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SATURATION THEOREMS FOR INTERPOLATION
AND THE BERNSTEIN-SCHNABL OPERATOR

MAREK BESKA AND KAROL DZIEDZIUL

ABSTRACT. We shall study properties of box spline operators: cardinal in-
terpolation, convolution, and the Bernstein-Schnabl operator. We prove the
saturation theorem.

1. INTRODUCTION

A typical form of the saturation theorem for spline operators is given in [C2], [C3],
[DM1], [Dz1], [FK]. Theorems 3.3 and 4.2 give the other forms of the saturation
theorem. In the first three parts we deal with box spline operators. The main
result, the saturation theorem for cardinal interpolation, is given in the third part.
The proof is based on the saturation theorem for convolution operators. In the last
part we deal with the saturation theorem for the Bernstein-Schnabl operator. The
proof is based on Pisier’s inequality.

Let us recall the definition and some properties of box splines. For more detail
we refer to [BHR].

(1.1) Let V = {vy,v2,...,v,} denote a set of not necessarily distinct vectors in
Z4\ {0}, such that

span{V} = R%.
We call such a set admissible.

(1.2) If V is admissible, then the boz spline corresponding to V (denoted by
B(:|V)) is defined by requiring that

/ F(@)B(@|V) do = / F(Va) du
Ré 0,17
holds for any continuous function f on R? (see [BHR, page 1]).

(1.3) A family X of vectors in Z%\{0} is called symmetric if it satisfies the follow-
ing: if v € X, then —v € X.

(1.4) Let X be admissible. Then X is symmetric if and only if X = V U -V,
where V is admissible and

-V ={-viveV}
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(1.5) If X is symmetric and admissible, then the box spline corresponding to X is
symmetric and it is denoted by

N(z) = N(z|X) = B(z|X).

(1.6) With the Fourier transform given by

f&) = fye> ¢ dt,

R4
then ([BHR, page 11})

Nx(ﬁ) _ H sin(wﬂv).

veX w§~v
(1.7) The cardinality of the set V is denoted by V.
(1.8) A family V is called unimodular if | det W| < 1, for all W C V, and |[W| = d.

(1.9) Let X be admissible and symmetric. The following conditions are equivalent
(see [BHR, (57) Theorem page 51, (28) Proposition page 89, see proof]):

a) X is unimodular;
b) for all z € R?

P(z) = Z N(a|X)e?™ > £ 0.

aczd

(1.10) [BHR, (12) Theorem page 82, see proof] Let X be admissible, symmetric
and unimodular. Let b = {b(a),a € Z} be the sequence of the Fourier coeffi-
cients of the periodic function 1/P(z). Then b decays exponentially, i.e., there are
constants C > 0 and 0 < g < 1 such that, for all a € zZ4,

[b(er)] < Cqlel.

(1.11) For X and b as in (1.10), the fundamental function is defined as

o(x) = Y bla)N(z - alX).

aczd

In particular, this definition implies that, for a € z4,

(b(a):{o a#0

1 a=0.
(1.12) Let

ox = max{r: Vwcx|W|=r, span{X\W} = R%}.
If ox > 1, then (cf. [BH], [BHR, (37) Proposition page 15])
B(z), N(2]X) € C* 1 (RO\C (RY).
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2. CONVOLUTION OPERATORS

Let ¢: RY — R. The following notation is used:
1 T
on(@) = g (5). h>0

omo=6(7), h>0,

Td),hf = d)h * f,
where
fxg(z) = /Rdf(y)g(x —y) dy.
As usual,
1/p
il = ([ @ a) .
Rd
1/p
|Flkp = Z (/ |Daf(;g)\Pd:v> ,
lal=k /B¢
a=(ay,...,aq), laj=a1+-+ag ol=al a4,
a>0 if a;>0 forall j=1,...,d
If « > 0, then
oMf  9%f
DYf=— . .. L
! oz oz
and

r* =27t z? where = (21,...,Z4)

For1 <p<ooandk >1,let W]f denote the Sobolev space [S]. Let us recall the
Poisson summation formula (see [SW]).

