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UNIFORM CONVERGENCE OF THE MULTIGRID V-CYCLE
FOR AN ANISOTROPIC PROBLEM

JAMES H. BRAMBLE AND XUEJUN ZHANG

ABSTRACT. In this paper, we consider the linear systems arising from the stan-
dard finite element discretizations of certain second order anisotropic problems
with variable coefficients on a rectangle. We study the performance of a V-
cycle multigrid method applied to the finite element equations. Since the usual
“regularity and approximation” assumption does not hold for the anisotropic
finite element problems, the standard multigrid convergence theory cannot be
applied directly. In this paper, a modification of the theory of Braess and
Hackbusch will be presented. We show that the V-cycle multigrid iteration
with a line smoother is a uniform contraction in the energy norm. In the ver-
ification of the hypotheses in our theory, we use a weighted L?-norm estimate
for the error in the Galerkin finite element approximation and a smoothing
property of the line smoothers which is proved in this paper.

1. INTRODUCTION

The purpose of this paper is to study the V-cycle multigrid methods for cer-
tain second order anisotropic finite element problems with variable coefficients on a
rectangle. The convergence properties of the V-cycle multigrid method for second
order selfadjoint elliptic finite element equations are well understood in the cases
in which the differential operators are uniformly bounded and elliptic; cf. Braess
and Hackbusch [3], Bramble and Pasciak [5, 6], Bramble, Pasciak, Wang and Xu [7]
and the references in these papers. The common ingredient in the analysis is the
so-called “regularity and approximation” condition. The success of the multigrid
methods in these cases is due to the fact that the smoothers are effective in re-
ducing the nonsmooth components of the error and the coarse grid corrections are
effective in reducing the smooth components. In this paper, we shall establish a
convergence theory for the standard V-cycle multigrid algorithm for anisotropic
equations with variable coefficients on the unit square. We shall consider finite
element approximations to this problem. For the anisotropic problem considered in
this paper, the standard finite element solution has a “poor” approximation prop-
erty and hence the coarse grid solves in the multigrid algorithm are not effective in
reducing the smooth components of the errors. This is in contrast to the cases in
which the differential operators are uniformly bounded and elliptic. When a Jacobi
or a Gauss-Seidel smoother is used, the multigrid algorithm does not provide a
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uniform reduction in the error. The remedy is to use a smoother, such as a line
Jacobi or a line Gauss-Seidel smoother, that is effective in reducing components of
the error in a larger part of the spectrum.

Since the usual “regularity and approximation” condition does not hold in this
case, the V-cycle multigrid theory of Braess and Hackbusch [3] and Bramble and
Pasciak [5] cannot be applied directly. In the case of constant coefficients, uniform
convergence results for the V-cycle multigrid were established recently by Steven-
son [12, 15] using the multigrid theory of Hackbusch [9] and Mandel, McCormick
and Bank [2], and by Neuss [11] using the multigrid theory of Bramble and Pas-
ciak [5, 6], Xu [19] and Yserentant [20]. The main ingredient in these papers is an
approximation property of the finite element spaces. This property is established
in Stevenson [13] using the error estimate of Babuska and Aziz [1], and this is done
by transforming the anisotropic problem to an isotropic problem by a scaling of the
domain. Optimal multilevel additive preconditioners for anisotropic equations with
constant coefficients were developed by Griebel and Oswald using tensor product
type subspace splittings [8]. The subspace splitting is obtained by a semi-coarsening
technique. Other recent related work can be found, for example, in Wittum [17, 18],
Stevenson [14, 16], and Hemker [10].

In this paper, we consider some anisotropic equations with variable coefficients
on a rectangle. The scaling techniques which have been used for the constant
coefficients case do not seem applicable to the variable coefficients problem consid-
ered here. We shall establish a uniform convergence result for multigrid V-cycle
algorithms using a variant of the theory of Braess and Hackbusch. To verify the
hypotheses of the theory, we shall give a direct proof of the weighted L?-norm error
estimate for the finite element approximation and a smoothing property of the line
Jacobi and the line Gauss-Seidel smoothers.

Let Q = (0,1)? be the unit square, and consider the equation

Lu = —[(auz)s + (buy)y) = f inQ,
u=0 on 99,
where, a(z,y) and b(z,y) are positive functions.
We are interested in the cases in which a(z, y) is of unit size and b(z, y) is possibly

small. More precisely, we assume that a{z,y) is uniformly bounded from above and
below and b(z,y) is bounded uniformly from above with

(1.1)

(12) 0 < Amin S a(x,y) S Amax
and
(13) 0< b(:c,y) < bmax-

We do not assume, however, that b(z,y) has a uniform positive lower bound.

To carry out our analysis for the multigrid algorithm, however, we shall also make
the following technical assumptions on the coefficients. We assume that certain first
derivatives of a(x,y) and b(x,y) are uniformly bounded in the following sense:
(L.4) Wal Vel ¢ ana 2l <,

a Amin b
Throughout this paper, we shall restrict our consideration to (1.1) and we shall

assume that the coefficients a(z,y) and b(z,y) in (1.1) satisfy conditions (1.2)—
(1.4).
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Since a(z,y) is assumed to be uniformly bounded above and below in (1.2), the
first inequality in (1.4) is the same as

[Va| < C.

