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THE EULER APPROXIMATION
IN STATE CONSTRAINED OPTIMAL CONTROL

A. L. DONTCHEV AND WILLIAM W. HAGER

ABSTRACT. We analyze the Euler approximation to a state constrained control
problem. We show that if the active constraints satisfy an independence con-
dition and the Lagrangian satisfies a coercivity condition, then locally there
exists a solution to the Euler discretization, and the error is bounded by a
constant times the mesh size. The proof couples recent stability results for
state constrained control problems with results established here on discrete-
time regularity. The analysis utilizes mappings of the discrete variables into
continuous spaces where classical finite element estimates can be invoked.

1. INTRODUCTION

Discrete approximations to optimal control problems have been analyzed since
the 1960s. The first work dealt with the convergence of the optimal value or an
optimal control for the discrete problem to the continuous solution (see, e.g., [5],
[7]-[13], and [33]). A survey of some of the earlier work is given by Polak in
[34]. More recent results on convergence, based on consistent approximations and
modern variational techniques, are contained in [35], [36], and [39]. For a survey of
work in this area, see [16].

In this paper, we are concerned not only with convergence, but also with con-
vergence rate. That is, for the Euler discretization of a state constrained control
problem, we estimate the distance between a solution to the continuous problem
and a solution to the discrete problem as a function of the mesh size. This estimate
represents the first analysis for a discretization of a fairly general state constrained
control problem. When the constraint qualification of [28] holds and the Lagrangian
satisfies a local coercivity condition, we show that for a sufficiently fine mesh, the
Euler discretization has a solution and corresponding Lagrange multipliers which
are at distance O(h) from a continuous solution/multiplier pair. Here distance is
measured in the L? metric for the control and the constraint multiplier, and in the
H' metric for the state and adjoint variables. By an embedding result, the error is
O(h*/3) in the L* norm.

We now give a brief survey of earlier work on convergence rates for discrete ap-
proximations in optimal control. In [2] Bosarge and Johnson studied dual finite
element approximations for unconstrained linear/quadratic problems obtaining er-
ror estimates of order O(h*) in the L2 norm, where & is the mesh size and k is the
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degree of the approximating piecewise polynomials. In [3] similar estimates were
obtained for Ritz-Galerkin approximations of unconstrained nonlinear problems. In
the series of papers [25], [27], and [30], Hager analyzed dual finite element approxi-
mations to convex constrained control problems (linear differential equation, convex
cost function, convex control and state constraints) obtaining an O(h) estimate in
L2 for piecewise linear splines, and an O(h®/2) estimate for piecewise quadratics.

In the first paper [26] to consider the usual Range-Kutta and multistep inte-
gration schemes, Hager focused on unconstrained optimal control problems and
determined the relationship between the continuous dual variables and the Kuhn-
Tucker multipliers associated with the discrete problem. It was observed that an
order k integration scheme for the differential equation did not always lead to an
order k discrete approximation. In fact, for some integration schemes, the discrete
approximation did not converge to a solution of the continuous problem as the
mesh was refined; for related work following these results see [24]. In [14] (see also
[15, Chapter 4]) Dontchev analyzed Euler’s approximation to a constrained convex
control problem obtaining an error estimate of order O(h) in the L? norm, where h
is the size of the uniform mesh. In [18] we analyzed nonlinear optimal control prob-
lems with control constraints, obtaining an O(h) estimate in L for the error in the
Euler discretization. Most recently, in [29] the convergence rate is determined for
general Runge-Kutta discretizations of control constrained optimal control prob-
lems. These conditions on the coefficients in the Runge-Kutta scheme determine
whether the discrete (approximating) solution is second-, third-, or fourth-order
accurate. In [29] it is assumed that the coefficients in the final stage of the Runge-
Kutta scheme are all positive, while in [21] this positivity requirement is removed
for second-order Runge-Kutta schemes by imposing additional conditions on the
coefficients.

In [17] Dontchev obtained an estimate for the distance from a solution to the
discrete problem to a solution of the continuous problem by making assumptions for
the discrete solutions rather than for the continuous solution. In [32] Malanowski,
Biiskens, and Maurer obtained error estimates for a nonlinear problem with mixed
control and state constraints. In their analysis, it is assumed that the derivative
of the constraint with respect to the control satisfies a surjectivity condition which
does not hold for pure state constrained problems. In [38] Veliov examined a Runge-
Kutta discretization of a nonlinear optimal control problem with control constraints
obtaining higher-order estimates for the sets of feasible controls and for the optimal
value.

Our approach in this paper for the analysis of state constrained control prob-
lems is that presented in [18]. Loosely speaking, we show that the solution of the
linearized first-order optimality conditions for the discrete control problem is stable
under perturbation, and that the linear operator is sufficiently close to the nonlin-
ear operator. These two results combine to give the error estimate. In carrying
out the analysis, many technicalities arise. For example, the coercivity condition
for the Lagrangian is naturally posed is L?; however, the cost function does not
have derivatives in L2?. This forces us to work in a nonlinear space of functions
that are Lipschitz continuous with derivatives bounded by some fixed number. In
this nonlinear setting, L? convergence implies L>° convergence. In order to show
that the analysis can be carried out in this nonlinear space, we need to establish a
discrete regularity result. That is, if the linearized discrete problem is perturbed,
then discrete derivatives of the solution can be bounded by discrete derivatives of
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the perturbation. This regularity result is the discrete analogue of the continuous
regularity result given in [28].

To analyze the difference between the nonlinear first-order conditions and their
linearization, we transform from discrete variables to functions continuous in time
using various interpolation operators. This allows us to perform the analysis in
continuous time, and to use finite element techniques to analyze the continuous
expressions. Also, embeddings associated with continuous spaces can be used to
deduce, through interpolation, corresponding embeddings in the discrete setting.

To briefly summarize the paper, Section 2 formulates the state constrained prob-
lem and its discrete approximation, and presents the main error estimate. This error
estimate is based on an abstract existence theorem given in Section 3. In Section 4
we summarize the various finite element estimates and embeddings that are used
in the analysis. Sections 5 through 8 show that each of the assumptions of the ab-
stract theorem are satisfied, while Section 9 pulls together the analysis and proves
the error estimate for the Euler discretization. A numerical example is given in
Section 10.

2. THE PROBLEM AND ITS DISCRETIZATION

We consider the following optimal control problem:
1
(1) minimize / o(x(t), u(t))dt
0

subject to  Z(t) = f(z(t),u(t)) a.e. t € [0,1], =(0) =2,
g(z(t)) <0forallte[0,1], ue L®, ze&Whe,

where the state z(t) € R", & = £z, the control u(t) € R™, the functions ¢ :
R"xR™ - R, f:R” x R™ - R” and g: R” — RF.

Throughout the paper, L*(J;R™) denotes the usual Lebesgue space of mea-
surable functions z : J — R™ with |z(-)|* integrable, equipped with its standard
norm

ez = ( /J la(t)|*dt) e,

where | - | is the Euclidean norm. Of course, & = oo corresponds to the space of
essentially bounded, measurable functions equipped with the essential supremum
norm. Further, W™<(J; R™) is the Sobolev space consisting of vector-valued func-
tions ¢ : J — R™ whose j-th derivative lies in L® for all 0 < 7 < m with the
norm

m
Izlwme = > 29 g
=0

When either the domain J or the range R™ is clear from context, it is omitted.
We let H™ denote the space W™2, and Lip denote W1, the space of Lipschitz
continuous functions. Throughout, c is a generic constant, that has different values
in different equations, and which is independent of time and the mesh spacing in
the approximating problem. The transpose of a matrix A is AT, and B,(z) is
the closed ball centered at x with radius a. Given a vector y € R™ and a set
A C {1,2,...,m}, ya denotes the subvector consisting of components associated
with indices in A. And if Y € R™*", then Y4 is the submatrix consisting of rows
associated with indices in A. The complement of the set A is A°.
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We now present the assumptions that are employed in our analysis of the Euler
discretization of (1). The first assumption is related to the regularity of the solution
and the problem functions, and the solution of the associated optimality system.

Smoothness. Problem (1) has a local solution (x*,u*) which lies in W x W1,
There exists an open set & C R™ x R™ and p > 0 such that B,(z*(t),u*(t)) C Q2
for every t € [0,1], and the first two derivatives of ¢ and f, and the first three
derivatives of g are Lipschitz continuous in 2. Finally, there exist associated La-
grange multipliers * € W2 and v* € W1 for which the following form of the
first-order optimality conditions (minimum principle) is satisfied at (z*,9*, u*,v*):

(2) & = f(z,u), (0)=z’,

(3) Y= —VoH(z,),u,v), (1) =
(4) 0=V, H(z,¥,u,v),

(5) g(x) e N(v), v(1)<0, ©»>0.

Here and elsewhere, multipliers such as 9 and v are treated as row vectors, H is
the Hamiltonian defined by

H(z,¢,u,v) = o(z,u) + ¥ f(z,u) —vVg(z) f(z,u),
and the set-valued map N is understood in the following way: given a nondecreasing
Lipschitz continuous function v, a continuous function y lies in A'(v) if and only if

(6) y(t) <0 and v(t)y(t) =0 for a.e. t € [0,1], and v(1)y(1) =0.

