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LOWER BOUNDS FOR NONOVERLAPPING
DOMAIN DECOMPOSITION PRECONDITIONERS
IN TWO DIMENSIONS

SUSANNE C. BRENNER AND LI-YENG SUNG

ABSTRACT. Lower bounds for the condition numbers of the preconditioned
systems are obtained for the Bramble-Pasciak-Schatz substructuring precon-
ditioner and the Neumann-Neumann preconditioner in two dimensions. They
show that the known upper bounds are sharp.

1. INTRODUCTION

Domain decomposition methods (cf. [5], [16], [22]) provide parallel algorithms
for the numerical solution of partial differential equations. One of the indicators
of the efficiency of a domain decomposition preconditioner is the rate of growth
of the condition number of the preconditioned system, which usually comes in the
form of an upper bound. In this paper we will establish lower bounds for two well-
known nonoverlapping domain decomposition preconditioners in two dimensions:
the substructuring preconditioner of Bramble, Pasciak and Schatz (cf. [3]) and
the Neumann-Neumann preconditioner (cf. [9], [10], [16], [11] and the references
therein). Our results show that the known upper bounds for these algorithms are
sharp.

We will establish the lower bounds within the framework of additive Schwarz
preconditioners, which can be summarized as follows, where all vector spaces are
real and have finite dimensions.

Let V be a vector space, V' be the dual space of V, and (-,-) be the canonical
bilinear form on V' x V, ie., (a,v) = a(v) Va € V',v € V. We say that a
linear operator A : V. — V' is symmetric positive definite (SPD) if (Avy,v9) =
(Avg,v1) Vui,v3 € V and (Av,v) >0V0#veV.

Let V;, 0 < j < J, be vector spaces and B; : V; — Vj’ be linear SPD* operators.
The additive Schwarz preconditioner B : V! — V for the linear SPD operator
A:V — V' is defined in terms of the B;’s by the formula

J
-1
(L.1) B=) LB;'IL,
3=0
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where I; : V; — V is a linear operator that connects V; to V', and the operator
If : V! — V] is defined by (Ila,v) = (o, ju) Va e V' ,v € V.

The operator BA : V — V is clearly symmetric positive semidefinite with
respect to the inner product (A-,-). Under the condition

J
(1.2) V=3 LV,
=0

the operator B is invertible and BA is symmetric positive definite. The eigenvalues
of BA are therefore positive, and we have the following characterizations (cf. [19],
[17], [20], [21], [8], [2], [24], [25], [12]) for the minimum and maximum eigenvalues
of BA:

. Av,v
(13 Ania(BA) = min A% ,
vV min,_ss s 25—0(Bjvs,v5)
vjEVj
A
(1.4) Amax(BA) = max — < ”’“J) .
#ve min,_gJ_ 1. ijo(ijj,’Uj)
vjEVj

need to find a lower bound £ for Ayax(BA) and an upper bound U for )\minn(BA). In
view of (1.3) and (1.4), the strategy for establishing the lower bound £ of Ayax(BA)

is to find one 0 # v, € V and one decomposition v, = Z;.Izo I;v; for which we have
(Avi,vi) > LZLO(ijj,vj),' and the strategy for establishing the upper bound
U of Amin(BA) is to find one 0 # vy € V such that (Avi,vy) < L{Z;’:O(ijj,vj)

holds for any decomposition v; = E}I:O Liv;.

Based on these strategies we will show that, for a second order model finite ele-
ment problem, the condition number of the preconditioned system is bounded below
by c[1 + In(H/h)]? for both the BPS preconditioner and the Neumann-Neumann
preconditioner, where H represents the diameter of a typical subdomain, h is the
mesh size of the triangulation and the constant ¢ is independent of H, h and the
number of subdomains.

The rest of the paper is organized as follows. The descriptions of the model
finite element problem and the preconditioners are given in' Section 2. The con-
structions of the functions v, and v; in the strategies stated above are based on
the constructions of special one dimensional piecewise.linear functions, which are
carried out in Section 3. The lower bounds for the BPS preconditioner and the
Neumann-Neumann preconditioner are then established in Sections 4 and 5, re-
spectively. Section 6 contains the proofs of two technical lemmas from Section 3.

For the convenience of the readers, we state here the definitions of the Sobolev
norms and seminorms that are used throughout this paper.
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Let 2 be a bounded open subset of R™ and |©2| be the n-dimensional Lebesgue
measure of (2. We define

1
(15) 9100 = g7 . 1o e,
1
(1.6) lvl% () = |Q—|1_(—2/75/ |Vo|? dz,
(1.7) [oll% ) = oM7) + 1v1F @ -

For a bounded open interval I C R, we define

_ 2
1.8 v 2 . — // |'U((I:) 'U(y)l dzd ,
( ) I |H /2(]) ' |$_y|2 Y
(1.9) ||'U||in/2(1) = HUH%Q(I) + |U|§11/2(1) )

and for a bounded open set  C R? with a C%! boundary, we define

1
(1.10) 012, 00) = |am/ [of? ds,
|v(z) — v(y)*
1.11 v / / ds(z)ds(y),
(L11) | lHl/Q(GQ) snton |- yl'-’ )
(1.12) ”U||H1/2(3Q) = ||v||L2(aQ) + |v|H1/2(aa) )

where |092| is the arc-length of 02, and ds is the differential of the arc-length.
Note that the norms and seminorms defined by (1.5)—(1.12) are invariant under

translation and scaling. Also, the inner products (-,-)r,, (*,-)g and (-, ) g1/2 are

defined by the polarization identities of the corresponding norms || ||z, || ||z and

I Weprse-

2. THE MODEL PROBLEM AND THE PRECONDITIONERS

Since our goal is to show that the known condition number estimates for the BPS
preconditioner and the Neumann-Neumann preconditioner are sharp, it suffices to
consider the simplest model problem.