On the other hand, since b(z,y) is not assumed to have a uniform positive lower
bound, the second inequality in (1.4) states that that b(z,y) does not change very

much in the y direction relative to its magnitude. This condition can also be written
as

(1.5) { b(f”’y} = ¢(z)b(z,y) with
&1 < blz,y) <

2 Y)

Clearly, (1.5) implies the second inequality in (1.4). Conversely, if we set e(z) =
maxy b(z,y) and b(z,y) = b(z,y)/e(x), then the second inequality in (1.4) implies
that (1.5) holds with e ® < b(z,y) < 1 and |l~)y(x,y)| < Cp. In our subsequent
analysis, the estimate for the rate of convergence of the V-cycle multigrid algorithm
will depend on the constants in (1.2), (1.3) and (1.4), but not on a positive lower
bound for b(z,y). We will often use (1.5) instead of the second inequality in (1.4).
Without loss of generality, we can assume e(z) < 1 in (1.5).

The weak form of (1.1) is the following: Find u € Hg(f2) such that

(1.6) Alu, ¢) = (f,¢), forall ¢e Hg(Q),

where

& and |by(z,y)| < &.

Alu,v) = /Q [a(z,y)usvs + bz, y)uyvy]| dzdy.

Here (-,-) is the L? inner product. We set || - |4 = A(-,-)*/?, the “energy norm”.
We shall prove a uniform convergence estimate for the V-cycle multigrid algorithm
for solving the finite element equations approximating (1.6).

The remainder of the paper is organized as follows. In §2 we introduce the
standard V-cycle multigrid algorithm and provide a modification of the convergence
theory of Braess and Hackbusch [3]. In §3, we prove an a priori estimate for
the solutions of the anisotropic problem. Standard finite element approximations
to the anisotropic problem are considered in §4. An approximation property of
the Galerkin projection is proved. A weighted L?-norm error estimate is then
established by using the regularity result proved in §3 and the duality argument of
Aubin and Nitsche. The smoothing properties of the line Jacobi and the line Gauss-
Seidel smoothers are formulated and proved in §5. In §6 we apply the theory of §2
to the anisotropic finite element problem. It is shown that the V-cycle multigrid
method with a line smoother is a uniform contraction in the energy norm ||-|| 4. This
convergence result is based on the approximation property of Galerkin projection
and the smoothing property of the line Jacobi and the line Gauss-Seidel methods.
Finally, in §7, we formulate the multigrid algorithm in terms of vectors and matrices.

2. MULTIGRID ALGORITHM AND THEORY

In this section, we consider the standard V-cycle multigrid algorithm and provide
a modification of the multigrid convergence theory of Braess and Hackbusch [3]. To
this end, we consider a sequence of nested finite element spaces

My CMyC---C Mj.
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The finite element problem on Mj, is the following: Find u; € M} such that
A(uka ¢) = (fa QS), for all ¢ € Mk‘

The L? projection Qg : L? — M), and the Galerkin projection Py : HY — M, are
defined by

(ka, ¢) = (’LU, ¢), for all ¢ € Mka
and
A(Pyw,d) = A(w, @), forall ¢ € M.
Let Ay : My — My, be defined by
(Apw, ¢) = A(w, @), forall ¢ e M.
Then the finite element equations can be rewritten in the form
Aguy = fio = Qxf.

To define the multigrid algorithm, we need smoothing operators Ry : My — Mj.
We shall denote by RE the adjoint of Ry with respect to the inner product (-,-).
Properties required of the smoothers will be stated later when needed.

Given an initial iterate u® € My, a linear multigrid algorithm produces a se-
quence of approximations to uj = Akfl fr as

(2.1) u™ = Mg, (u™, fi) = u™ + Be(fr — Apu™), m=0,1,....
The multigrid process Mg, (-, -) (or equivalently By) is defined recursively as follows.

Algorithm 2.1. With u° and g € My, set Mg, (u®,g) = A7'g (or equivalently
By = A7 ). Fork>1 and u® and g € My, u' = Mg, (u°, g) is defined as follows:

(1) Pre-smoothing: u'/® = u® + Rt (g — Ayu®).

(2) Coarse grid correction:

u?? = ut? 4 Mgy, (0, Qr—1(g — Apu'’®))
=yl + Bp_1Qk-1(g — Aku1/3).
(3) Post-smoothing: u' = u*/* + Ry(g — Apu?/?).
To understand the multigrid algorithm, we first discuss briefly the smoothing

operator, R,. Given a smoother, Ry, the solution of Ayu = f can be computed
iteratively by the linear iteration

(2.2) 2™ = 2™ 4 Ri(fx — Agz™), m=0,1,2,....

The error propagation operator is K = I — R A and the error, e = A;l fe—a™,
satisfies

€m+1 = Kkem.
We assume that the above linear iteration is a contraction in the norm || - | 4, i.e.,

|Kklla=  sup  A(Kpv,w) < 1.
ol a=llwlla=1
Set K; = (I — RLAg). Then K is the adjoint of K} with respect to the inner

product A(-,) and K} K} is self-adjoint with respect to the inner product A(:,-).
Consequently

IR Killa = 1 KillZ = 1 Kell3 <1
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A simple manipulation shows that

A(Kkv, Kkv) - A(’U, ’U) — (RkAk’U, Akv),
with
Rk = Ry + RZ - RZA;CR;C.
Thus, the above assumption on the smoother is equivalent to assuming that Ry, is
positive definite. Note that RyAy = I — K} K.