In the terminology of [31], the form of the minimum principle we employ is the
“indirect adjoining approach with continuous adjoint function.” Typically, the mul-
tiplier v, associated with the state constraint, and the derivative of ¢) have bounded
variation. In our statement of the minimum principle above, we are assuming some
additional regularity so that v and 1/) are not only of bounded variation, but Lip-
schitz continuous. As shown in [28] for a linear-convex problem (also see [20]), the
assumed regularity of both the solution and the Lagrange multipliers is a conse-
quence of the Uniform Independence and Coercivity conditions introduced below.

Note that problem (1) is posed in L® and the elements of L are equivalence
classes of functions. By the Smoothness assumption, there exists a solution to the
control problem in the equivalence class associated with u* such that the optimality
conditions (2), (3), and (4) are satisfied everywhere in [0, 1].

Let A, B, and K be the matrices defined by

A=V,f(z*,u*), B=V,f(z*,u"), and K = Vg(z").
Let A(t) be the set of indices of the active constraints at z*(¢):
At)={j€e{1,2,--- ,k}: g;(z"(t)) = 0}.
Our next assumption relates to the stability of the state constraint (see [19]).

Independence at A. The set A(0) is empty and there exists a scalar 8 > 0 such

that
| Y uK ()] = Blvaw|
JEA()
for each t € [0,1] where A(t) # 0 and for each choice of v.
Defining

Q* =V H(w*), M* =V ,H(w*), and R* =V, H(w*),



EULER APPROXIMATION IN STATE CONSTRAINED OPTIMAL CONTROL 177

where w* = (z*,¥*, u*,v*), let B* be the quadratic form defined by

B*(z,u) = % /O 1 z(t)TQ* (t)z(t) + u(t) TR* (t)u(t) + 2z(t) " M* (t)u(t)dt.

Our third assumption is a growth condition.

Coercivity. There exists a constant o > 0 such that

B*(z,u) > a|u|?: forall (z,u) € M*,

where
M*={(z,u):x € H',u € L?, & — Az — Bu =0, z(0) =0}

Coercivity is a strong form of a second-order sufficient optimality condition in the
sense that when combined with Independence, it implies not only optimality, but
also Lipschitzian dependence of the solution and the multipliers with respect to
parameters (see [19]). For recent work on second-order sufficient conditions, see
[23] and [40].

We now introduce the Euler discretization of (1). If N is a natural number and
h =1/N, we consider the following discrete problem:

N-1
(7) minimize Z oz, uq)
=0
subject to z! = f(wi,u;), zo=2° g(z;)<0, 0<i<N-1
Here the prime is shorthand notation for the forward difference
r_ Titl — T
(3 h *
Throughout the analysis, we let t; stand for ik, and we use the subscript 7 to denote
the time level ¢. Hence, z; € R™ is the discrete analogue of z(t;), while z; denotes
the j-th component of the vector z € R™. Although the final constraint g(zy) < 0
is not imposed in the discrete problem (7), there are no significant changes in the
analysis if this final constraint is included.
The first-order necessary optimality conditions associated with (7), often called

the Karush-Kuhn-Tucker conditions in this finite dimensional context, can be writ-
ten (see [1])

(8) o) = f(zi,u), zo =2z,

9) pi_ = —VaH(zi, ui, pi) — piVg(zi), pn-1=0,
(10) 0 = Vo /H(zs, ui, pi),

(11) g(z:) € Nrg (wi), pi 20,

where 0 < 1 < N — 1. Here the multipliers p; and p; are row vectors, the discrete
Hamiltonian is defined by

H(Ia u’p) = 90(1" u) +pf(xa u)a
p}_ is shorthand for the backward difference

p{ _ Di — Pi-1
11— h )
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and Mg (4:) denotes the normal cone to the positive orthant R% at the point
pi = 0:
y € Nre (pns) ifand only if  y <0 and piy =0.

In formulating the necessary conditions, p; is the multiplier associated with the
constraint f(x;,u;) —; = 0. The multiplier p_; can be identified with an artificial
constraint (g — z°)/h = 0, and p; is the multiplier for the constraint g(z;) < 0.

In order to relate the continuous first-order conditions (2)—(5) to the discrete
conditions (8)—(11), we introduce transformed dual variables

N
(12) v; = —th and  ; = p; +viy1Vg(xiy1), where py =0.
I=i

The last equation is the definition of uy since the constraint g(zy) < 0 is not
imposed in discrete problem (7), and we take the associated multiplier to be zero.
Observe that vy = 0 and the variable p in (12) is the (discrete) derivative of v:
= v’'. After making the substitutions p; = v;" and p; = ¥; — v;,41Vg(zi4+1), the
optimality system takes the following form:

(13) 1'; = f(xi’ui)a To = wO,

(14) ¥i_ = =VoH(zs,ui, ) + P, Yn—1 =0,

(15) 0 = VuH (x4, ui, Vi) — Vig1 Vg(@ip1) Vu f (@4, ws),
(16) 9(zi) € Ngx (1)),

0<i< N -1, where

(17) Pi = viy1Vg(:)' + vig1Vg(@ig1) Ve f (@i, wi)-

In order to analyze the discrete problem (7), we need to introduce discrete ana-
logues of various continuous spaces and norms. In particular, for a sequence zp, 21,

., zny whose i-th element is a vector z; € R™, the discrete analogues of the L2,
L>, and H' norms are the following:

N
> ohlzf?, zllee = sup |zl,  and [lzllm = /lz1%2 + (12132,
et 0<i<N

where 2’ is the sequence whose i-th element is the forward difference (z;+1 — 2;)/h.
Estimates are obtained for the discrete state sequence x; and multiplier sequence
v; where i ranges from zero to N and for the control sequence u; and multiplier
sequences p; and 1); where 7 ranges from zero to N — 1. When taking the norm of
any of these sequences, we assume that the index range is chosen appropriately.

Our main result is the following estimate for the error in the discrete approxi-
mation. In stating this result, our convention is that when both a discrete and a
continuous variable appear in an expression, then the continuous variable is treated
as a discrete variable whose components are the continuous variable evaluated at
the mesh points, the ¢;. That is, if u” is a discrete variable and u* is continuous,
then u” — u* is discrete with (u" —u*); = ul —u*(t;). Also, we say that a discrete
variable u is Lipschitz continuous in (discrete) time with Lipschitz constant £ if
|uj| <& for each 4.

I2llz> =
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Theorem 2.1. If Smoothness, Independence at A, and Coercivity hold, then for
all sufficiently small h, there exists a local solution (z",u") of the discrete optimal
control problem (7) and associated Lagrange multipliers (¥",v") such that

(18) 2" — z* || + Jlu” — w*[|z2 + 1" — * | + IV = v* ||z < ch,
and
(19)
2" — &*[lwree + U — u | oo + [[$" — 9% i + [ — v*|| Lo < ch?/5.

Moreover, ("), u®, (y")', and v are Lipschitz continuous in time with a Lipschitz
constant independent of h.

3. ABSTRACT SETTING

Our proof of Theorem 2.1 is based on the following abstract result which is
related to [19, Lemma 2.1}.

Theorem 3.1. Let X be a complete metric space with metric p, let Y be a linear
normed space with norm || - ||, and let II be a subset of Y. Suppose that T : X — ),
L:X—Y,and F: X — 2Y, and that for some given w* € X, 6* € Y, and scalars
€, A\, r >0, we have
(P1) T(w*)+6* € F(w*) and (T — L)(w*) +6* € IL
(P2) (T = £)(w1) — (T — L)(w)l| < ep(wr,w2) for all wy,wy € Br(w").
(P3) The map (F — L)™' is single-valued and Lipschitz continuous in II with Lip-
schitz constant A.
(P4) T — £ maps B, (w*) into II.
Ifed <1 andr > XN|6*||/(1—€N), then there exists a unique w € B, (w*) such that
T (w) € F(w). Moreover, we have the estimate
A s
1 _ )\6”5 ”‘
Proof. Let us define ®(w) = (F — £)"(T (w) — L(w)). By (P2), (P3), and (P4),
we have for all wy,wy € B,.(w*),
p(®(wr), D(w2)) p((F = L)7HT = L)(wr), (F = £)"HT ~ L)(w2))
AT = £)(w1) — (T — L) (wo)|
Aep(wy, wa).
Since Ae < 1, @ is a contraction on B,.(w*). Utilizing the fact that (7 — £)(w*)+0*
is contained in II by (P1) and that (F — £)~! is single-valued on II by (P3), we
have

(20) plw,w") <

INIA

w* = (F = L) (T - £)(w*) + 6*].
It follows from (P2) and (P3) that

p(@(w),w*) = p((F = L)"HT = L)(w)],(F - £)"(T - £)(w") +67]),
< AT = £)(w) = (T = £)(w*) + 67|
(21) < Mep(w,w™) +167]))
< Aer+ 11071

for all w € B,.(w*). The condition A|[6*||/(1—eX) < r implies that A(er+||0*|]) < r,
and hence, p(®(w),w*) < r. Since ® maps B, (w*) into itself and @ is a contraction
on B,.(w*), it follows from the contraction mapping principle that there is a unique
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fixed point w € B,(w*). Since p(®(w),w*) = p(w,w*) for this fixed point, (21)
gives (20). O

We apply Theorem 3.1 to the first-order conditions (13)—(16). We show that
when h is sufficiently small, the assumptions of the theorem are satisfied with
constants independent of h. In applying Theorem 3.1, we need to work in spaces
of (discrete) Lipschitz continuous functions. For the space whose elements are
sequences of the form zg, z1,..., 2y, the i-th element being a vector z; € R", we
write z € Lipg if ||2/||z < & Similarly, if 2’ denotes the centered second-order
divided difference sequence defined by

0 Zitl — 22+ 2i1
z = 2 ,
then z € Lip% if ||2”|| e < €. For the control problem, the space X of Theorem 3.1
consists of 4-tuples whose components are vector sequences,

w = (z,%,u,v),
where
(22) z, Y € Lipé (with the H' metric), zo=2° t¥n_1=0,
(23) u, v € Lip, (with the L? metric), /> 0.