Let 2 = (-1,1) x (—1,1). The variational formulation for the Poisson equation
on {2 with homogeneous Dirichlet boundary condition follows.

Find u € H}(R) such that

(2.1) a(u,v) = / fvdz  Yve H) ),
Q
where f € Ly(f2), and the variational form a(-,-) is defined by
(2.2) a(vy,ve) = / Vo - Vuy dz Vv, vg € H(}(Q).
Q

Anticipating the use of nonoverlapping preconditioners, we construct a triangu-
lation of 2 in the following way. Let Q be divided into J = 2%¢ nonoverlapping
squares Qi,...,8; (cf. Figure 1 where k = 2). By adding a diagonal to each
§2; we obtain a triangulation Ty of 2 (cf. Figure 2). Then we perform a regular
subdivision of Ty to obtain the triangulation 7}, (cf. Figure 3). Here H and h are
the lengths of the horizontal edges in 7y and 7j, respectively.
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FIGURE 1 FIGURE 2 FIGURE 3

Let Vi, C H() be the P; finite element space associated with 7;,. The dis-
cretization of (2.1) is to find w, € Vj, such that

(2.3) aup,v) = /va dr VYveV,.

In a nonoverlapping domain decomposition method we split the unknown wuy, in
(2.3) into two components with respect to the skeleton T = |JI_; (82, \ 89) as
follows. Let V4 (Q\T') = {v € V}, : v vanishes on I'} and V,(T') C V}, be the a(-,-)
orthogonal complement of V,(Q\T), i.e.,

(2.4) Vi([)={veV,: alv,w)=0 VYweV,Q\TI)}.

The functions in Vj,(T') are known as discrete harmonic functions and they are
completely determined by their nodal values along I'. We can write up = up + @p,
where 4, € Vip(Q\T) and @, € Vo(T'). The two components wp and @, are
determined by

(2.5) a(zlh,v)=/ﬂfvdx Vv e Va(@\T),

(2.6) a(p,v) = /Q fvdz  YveV,(D).

Since 4y, can be obtained from (2.5) by solving in parallel a Dirichlet problem
in each subdomain, the goal of a nonoverlapping domain decomposition method
is to provide a good preconditioner for the system (2.6) so that it can be solved
efficiently by, for example, the preconditioned conjugate gradient method.

Let Sp, : Vi (T') — Vi (T') be defined by

(2.7) (Shv1,v2) = a(vy,v2) Yoy,vg € V(D).

We can write (2.6) as Sp@n = fn, where f, € [Vi(I)] is defined by (fs,v) =
fQ fvdz. The operator Sy, known as the Schur complement operator, is then the
one that we want to precondition.

Below we will describe the BPS preconditioner and the Neumann-Neumann pre-
conditioner for Sj,. In both methods we use the coarse grid space Vg C HJ(Q),
which is the P; finite element space associated with the triangulation 7z. The
space Vy is connected to Vi, (T") by the operator Iy : Vg — V3, (T") defined by

(2.8) (IH’U)‘F =’UIF YveVy,
and the linear SPD operator Ay : Vg — V; is defined by

(2.9) (Agv1,v2) = a(vy, va) Vo, ve € V.
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BPS preconditioner. Let Fy, 1 < ¢ < L, be the common edge of neighboring
subdomains without the endpoints, and let the edge space V,(F;) be defined by
(2.10) Vi(Ee) ={ve Va(T): v=00nT\ E,;}.

Each V4, (E;) is connected to V;(I") by the natural injection Iy : Vj,(E;) — Vi (T),
and there is a linear SPD operator S; : Vi (Ey) — Vi (E;) defined by

(2.11) (Sev1,v2) = a(vy, v2) Yvi,v2 € Vi(Ey).
The BPS preconditioner Bgps : Vi (T') — V4 (T) is given by
L
(2.12) Bpps = InAp' Iy + > _LS;' I} .
=1
It is clear that (1.2) is satisfied. In fact, we have the stronger condition
(2.13) V@) =IgVy @ Vi(E1) ®--- @ Vi (EL) .

The following condition number estimate (cf. [3]) holds:

h
where the positive constant C is independent of H, h and J.

H 2
(2.14) K(BBpSsh) <C (1 + In —) s

Remark 2.1. In the original BPS algorithm (cf. [3]) the exact solves Sj_1 are re-
placed by spectrally equivalent interface preconditioners that are easier to compute.
But for our purpose we may as well use exact solves.

Remark 2.2. There is numerical evidence (cf. [3]) that the estimate (2.14) is sharp.
A mathematical proof will be given in Section 4.

Neumann-Neumann preconditioner. Let V;, 1 < j < J, be the restriction of
Vi to £, ie., Vj is the P, finite element space on §2; associated with the trian-
gulation 7;, whose members vanish on Q2 N 9€2;. The skeleton 082; \ 98 of Q; is
denoted by T';.

The SPD bilinear form a;(-, -) is defined by

(2.15)  a;(vi,v2) = / Vuy - Vug dz + H_2/ V1V dT Yo, vg € Hl(Qj).
Q; Q5
Let Vi,(9;) = {v € V; : v vanishes on 8Q;} and V,(T';) C V; be the d;(,") orthog-
onal complement of V,(£;), i.e.,
(2.16) Vi@j)={veV;: a;(v,w) =0 VYwe Vy(Q;)}.