To estimate the rate of convergence of iteration (2.1), with Mg, (-, ) defined by
Algorithm 2.1, we first derive, as in Bramble and Pasciak [4], a two-level recurrence
relation for the error operator of the V-cycle multigrid algorithm. Let u = A,:l g.
Define € = u — u?, e!/? = u — u'/3,e?/® = u — u*? and €' = u — u'. Then by
the definition of the multigrid algorithm and the above discussion concerning the
linear iteration (2.2), we have

el/3 = (I — RLAy)E°,
€23 = (I = By_1Qr_1A4r)e"® = (I = By_1Aj_1Ps_1)e'/3,
e! = (I = RAp)e*® = (I — RpAR)(I — Br_1Ax_1Po_1)(I — RLAy)E.

In the second equation, we have used the identity Qr_1Ar = Ax—1Px—1. Combining
these three equations, we obtain the following recurrence relation:

(2.3) A((I - BkAk)v,v) = A((I — Bk_lAk_lPk_l)K;v,K;v), for all v € M.

Here Ky = (I — RxAy) and K = (I — RLAy) are the error propagation operators
corresponding to the smoothers Ry, and RY, respectively.

Denote by A, the largest eigenvalue of Ag. In the standard multigrid convergence
theory, the smoother, Ry, is assumed to satisfy the smoothing property

/\E—(v,v) < (Rpv,v), forall ve M.

k
In addition, the following type of “regularity and approximation” condition is used:
there exist a € (0, 1] and C > 0, independent of &, such that

(A" (I = Pi-1)v, (I = Pre1)v) < ONA(UT = PecaJvyv), - forall v € M.

This type of regularity and approximation condition, however, does not hold
for the anisotropic problem, and therefore, we cannot directly apply the theory
of Braess and Hackbusch [3] and Bramble and Pasciak [4, 5. We shall provide a
modification of the theory of Braess and Hackbusch.

The next two lemmas are generalizations of the standard “regularity and ap-
proximation” condition for a = 1. We first consider symmetric smoothers.

Lemma 2.1. Assume that Ry, is symmetric and that there is a constant § < 1 such

that the spectrum o(K}) C [—0,1) for all k. Assume further that there is a constant
Cyr independent of k such that

(24) (Ry'(I = Pye—1)v, (I = Py—1)v) < CyA((I — Pre—1)v,v), for all v € M.
Then the multigrid algorithm defined in Algorithm 2.1 satisfies

0 < A((I — BpAg)v,v) < §A(v,v), forall ve My,
with § = yCpr /(1 +vCwn), where v = max{3, Tezz—é},
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Proof. We will prove by induction that this estimate holds. Clearly the assertion
holds for k = 1. Suppose now that the assertion holds for k — 1, i.e.,
(2.5) 0 < A((I — Bg—1Ak—1)v,v) < 5A(v,v).
Using the recurrence relation (2.3), we have, for v € My,

A((I — BpAg)v,v) = A((I = Py—1)Kjv, Kpv)

+ A((I = Bg—1Ak—1)Pe1Kjv, Py 1 K[ v).

It is straightforward to show that the induction hypothesis (2.5) implies that
(2.6) 0< A((I — BpAy)v,v) < (1 = §)A(I — Po—1)Kjv, Kjv) + §A(Kv, Kpv).

We now estimate the first term on the right hand side of (2.6). By the Cauchy-
Schwarz inequality and the hypothesis (2.4), we have, for w € My,

A((I = Pe_)w,w) < (R (I = Poo)w, (I — Pe—1)w)? (R Arw, Agw)*/?
< CVPA((I = Pey)w,w)*(Ry Agw, Apw)'/.
Cancelling the common factor, we get
A((I = Po—v)w,w) < Cy(RipAgw, Apw), for all w € M.

Since Ry is symmetric, K = Kj. Applying the above inequality with w = Kyv
and recalling that R,Ay = I — K, and that o(K}) C [0, 1), we obtain

A((I = Pr_1)Kgv, Kipv) < Cr (R A Ky, A Kiv)
(2.7) = Cp((I — Ki)Kyv, A Kv)
< (YOu)[A(v,v) — A(Kyv, Kv)).
Combining (2.6) and (2.7), we obtain
A((I = BpAy)v,v) < (1 = 8)A((I — Py—1)Kyv, Kyv) + 6 A(Kyv, Kiv)

< (vCu)(1 = §)[A(v,v) — A(Kyv, Kxv)] + 6 A(Kyv, Kyv)

< 0A(v,v),
with § = vCh /(1 +~vCur). O

Lemma 2.1 can be modified to allow the use of nonsymmetric smoothing opera-
tors such as the line Gauss-Seidel smoother. Recall that Ry = Ry, + R}, — R}, Ay Ri.