Lemma 2.1. Let f, f be continuous functions on R®. Suppose that there are C' > 0
and 0 > 0 such that

If@)| <c(l+z))"*° =z € R
and
|f(2)] < c(1+]z))"4° =z e R%
Then
S fa—a)= Y f@)e™*® forall z€ R
acZzd acZ?

We study the convolution operators Tw i, Ts,, corresponding to the symmetric
box spline N and the fundamental function ®. It is easy to obtain the following
result on the order of approximation by these operators.

Theorem 2.2. Let 1 < p < co. Let X be admissible and symmetric, and let N be
the box spline corresponding to X. Then there is Cp, > 0 such that for f € Wg

If = T nfllp < Coh®|fl2p-
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Moreover, assume that X is unimodular and let ® be the fundamental function
corresponding to X. Then, for f € WS 1

If = Tonfllp < Coh® T flox+15-
The following result is needed.

Theorem 2.3. Let X be admissible and symmetric, and let N be the box spline
corresponding to X. Then for f € W3,

f=Tnnf 1 D~ N( ) o
(2.4) g o K\f = yo \§|_2 o ——F—D*f, h—0.
If f € L*(R%) and f is of compact support, then
> . h% D*N(0)
= _1)Jj+1 ey
(2'5) f TN,hf +j§=1( 1) (27.‘.)2]‘ | E\_;j al D f.

If in addition X is unimodular and ® is the corresponding fundamental function,
then, for f € WX,

(2.6)

1 Doy . ~
= —— - < B Y
= (2mi)ex Tl Z i Z DPN(a)— DPN(0) |, h—0,
[Bl=ox+1 acZd

while, for f € L*(R?) with f of compact support,

> pex+i

27) f=Ts hf+z Gy Y. G (z D°N( Dﬁﬁ(0)> .

[Bl=ox+j a€zd
In formulas (2.4)~(2.7) the convergence in the norm of L*(R?) is considered.
Proof. Denote

sinx z? 2t
ga)=——=1-3r+ 5 -
Thus (cf. (1.6))
= H g(rx - v).
veX
Consequently, in Maclaurin’s formula
5 DN(0) .
(2.8) N(z) = }_;0 —

we have only monomials of even degree. By Plancherel’s formula we obtain

f=Tnnf DN (0)
N,h 471-2 Z

DQ
h? ol f

2

o 0. 5 S|
2

ler|=2

la|=2
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Since in (2.8) there are only monomials of even degree, we get

%Q(hx) + Z b N Z Z D N h2g o
|| =2 J=2 |a|=2j
The last formula implies (2.4) and (2.5) for functions f such that their Fourier
transforms have compact support. The boundedness of the operator T p, (cf. The-
orem 2.2) and a density argument gives (2.4) for f € W3.
Suppose now that X is unimodular. By Plancherel’s formula we have

o) | g = |l <1—;—qji’§—“’)> - of)
2 2
where
A A 8 N
= j@) S %‘ S DPN(w).

lﬁl ox+1 7 aeZe,az0
The definition of the fundamental function (cf. (1.11)) implies that
B(ha) = N(hz) Y bla)e e,
aczd
Since X and N are symmetric, the sequence {b(a)} is also symmetric. Conse-
quently,
1-3(hz) 11— N(ha) ¥ e ze bla)e 2miohe
hox+1 T hex+1
S aezs N(a|X)e2riehe — N(hz)
hex+1 Zaezd N(a\X)e——Qwiovhz .