The functions in V,(I';) are discrete harmonic with respect to the bilinear form
a;(-,+), and are determined by their nodal values on T';.

Each V4 (T';) is connected to V4 (T') by I; : V4(T';) — V4 (') defined by

(2.17)

(£0) () = {0 if the node p is not on T,
! v(p)/n(p) if the node p is on T';,

where n(p) is the number of subdomains sharing the node p. There is also an SPD
linear operator S; : V4(I';) — Vi (T';)’ defined by

(2.18) (S'j'vl,'l&) = &j(vl,vg) Yvi,vs € Vh(l“j) .



1324 SUSANNE C. BRENNER AND LI-YENG SUNG

The Neumann-Neumann preconditioner Byy : Vi (T') — V,(T')’ is given by
J
(2.19) Bny = InAR'Ty + ) L;S7 L
j:l

It is easy to check that (1.2) holds.
The following condition number estimate (cf. [9], [10], [11]) holds:

H 2
(2.20) K(BnnSh) < C (1 +In E) ,

where the positive constant C is independent of H, h and J.

Remark 2.3. For a subdomain §2; that has at least one side on 00, we can define
&j('$ ) by

dj('l)l,'vg):/ Vo, - Vug dz V'U1,'l)2€H1(Qj),
2

and then define the space Vj(I';) accordingly. The results in Section 5 for the
Neumann-Neumann preconditioner also hold for this choice of a;(-, ).

Remark 2.4. Numerical results for the Neumann-Neumann preconditioner without
a coarse grid space can be found in [15].

~ For future reference, we collect some well-known facts concerning discrete har-
monic functions and the space H'/2 in the following lemma . The proofs of these
facts can be found either in [3], [7], or by straightforward calculations using (1.10)-
(1.12).

Lemma 2.5. Let D be a square with a uniform triangulation Tp,, and V, C H*(D)
be the Py finite element space associated with T;,. Suppose that v € V), is discrete
harmonic with respect to the bilinear form d(-,-) defined by

d(v1,v2) =/ Vv, - Vus dz,
D

i.e., d(v,w) = 0 for all w € Vi which vanishes on 0D. Then we have |v|g1(p) =
[v|g1/2(ap)- On the other hand, if v € V4 is discrete harmonic with respect to the

bilinear form d(-,-) defined by
(f(vl,vg) =/ Vv - Voo dz + —1—/ v1V2 dT,
D ID| Jp

i.e., d(v,w) = 0 for all w € Vi which vanishes on D, then we have vl 1oy =
vl g1/2(9p). Moreover, for any function v € H'(D) which vanishes on one side of
6D, we have ”U”Hl/?(aD) = |U|H1/2(6D)'

3. SPECIAL ONE DIMENSIONAL PIECEWISE LINEAR FUNCTIONS

Let (a,b) be a finite open interval. The space H&éQ (a,b) plays an important role
in the theory of nonoverlapping domain decomposition methods in two dimensions,
and it is defined by

(3.1) HY*(a,b) = {v € Ly(a,b) : 5 € HY2(R)},
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where ¥ is the trivial extension of v to R, i.e., 9(z) = S(I) 2:155\8 ») - We define the

norm of v € H, 1/2(41 b) to be (0] y1/2(w), i€,

[ [ @) - 5@)P
o200y = /H |x—y|2 dzdy

|v(z) —v(y)|* 1 1
(3.2) / / Iz—yl2 d dy+2/ [v(z)|? a+b—z dz
1 1
= |v|§11/2(a’b) + 2/ lv(z) 2 < +r— ) dx.

Note that the norm defined by (3.2) is invariant with respect to translation and
scaling.
It is well known (cf. [18], [23]) that

(3.3) Hyj?(a,b) = [La(a,b), HE (a,b)]1/2

with an equivalent norm, where [Lg(a, b), H}(a,b)]1/2 is the interpolation space
halfway between Lj(a,b) and Hi(a,b) obtained by the complex method (cf. [1],
(23], [14]).

Let ¢ be a continuous function defined on (a,b) which is piecewise linear with
respect to the uniform subdivision of mesh size p, and ¢(a) = ¢(b) = 0. The
following estimate (cf. [3], [7]) is crucial to the condition number estimates for
nonoverlapping domaln decomposition methods in two dimensions:

1/2
(3.4) 161l 2iay < COA+ )Y 210 g2,y -

Therefore the first step towards proving the sharpness of (2.14) and (2.20) is to
produce a piecewise linear function for which the estimate (3.4) is sharp. This
will be achieved through the interpolation of finite sine series by piecewise linear
functions.

In order to avoid the proliferation of constants, we will henceforth use the nota-
tion A < B (or B 2 A) to represent the statement that A < constant x B, where
the constant is a universal constant (i.e., independent of any parameters). The
notation A ~ B means that A < B and A > B.

Let v =Y ", v, sin ((nm/€)z) be an arbitrary function in L3(0, £). By Parseval’s
identity, we have

o0
(3.5) 017,000 = D lvnl?,
n=1

where the scaling invariant norm || - || 1, (0,¢) is defined in (1.5). Similarly, v belongs
to H}(0,£) if and only if Yoo | n?|v,|? < 00, and we have

o0
(3.6) o130, & Y nlonl?,
n=1

where the scaling invariant norm || - || z1(o,¢) is defined in (1.7).
Let the space F; be defined by

(3.7) ={ve Ly0,0): v= zvn sin ((nm/€)z) and z:'n?"h)nl2 < 00},

n=1
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with the norm || - ||, defined by
o0
(3.8) o2 = n*fon*.
n=1
Then the spaces F; form a Hilbert scale (cf. [14]) and we have

(3.9) Fij2 = [Fo, Filiy2 -

Since Fy = L2(0,£) and F; = H}(0,£), the following lemma is an immediate
consequence of (3.3), (3.5)—(3.9) and interpolation.