An appropriate value for £ is chosen later in Lemma 8.1. Since X’ depends on the
choice of £, we often write X to denote this dependence.
The mappings 7 and F of Theorem 3.1 are selected in the following way:
z; — f (2, wi)
é_ + VZH(xu Us, %) - Pz
VuH (@i, i, ui) = Vi1 V(@i 1)V f (Tiswi) |7
9(x:)

0

0

0
N ()

The space ), associated with the four components of 7, is a space of 4-tuples of
finite sequences equipped with the norm of (L2?)® x H'. The reference point w* of
Theorem 3.1 is the sequence with elements

T(w)l =

f(’w% =

w; = (7w, ¥5, 1),
where =} = z*(t;), uf = u*(t;), Y7 = ¥*(t;), and v} = v*(t;). The operator £ of
Theorem 3.1 is the derivative of 7 evaluated at w*: £ = V7 (w*). The residual is
defined by 6* = —7T (w*) + (0,0,0, A)T where A is defined in the following way:

(A) _ gj(xf) if gj(i*(t)) <0forallte (tz',ti-i-l)y
e 0 otherwise,

j=1,2, -, k. Finally, we define 7* = T (w*) — L(w*), and we let a*, s*, r*, and

b* denote the four components of 7*, corresponding to the four components of 7°

and L. The set IT is the set of sequences 7 = (a, s,7,b) € Y for which

(24) 7 €By(r*), a—a*, r—r*, s—s* €Lip,, b-b*eLip.,

where ¢ is a small positive constant, chosen later in Lemmas 7.3 and 7.4, and & is
a positive constant (not necessarily small) chosen in Lemma 5.1.
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4. APPROXIMATION PRELIMINARIES

To prove Theorem 2.1, we will match the parameters &, k, and o in such a way
that the assumptions of Theorem 3.1 hold for h sufficiently small. The estimate of
Theorem 2.1 is a consequence of (20). In verifying the assumptions of Theorem 3.1,
we utilize various approximation properties for piecewise polynomial spaces, and
various embeddings, and we engage in an interplay between discrete sequences and
continuous functions. In this section, we pull together results that are exploited
throughout the analysis.

First, we recall standard properties of piecewise polynomial interpolants (see [4],
[6], or [37]). In particular, given a sufficiently smooth function x, if x/ denotes the
linear function with the property that x/(t;) = x(¢;) for j =4 and j =i + 1, then
the error in linear interpolation satisfies

(25)
llx! — Xllweopts tia) < Chk—lllx(k)”Loo[ti?ti_'_l] forall0<I<k<2.

When a time interval appears in any norm, the domain is restricted to the given
interval. So if x is essentially bounded and z is a discrete sequence, then

Xl oofr,s) = essential sup [x(t)] and |[z]|peoprs) = max [z].
r<t<s r<t;<s

Of course, (25) holds in other norms besides L> norms; however, in our analysis,
we will only use this property in the L norm. If x! is the quadratic function
with the property that x!(¢;) = x(t;) for j =i —1, i, and i + 1, then the error in
quadratic interpolation satisfies
(26)
HXI - X|lWl'°°[ti_1,ti+1] S Chk_l”x(k)||L°°[ti—-1yti+1] fOr all 0 S l S k S 3'

Given a sequence zg, Z1, ... , N, let y denote the associated continuous, piece-

wise linear interpolant that satisfies y(t;) = z; for each ¢. On any grid interval,

the absolute maximum of y is attained at either end of the interval. Hence, the
continuous and the discrete L* norms are equal:

(27) Iyllzee =[]l oo

Since y(+)? is a convex, nonnegative function on any mesh interval, and since the
trapezoidal rule overestimates the integral of such a function, we have

N-1

(28) lyl7 < D h(a? +231)/2 < ||z]2..
=0

In other words, the discrete L? norm is an upper bound for the continuous L2 norm
of the associated interpolant. Since y(t) = «} for all ¢ € [¢;,¢;41], it follows that

(29) [9llze = ll2'llze and [|gllze =[] Lo
Consequently, by (27), we have

(30) IYllwre = llzllwee,

while (28) implies that

381) Iyl < lllle
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Letting ! denote the continuous, piecewise linear interpolant of the optimal state

x*, it follows from (25) and (30) that
(32)
dl

ly = z*lwreo < lly = &' lwro + 2" = 2 lwieo <l — 2 |wrce + ch.

Analogously, if u* is the optimal control, u is a discrete sequence, and v is the
continuous, piecewise linear interpolant that satisfies v(t;) = wu; for each 4, then it
follows from (25) and (27) that

(33) [v = w Lo < flu—u¥|[Lo + ch.
For a sequence xg, 1,...,Zy, the quadratic interpolant ¢ on [t;—1,%;+1] with
the property that g(t;) = x; for j =i — 1, 7, and i + 1, satisfies
5
(34) ||q||L°°[ti—lyti+1] < Z|‘$||L°°[ti—lyti+1]'
The derivative of this quadratic interpolant at the ends of the interval [¢;—1,¢;41]

can be expressed

. h
q(ti—1) =4 — 5% and ¢(tip1) =2’ + =z

Since ¢ is linear, its maximum value on [¢;_1,%;+1) is attained at either ¢ = ¢, or
t = t;+1, which implies that

Ndllzoottior tivn) S N2 NILootinr b + 5 |90”|

Combining this with (34) gives

5 h
(35) ||q||W1’°°[ti~—1yti+1] < Z||x||wl’°o[ti—lyt'i+1] + §|$;I|
For any continuous function z € H*, ||z||z < v/2|z|| 1. Combining this with
(27) and (31) gives
2] = lyll7e < 20yll7 < 2[elF:-
Hence, we have
(36) [l < V2l

In [19, Lemma 3.1] we proved the following reverse Holder-type inequality: If
y € Wb and [|j|z= < &, then

(37) lyllze < max{V3||ylzz, ¥/3E]lyl|>:>}.

If y denotes the continuous, piecewise linear interpolant associated with the se-
quence g, T1,...,2y in Lipg, then [|g][ze < &, and (37) is applicable. Combining
this with (27) and (28) gives the discrete version of (37):

2 3
(38) ol < max{V3llz| ., ¥/3€]=]75"}-
For an N-element sequence ug, uq,...,uny—1, we form the associated continuous,

piecewise linear interpolant v on [0,1 — h] and apply (37) to obtain the following
discrete analogue:

(39) lull e < max{y/3/(1 = A)|ull 12, /3¢ ull75}.

The inequalities (38) and (39) allow us to convert L? neighborhoods in Lip into
L neighborhoods. By Smoothness, the optimal control u* is Lipschitz continuous
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with Lipschitz constant bounded by ||%*||Le. By (39) it follows that for any v > 0,
there exists r > 0 such that

(40) u—u*llpe <~
for all sequences u € Lip,; with [|u — u*|z2 < r. Similarly, due to (36),
(41) o —z*||Le <~

for all sequences x with ||z —z*| ;1 < y/+v/2. Applying (38) to (z—z*)’, we conclude
that for any v > 0, there exists r > 0 such that

(@ =)l <

for all sequences = € Lip% with ||z — z*| g2 < r. Combining this with (41), we see
that for any v > 0, there exists r > 0 such that

(42) e — 2" [lwree <

for all sequences = € Lipé with ||z — z*|| g < 7.

To convert from divided differences of discrete sequences to derivatives of smooth
functions, we utilize two integral representations. The first is simply the fundamen-
tal theorem of calculus: If { € W has the property that ((¢;) = z; for j =i and
j=1+1, then

1 tig1 |
(43) z = 7 /tz ¢(s) ds.

Our second formula

tit1—s
(44) Zi+1l — 221 + 251 —/ / C(t dtds
—1+s

relates the second-order divided difference to the second derivative of a function
¢ € W21 that satisfies ((t;) = z; for j =i — 1,4 and i + 1.

Let 2’ denote the quadratic interpolant of z* on the interval [t;_1,%;11], and let
q be a quadratic chosen so that ¢(t;) = z; for j = ¢ —1, 4, and i + 1. By (26), we
have

lg =" llwiee < llg =" wre + 2" = 2w < llg = 2" o + chlli"| o

Combining this with (35) and with the representation (44), which connects the
second-order divided difference to the second derivative of an interpolant, we obtain

(45)

19—l oete s o) < gl = 2 wscete ) + el 7 10).
Referring to (42), it follows that for any given v > 0, there exists 7 and A such that
(46) g —z*lwree <

for all h < h and for all z € Lipé with ||z — z*||g: <.