Lemma 2.2. Assume that |Kgl|a = || — Rk Aklla < 1 and that there is a constant
Cyr independent of k such that

(2.8) (Ry'(I — Py—1)v,(I — Pe1)v) < CprA(( = Pe—1)v,v), for all v € M.
Then the multigrid algorithm defined in Algorithm 2.1 satisfies

0 < A((I — BgAy)v,v) < 0A(v,v), forall v € My,
with § = Car /(1 + Car).

Proof. The proof is similar to that of Lemma 2.1. We only give an outline here.
As in the proof of Lemma 2.1, the assumption in (2.8) implies that

A((I = Py_1)w,w) < Cy(RiAgw, Agw),  for all w € M.
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Applying the above inequality with w = K v and recalling that RiAy = I— KK
and that o(K} K}y) C [0,1), we obtain
A((I — P}c_l)K;U,K;’U) < CA/I(R;CA;CK;;U,A;CKZU)
= CM((I — KZK;C)Kz’U,AkKZ’U)
< CuylA(v,v) — A(Kjv, Kjpv)).

The rest of the proof is identical to that of Lemma 2.1 |

Remark 2.1. Tt is not necessary to solve the coarsest grid problem exactly. If the
approximate coarsest grid solution satisfies 0 < A((I — B1A1)¢, ¢) < dp < 1, for all
¢ € M, then Lemma 2.1 holds with § = max(dg, vCar/(1+~C)r)) and Lemma 2.2
holds with ¢ = max(éo, C]\/[/(l + C]\/[)).

Lemmas 2.1 and 2.2 are “soft”. To apply these lemmas to Problem (1.1), we need
to establish (2.4) or (2.8) with C); independent of k. For example, (2.4) can be
proved, as we will see in Theorem 6.1 in Section 6, by combining the approximation
property (cf. Lemma 4.3)

(b([ — Pk_l)'U, (I — Pk_l)'U) S ChiA((I — P}c_l)'U,'U)
and the following smoothing property of the line Jacobi smoother (cf. Lemma 5.1):
(R 'v,v) < ClA(v,v) + hy, % (bv,v)).

Here hy is the mesh parameter. To establish (2.8) for a nonsymmetric smoother
such as the line Gauss-Seidel smoother, we replace Ry in the above inequality by
Ry. These properties will be proved later.

3. A REGULARITY ESTIMATE

In this section, we derive an a priori estimate for the solutions of the anisotropic
equation (1.1). This result will be used in the next section to derive error estimates
of the Galerkin finite element approximation in the energy norm and a weighted
L?-norm.

We first note that if a(z,y) = 1 and b(z,y) = € is a constant, then, by integration
by parts, we have for u € H}(Q) N H%(Q)

/ (u2, + 2u§y + Euzy) dady = / (U2, + Uty + euf/y) dzdy
Q Q
1
< / ~|Lul? dzdy.
O €

The following lemma is a generalization of this fact to some variable coefficient
cases.

Lemma 3.1. Let the coefficients a(z,y) and b(z,y) satisfy (1.2)~(1.4). Then the
following a priori estimate holds:

/(uix + 2u§y + bu?z!y) dzdy < C’/ %\Lu}Q dzdy.
Q Q
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Proof. Integrating by parts gives

2/ l(aux)z(buy)y dzdy
Qb
by
= 2/ ((aux)zuyy + (aug) s —b—uy> dzdy
Q

= 2/ ((auz)yumy + (auz)m%’uy> dzdy
Q
2 by
=2 aug, + (ayUg)Uey + (aux)x?uy dzdy
Q

a2 3 b(b, \
> 2 v.2) _ |2 24 212
> /Q {Qauxy (aauzy + aaum> \:b (aug)s + 3 < Y uy> }}dxdy

=/ _E(au 2+ (2 - a)au? —ﬁuQ—ﬁu2 dzdy
o\ b Woaa b ’

where o and 8 are arbitrary positive constants. As a consequence, we have

1 1 2 1
/ 5|LU|2 dedy = / <5(au0:)520 + g(auz)m(buy)y + g(buy)f/) dzdy
Q Q

> / ! —ﬁ(au 2 4+(2 - a)aul, + l(bu )2 — ﬁu2 — 24?2 ) dady
o b \ T/x Ty b Yy aa x :
Let v = min(1,1/bpax) < 1. Then
1
/ ~(au,)? dzdy > ’y/(auz)?cdxdy
ab Q
=7 / (ape + Gpuy)? dody
Q

1
Z’y/ <2a2u2 —a U >dxdy
Q

1 1
/ E(buy)g dzdy = / g(buyy + byuy)? dzdy
o) Q

b b
2 (3=t

Combining the above estimates, we obtain

/ %(LU)Q dzdy > (1 —ﬁ)fy/ (%(LQUQ —a’u )dxdy—i— (2-a) / au?,, dzdy
Q Q Q

b ) b2 a2 b2
_ v d Va2 2 dzd
+/<2 Uy bu>dxy /a( as ot ) 4
b
-/ (gu—mwuiw@—wau + (2 §y>>dxdy

a2 b2 b2
- / (1= B)ya? + -2 u? dady — f 2+ u? dzdy.
Q aa Q b ,Bb

and
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Therefore

/g}(ufm + 2uiy + buzy) dzdy

1 b
< C‘/Q [5(1 — ﬁ)yazuim +(2- a)auiy + (5“21;)] dzdy

(3.1) SC/Q%(Lu)dedy

AW b:?/ b:?/ 2
— Y Y Y
—I-C’/Q [((1 B)vas + aa)um + ( b + ﬂb)uy] dxdy
< C’/ %(Lu)2 dxdy-i—C/(aui-i—bug)dxdy.
Q Q