Observe that for f, with f of compact support,

Z N(oz]X)eQWWhoc — 1, as h — 0, uniformly with respect to z € supp f.
aczd

Therefore, it is sufficient to show that

S oeze N(a| X)e ?miehs _ N (hz)

hex+1
(2.10)
- > (Z DP°N(a) = D°N(0) |, h—o.

|81= 9x+1 aczd

Since
giriahe Z —____(2man-! hz) and (a-z)" Z

n=0 181=

we obtain

S N(a|X)e 2rishe Z(—‘—f;ihn S Na)a-e
211) o oezs

-y Ele £ 5 Y N

n=0 181= b aczd
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Applying Poisson’s formula 2.1 to the function f(z) = 2°N(z) at the point z = 0,
we get

(2.12) S N(a)ef = 3 WDW(C@.
aeZd aezd

The conditions required by Lemma 2.1 can be checked by elementary calculations.
Moreover, since N is symmetric, we get, for 8 with |3] odd,

Z N(a)a® =0.
aezd
Formula (1.6) implies that, for |8] < px and o € Zd\{o},
DPN(a) = 0.
Thus, we get, for |3| < ox,
(2.13) Z N(a)a? = (—_EJWTD’BN(O)-

aczd

Now, it follows from (2.11), (2.12) and (2.13) that

0x
> N(a|X)e > =3 "p » %Dﬁﬁ(ow

aezZd n=0 |8|=n

DR % > D°N(a)a”.

n=gx+1 |B|=n aczd

Recall that in formula (2.8) there are only monomials of even degree, and therefore

> N(a|X)e ?miehs — N(ha)

acZzd
&S] . 1 R R
= > Ay 3 > D°N(a) - D°N(0) | 2°.
n=px+1 |Bl=n aezd
The last formula implies (2.10), which in turn gives (2.6) and (2.7). O

3. CARDINAL INTERPOLATION

Let us recall the definition of cardinal interpolation: for a continuous and bound-
ed function f

(3.1) If@@)= Y f(0)2(—a),
aczd
and
In=0op0looyp, h>0.
The following theorem can be found in [J] (cf. also [CIW]).

Theorem 3.2. Let X be admissible, symmetric and unimodular and let ® be the
fundamental function corresponding to X. Let ox + 1 > d/2. Then there is a
constant C > 0 such that, for all f € WQQXH,

If = Inflla < CREX £l t1 2.
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Denote

A={W CX:|W|l=px+1, span{X\W}+#R%},

Dw = [] D,

veW
where D, is the derivative in the direction v.
By 8 L (X\W) we mean that v- 3 =0 for all v € (X\W). Recall that

B ~ ~
Kof = (sz)lEx? > %!I (Z DPN(a) — DﬂN(O)) .

[Bl=ox+1 aEgzd

The main result of this section is

Theorem 3.3. Let X be admissible, symmetric and unimodular, and let ® be the
fundamental function corresponding to X. Let ox+1 > d/2 and f € WQQX'H. Then
2

N f=Inf
hso || hex+1 — K 9
(&) X [ owsepa > ]
== |Dw f(u)|* du 3
2 . 2
Ar wean Y B? BL(X\W),8£0 vEW (8- v)

Proof. Let f € Wg* 1 pe given. Assuming that the Poisson formula can be applied
for f, let us calculate the Fourier transform of If:

I.f(z) = ( > (@) (@)on(®)(z - ha))

aeZd

= h"®(ha) Y (ovmf)(a)e 2o

aeZzd
= h'®(hz) Y (o1/nf)(hz - B)
pezd
~ A «@
=3(ha) 3 f(x—ﬁ).
a€Zd
By Plancherel’s formula we have
[—If _Ni-nd
H hex+l K f , | hex+T Kaf
2
Further, let us assume that the support of f is contained in a cube C = [k, k‘]d.

Then, for 0 < h < 1/(2k), we get
R — 2
f(x) = Inf(z)
. L) 7RI g =
(3.4) /C . /C

hex+1
Comparing the above formula with (2.9), we conclude that

/ f(@) - Tnf() i
C

flo) = B(ha)(z)|

hex+1

o —I?g\f(ac) dr -0 as h—0.
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Now, let us consider the integral over C°:

. s A A 2
- (ha) Yo peze flz—a/h)
/c%ﬂ dac:/c‘ xz}iiﬂz af e
= B(he) iz — p/m)|[°
v ﬁezz\{o} ‘/[’k7k]d+,8/h hex+1
2 2
= Shut )| ¢
- /Hc,k)d e hex+1 |f (w)|? du.