184 A. L. DONTCHEV AND W. W. HAGER

5. ANALYSIS OF RESIDUAL AND DEVIATION FROM LINEARITY

In this section, we begin to show that Theorem 3.1 is applicable to the Euler
discretization, with the identifications given in Section 3, by verifying assumptions
(P1), (P2), and (P4). Our first step is to show that when « is sufficiently large,
(P1) is satisfied for h sufficiently small.

Lemma 5.1. If Smoothness holds, then we have T (w*) + 6* € F(w*) and there
exists constants ¢ and k, independent of h, such that

(47) [6*ly < ch and &* € (Lip,)® x Lip..

Proof. The inclusion 7 (w*) 4 6* € F(w*) is trivial for the first three components.
The only case where the last component does not vanish is the case that g;(z*(t)) <
0 for all ¢ € [t;,t;11]. However, by the complementary slackness condition (6), v; (%)
is constant on [¢;,t;41] in this case, so the inclusion 7 (w*) + §* € F(w*) is valid
for the fourth component too.

Now consider the estimate for the norm of the residual. Since §* € Y = (L?)3 x
H?', the norm in (47) is interpreted relative to L? for the first three components and
H! for the last component. Since f(z},u}) = 2} and z* € W>° by Smoothness,
the first component of §* satisfies

(48) |(@F) = f(@f, w)] = (27) — i < ch, i=0,1,...,N —1,

by (25). Since the L? norm is bounded by the L norm, (48) implies that the L?
norm of the first component of §* satisfies the first inequality in (47). The forward
difference of the first component is (z})” — (&})’. By (43) and (44), both |(z})"|
and |(z})’| are bounded by ||z*||yy2.«. Hence, the first component of §* satisfies
(47) when k is sufficiently large.

After utilizing (3), the second component of ¢* is expressed

W) —9F + Vo (V@) f(@,u)|ympr — vit1V9(2]) — vig1 Kis1 As,

where A; = A(t;) and K; = K(t;). It can be verified that
v (Vg (1) + v () Vg(z™ (1) Vo f(z* (), u™(t))
= Vo[V (£)Vg(z™ () f(z" (1), u" ()],

where V§(z}) stands for the time derivative of Vg(z*(t)) evaluated at ¢ = t;. With
this substitution, the second component of 6* can be expressed
(49)

i) =) + W Vi) — v Ve(@l)] + [ K = v Kis) Al

Due to the assumed smoothness, each of the terms in brackets is bounded by ch.
Hence, the second component of §* satisfies the first inequality in (47). Moreover,
when the difference operator ’ is applied to (49), the resulting expression is bounded
in terms of ||v*|lwz.e, |2*||w2, and ||[v*||wi., so the second component of §*
satisfies (47) for  sufficiently large.

The treatment of the third component of §* is similar to that of the first and
second components. The last component ¢* is only nonzero when there exists
8 € (ti,tiy1) such that g;(z*(s)) = 0. Since z* € W2 by Smoothness, the
inequality g;(z*(t)) < 0 for all ¢ € [0,1] implies that %g;(z*(s)) = 0. From a
Taylor expansion around s, we conclude that

lg;(z*(t)] < c|s — t|*> < ch?
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for all ¢ € (¢;,t;+1). Hence, the L*° norm of the last component of §* is bounded by
ch?. Tt follows that the H! norm is bounded by ch, the first-order divided difference
of the last component is bounded by ch, and the second-order divided difference of
the last component is bounded by c. This completes the proof of (47). O

Next, we establish condition (P2) of Theorem 3.1.

Lemma 5.2. If Smoothness holds, then for each & and € > 0, there exist h and
r > 0 such that if 7' = (T — L)(w'), i = 1, 2, then

(50) lrt =72y < eflw' - w?|lx
for all w',w? € B,.(w*) and h < h.
(Recall that B, (w*) is a ball in the space X.)

Proof. Suppose that ¢ and € > 0 are given, and let w! = (2!, u!,v!) and
w? = (2%,4?%,u?,v?%). By Smoothness, for any given n > 0, there exists r such that

(51) Vo f(xs,us) — Ai| + |V f(zs,us) — Bil <n

whenever |z; — z}| + |u; — uf| < r, where A; = A(t;) and B; = B(¢;), i =0,1,...,
N — 1. By Smoothness we have, for all z}, 22 € Q,

f(z) - £(22) = /0 V(e + (2 — 2D)de(zt — 22),

where 2} and 2?2 are identified with the pairs (z},u}) and (z?,u?), respectively.

Combining this with (51), we have
() = £(=) = Ai(wi = &) = Bi(u; —u)| <nlzj — 2|

whenever |z; — x}| + |u; — u}| < r. It follows that the first component of 7! — 7
has the estimate

If (@t ut) = f(2?,u®) = A(e’ — a?) = B(u! = u?)||2

<n(llzt — 22| g + [Jut — u?|12)

2

(52)

whenever ||z — x*||Le + ||u — u*|| L~ < 7, where f(z,u), Az, and Bu denote the se-
quences whose i-th elements are f(z;,u;), A;z;, and B;u,, respectively. Combining
this with (40) and (42), we conclude that for r sufficiently small, (52) holds for all
u € Lip; and z € Lipé with | — || g1 + |Ju — u*|| 2 <.

Now consider the fourth component of 7! —72, which can be expressed as g(z')—
g(2?) — K (2! — 2?). The same approach used in the analysis of the first component
of 7! — 72 implies that for any given 7, there exists r such that

lg(a") = g(a®) = K(' = 2?)l|z2 < pllz’ — 2®|

for all z € Lipé with || —z*| g2 < 7. Since the fourth component of Y is equipped
with the H' norm, we also need to consider (g(z') — g(z?) — K (z! —2?2))’. Utilizing
(43) gives

(9(z7) — g(a?) = Ki(z; — 7))’

= /t . % (9 (1) — g(¥*(t)) — K(&)(y*(t) — ¥*(1))) dt,
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where 3! and y? are continuous, piecewise linear interpolants associated with z'
and 22, respectively. Defining

R(t) = /0 Va((1 - )y (t) + s () ds,

a Taylor expansion yields

(oa}) — o(ed) ~ Koal ~ o)) = . [ G (K@) - K@)w'() ~v70) ds.

Utilizing (32) and the bound ||y* — ¥?||z: < |2t — 2?|| g1 given in (31), we obtain

I(g(z") = g(=®) — K(z" — 2%))|| >
<c|K - K|wrolly' — o[l m
<c(llyt — 2 llwree + 92 — ¥ lwreo) g — 42|
<clh+|lz" = z*|wre + [l22 — &*[lwre) 2" — 2 g1

Again by (40) and (42), there exists h and r > 0 such that
lg(z") = g(2?) = K(z* — 2®) |2 < nlla’ - 22|l

for all 2! and 2? € Lip; with [&' — 2*||g1 + 2% — 2*[|z» < r and for all b < h.
Since n was arbitrary in this analysis, it follows that for 7 sufficiently small, (50)
holds for the first and last components of 7! — 72. The analysis of the second
and third components of 7 — L is similar to the analysis of the first and last
components. That is, discrete sequences are converted to continuous functions
using piecewise polynomial interpolation, Taylor expansions are performed, and the
resulting expressions are analyzed using the finite element estimates of Section 4.

O

We now verify condition (P4) of Theorem 3.1. That is, we will show that for
r sufficiently small, (7 — £)B,(w*) C II, where II is the set of sequences m =
(a, s,7,b) satisfying (24) for some given ¢ and x. By Lemma 5.2 with w? = w* and
7l = (T — L)(w), we have

(T = £)(w) = 7"y <éellw —w||x

for all w € B,(w*), where m* = (7 — L)(w*). It follows that (7 — £)B,.(w*) C
B, (7*) for r sufficiently small. To finish the verification of (P4), we must show
that

(53) (T — £)B,(w*) — 7* C (Lip, )® x Lip_.

Lemma 5.3. If Smoothness holds, then for each choice of §, K, o > 0, there exist
h and r > 0 such that (53) holds, uniformly in h < h.

Proof. Given w = (z,%,u,v) € B,(w*), the first component of 7* — (7 — £)(w) is
fliyug) — f(27,u7) — Ai(ws —2]) — Bi(us —vj), 0<i<N-1

1 1

IFor this lemma as well as Lemma 5.3 and Lemma 7.1, where part of the proof is omitted,
we provide an appendix on our web site (http://www.math.ufl.edu/"hager) that fills in additional
details.
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Proceeding as in Lemma 5.2, introducing continuous, piecewise linear interpolants
y and v of the sequences = and u, respectively, and applying (43) gives

(f(xi,’ui) - f(:c’{,ui*) - Ai(wi - :B;k) — B(Ui _ u;ﬁ))/
1 tit1 d .. i *
-5 [ U — ) A — )~ Bl — )

— % /t i+1 (Vo f(y,0)—A)j + (Vo f(y,0) - B)o— A(y—a*) — B(o—u*))dt.

Given any n > 0, it follows from Smoothness, (32), (33), (40), and (41) that for A
and r > 0 sufficiently small, we have

IVaf(y,v) — Allzee + [ Vuf(y,v) = Bllz= <,

for all h < h, u € Lip; and z € Lipé with ||u — u*||z2 and ||z — 2*|| g1 < r. Hence,
for any given n > 0, there exists h and r > 0 such that

sup |(£ (i, wi) — f (27, u) = Ailzs = 27) = B(u; —u7))| <7

for all h < h and u € Lip; and z € Lipé with |Ju — u*||z2 + || — «* ||z < 7.