Lemma 3.1. A functionv = o v, sin((nw/f)z) € Ly(0,£) belongs to H&éz(O, £)
if and only if 3o n|vs|? < 00, and we have |v|i{1/2(0 5™ oo njual?
00 ’

Let N =2F (k=0,1,2,3,...) and the function G on (0,1) be defined by

N
(3.10) Gn(z) =) ( 4n1_ 3) sin ((4n — 3)7z).

n=1

The properties of Gy are summarized in the following lemma.

Lemma 3.2. The function Gy is symmetric with respect to the midpoint of (0,1),
where it attains its maximum in absolute value. Moreover, we have

(3.11) IGN %1 0.0) = N,
2 ~
(3.12) G20, ¥ 1+I0N,
(313) IlGN”Loo(O,l) = GN(]./Z) ~1+InN.

Proof. The symmetry of G is straightforward, and (3.13) follows from Lemma 6.1
in Section 6. The estimate (3.11) follows from (3.6), and (3.12) follows from
Lemma 3.1 and Lemma 6.1. O

Let £,(0, 1) be the space of continuous functions which are piecewise linear with

respect to the uniform subdivision of (0,1) of mesh size p, and f[,, : HY(0,1) —
L,(0,1) be the nodal interpolation operator.

Lemma 3.3. Let p=1/N and g, = prG ~N. Then g, is symmetric with respect to
the midpoint of (0,1) and we have

(3.14) 195/l Lo 0,1) = 9n(1/2) 1+ |Inp],
~ 12 -~
(3.15) |9p|H362(0,1) ~ 1+ |[lnp|.
Proof. The symmetry of §, and (3.14) follows immediately from the symmetry of
Gy and (3.13).

We have the following interpolation error estimate (cf. [6], [4]) for the interpo-
lation operator II:

(3.16) I =TI¢llLo000) + 2IC — Tolleno) S PClmony V¢ € HYO,1).

In view of (3.3), we can interpolate (3.16) to obtain

(317) IC - ﬁpd]—[égz(o,l) 5 p1/2|<|H1(0,1) VC € HI(O’ 1) .
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By (3.17) and (3.11) we have

(3.18) G = ol g0y S 1

The estimate (3.15) then follows from (3.12) and (3.18). O
Combining (3.14) and (3.15), we have

(3.19) 190l Loo0,1) = (1 + |lnp|)1/2|§p|H(;g2(0,1) .

In other words, we have constructed a continuous piecewise linear function for which
(3.4) is sharp.
Remark 3.4. A related estimate is (cf. [3], [7])
(3.20) 160 2n(ay S 1+ 10 p) 2110 f11/2a,0)
which holds for any continuous function ¢ on (a,b) that is piecewise linear with
respect to the uniform subdivision of mesh size p. The estimate (3.19) shows that
(3.20) is also sharp, since

130 oo 0,1y = (14 110 2D 213l 3720,1) = (1 + 102D 213l rr372¢0,1) -
The sharpness of (3.20) was also investigated numerically in [13].

Remark 3.5. Let v be a discrete harmonic function defined on the unit square D
with vertices (0,0), (1,0),(1,1) and (0,1) with respect to the uniform triangulation
of mesh size p such that v(z,0) = g,(z) for 0 <z < 1 and v vanishes on the other
three sides. Then it follows from Lemma 2.5 and Lemma 3.3 that
0l Lo () 2 (1 + [0 p) Y2 0ll 513 (D) »
which implies that thé discrete Sobolev inequality (cf. [3]) is sharp.
The following corollary is obtained from Lemma 3.3 by scaling.

Corollary 3.6. Let g5 be the function on [—H, H] defined by

(3.21) oh(z) = 4, (“”;’HH ) for p= (-2%) .

Then gy, has the following properties:

(i) gn is piecewise linear with respect to the uniform subdivision of (—H, H| of
mesh size h, and gn(—H) = gn(H) =0;
(i) gn is symmetric with respect to the midpoint 0;
(i) lgnll Lo, (- H,H) and |gh|H352(—H,H) are estimated by

H
(3.22) 9r(0) = [|ghll Lo~y ® 1+ 1n 5

H
(3.23) |gh|§{éég(_H,H) ~1+In T

The piecewise linear function g, will play a key role in the constructions in
Sections 4 and 5, and we will also need the estimates for some related piecewise
linear functions. First we state two technical lemmas (Lemma 3.7 and Lemma 3.8)
on the unit interval whose proofs are deferred to Section 6.

Recall that ﬁ% : H'(0,1) — E% (0,1) is the nodal interpolation operator with

respect to the subdivision {0,1/2,1}.
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Lemma 3.7. The following estimate holds:

(324) IgP - ﬁ%gpliléé2(0,l/2) = Igp - ﬁ%gpliléé2(l/2,l) ~ (1 + Ilnp|)3 .