By the definition of the fundamental function (1.11) and by (1.6), we get
d(hu+B) = N(hu+3) Z b()e?miechu

aczd
sin{mhu - v) .
_ H Z b(a)e——%mouhu_
~ T(hu+ B)- et
Consequently, we obtain
~ 2
O (hu + )
Z hex+1
B€Z4\{0}

(3.6)
Z b(O{ —2miachu

acZd

() > M)

Bezd\ {0} vEX

Define

So={B € ZN\{0}: thereisv e X,3-v =0},
S ={8e€ZN{0}: forallve X,3-v#0},
Then, it follows from (3.6) that

2

peZ4\{0}

= [Z 11 (M)
. BESy vEX,v-B=0 Thy - u

% <Hv€Xﬂ;.@#0 sin(mhv - u)>2 ( H _1—>2
e veEX v BA0 m(hu+0) - v
2
+ Z ( vexhs;)l:jhv u>2 <H m) ]
BES: i

2
Z b(a)e~27ria<hu

aczd

~ 2
O (hu + B)
hex+1
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For 8 € Sy denote
Jg={veX:v-3+#0}

Observe that

|Js] > ox + 1.
Moreover, there is 8 € Sy such that

[Js] = ox + 1.
Let IN be the set of 3 satisfying the above condition, i.e.,

IN = {6 € So: |Jgl = ox + 1}
Observe that if W C X and |W/| > ox + 1, then
[Toew sin(mhv - w)

hox i — 0, h—0, uniformly on C.
Moreover,
S ba)= Y N(a) =1.
aczd aezd
Thus, as h — 0
hu + 8 _
(3.7) Z —(EQXT—\ Z H v - u)? )2 in case d > 1,
pez4\{0} BeIN veJg
Z “:Q—Zi_lz— —>H(7ruv in case d = 1,
jez\{0} veX ]EZ\{O}vGX
uniformly with respect to u € C = [k, k]%.

Let us consider d > 1. As a consequence of (3.5) and (3.7) we get

[RISCEI P S Vg o [, T rtfeoran
BEIN veJg
(3.8) = z H / H R u lf |2du
BEIN veJg
ox+1
~(72) X I g [ IPssr o

BeINwveJg
where
Dy, =[] D
vEJg

Note that if 3 € IN, then
Jg=W=pL(X\W) and W e€A.

713
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Moreover, for each W € A there is 3 € IN such that W = Jz. Therefore, (3.8)
takes the following form

> 1 / 1y F )2 du

ﬁEIN‘UGJﬁ
Z/ Dwswla S ] G
WeA BL(X\W) ,B;éO'UEW

This completes the proof in the case of functions f for which the Poisson formula
can be applied and [ is of compact support. Note that such functions are dense in
w2 x*1 Moreover, Theorem 3.2 implies that the operators

[ —Inf
K = hox+1 - Kaf

are bounded. More precisely there is C such that, for all f € W5 **1 and h,
‘ I —Inf

2
< C|f|9x+1,2-
2

hex+l Ka2f

The proof of Theorem 3.3 is now completed by the boundedness of the operators
K}, and the density argument. O

Remark 3.9. The proof of Theorem 3.3 implies that %—;—1; — Kof weakly in
L?(R%).

4. THE SATURATION THEOREM FOR BERNSTEIN-SCHNABL OPERATORS

Let K be a convex set in a linear space B. To the set K corresponds a convex
cone

K={)z,\):z€ K,A>0} C B&R.

The cone defines a partial order in B® R by puttingz <y iff z —y € K. We shall
consider here only bounded and closed convex sets in Banach spaces B. The set
K is called a sumplex if the order determined by K is a lattice order (on the linear
subspace K — K of B& R).