Now consider the last component of (7 — £)(w) — 7*. In this case, we need
to analyze a second-order divided difference. We do this by applying (44) with
the following identification: If g(¢) denotes the quadratic on [¢;—1,¢;41] for which
q(t;) =xj for j=1i—1,4, and i + 1, then we set

() = g(q(t) — g(™ (1)) — K(#)(q(t) — 2" (1))

to obtain
(9(zi) — g(=7) (s — 2] ))
w2 / /t Zt dt? (g(q(t)) —g(z*(t)) — K()(q(t) - :v*(t))> dtds.

Expanding further,

9(g(®) — g(z* (1)) = Kt)(a(t) —2*(t), K()= /01 Vg((1 = 7)q(t) + 7z (1)) dr,
and we have

(9(zs) — g(wi i(zi —af))"
(54) T n2 / /tl+1 S j; K(t) — K(t))(g(t) — z*(t))) dtds.

1+s
Notice that
|G(t) — 2 (t)] = |o" = & ()] < &+ [lz"[lw2.
for all ¢ € [t;—1,ti+1] and z € Lipé. In a similar manner, |R(t) — K(t)| < ¢, where
c depends on &, ||z*||yy 2., and the first three derivatives of g on 2. Since
IK — K|lwioopt;_ytep0] < €lla — 2" lwreop i)y
we conclude, using (45) and (54), that

I(9(zs) — g(a}) — Ki(z: — z7))"| cllg — z*[lwrieofts_y tiya]

<
< dlz = 2 lwreoty tipa) T Che
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Consequently, for any n > 0, there exists h and 7 such that

|(9(z:) — g(aF) — Ki(zi —27))"| <n
for all z € Lip% with ||z — 2*||gz» < r and for all h < h. Since n was arbitrary in
this analysis, it follows that for 7 sufficiently small, (53) holds for the first and last

components. The analysis of the second and third components of 7 — £ is similar to
the analysis of the first and the last components (see the web site cited earlier). [J

6. A LINEAR-QUADRATIC PROBLEM

At this point, we have shown that for suitably chosen constants, (P1), (P2), and
(P4) hold for the control problem. Next, we will verify that the map (F — £)~!
is single-valued and Lipschitz continuous when restricted to II. Our approach is
roughly the following. We first relate the elements of (F — £)~'m to the solution
of a linear-quadratic control problem in which the parameter 7 appears in the
constraints and in the cost function. We show that the linear-quadratic problem has
a unique solution depending Lipschitz continuously on the parameter. From this its
follows that (F —£)~! is single-valued and Lipschitz continuous. In the final phase
of the analysis, we prove that derivatives of the solution to the linear-quadratic
problem can be bounded in terms of derivatives of the parameters. From this
discrete regularity result, we deduce that (F — £)~ 17 lies in X%, for an appropriate
choice of &, when 7 € II. In carrying out this plan, we need to deal with the several
technical issues. First, we need to show that the coercivity assumption posed for
the continuous control problem implies that the (discrete) linear-quadratic problem
satisfies an analogous coercivity condition. Second, we need to observe that the
feasible set for the linear-quadratic problem is stable under perturbation.

To begin the analysis, we write down the linearized problem. Since 7 (w); in-
volves both x; and z;.1 for each 4, £L(w); involves both z; and z,,; for each . For
any 7 = (a,s,7,b), when w = (z,v,u,v) is an element of (F — L)~ 1w, we have
Tiy1 = 25 + h(A;z; + Bju; — a;). After using this relation to substitute for x;41,
we find that w = (2,9, u,v) is an element of (F — £)~!7 if and only if

(55) z) = Agx; + Biu; — a;, 9 =2,
(56) Yo = —id; — 2] Qi — (Myw;)" + v 1 Ki — 8, Y1 =0,
(57) uj Ri + x] My +;B; — vi1 K1 B + 7 =0,
(58) Kizi +b; € N (i), wvi>0,
where K; = K[+ K;+1A,; and

Q= Q=+ RADGenvin) U +hA) + 1 Gl

M; = M;—(I+hAD)(Gi1v})Bs,

R, = R, —hB](Git1v}1)Bi,

5 = si+a] (Giwi)I +h4;), 7i=r;+ha (Giy1vf1)Bi.

The matrices Qi, Mi, and RL are defined by
(59)

(muw)=(z},u)

Ai M'L * *
[ ] = o (e v )
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and G is the Hessian V2g(x) evaluated at x = z*(¢;). Above, products of the form
G}, are defined in the following way. If Gy; is V2g;(x) evaluated at z = z*(t;)
and v € R¥, then

k
Gil/ = Z Gijl/j.
Jj=1

The system (55)—(58) constitutes the first-order necessary optimality conditions
for the following discrete-time linear-quadratic problem:
(60) minimize B(z,u) + (5, z) + (7, u)
subject to L(z,u)+a=0, 2o =2 Kzr+b<0,
where
L(x,u)i = 1); - Az.’EZ - Biui,

(-,+) is the discrete L? inner product:
i

and the discrete quadratic cost function is given by

N—1

Z x;rQixi + uiTRiui + inTMiui.
i=0

(61) Bz,u) = g

In order to establish existence and uniqueness results for the solution of (60), we
analyze the coercivity of the cost function in this section, and the stability of the
feasible set and solution in the next section.

Proposition 6.1. If Smoothness and Coercivity hold, then for any given & < «,
there exists h > 0 such that for all h < h, we have

(62) B(z,u) > allul|?. for all (z,u) € M,

where

M ={(z,u) : L(z,u) =0, xg = 0}.

Proof. In [18, Lemma 11], we establish this result in the case that R; = R*(t;),
Q; = Q*(t;), and M; = M*(t;). Consequently, if there exists h > 0 such that

(63) Qs — Q" (t:)| + [M; — M*(t:)| + |Ri — R*(t:)| < ch,

for all 4 and h < h, then the proposition follows immediately (after taking into
account the fact that ||z g1 < c|lul[z2 for all (z,u) € M). The relation (63), for h
sufficiently small, will be established for the () matrix, while the analysis of R and
M is similar.

When we compute the difference Q; — Q*(¢;), some terms cancel leaving us with
the following expression:

(64)
Qi — Q*(t:) = Ve (v V() f(z,u]) — Vf+1Ki+1f($,uf))m=z;
Wi — Al (Giy1viyy) — (Gapaviy) Ai + O(h).

The very first term V,,[v*(Vg)f] in (64) comes from Q*, while the subsequent
terms come from @;. Obviously, the O(h) term in (64) can be made arbitrarily small
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by taking h sufficiently small. Utilizing index notation, where repeated indices are
summed over, the (p, q)-element of V. [v(Vg)f] is

(65)
» (o,
dz,0x, \dz; """
g 0%f; g O*q Of; g Of;
=Y Oz 0x,0z, oty 02,02 ,0; tu 0z ;0zq Oxp " 0z 0z, O,

By Smoothness, when each of these terms is evaluated at (z,u,v) = (z},u},v}), it
cancels to within O(h) the corresponding subsequent term in (64). For example,
with the first term, we have

I/%- 82fj = ) agl(w:) anJ(I:’u;k)
l(?xj 0,0z, (@) =(% ut ) il Ot O0zp0z,

.\ O9i(@}q) 82 (s},
= (V¢+1)l 8a:j+1 .

uf)
2+ 0O(h

dr,dw, T OW

* 32f (2, ) )
= (Vi+1Ki+1)j"m"‘ + O(h)

92
- dz,0z, (Vi1 Kia f (@, up)) |z=x; + O(h),

which cancels to within O(h) the second term on the right of (64). This completes
the proof. -

Henceforth, we assume that h is chosen small enough that the discrete coercivity
condition (62) holds for some & > 0. Combining Proposition 6.1 with [18, Lemma 4],
we have Lipschitz continuity of the state and control with respect to the parameters
r and s:

Corollary 6.2. If Smoothness and Coercivity hold, then for h sufficiently small,
the linear-quadratic problem (60) has a unique solution for each choice of a and b
where it is feasible, and if (x7,u’) is the solution associated with the parameters a,
b, r7, and s7, j = 1, 2, we have

(66) lzt = a? | + u' = w2 < e(llr! —72l|z2 + Is' = s?[ ),

where ¢ is independent of a and b. Conversely, any solution of the first-order
conditions (55)—(58) is a solution of the linear-quadratic problem (60).

Proof. By [18, Lemma 4],
alu' —u?|pe < |7 = PPllL2 +1|5" = 822 = lIrt =Pz + ||s' = 8[| e

Since (z! —?)g = 0, it follows that ||x! — 22| ;1 < c||u’ —u?| 2, which establishes
(66). Since the first-order conditions are sufficient for optimality when the cost
function is convex, any solution of the the first-order conditions (55)—(58) is a
solution of the linear-quadratic problem (60). This completes the proof. O

7. LIPSCHITZ CONTINUITY IN H! x L2

We will analyze the effect of perturbations in a and b by making a change of vari-
ables that moves a and b from the constraints to the cost function. This translation
is based on the following result, which is a discrete-time version of [19, Lemma 3.6].
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Lemma 7.1. LetZ map [0, 1] to the subsets of {1,2,...,k} and suppose that T~(i)
is closed for each integer i € [1,k]. If Smoothness and Independence at I hold, then
for h sufficiently small and for every choice of a and b, there exists x and u such
that L(z,u) + a =0, zo = 2°, and

(67) (Kizi+b); =0  for each j € I(t;),
i=1,2,...,N. This (z,u) pair is an affine function of (a,b), and
(68) ot = 2®|| g + lu! = u?[| 2 < e(lla’ — a®ge + |1 = 0| &)
where (x%,u?) is the pair associated with (a?,b) for j =1, 2.