Using the elementary inequality

/ u? dedy < / u?dady < C / (au? + bu?) dzdy
Q Q Q

the second integral in (3.1) can be bounded as follows:

1/2 1/2
/(aui —i—bu,z) dxdy = / u(Lu) dzdy < (/ u? dxdy) (/ (Lu)2dxdy>
Q Q Q Q
1/2 1/2
< C(/(aui—l—bui)dxdy) (/(Lu)zdxdy> ,
Q Q

Cancelling the common factor and then squaring, we obtain
1
(3.2) /(aufC + buf,) dzdy < C/(Lu)2 dzdy < C’/ g(ﬁJu)2 dzdy.
Q Q Q

The lemma now follows from (3.1) and (3.2). O

4. FINITE ELEMENT APPROXIMATION

Let the domain Q = (0,1)? be partitioned into squares with vertices (ik, j h),h =
1/n. We consider the linear or the bilinear finite element space M), associated with

this partition. The Galerkin finite element projection P, : H(Q) — My, is defined
by

A(Ppv,¢) = A(v, ¢), forall ¢ e M.

We need the following results in proving an approximation property of the finite
element solutions.

Lemma 4.1. Let D = (0, h1) x (0, hs), and let E be a side of the rectangular region
D. Ifve HY(D) and [,vds =0, then

||U||2L2(D) < (h%HUzHQL?(D) + h%””y”%?(@))-

Suppose that b(x,y) = e(z)b(z,y) with & < b(z,y) < &, and e(z) < 1. Denote by
E a vertical edge of D. If v e H (D) and [,vds =0, then

/ bv? dzdy < & <h§ / v2 dady + & ' hi / bu; dxdy).
D D D
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Proof. Without loss of generality, we assume f0h2 v(0,y)dy = 0. Then
y

'U(ilf,y) = U(anO) + \/Ox UZ(S,yO) ds +/ Uy(xat) dt.
Y

0

Integrating yo from 0 to hy and using th2 v(0,yo)dyo = 0, we obtain

1 hg x 1 hg Yy
y) = —/ dyo/ vz(s,yo)ds-l——/ dyo/ vy(z,t)dt
ha Jo 0 ha Jo o

Squaring and then using the Cauchy-Schwarz inequality, we have
(4.1)

|U($,y)\2<—</h2dyo/ |va:5y0\d5) + 5 (/thyo/ |vyxt|dt)

ho h1
< thin/ dyo/ (s,y0)ds + thgy/ vl (x, t) dt
2 h
< = v?2 dady +2y/ vf,(a:,t) dt.
ha Jop 0

Integrating over D, we obtain

/ lv(z,y)|? dedy < h%/ v2 dxdy—i—h%/ vf,dxdy.
D D D

This is the first part of the lemma.
We now prove the second part. Using e(z) < 1, we obtain from (4.1)

2 ha
e(z)v(z,y)|? < ﬁ/ v2 dedy + 2y/ e(:c)fuz(x,t) dt.
he Jo 0

Integrating the above inequality over D gives

/ e(z)v? dedy < <h%/ v2 dxdy-l—h%/ e(a:)vz dxdy).
D D D

Since ¢1e(x) < b(z,y) < é¢(z), the second part of the lemma follows from the last
inequality. O

Using this lemma, we can prove the following error estimate for the nodal value
interpolant.

Lemma 4.2. Let 7, : C(Q) — M, be the nodal value interpolation operator. Then
(I —mp)v)% < Ch2/ (v2, +v3, +bv3,) dady, forall ve H*(Q).
Q

Proof. Let (z4,y;) = (ih, jh), and let 7 = [x;_1, 2] X [y;_1, y;] be an arbitrary mesh
rectangle. Let E, and E, be edges in the x and y directions, respectively. For the
bilinear element, we have

/ (v—Tpv)p do = / (v —mpv)y dy = 0.
E:c Ey

Applying the first part of Lemma 4.1 to (v—m,v), and the second part of Lemma 4.1
to (v — mpv), on each element 7, we have

/ a|(v - ﬂ'hv)a:|2 dxdy < amaxh2/ (|(’U - ﬂ'hv)a:a:|2 + \(U - 71-hﬁu)zy|2) d:l?dy,

T



MULTIGRID V-CYCLE FOR AN ANISOTROPIC PROBLEM 463

and

/b](v — o)y | dady < Ch2/ (I(v = Th0)ay|* + bl(v = TRV yy ?) dady.

T

In the bilinear case, (7,v)ze = (Thv)yy =0 in 7 and

1(Tnv)ay 22 (r) = W2 [0(@s, y5) = 0(@im1,95)] = (i, g51) = v(@i1,951)]2
< ||ny”2L2(7-)‘

Therefore,
/[a|(v — )2 4 bl(v — )y %] dady
<2 / (10 = 700zl + 20 = T2}y ? -+ bl(w — 140}y ) dady

< OB [ ((0aaf? + 2l l? + bl ?) oty

The result for bilinear elements follows by summing over 7.