Let p,, a continuous function on [0, % + p] which is piecewise linear with respect
to the uniform subdivision of mesh size p, be defined by

. . a! 1, /1 . (1 _
(3.25) pp|[0'%_p] =gpl[01%_p], pp<§) = 59;:(5) and pp<§+,0) =0,
and similarly g,, a continuous piecewise linear function on [% — p, 1], be defined by

- . . (1 1, /1 A
(3:26) ol py = ol p qp<§) = 59”(5) and q”(é _”) =0
Lemma 3.8. The following estimate holds:

12 — 15 |2 ~ 3
(3'27) |pp|Héé2(O,%+p) - |qP|H(}({2(%_P,1) ~ (1 + |lnp|) .
Let IIy be the nodal piecewise linear interpolation operator with respect to

the subdivision {—H,0, H} of [-H, H]. The following corollary is obtained from
Lemma 3.7 by scaling.

Corollary 3.9. Let gp, be the function defined by (3.21). Then we have

H 3
— 2 = — 2 ~ —
198 = Lt grlyaga_pr) = 190 = Mrgnlipage o ) (”ln h) '

Let pp, a continuous function on (—H, h) which is piecewise linear with respect
to the uniform subdivision of mesh size h, be defined by

1
(328)  paly_y =l p_p Pr(0)=50m(0) and pa(h)=0,
and similarly g, a continuous piecewise linear function on [—h, H], be defined by
1
(329) Qh|[h,H] = gh’l[h,H] ) Qh(o) = Egh(O) and Qh(—h) =0.

The functions py and gj, are scaled analogs of p, and ¢, and the following corollary
is a scaled version of Lemma 3.8.

Corollary 3.10. The following estimate holds for the functions pn and qy defined
by (3.28) and (3.29):

H\?
2 = 2 ~ 1 + ln —_— .
Pl ey = 190 ey ( h
4. LOWER BOUND FOR THE BPS PRECONDITIONER

According to (1.3), (1.4), (2.7), (2.9), (2.11) and (2.13), we have the following
characterizations of Apax(BpepsSk) and Amin(BppsSh):

) a(v,v)

4.1 A in B Sh) = min ,
(4.1) min (BBpsSh) 0#vE Vi (T) a(vH,vH)'i'ZLl a(ve, ve)
(4.2) Amax(BBpsSh) = )

max T ,

0#veEVR(T) a(vH, ’UH) + Zl:l a(vg, ’Ug)

where vy € Vg and v, € Vi(E;) (1 < £ < L) form the unique decomposition
v=Igvyg + Zf:l Vg.
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(-H,H) D (H,H)
Q, Q,
A 9 B
Q, Q,
(-H,-H) C (H,-H)
FIGURE 4

Lemma 4.1. We have A\pax(BppsSr) > 1.
Proof. Let 0 # v, belong to one of the edge spaces, say, v, € V4(E;). The decom-

position of v, is given by vy =0, v; = v, and 0 = v, = -+ = vy, = 0. Hence we
have
a(Vs, Us) _ a(Vs, Us) _1
alvyg,vy) + Z{{:l a(ve,ve) (s, v4) ’
and the lemma follows from (4.2). O

Lemma 4.2. We have Amin(BppsSh) < [1+ In(H/R)] ™.
Proof. We need to construct 0 # vy € V,(I') such that

-2 L
(4.3) a(vi,vt) [1 +1n %} [a(vy, ve) + ; a(ve, vg)
holds for the unique decomposition v = Iyvy + Zi;l vp, where vy € Vg and
vg € Vi (Ey) for 1 < £ < L. The lemma then follows from (4.1) and (4.3).

The definition of v; involves the four subdomains 2, Q2, Q23 and §24 neighboring
the center of 2, whose vertices are given by (0,0), (0,+H), (£H,0) and (+H,+H)
(cf. Figure 4).

Let gy be the function defined by (3.21). The function v; € V4 (T') is defined to
be 0 on I' except on the line segments AB and CD, where it is given by

(4.4) v4(z,0) = gn(x) for —H<z<H,
(4.5) v1(0,y) = gn(y) for —H<y<H.

It is clear that v; vanishes outside 2; UQ2UQ3Uy. In the unique decomposition
of v;, the coarse grid function vy is just the nodal interpolant of v; in the coarse
grid space Vi, and the only nontrivial edge space functions are associated with the
four edges E), = OA, E; = 0B, E3 = 0C, and E; = OD.

By Lemma 2.5, we have

4

4
(4.6) a(vy,vt) = Z lv‘rhqu(nj) ~ Z |UT|§11/2(an) ’
i=1 =1

and from (1.11), (3.2), (4.4), (4.5), and the symmetry of g we find

(4.7) [0t51/2(a0,) ~ lgh|§,362(_H,H) for1 <j<4.
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Combining (3.23), (4.6) and (4.7), we conclude that

H
(4.8) a(vi,v4) ®1+1In T
Since vy € Vy vanishes at all the vertices of 7y except the origin, where
v#(0,0) = gn(0), a simple calculation shows that a(vy,vy) = [v(0)> = |gn(0)|?,
and then it follows from (3.22) that

2
(4.9) a(vy,vy) = (1 +ln%) .

Finally we estimate a(v¢,vg) for the edge functions v, (1 < £ < 4). Since v; =

Igvy + ijl vg, on the edge E, the function v, equals the difference between v;
and its coarse grid interpolant, and v, vanishes on I' \ Ej.

Let 4, and §2;, be the two subdomains neighboring E,. We have, by Lemma 2.5,
(1.11) and (3.2), ’

a(ve, ve) = veltiq,, ) + velina,,) = |ve|i,(%z(Ee) ,

and then Corollary 3.9 and (4.4)—(4.5) imply that

3
(4.10) a(ve,vg) = (1 +1In %) for1 <¢<4.
The estimate (4.3) (and hence the lemma) follows from (4.8)-(4.10). a

Combining Lemmas 4.1 and 4.2, we have the following theorem on the lower bound
of K,(BBpssh).