Proof. In [19, Lemma 3.6] we prove the continuous version of this result where the
parameters a and b lie in the continuous spaces L? and H'! and the solutions x and
u lie in the continuous spaces H' and L2. The same proof works for the discrete
result Lemma 7.1, but with obvious changes. For example, the variable ¢ € [0, 1]
in [19, Lemma 3.6] is replaced by the discrete variable t;, while derivatives that
appear in [19, Lemma 3.6] are replaced by divided differences. For completeness,
the proof details are given in the appendix at the web site cited earlier. O

Lemma 7.2. If Smoothness and Independence at A hold, then there exists n >
with the following property: For anye > 0 there exists h > 0 and (Z,4) € Be(z*,u
such that

0
")
(69) L(Z,4) +a* =0, Zo=2x", Ki+b*<-nl

for all h < h, where 1 denotes the vector of appropriate dimension whose entries
are all one.

Proof. In [18, Lemma 3] we show that there exist 7 > 0, v € L*°, and y € WhH*®
(here the spaces are the continuous spaces, not the discrete versions) such that

y—Ay—Bv=0, y(0)=0, and Ky+g(z*)< -7l

Since the infinitely differentiable functions are dense in L?, there is no loss of
generality in assuming that v is continuously differentiable. Let § and v denote the
sequences defined by §; = y(¢;) and v; = v(¢;). Since v is continuously differentiable,
a Taylor expansion yields

(70) L(y,v)i = O(h).
Finally, we set & = u* + v9, and we let Z be the solution to
(71) L(z,a) +a* =0, %=z’

We will show that for v and h small enough, (Z, %) lies in B.(z*, u*).
The leading component of the residual, denoted §*!, was chosen so that

L(z*,u*) +a* + 6 =0, zf =2

Subtracting this and + times (70) from (71), and utilizing the relation ||6**||> =
O(h) from Lemma 5.1, we have

12 = 2% = 7gllre < || — 2" =75 = O(R)(1 + 7).
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Since ||z —2*| g < O(h)(1+7) + 7|7l g2 and ||u—w*| 2 < ][9]/ L2, it follows that
(%, %) lies in B¢(z*,u*) when vy and h are small enough. Since b* = g(z*) — Kz*,
we have

Kz +b" = K(z" +vg) +b"+O0(h)(1+7)
= 7Kg+ g(z*) + O(h)(1 +7)
=Ky +v9(=") + (1 = 7)g(z*) + O(h)(L + )
< =11+ O0(h)(1 + 1),

(72)

assuming v < 1. Now decrease h further if necessary so that the O(h)(1 + ) term
in (72) is smaller than y7/2. Taking n = y7/2, the proof is complete. O

Utilizing Lemma 7.1, we partially establish (P3) by showing that for a neigh-
borhood of 7*, the function (F — £)~! is single-valued and Lipschitz continuous
relative to the norms of X’ and ). In Corollary 6.2, we have already established this
result for the state and the control and perturbations in r and s. Now we consider
perturbations in a and b, and we analyze the stability of multipliers as well. Our
first result focuses on solution stability.

Lemma 7.3. If Smoothness, Independence at A, and Coercivity hold, then there
exist constants h and o > 0 with the property that whenever

(73) | —7*ly <o and h<h,

the linear-quadratic problem (60) has a unique solution. If for j = 1, 2, (z7,u?) is
the solution corresponding to the parameter m = 79 that satisfies (73), then we have

(74) et —a?|lmn + [lu! = u?|l2 < ¢nt =7y
Proof. Let A. be the index set for the e-active constraints

Ac(t) = {12 gi(e"(8)) = —¢}.

In [19, p. 711] we show that there exists ¢ > 0 such that Independence at A, holds.
Let us consider the following linear-quadratic problem:

(75) minimize B(z,u) + (5, z) + (7, u)
subject to L(z,u)+a =0, zg=2° (Kz+b)4 <0,

where (y4.)s = (¥i) a.(t;)- This quadratic program is gotten by imposing only those
constraints, at each time ¢;, that are associated with the index set A.(¢;).

We now make some important observations. First, for # = 6* + #n*, where
0* is the residual, the optimal solution to (60) is simply (z,u) = (z*,u*). This
can be confirmed by checking that for this choice of the parameter 7, (z,u) =
(z*,u*) satisfies the first-order necessary conditions for (60), which are sufficient
for optimality when the discrete coercivity condition (62) holds. Second, there
exists a v > 0 with the property that if (z,u) is feasible in (75) and

(76) e =z re <7, [O =01 <7,
then (x,u) is feasible in (60). In particular, if

YKL= +1) <s,
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then the constraints corresponding to j in the complement of A.(¢;) are satisfied
automatically since

(Kizi +b); = (Kixp +67); + (Kizi — 27)); + (b — b]);
(Kixy +b7); + (K| + 1)
= gi(z}) + (| Ki| +1) < —e +y(|Ki| + 1) <0,

IA

for all j € A.(¢;)¢. Therefore, if (Z,4) is a local minimizer for (75) and z = & and
b satisfy (76), then (#,4) is a local minimizer for (60). Finally, for 7 = &* + 7*,
(x*,u*) is the solution of (75) (as well of (60)). That is, if (x,u) is feasible in (75)
and (76) holds, then (z, u) is feasible in (60). Since (z*,u*) is the unique minimizer
of (60), it follows that (z*,u*) is a local minimizer in (75). Since a local minimizer
is a global minimizer for a convex program, we conclude that (z*,u*) is the unique
minimizer of (75) when 7 = §* + 7*.

Since Independence at A, holds, it follows from Lemma 7.1 that for any given a
and b, there exist associated z(a,b) and u(a,b), which are affine functions of a and
b, such that z = z(a, b) and u = u(a, b) satisfy L(z,u) +a =0, x5 = 2%, and

(Kimi + bi)j =0 foreachje€e Ae(ti).

Substituting z = y+z(a, b) and v = v +wu(a,b), we transform (75) to an equivalent
problem of the form

(77) minimize B(y,v) + (§,y) + (7, v)
subject to L(y,v) =0, 290 =0, (Ky)a, <0,
where
78) 5 = 5 + (Qiwi(a,b) + Myui(a,b))"
=i+ a] (Giravi )+ hA) + (Qimi(a, b) + Miui(a, b)),
(79) 7i = 7 + (Ryui(a,b) + Miz;(a,b))"

=7r; + haiT(GiHVf_,_l)Bi + (Ryui(a, b) + Mizi(a,b))T.

Observe that y = 0 and v = 0 are feasible in this quadratic program. Hence, by
Coercivity there exists a unique minimizer for each choice of § and 7. As in Corol-
lary 6.2, it follows from Coercivity and [18, Lemma 4] that the solution change
(0y, dv) associated with the parameter change (d7,085) satisfies the following esti-
mate:

I6yll ez + 160l L2 < (67 L2 + [165]] £2)-
Taking into account (78) and (79) and the bound (68) of Lemma 7.1 gives
6yl e + [[6vll L2 < cl|émly-

Since the solution pairs (§,d) for (77) and (&,4) for (75) satisfy & = §+ x(a,b) and
@ = 9+ u(a,b), we conclude that the solution change (dz,du) corresponding to the
parameter change 67 in (75) satisfies an estimate of the same form:

(80) 62l + 1dull 22 < clloml|y.

We now show that this result on solution stability for (75) yields solution stability
for (60) as well. Let us consider the parameters 7 = 7* + ¢* in (75), for which the
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solution is (z*,u*), and m = 7!, for which the associated solution is denoted (z',u!).
By (80) we have

et = 2"l + lut = u*llze < c(llmt —7*[ly + 16" ]ly).

We observed earlier that any solution to (75) for which (76) holds is a solution
of (60). By Lemma 5.1, I6%|ly tends to zero as h tends to zero. Hence, for h
sufficiently small and 7! sufficiently close to 7*, the associated solution (z!,u') to
(75) satisfies (76); as a result, (z!,u!) is also the solution to (60). This completes
the proof. O

Next, we consider the stability of the multipliers. We will show that the change
(64, 0v) in the multipliers corresponding to a change d in the parameters satisfies
an estimate of the form

(81) 6%l + vl 2 < c(l|6x L2 + [|6ull 2 + [|67]|y),

where (dz, du) is the solution change. Applying Lemma 7.3, we obtain the following
result:

Lemma 7.4. If Smoothness, Independence at A, and Coercivity hold, then there
exist constants h and o > 0 with the property that whenever ™ and h satisfy (73),
the linear-quadratic problem (60) has a unique solution and unique associated La-
grange multipliers. If for j = 1, 2, (¢7,17) are the multipliers corresponding to the
parameter m = that satisfies (73), then we have

(82) e e e A P e [

Proof. In [19, p. 711] we show not only that there exists ¢ > 0 such that Indepen-
dence at A. holds, but also that for some 3 > 0, there exists subsets Ji, Jo, ..., J;
of {1,2,...,k}, corresponding points 0 = 71 < 75 < -+ < 7141 = 1, and a constant
0 < n < ming(744+1 — 74) such that whenever ¢ € [1, — n, 7441 + 1] N[0, 1] for some
1< ¢ <1, we have A.(t) C J, and

| Z v; (K (t)B(t)),] > Blvg,|
JE€Jq

for every choice of v. Since K; = K; 1 + O(h), let us choose h < 7 small enough
that

(83) 1> vj(Kis1Bi);| > 5By, |

j€Jq

for each t; € [t;—n, 7411 +n]N[0,1] and h < h, and for every choice of v. Choose o
and h smaller if necessary so that when 7 and h satisfy (73), the associated solution
(z,w) of (60) has the property that

(84) (Kzi +bi)ge <0 forall t; € [rg —n,7q+1 +1]N[0,1].