In the case of linear elements, we write 7 = 77 U7~ , where 7+ and 7~ are the
two triangles on which m,v is linear. Let £* be the linear function on 7 which is
equal to m,v on 77, with £~ similarly defined. Applying the first part of Lemma 4.1
to (v — £*), and the second part of Lemma 4.1 to (v — £#), on T, we obtain

[ alto = £1.f oy < J 10— )l 10 = £, 2) ey

T

and

/b|(v — %), )? dady < c;ﬂ/ (I(v = £5)gy [ + bl(v = £),,?) dady.

T

Since £* is linear, its second derivatives all vanish in 7, and hence we obtain

/ (al(v = £5) > + bl(v — éi)y|2) dady < C’hQ/ (Jvae|® + 2|vay | + bluyy|*) dady.

T

Consequently,
Jlal(w =m0l + b0 = m10), 7] aty
= [ (@l = 61+ bito = ), ) aay
+ /T (al(v = €7)a* + bl(v — £7),]?) dady

< ChQ/ (Jvaal® + 2[vgy [ + bluy,|?) dady.
T
The result now follows by summing over 7. O

The Galerkin projection has the following approximation properties.

Lemma 4.3. There is a constant Cy such that, for v e H}(Q) N H2(Q),

(T = Pu)vll2 < O\ b2 (%m,u)
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and
(b(I — Pp)v, (I — Py)v) < C1h2||(I — Pp)vl)%.
Proof. The first inequality is a consequence of Lemma 4.2 and Lemma 3.1, i.e.,

lv = Prolld < flv = myoll%

< ChQ/Q (v2, + 211?%, -+ bvgy) dzdy

< C1h? (%Lv,ﬁm) }

For the second we use a duality argument. Let Lw = b(I — Py)v. Then
(b(I — Pp)v, (I — Pp)v) = A(w,v — Pyv) = A((I — Pyp)w, (I — Pp)v)
<N = Powlall( = Pr)vlla

<¢*ﬁ<aqu”Wu—mwm

= V/Crh(b(I = Py)v, (I = Py)v)"?|[(I = Py)v]|a.

Cancelling the common factor and then squaring, we get the second inequality. [

5. THE LINE JACOBI AND (GAUSS-SEIDEL SMOOTHERS

We consider only linear and bilinear elements. The partition of Q2 and the fi-
nite element space M) are defined as in the previous section. To define the line

Jacobi and the line Gauss-Seidel smoothers, we introduce a horizontal stripwise
decomposition of

Q={J0 Y=laye:(G-Dh<y< @+l

We partition the finite element space M), accordingly as

n—1

My =Y My;, where M;=[veM,:v=0inQ\Q

j=1
Note that for linear and bilinear elements this is a direct sum, i.e., the decomposition
ofve Myasv= ZJ L vj with v; € My, ; is unique. The operator Ay My — My
is defined by

(Apv,0) = A(v,¢), forall ¢ e M.
The operator Ay ; : Mp,; — My ;, the “restriction” of Ay, to M, ;, is defined
similarly, i.e.,
(Apjv,0) = A(v,0), forall ¢ec My;.

We also need the projection @, ; : My, — My ; with respect to the L? inner product
(-,+) and the projection Py, ; : M}, — M), ; with respect to the inner product A(-,-).
Note that the relation Py ; = A;);Qh,jAh holds.

The line Jacobi smoother J;, is defined by

(5.1) In = ZA LQnj-
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The line Gauss-Seidel smoother G, is defined by
(5.2) Gp=[I—-I—-Phn-) I~ Ph71)]A;1, where Py ; = A;’§Qh)jAh.

Given f € My, Suf € M}, can be computed as follows:
(i) Set v = 0.
(it For i = 1,... ,n — 1 define

vy = Vi—1 + A;;Qh,i(f — Apvi_a).

(iil) Set Gpf = vp—1.
To establish the smoothing property of the line Jacobi smoother we use the
following characterization of Jp:

n—1

(5.3) (@5 v,0) = Alvs,v;),

Jj=1

where } . v; = v with v; € M}, ; (v; is unique). This result is trivial if we interpret
the smoother, Jp, in (5.1) and (5.3) using a matrix-vector notation. A direct proof
of (5.3) is also easy. We first note that (Jxv,v) = }:j(A;;QhJU, Qhn,;v) = 0 implies
that v = 0. Consequently J; ' exists. Let v € M), and v = 2o vy with v; € My ;.
Since the decomposition is unique, we have v; = A;;Qh,jﬂglv. Equality (5.3) now
follows from a simple calculation using the formula for v;.

A smoothing property of the line Jacobi operator is summarized in the following
lemma.

Lemma 5.1. Let M}, consist of piecewise linear or bilinear functions and let Jy, be
the line Jacobi smoother defined by (5.1). Then there is a constant Cy such that

%A(v,v) < (3, v,0) < Cy [A( v) + w2 (bv v)] . forall ve M.