Theorem 4.3. For the model problem described in Section 2, we have

H\2
k(BppsSh) > ¢ <1 +In F) ,

where ¢ is independent of h, H and J.

Remark 4.4. The proof of Lemma 4.2 (and hence Theorem 4.3) requires at least

one cross point, which is satisfied by the model problem in Section 2. It also agrees

with the fact that x(BppsSk) < 1 when there are no cross points (cf. [3]).

5. LOWER BOUND FOR THE NEUMANN-NEUMANN PRECONDITIONER

According to (1.3), (1.4), (2.7), (2.9), and (2.18), we have the following charac-
terizations of Amax(BnnSh) and Amin(BNNSh):

. a(v,v
(51) Amin(BrwSn) = _min L) -,
0#£vE Vi (I) J
min a(vy,vy) + E a;(vj,v;)
"=1H”H+E3,=1 Ijvj —t
vHEVH v EVR(T;) L = J
a(v,v
(5.2) Amax(BNnSk) = max _ (v,v) -
0#vE Vi (T) J
min  |a(vy,vH) + E a;(ve, ve)
v=Igvg+5oy Iv; -1
vHEVH,v;EVR(T;) L J= .

This time we will first establish an upper bound for Apmin(BnnSk). We begin
with the construction of a piecewise linear function on (0, H).
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B
Tob
Q, Q,
4. C
FIGURE 5

Lemma 5.1. There exists a continuous function ¢ on (0, H), not identically zero,
which is piecewise linear with respect to the uniform subdivision S of mesh size H/8,
and-has the following properties:

(i) ¥(z) =0 forz & (4,3),
(i) (¥, w)p1/2(/8,70/8) = 0 for any linear polynomial w on (H/8,7TH/8).
Proof. Let V be the space of continuous piecewise linear functions associated with

S that satisfy (i). Then dimV equals three, while there are only two linearly
independent conditions in (ii). O

Lemma 5.2. We have Ayin(BnnSr) S 1.

Proof. For H/h < 4, this is a consequence of the estimate (cf. [9], [10], [11])

Amax(BNwSh) < (1+In £)°.

For H/h > 8, we construct a function v+ € V3 (I") as follows. Let AB be the line
segment connecting (0,0) to (0, H), and denote by £; and € the two neighboring
subdomains (cf. Figure 5). We define v; to be 0 on I' except on the line segment
AB, and on AB we have

(5.3) v(0,9) =9(y) for0<y<H,
where 1 is the function from Lemma 5.1. Clearly v; vanishes outside £; U 22, and
we have, by Lemma 2.5 and Lemma 5.1 (i),
(5.4) a(vt,v1) = il q,) + [0ty = ||W||311/2(CD)’
where C' = (0, H/8) and D = (0,7H/8) (cf. Figure 5).
Consider now an arbitrary decomposition vy = Iyvy + ijl Ijv;, where vy €

Vi and v; € V4(T;). On the line segment CD, by (2.8) and (2.17), Igvy = vy is
a linear polynomial, and

v; + v

(5.5) (vt —va)|gp = ( ! 5 2) .
cD

It follows from Lemma 5.1 (ii), (5.3) and (5.5) that
(5.6) ”"’1”?11/2(01)) < ||’U’r —VH I|§11/2(CD) < v ”%{1/2(0[)) + ||'U2||%11/2(CD) .
Since a;(-,-) = || - ”%ﬂ(nﬁ (cf. (1.7) and (2.15)), it follows from (5.6) and the trace
theorem (cf. [23]) that
(5.7) ”'U’rllizl/z(cp) < a1 (v1,v1) + G2(v2, v2) -

Combining (5.4) and (5.7), we find a(vi,vt) < a(ve,vm) + Z}]=1 a;(vj,v;). Since
this last estimate holds for any decomposition of v, the lemma follows from (5.1).
O

Now we prove a lower bound for Apax(BnnSh)-
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Lemma 5.3. We have Amax(BanSh) 2 [1+ ln(H/h)]

Proof. We need to construct 0 # v, € V(') such that, for one decomposition
v, = Igvy + Z;zl Iv;, where vy € Vi and v; € V,(T';), we have

H\2 : J
(5.8) a(Vs, V) = (1+ln—];> a(vy,vy) Z i (v5,v5)

The lemma then follows from (5.2) and (5.8).

The construction of v, again involves the four subdomains neighboring the center
of Q (cf. Figure 4). We define w € V,(I';) to be 0 on I'; except on the two line
segments OA and OD, where we define

(5.9) w(z,0) = gn(z) for —H<z<0,
w(0,y) = gnly)  for 0<y<H.

The function v, is then defined to be I 1w, and we choose the decomposition
(5.10) O=vg=ve=v3=---=v; and v =w.
By Lemma 2.5 and Corollary 3.6, we have

. H
(5.11) al(v:l)'ul) ~ IW|%.11/2(391) ~ Igh'i](}éQ(—H,H) ~ 1 + ln E .

From the definition of I; (cf. (2.17)) and (5.9), it is clear that v, vanishes outside
Q. UQ UQ3U Q. It follows that

4
(5.12) a(ve,0) = ) [valin oy
=1
Using (2.17), (3.28), Corollary 3.10, (5.9), and Lemma 2.5, we have

H\3
(5.13) |1’*|§11(92)z|v*|§11/2(392) |pl? HY2(~HR) <1+lnﬁ> .