By the complementary slackness condition, we know that the multipliers associated
with inactive constraints must vanish. It follows that

(ni)se =0 for all ¢; € [rg —n,7g41 + 1] N[0, 1],
while ()¢ is constant for these i. From (57), we have

(85) (S’U,;rRz + 5I;|—MZ + 5’1,[)1'31' - 5V¢+1K¢+1B¢ + 67; = 0.
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In [22, Lemma 2] we showed that the smallest eigenvalue of R*(t) is bounded from
below by the positive constant o appearing in Coercivity. Since R; — R*(t;) = O(h)
(see the proof of Proposition 6.1), the smallest eigenvalue of R; is bounded from
below by say @ < « for h sufficiently small, and |R;*| < 1/a. Focusing on i for
which t; € [1g — 1, Tq+1 + 1], (85) implies that
(86)

(6vig1)s,(Kiy1Bi) s, R (K1 Bi)],

= ((5UIR1 + (5.’)3;I—MZ + (S'Z/JZBZ — ((5V1'+1)J§ (BiKi+1)J§ + 57:i)Ri_1(Ki+lBi)}q-

The coefficient matrix for (0v;41)y, is invertible by (83). From the adjoint equation
(56), we obtain the relation

(87)
(5’(,/1;_ = —5'1/)¢Ai — (SI;FQz — (Mzéuz)T + 5Vi+1Ki — (Sgi = 0, 5’(,/1]\/_1 =0.

When this is combined with (86) and when the bound of Lemma 7.3 for (dz, du) is
utilized, we conclude that

”5¢||H1([Tq—n,fq+1]) + ||5V||L2([Tq—7lﬁq+1])
< c(|69(tp)| + 107y + 11(6v) e [l 2 (frg—mmgsa)) )5

where p is the largest integer i such that ¢; € [rg,7441]. Since dyy—1 = 0 and
vy =0, it follows that for ¢ = I, we have p = N — 1, 0%9(t,) = 0, and (6v3)yc =0
when 7, —n < t; < 1. In this case, (88) gives us the estimate

(88)

16% | £r2 (i —m,11) + 16Vl L2 (17—, 17) < cllé7]]y-
Proceeding by induction (on g), suppose that
(89) 169N £11 (1rg 41 —m,11) + 1V L2 ((rg 11—,y < cllom]y-

We just established this in the case ¢ = — 1. Since the L* norm is bounded by
the H' norm, we have

169 (tp)] < N0%ll a2 ((rg 1 —mapy < cllom |y,

where p is the largest integer ¢ such that ¢; € [74, 7411]. Also, by (89) we have the
estimate

(90) 10v) sell L2 (rg 41 —nyraa)) < cllomlly.

Since (9v;),e is constant for ¢; € [rg — 1, Tg11], the L? norm of (d;) ¢ over the

interval [r, — 1, T,+1] is a multiple of the L? norm over the interval [7g41 — 7, Tg11].
Hence, (90) implies that

1(6¥) ¢ | 2 (17 —mrgia)) < cllémlly-

And when this, together with the bound |6¢(¢,)| < c[|d7||y is inserted in (88), the
induction step is complete. O

Corollary 7.5. If Smoothness, Independence at A, and Coercivity hold, then there
exist constants h and o > 0 with the property that whenever ™ and h satisfy (73),
a unique solution to the first-order system (55)—(58) exists and the change in the
solution corresponding to a change in the parameters satisfies (74) and (82).
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Proof. In the convex setting, the first-order system (55)—(58) is necessary and suf-
ficient for optimality in the linear-quadratic problem (60). Hence, Lemmas 7.3 and
7.4 yield the claimed result. O

8. LIPSCHITZ CONTINUITY IN DISCRETE TIME

To complete the verification of condition (P3), we now prove a regularity result
for the solution to the discrete linear-quadratic problem (60), establishing bounds
for discrete derivatives of the solution in terms of discrete derivatives of the param-
eters.

Lemma 8.1. If Smoothness, Independence at A, and Coercivity hold, then for
any given k > 0, there exists & with the property that for all o and h sufficiently
small, and for all m € 11, defined in (24), the linear-quadratic problem (60), and
the associated first-order optimality system (55)—(58), have a unique solution (x,u)
and associated multipliers (¥, v) with x and ¢ € Lipé and u and v € Lipy.

Proof. Throughout this proof, (z,u) denotes the solution to (60) corresponding to
7w € I, while ¥ and v are the associated multipliers. As at the start of the proof of
Lemma 7.4, we assume that o and h are small enough that (83) holds for h < h and
(84) holds for the solution to (60) when 7 and h satisfy (73). Finally, we assume
that h is small enough that [|0*||y < o when h < h. As noted in the proof of
Lemma 7.3, (z*,u*) is the solution and ¥* and v* are the associated multipliers in
(60) when m = 7* +§*. By the Lipschitz estimates (74) and (82) with 72 = §* +7*,
we have

e — 2" + llu — w2 < elllm — 7"y + [16%[[y)
and

1 ="l + [lv = v¥lle> < ellm — 7%y + [16%]1y)
for all # € II. Hence, z and v are uniformly bounded in H'! and u and v are
uniformly bounded in L? for all 7 € II. Since the L> norm is bounded by the H*!
norm, we conclude that z and v are uniformly bounded in L*° as well.

Next, we establish a uniform L* bound for v. Taking a fixed € > 0, there exist

1 > 0 by Lemma 7.2 and (Z, @) in B.(z*,u*) such that

L(z,4) +a* =0, Zo=2° Kz+b* < —nl.
For each a, let Z(a) be chosen to satisfy
L(z(a),u) +a=0 and Z(a)y=x".

Taking n smaller if necessary, it follows that for a in an L? neighborhood of a* and
bin an H! neighborhood of b*, we have

(91) L(Z(a),a) +a=0, Z(a)g=2" Kz(a)+b< —nl.

Choose o smaller if necessary so that (91) holds whenever |la—a*|| g2 +|6—b*|| g2 <
.

Assuming h is chosen small enough to comply with Proposition 6.1, it follows
from this discrete coercivity result that there exists a unique solution to the follow-
ing problem:

minimize  B(y,v) + (5,5) + (7,v) + (Ky + b, )

(92)
subject to  L(y,v) +a =0, yo=2z'.
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If 4 = v/, where v is the multiplier corresponding to the solution of (60), the
solution to (92) coincides with the solution to (60) (since the first-order necessary
conditions for (92) are satisfied by the solution to (60), and the first-order conditions
are sufficient for optimality when the cost function is convex). For all = € II, we
have observed already that the solution to (60) is uniformly bounded in L2. Hence,
the minimum cost in (60) is bounded from below by a constant x independent of
m € II. Since the optimal cost in (92) is equal to the optimal cost in (60), and
since the cost in (92) corresponding to (y,v) = (Z(a), %) cannot be smaller than the
optimal cost, we have

x < B(z(a),u) + (5,%(a)) + (7, 9) + (KZ(a) + b, 1)

for all choice of m € II. Rearranging this inequality and utilizing the relation
Kz(a) + b < —nl from (91), we have

N—-1
(93)  — (o, 1) =h > (u1) < (B(a(a), @) + (5,3(a)) + (7, @) — x)/m.
=0

Since (Z,4) € Be(z*,u*) and |ja — a*||r2 < o when 7 € II, we conclude that the
right side of (93) is bounded uniformly in = € II. Since v; is a nondecreasing
function of 1, we have 1y < v; <vy =0 forall 0 <47 < N. Thus v is bounded in
L®°, uniformly in 7w € II.

We now show that this L bound for v implies corresponding uniform L
bounds for u, z’, and 1’. First, we noted in the proof of Lemma 7.4 that for
@ < o and for h sufficiently small, |[R;!| < 1/a. Also, by (39) 7 is bounded in L,
uniformly in 7 € II. Hence, by (57) u is bounded, uniformly in 7 € II. By (55) 2’
is bounded, uniformly in 7 € II. And by (56) 9’ is bounded, uniformly in = € II.