Proof. In either case, we write v € My, as v = Zj v;, with v; € M}, ;. Recall that

this decomposition of v is unique. Let S; = [(z,y) € Q: (j — 1)h <y < jh]. Then
by (5.3)

n—1 n
(Hglv,v)EZA vj,0;) ZAS vi_1,v5-1) + As, (v5,v5)].
j=1 j=1

On the strip S; we have v = vj_; +v; (vo = v, = 0). Thus
As, (v,v) < 2[As; (vj-1,v5-1) + As, (v, v5)].

The first inequality follows by summing the above inequality from 1 to n.
We now prove the upper estimate for (J ,:11), v). In the bilinear case, note that

vi(z,y;) = v(z,y;) and vj(z,yjx1) =0.
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A simple calculation shows that
[ (Dzviaf? + Dy ) dndy
3
1

oz, yi—1) — v(@im1, yj—1)) + [v(zs,v5) — v(zi—1,9;)]7]

2 / v |? dzdy.
S.

J

n

Wi

ﬁ.

Consequently,

(5.4) / a2, 3)(|Davy—1]? + |Dovy?) dardy < 272 / alw, y)lva|? dady.
Sj S;

On the other hand, for (z,y) € S,
1
|Dy'l)j_1($,y)|2 + |Dyvj(x>y)|2 = _2(|U(Iayj—1)‘2 + ‘U(xayj)P)‘
h
Since vy, (z,6) = 0 for § between y;—; and y;, we have
(@, yj-1)I” + Jv(z, )
= |o(x,y) + vy (@, v) (g1 — ¥) + lo(z,9) + vy (@, 9)(y; —v)*
< 4lo(z,y)|” + 207 vy (2, y) P,
for all (z,y) € S;. Hence
4
(5.5) / b(|Dyvj—1|* + | Dyv;|?) dedy < 3 / blv|* dedy + 2/ blvy|* dzdy.
s; s

! i

Combining (5.4) and (5.5),
As;(vj-1,v5-1) + As, (v,75)
< _/ bv? dxdy+2amaX/ (alvg)? + bluy|?) dzdy.
S;

J
Summing from 1 to n,

(3;, v, v) EZAS vj_1,vj—1) + As; (v,;)]
j=1

IA

{2““1“,4(@,@) + %(bv,v)].

Gmin
This proves the second inequality for the bilinear case.
The proof for the case of linear elements is similar. We write 7 = 7TU7r~. Then

D,vj 1 =0, Dyv;=Dgvontt and Dyv; =0, Dpvjy = Dyvon 7.
Therefore

/a([vaj_1|2 + |Dov;?) dady = / a|D,v|? dzdy.

On the other hand,

1 .
1Dy f? + Dyl = g (oo, 05— 0)F + fol@or w)f?) 7t
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and
|Dyv; 1 * + |Dyv; |* = %(lv(xhyj—l)ﬁ + vl y;)I?) inT77.
Since all the second derivatives of v vanish on 7=, we have
[o(@im1, yj-0) I + Ju(zio1, )l
= |v(z,9) + Vo(z,9) - (€im1 — 2, 95-1 — )
+ (2, ) + Vo(z,y) - (21 — 2,95 —y)
< Alv(z,y)|* + 6h%|Vu(z,y)|?, forall (z,y) €.

A similar estimate holds for |[v(z;,y;-1)|* + |v(z:,y;)|*>. Hence,

/ b(IDyv;-1[> + [Dyus[?) dady

T

1
2 {/+ b(jo(zi1,yj—1)° + [v(zi—1,y5)?) dzdy

[ a5 + oo

4
< bv? dxdy+6/b|Vu|2dxdy.

- Combining the estimates for [ a(|Dgv;—1]*+|Dgv;|?) and [ b(|Dyv;_1[*+|Dyv;|?)
we obtain
4
As, (vj_1,vj-1) + As, (v5,v5) < 72 / bo? dzdy + / [(1+ 6b)v2 + 6bv§] dzdy.
The rest of the proof is identical to that for the bilinear elements. O

We formulate the smoothing property of the line Gauss-Seidel smoother in the
next lemma.

Lemma 5.2. Let M), consist of piecewise linear or bilinear functions and let Gy, be

the line Gauss-Seidel smoother defined in (5.2). Then there is a constant Cy such
that

Av,v) < (G v,v) <Oy [A(v,v) + %(bv,v) , forall ve My,

where Gy, = Gp, + Gi — Gt ApSy, is the symmetric line Gauss-Seidel smoother.
Proof. By the definition of Gj,, we have

0 < A((I = GpAp)v, (I —GpAp)v) = A((I — GpAp)v,v) forall v e M.
This implies the lower estimate. The upper estimate follows from the inequality

A(ghAh’U,’U) < CA(ShAh’U,U)
and the upper estimate for the line Jacobi smoother in Lemma 5.1. O
Remark 5.1. In the proof of Lemma 5.1, we did not make use of (1.4). With minor

modifications, we can prove that the results in Lemmas 5.1 and 5.2 hold for general
polynomial elements, provided that (1.4) holds.
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6. MULTIGRID CONVERGENCE ESTIMATE

We now establish a uniform convergence result for the V-cycle multigrid Al-
gorithm 2.1. For simplicity, we only consider linear and bilinear elements. We
introduce an initial triangulation T; of Q by partitioning Q into four smaller equal
squares. For linear elements, each square is further decomposed into two triangles
by linking the lower-left and upper-right vertices. Let {T%} be a family of trian-
gulations of , where T} is obtained from T;_; by a halving strategy. Let {Mj}
be the corresponding family of linear or bilinear finite element spaces defined with

respect to {JT,}. Denote by Js, and G5, respectively the line Jacobi and the line
Gauss-Seidel operators on M.