Now let B be a real Banach space and K C B be a separable closed bounded
convex subset (with nonempty interior) of B. Assume that K has the Radon-
Nikodym property, then, by Edgar’s and Bourgin’s theorem (see [B]), for every
x € K there is a probability measure p, on K such that

= /K yu (dy)

and p,{ex K} = 1, where ex K denotes the set of extreme points of K. If K is a
simplex, then the measure p, is unique (see [B]). In this case we can define the
Bernstein-Schnabl operators (see [A]) as follows. For f € C,(K) (the space of all
real valued uniformly continuous functions on K) and n € N we put

(41
/ /<t1+ +t>ﬂz(dt1) pe(dtn), z € K, n=1,2,....
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The Bernstein-Schnabl operators have a probabilistic interpretation, namely let

&1,...,&, be a sequence of independent identically distributed K-valued random
vectors with the law p,, then

Bu(f)@) = Bf (S50 ey,

where En means the expectation of a random variable 7. By C2(K) we denote the
space of all real functions with a uniformly continuous second derivative.

Theorem 4.2. Let K C B be a simplex as above (bounded by M) and

(4.3) VAN nBulll- —2l) (@) < C.

C>0 n zeK

Then for every f € C2(K)

(44)  lim n[Bn(f)(z) - _%[ / D2 £ () () i () — sz(x)(x,z)j\

n—0o0
uniformly on K.

Proof. Recall the following known inequality [P].

Lemma. Let &,...,&,,... be a sequence of independent random vectors with
\&:ll < 2M, for each i. Then, for all t > 0,

t2
PrISl = BISI| > 1 < 20w (~ g ).

where Sp, =&+ -+ + & O

Assume that &;,...,&, is a sequence of independent identically distributed
K-valued random vectors with a law p,. For a given ¢ > 0 we can choose (by
a strong law of large numbers) ng € N such that, for n > ng,

S
— -z
n

E

<!
5"

Thus, and by Pisier’s lemma, we have for n > ng

o e |

p{‘ n
<Pr{|l|S —nz|| - E|S, m:ll|>—}

— -z
2
nt?
< —_ .
= 2eXp< 128M2>

So we have the estimation for n > ng,

t2
> t} S 26Xp <—Té7;—]w_—2> .

Sn

o > 5B |%-

n

(45) P
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Next by Taylor’s formula, we get

1

6) = @) = DIG =)+ 5 [ (1= 9D f(w+s(y =)y~ 2.y~ =) ds

= Df(){y - @) + 3 D*f @)y ~ 2,y — 2)

1
+ %/0 (1= $)D*f(z + sy — )y — z,y — x)
— D*f(z)(y — z,y — z)) ds,

ie.,

(6)  f) - f(&) = D@y — ) + 5D F(@)ly — 2y — ) +(z,0),

where 7(z,y) = o(||ly — x||?), and it is easy to check that |r(z,y)| < A for all
z,y € K. Thus for a fixed e > 0 we can find 6 > 0 such that if ||y — z|| < 6, then

r(z,y)| < elly — 2|,
and
(4.7) r(@, )l < elly =l + ALgy—ay>s)-
Now by (4.6) we get
n[Bn(f)(z) — f(z)]

(48) =5 ([ D@ ntan) - D21)w0)) + nBo(r(e (o)

To finish the proof of the theorem it is enough to demonstrate that
(4.9) nB,(r(z,))(x) =0, n— o0
uniformly on K. But
0 < nBy(Ir(z,))(@) < neBp(|l - —2)|1?) + nABL(1{jt—z|>s})(2)

=neBy (|| - —z)||?) + nAPr {‘ Sn

— X

>5}§50, when n — 00

for any € > 0. This completes the proof.

O

Remark 4.10. It is easy to check that if a Banach space B is of type 2 (especially

if B is a Hilbert space), then the condition (4.3) is satisfied.

Remark 4.11. If there exists a function f € C2(B) with a bounded support, then
the Banach space is of type 2 and by Remark 4.10 the condition (4.3) is satisfied.

Remark 4.12. Tt is not difficult to find a Banach space B (e.g., [!) and a simplex

K C B for which the condition (4.3) is not fulfilled.
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