It follows from (5.11)—(5.13) that a(vs,v) 2 (1+1n %)2&1('01,'01), which implies
(5.8) for the decomposition in (5.10) and hence the lemma. O

Combining Lemmas 5.2 and 5.3, we have the following theorem on the lower bound
of IC(B NNSh)-

Theorem 5.4. For the model problem described in Section 2, we have

H 2
/‘J(BNNSh)ZC(l‘*'lnﬁ) )

where ¢ is independent of h, H and J.
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6. PROOFS OF THE TWO TECHNICAL LEMMAS

We will present the proofs of Lemma 3.7 and Lemma 3.8 in this section. We
begin with an elementary lemma from calculus.

Lemma 6.1. Let ¢ be a positive, continuous and decreasing function defined on
(0,00). Then we have

K K
S~ 1)+ [ fa)do
k=1 1

Proof. Using Riemann sums and the sign and monotonicity of f(z), we have

K K K K-1
S0 <0+ [ f@de ad [ f@de< Y sk, O
k=1 ! 1 k=1

The coefficients of the sine series Y~ | a,, sin(2nmz) of the function Gy ~1I 1GN
on the interval (0,1/2) are given by

1/2 R
an = 4/ [Gn - H%GN] sin(2nmz) dx
0
9 172 R
= — [Gn —11I,G ] cos(2nmz) dz .

nm Jo 2

Note that (ﬁ%GN)(:IJ) = [2Gn(1/2)]z on (0,1/2). Hence we have, by (3.10),
N

(6.1) [Gn —T1,GN) (@) == [Z cos ((4m - 3)mz) | — 2Gn(1/2)

=1

for0<z< 3.
We can therefore write
N
-1)"1
(6'2) Qp = ( 7r) ; Z Am,n
m=1
where
1 1
(63) Am,n =

Mm+4m—3 2m—4m+3°

2
Lemma 6.2. It holds that Z (Z am n)

n= 3N+1
Proof. From (6.3) we have, for n > 3N, ‘z 10mn| S ‘Zgﬂ 1l < X Then
Lemma 6.1 implies that
00 1 N 2 ) 1
2
> o) 5w 3 Le o
n=3N+1 m=1

3N

2
Lemma 6.3. It holds that Z < > am n) (1+1nN)2,

n=N
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Proof. For N < n < 3N, we have, by Lemma, 6.1,

1 1 1 2n+ 4N — 3
~ +-In{ ——— | =1
=12n+4m—3 2n+1 4 2n +1

and

N

It follows from these two estimates, (6.3) and Lemma 6.1 that

6N—-1

1 1
— | < —-x~1+InN.
2n—4m+3|~ ; G

3N 2 N
Z (Zamn) (1+1nN)? Z;z(1+lnN)2. O
n=N n=N
N-1 2
Lemma 6.4. It holds that Z <Z am n) (1+1nN)3.
n=1
Proof. For 1 <n < N — 1, we can write, by (6.3),
N
(64) Z Amn = Cp — bn )
m:l
where

i 1
Z 2n—4m+3
m=1

c,n= _— _—
= 2n+4m -3 B 2n—4m+3

We claim that
(6.5) lbn| <1 forl<n<N.

and

Assume first that n is even. Then we have, for n = 2¢,

¢
1 1
1bn] = Z (2n—4m+3+2n—4(m+€)+3)

m=1

¢
1 1
- mz=:1<2n—4(€—m+1)+3+2n—4(m+€)+3)

B 2‘: 11
N 4m—-1 4m -3
m=1

On the other hand, when n = 2¢ — 1, we also find by using the previous case that

n+1 1 N 1
2n —4m +3 2n+1
m=1

<1.

|bn| =
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Next we estimate |c,|. Observe that — S~ _ 1T = O T T
and hence
al 1 al 1
6.6 —_— <, <2 P ——
(6.6) 2 v am =3 S <2 g am o3
m=1 m=1
Therefore, we obtain by Lemma 6.1
N
1 1 1 2n+4N -3
. =~ ~ =1 —_— .
(6.7) cn ";2n+4m—3 2n+1+4n< 2n + 1 )

From (6.4) we have

N-1 N-1 N-1
o e[

n=1 n=1 n=1 m=1
N-1,4 N-14
2 2
n=1 n=1
The estimates (6.5), (6.7) and Lemma 6.1 imply that
N-1,4 N-1
2 < -
(6.9) an,m ~Sl+lN,
n=1 n=1
N-1 —1 N-1
1, 1 1. ,(2n+4N -3
(6.10) R n3] + lz ~In < 1
n=1 n=1 n=1
14 S Ly 2ntl
T 4Zn \2m+4N-3

So it only remains to estimate 271212—11(1 /n) In? [(2n + 1)/(2n + 4N — 3)]. By

Lemma, 6.1 we have
NZ‘I 1,o(_2n+1
n 2n+ 4N — 3

n=1
N "’Z‘l 24(N —1) 2 (2l
T 4 (2n+1)(2n +4N - 3) 2n +4N -3

N-1 )

24(N — 1) of 2a+1
1 ~ In N)?2 1 d
(6.11) (1+InN) +/1 (2z+1)(2z +4N —3) (2z+4N—3> g

2z + 1 N=1
_ 2 3
= (1+InN)?+ [m (——2$+4N_3)]1

~(1+InN)3.
The lemma follows from (6.8)—(6.11). d

Proof of Lemma 3.7. By the symmetry of §,, it suffices to estimate the first term
g, — H%glel/z(o 1/2)° According to Lemma 3.1 and (6.2), we have
00 )

=) N 2
. 1
2 ~ _
Gr =G 2 s 1y ™ D ( lam,n> .

n=1 m=
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Hence it follows from Lemmas 6.2-6.4 that
(6.12) |G — ﬁ%GN@{l,g(O s InN)3 = (1+|Inp|)3.