First-order divided differences of u and v and second-order divided differences
of z and v are now estimated. In order to estimate v} = u;, we focus on the active
constraints at time level 7 since the components of u; associated with the inactive
constraints vanish by complementary slackness. For a fixed i, let S; and ¢;, for j =
i—1, 4, and i+ 1, denote the submatrix of K; and the subvector of b;, respectively,
associated with the active state constraints at time level i. Hence, we have

Si—1Ti—1+¢-1 <0, Sizi+¢;=0, and Sip1wi11 +cip1 <0,
Subtracting the equality S;x; +¢; = 0 from the inequality S;11z;+1+ciy1 < 0 gives
Sizip1 + Siz; < —c.

Substituting «;, = A;x; + B;u; — a; from the state equation (55), we obtain

(94) Siziv1 + Si(Aizs + Biu; — a;) < —c.

Solving for u; in (57), we have

(95) ul = —(a] M; + ;B; — vi 1 Kip1Bi + )R,

and combining this with (94) gives

(96) SiBiR; (Vi1 K1 Bi)" < SiBiR; ' (x{ My + ¢ B; +73) "

— Si(Ajz; — a;) — Siziy1 — .

In a similar manner, subtracting the equality S;x;+c¢; = 0 from S;_1z;—1+¢;—1 <
0 yields
—S;_:ci_l - Si.’).',';;_ S C;_.
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Substituting x}_ = A;—12;—1 + Bi—1U;—1 — a;—1, we obtain

=S;_zi—1 — Si(Ai—1i—1 + Bi1ui—1 —a;—1) < ¢

and combining this with (95) gives
(97)

—8iBi 1R N (viKiBi1)" < — SiBi 1R (¢ My y +4; 1Biq +7i1)7

+ Si(Aj_1xi—g — a¢_1) + S;_Ii_1 + C;_.

Adding (96) to (97), substituting v; = v;4+1 — hu;, and rearranging the result, we
obtain
(98)

SiBi_1R; Y (u:KiBi—1)" < Si(B:R;'B] K, ,) vl — ¢/ — Sz
— SZI.’L‘; + S;_.’L‘é_ + S; (BZR: (I;I—MZ +Y;B; + 777;) - (Aizi — al))/_

Let u:r denote the subvector of u; associated with the active state constraints at

time level 7. Since the other components of u; vanish by complementary slackness,
it follows that u;K; = ,uj S;. Observe that

piSiBio1 R (K Bi1)" = pf SiBi_1 R (uf SiBi—1) "

(99)
> |uf SiBio1|?,

where 7 is the smallest eigenvalue of R _1, which can be bounded in the following
way:
S 1

By (83) we have
|/1'z Sit1Bi | > ﬁ'/”’j—l = ﬁ|,u1|
By Smoothness, S;B;—1 = S;+1B; + O(h). Hence, for h sufficiently small,

(100) i SiBi-1| > 50| ual.

Multiplying (98) by p,;rT on the left and utilizing (99) and (100), we obtain

(101)
25732 il < c(IVllzee + lellwco + 19 lwiee + 18|z + [|17] Lo + /]l o=) -

Earlier in the proof, we established uniform bounds for |v| L, ||z|w1.~, and
[[¥]|w1.o. Bounds for &/, 7, and a’ can be expressed in terms of the parameter x
that appears in the definition (24) of II. For example,

ol < [l(a—a*) [z + lla* |l < 5+ a*]| 2o,

where ||a*'|| e is bounded, uniformly in h, by Smoothness. Since v/ = p;, (101)

implies that ||v/|| is bounded, uniformly in 7 € II. Finally, (57) implies that
[lu'|| L is bounded, (55) implies that ||z’||z is bounded, and (56) implies that
[¥" ||z is bounded. Again, these bounds are uniform in m € II. This completes
the proof. O
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9. PROOF OF THEOREM 2.1

We now observe that Theorem 2.1 is a consequence of Theorem 3.1. First, note
that many of the preceding lemmas contain the qualifier “for h sufficiently small.”
In the discussion that follows, we assume that h is chosen sufficiently small, and
we do not always mention this point explicitly. Now, x is chosen in accordance
with (47) in Lemma 5.1, and o is chosen in accordance with Lemmas 7.3 and 7.4.
Choose o smaller if necessary to comply with Lemma 8.1. For the parameter £, we
take the value given in Lemma 8.1. (P1) follows from Lemma 5.1. With regard to
(P3), Lemmas 7.3 and 7.4 imply that the map (F — £)~!, restricted to B, (7*), is
single-valued and Lipschitz continuous relative to the norms of Y and . When
we restrict (F — £)~! to II, Lemma 8.1 implies that the regularity conditions (22)
and (23) of X' are satisfied. Let A be the Lipschitz constant for (F — £)~! when
restricted to II. Choose ¢ small enough that e\ < 1. Choose r in accordance
with Lemmas 5.2 and 5.3. (P2) is established in Lemma 5.2. (P4) is established
in Lemma 5.3 and the comments preceding the lemma. Finally, choose A smaller
if necessary so that 7 > X||6*|ly/(1 — e)\) whenever h < h, where the residual §*
satisfies (47). The estimate (20) of Theorem 3.1 coupled with the bound (47) yields
the existence of a solution z", u”, 9", and v" to (13)—(16) that satisfies the estimate
(18) of Theorem 2.1. The L™ estimate (19) is a consequence of the reverse Holder
inequalities (38) and (39). After transforming back to the original multipliers p
and p, we obtain the existence of a solution z”, u”, p", and u” to (8)—(11). To
complete the proof, we need to show that the pair (z",u") is a local minimizer for
the discrete problem (7).

Let B" denote the usual quadratic form associated with the Hessian of the La-
grangian for (7):

I >

N—
(102) S (VG )5 + TG
i=0

T2

where z; denotes the pair (z;,u;) and G” is the Hessian of g is evaluated at z". Let

h, M}, and R! be the same as @;, M; and R; except that the functions are all
evaluated at z, u?, P, and v instead of at z}, u}, ¥}, and v. And let M" be
defined by

Mh ={(x,u):z;=Afxi+Bfui, 0<i<N-1, z7=0},

where AP = V,f(z},u?) and B} = V,f(2,ul). We now observe that when

T
restricted to M", B" is equal to the following quadratic form:

N-1

Bh(a: u) Z Z TQz T; + uTRhuz + 2:5-'-Mhuz

To see this, first substitute u? = (v ; — v")/h to obtain the relation

N-1

-1
(103) h Z fBzT[G? z] 7, 1+1 xiT+1 [G?-H V?+1]$z‘+17
= =0



200 A. L. DONTCHEV AND W. W. HAGER

assuming xo = 0. If (x,u) € M", then

(104)
N-1
Z $1T+1[G?+1V¢h+1]93i+1
=0
N-1
= 7 (T + hA")z; + hBMu) G P ] (T + hAY)z; + hBl;) .
=0

Observe that the terms on the right side of (103) and (104) correspond to the
far rlght terms in the definition of Q®, M}, and R}. Similarly, after substituting
= ! — vl Vg(zl, ), the first term on the right side of (102) corresponds to
the Qi, M;, and R; matrices in the definition of Q?, M}, and RP.
Utilizing the estimate (19) for the L distance from z”, u”, ", and v" to
the continuous analogues z*, u*, ¥*, and v*, respectively, it follows, by the same
analysis used in the proof of Proposition 6.1, that

|QF = @il + IR} — Ri| + M} — M| = O(h*/?),
where QF = Q*(t;), R* = R*(t;), and M} = M*(t;). Let B be the quadratic form
associated with Q;, M}, and R;:

N-1
Z x] QFw; +u) Riu; + 2:3TM*u1
1=0

_h

B(x,u) =3

Hence, for all (z,u) € M", we have
(105) |B(z,u) = B"(z,u)| < ch**(JallFs + Jullfe) < ch®?|lula,

where the last inequality comes from the relation ||z||r2 < c|lu||r2 for all (z,u) €
MP". By [18, Lemma 11], there exists @ > 0 such that

(106) B(x,u) > aul?, for all (z,u) € M.
Given (z,u) € M", we have
(107)
Bh(a:,u) = (Bh(ﬂl,u) - B(a:,u)) + (BA(III,’U,) - B(yv ’LL)) + B(yau)a

where y is the solution to y; = A;y; + Biu;, 0 < ¢ < N —1, yo = 0. It can be
checked that ||z — y|| g1 < ch?/3||ul|z> and |jy||gr < ¢ljull gz, from which it follows
that

B(z,u) — B(y, u)| < ch??|lul?.

for h sufficiently small. Combining this with (105), (106), and (107) gives

BM(x,u) > (a/2)lull7-

for all (z,u) € M", when h is sufficiently small. Hence, by the standard second-

order sufficient optimality condition (see [1]), (z",u") is a local minimizer of (7).

This completes the proof of Theorem 2.1. O
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10. NUMERICAL EXPERIMENT

For a small example, let us consider the following problem which is extracted
from [30, Problem IIJ:

1
minimize %/ (z(t)? + u(t)?)dt
0

subject to Z(t) =u(t), u(t) <1,

2./e 5e+3
t) < = —.
x()—l—e’ I() 4(1'—6)
This problem has a known solution (see [30]), while the L> error for various choices
of the mesh is given in Table 1. Based on these numerical results, it appears that
the L2 error estimate of Theorem 2.1 is tight, while the L™ estimate is not tight
(at least in this example).

TABLE 1. L™ control error for various choices of the mesh

N  Error
20 .05379
40 .02697
80 .01351
160 .00676
320 .00338
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