Theorem 6.1. Let Ry = ndn, with 0 < n < 1, or Ry = Gp,. Then there is a
positive number § with § < 1, independent of k, such that the multigrid algorithm
defined in Algorithm 2.1 satisfies

0 < A((I — BrAg)v,v) <6A(v,v), forall v e My.

Proof. We first show the result for Ry = ndp,. By Lemma 5.1, the spectrum
o(RrAx) C (0,2n]. Thus o(Ky) = o(I — RgAg) C [-0,1) with § =2 -1 < 1.
In view of Lemma 2.1, we only need to prove that (2.4) holds for Ry = ndp,. It
follows from Lemma 4.3 that

%(b(ax, W)(I = Po_ 1), (I = Po_y)v) < CLA((I = Py ), (I — Py_y)v).

By Lemma 5.1, the weighted line Jacobi smoother, Ry, satisfies
_ 1
(R6.6) < Ca|(440,6) + 35 (0o0)0r) |, forall 6 M
k

Applying the smoothing property of Ry to ¢ = (I — Px_1)v and using the approx-
imation property of Py_;, we obtain, with Cy = Co(1+ C4),

(R;l(f — Pk_1)v, (I — Pk_l)v) < Cy A((I - P_1)v, (I — Pk_l)v).

We have thus proved (2.4), and hence the theorem, for the case Ry = nds,.
The proof for the case Ry = G, is analogous. We use Lemma 2.2 in place of

Lemma 2.1 and use the smoothing property of the line Gauss-Seidel in Lemma 5.2
instead of Lemma, 5.1. O

Since By Ay is symmetric in the energy inner product A(-,-), Theorem 6.1 implies
that ||(I — BrAg)v|jla < d||v]ja for all v € M. Consequently, the error operator
of the multigrid iteration (2.1) is a uniform contraction in the || - || 4 norm and the
iterates defined in (2.1) satisfy

™ —ulla < 6™ u™ —uf 4.

Remark 6.1. Tt is desirable to avoid the condition in (1.4) in our theory. However,

it is not clear that this is possible even in the case when b(z,y) is uniformly bounded
from above and below.

Remark 6.2. Note that if b(z,y) ~ h?, then the error operators, I — ndxA; and

I — Gy, corresponding to the line Jacobi and the line Gauss-Seidel methods, are
already uniform contractions on M.
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Remark 6.3. Our analysis remains valid for other polynomial finite elements as well.
The approximation property is a consequence of the fact that the linear elements
are a subspace of these higher order elements and the smoothing property can be
established in a way similar to that of the linear element.

7. MATRIX-VECTOR IMPLEMENTATION

We now discuss briefly the implementation of the multigrid algorithm using a
matrix-vector notation. Let {¢}}, ¢ = 1,..., N, be the nodal basis of M. Then
each function v in M}, is associated with two vectors, its “coefficient vector” o
and its “dual vector” v. The components of the coefficient vector ¥ consist of the
coefficients of v with respect to the basis {¢}}, and the dual vector, defined by
v = [(v, ¢})], represents the action of v on the basis {¢%}. Corresponding to the
operator Ay is the stiffness matrix Ay = [A(¢%, #7)]. Using this notation, the finite
element equation Ayuy = fr can be written as a linear system of equations:

Ayt = [
To define the multigrid algorithm in terms of vectors and matrices, we introduce,
for each smoother Ry, a smoothing matrix Ry satisfying
(7.1) Rife = Rufr, forall fi, € M.

It is easy to check that the smoothing matrices corresponding to Ry = ndn, and
Ry, = Gy, are just the block diagonal and lower block triangular parts of Aj.

Since My_1 C My, the basis functions of Mj;_; can be expressed in terms of
those of My, i.e.,

N
i _ k 137
Py = Zaijd)k'
=

The “interpolation matrix” and the “prolongation matrix” are given respectively

by _; = [afj] and I} ..
With the above notation, the coefficient vectors, @™, of the multigrid iterates
u™ defined in (2.1) can be computed by

(72) amt Zﬁm+§k(fk_ékﬂm)v m=0,1,...,
where E k is defined recursively by the following algorithm:

Algorithm 7.1 (Matrix-vector form). Set El = A7'. Assume that Ekﬁl has been
defined. Define Ek : RNe — R™s as follows. )
(1) Pre-smoothing: Set v = + RL, (fr — Axd).
(2) Correction: Define o' =o' +1I%,_,G (0 = 0), where
q= Ek—lnk—l(Zk — Ax?).
(3) Post-smoothing: Set Ekik =7" + Iz:{k(zk - ékf)”).
It is straightforward to check that if Iz%k and Ry, are related by (7.1), then

Bafeu = Bufr, forall f e M.
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Therefore, Algorithms 7.1 and 2.1 are the same and @™ defined by (7.2) is the
coefficient vector of u™ defined by (2.1), provided that fj is the dual vector of fi
and @° is chosen to be the coefficient vector of u°. -
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