On the other hand, as in the proof of Lemma 3.3, standard interpolation error
estimates and (3.11) imply that

(6.13) |GN _gplylﬂ(o 1/2) NES
Since H Gn =111, the estimate (3.24) follows from (6.12) and (6.13). O

We now turn to the proof of Lemma 3.8. First we consider, for N > 4, the
function Hy on [0,1/2] defined by

k)

(6.14) Hy(z) = {

Gn(z) 0<z<3-
[Yen( - P)]a-20) J-f<as

Let 3> | Bnsin(2nmz) be the sine series of Hy on the interval (0,1/2). Using
(3.10) and (6.14), we find

1/2
Bn=4 Hy(z)sin(2n7z) dx
0

NI 2=

L
N

) 1/2

== H 2
o Jo ~(z) cos(2nmz) dx

iy [ Z / TWCOS ((4m — 3)nz) cos(2nrz) dz

1/2
-NGN(3 - ¥) /L_L cos(2nmx) d:z;] .

2 N

Note that

1

/2 ; cos ((4m — 3)nz) cos(2nmz) dx
0

sin ((2n + 4m — 3)7z) N sin ((2n — 4m + 3) 7z
2n+4m —3 2n —4m +3

)] (1/2)-(1/N)
0

= V(Gm,n - bm,n) )

where a,, , is defined by (6.3) and

1—cos((2n+4m —3)r/N) 1—cos((2n—4m+ 3)r/N)
2n+4m—3 2n—4m+3 )
Therefore 3, can be written as

(6.16)  bpn =

2 [1 &
(617) ﬁn = (_1)7‘% 5 mzzl(am,n - bm,n) - dn,N 3
where
(6.18) doy = NGy (} — ) Snnm/N)

2nmw



LOWER BOUNDS FOR NONOVERLAPPING DOMAIN DECOMPOSITION 1337

It is clear from (3.13) and (6.18) that

1 & — 1
(6.19) ~ Y AN sNCON(E- %)Y 55 (N
n=N n=N

On the other hand, using (3.10) and Lemma 6.1 we find

N

1 4n —3 1

GN(%_%)=ZI4H_3COS( ¥ 7r)=Zln(4N—3)+0(1) for n<N,
n—

and hence we obtain from (6.18)

InN

(6200 dow = 411n(4N ~3)+ 5 0(?) +0(1) for n<N.

n= 1

2
Lemma 6.5. It holds that Z (Z bm n) < InN for N > 4.

m= ~

2
Proof. As in the proof of Lemma 6.2, we have Y > .\ .\ + (ZN L bm,n) <1,
On the other hand, in view of

2

|1 —cos ((2n + 4m — 3)w/N)| S (gl-—l_—%n————:i) ,
2

|1 —cos ((2n — 4m + 3)n/N)| S (W) ,

which hold for 1 < n < 3N, we have ‘Z,Ll b
therefore Lemma 6.1 implies that

SN | (N 2 3N 1

n=1 n=1

Lemma 6.6. It holds that |HN|?_11/2
00

<1lforl <n <3N, and

012 ~ (InN)3® for N > 4.

Proof. According to Lemma 3.1, we have |H N|?_11 202 Yoo . nB2. We deduce
00 )
immediately from (6.17), (6.19), (6.20) and Lemmas 6.2-6.5 that

oo

> nB2 < (InN)3.

n=1
To prove the reverse estimate, we observe from (6.6) and Lemma 6.1 that

1 2n+4N -3 1
< — PR — _
cn_2ln( 1 >+O(n> for n< N,

which together with (6.4), (6.5), (6.17) and (6.20) imply that

n 2
Br = (-1) E('Yn +0n + pn),

where

In(2n+1), 5n=1“N0( 2 and pp=0(1).

1
Tn 2 1
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Hence we have, by Lemma 6.1,

N-1 N-—
anﬂ DNLEDD 4 [——(6n+pn>] >@N?. D

Lemma 6.7. It holds that |11, Hyl% 172 ~ (InN)3 for N > 4.

(0,1/2)
Proof. We have, by (6.14),

R Gn —IL,GN)(z
(HN_HpHN)($)={(() N Hp N)() Z_

1_ 1

S 2 N
1 1
NSTS3
Therefore, as in the proof of Lemma 3.3, standard interpolation error estimates and
(3.11) imply that

(6.21) |Hn — HPHN}H;gz(o,l/z) < 1.
The lemma follows from (6.21) and Lemma 6.6. O

Proof of Lemma 3.8. By the symmetry of g,, it suffices to estimate |ﬁp|Hééz(0,%+p).

For N = 2, the estimate (3.27) is trivial. Let N be greater than or equal to 4,
and p, (resp. [1,Hn) be extended to be zero outside (0, 5 +p) (resp. (0,1/2)).
By (3.25), (6.14) and recall g, = I GN, we see that p, — i oHn is a continuous
function that vanishes out81de (3 — P, + p). Moreover, it is linear on (3 — p, 3)

and (3,1 + p), and equals 3G ( /2) at = 1/2. For such a function, a scaling
argument yields

(6.22) o — L HN | g1/2m) =~ Gn(1/2).
The estimate (3.27) for N > 4 follows from (3.2), (3.13), (6.22), and Lemma 6.7. O
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