure leads to

I Ln(u}, - & —u-&)llzup < CR?T,

and from (64), (65), (66), (68) and the last estimate, we obtain (63). |

We are now able to prove the error estimate for nonsingular solutions of (37).

Theorem 5.7. Under the assumptions on Q2 of Lemma 5.2, if (0, £) is a nonsingu-

lar solution of (37), then for h small enough, problem (48) has at least one solution
(oh, &) such that

44—

(69) (2. €)= (on ).z < CH*F,

~

where 2 < r < 4.

Proof. We define the following map S from X; X Zj, into itself

h h

~ ~

Th
S(Th, M) = nN ~ (I +Kn) " Hi(Th, )

and prove that it has a fixed point in a neighborhood of (ozh,ﬁh*), where oﬁh =
((6%,05);up) = (Hn(o,p);Pru) and & = (£.6;) = (IR, PRY). To

this end, we start by estimating ||S(7p,M) — (ozh,fh*)tllxxz in terms of
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(7R, M) — (U:hvﬁh*)llxxz- We use the notations

~

) and [|(,7)"llxcz = 1T, Dlixxz -

=)
'3

Il
/-~
13 3

We have
S(th’ Z) - (ozh’ g*)t = (I + ’Ch)_l(I + Kh)('s(tha 7};’) - (ozhv E*)t)

so that
(10 18(ra 1) = (G4 ) lxz < CINIT +Kn)(S(T ) = (0, €z

~ ~ ~ ~

On the other hand,
(I +Kn)(S(Th, M) — (U:h,g*)t)

~ ~

= (I+’Ch)((7han)t - (Jh, 6*)t) - Hh(Th,n)
~ R ~y ~ Z

~ ~

(71) = Hh(o)rh’ 6*) - Hh(‘rha n) + (I + Kh)((tha n)t - (a:hn 6*)t)
~ A ~ ok h h

~ ~ ~ ~

— Hp(oh, €7)
~ R

__(Sn 0 (Lo —Tn) - (up —va)) _ e
= (0 Lh) (%(u’i_vh).(gz_nh)) Hh(‘{h»}fl).

Now, using the fact that |[Suflgx,¢ < Cllflloe for all € (L2(Q))?,

ILrgllzr < Cliglloa for all g € L?(R), and the inverse inequality (cf. [3])
[vhllo,s.o < Ch**=2/7||vh]lo,r, We have

[Sk((eh, — 71) - (U}, = Vi)l kv < Cll(eh —7r) - (U, = Va)llo,0
< Cllo, — Trllorelluy, = vallos.o

2_2
< Chs=r o}, — Thllorallug = Vallore

2_2
s T

<Ch
ILn((u}, = va) - (€ = m)llzxr < Ch
where s = 2r/(r — 2).

(lo, = Trllo,rg + ah = vallor0)®,

(1€ = mllom + Ilaj = vallona)?,

2_2
s ™
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Therefore, by (70), (71) and (63), we have

1873, 1) = (@0, €V g < O™ 1(Tns ) = (G € ) + Cah

~ ~ ~ ~

Thus, if
[CORIRICS Ellxxz < p(h)

~ ~

with p(h) satisfying

(72) CLh™ T p2(h) + Coh? < p(h), 2<r1 <4,
we have
(73) IS(T3,7) = (G, €Y s < ()

~ ~

If h is small enough, the greatest root pg(h) of the equation
Cih™= p? — p+ Coh? =0
satisfies
po(h) < CTA™,

where 2 <r < 4.
Therefore S has at least a fixed point (o, ),) in the ball

By, = (";h,’}Z) €XxZ, (T r, ) - (‘{,’g*)”{(XZ < po(h)

and such a fixed point is a solution of
H h(ON’ hy E ) =0.

~

Since (a4,&,) € B, po(h) < Ch*¥ and using (65), we have the desired result. O
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