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ABSTRACT. We combine a dual-mixed finite element method with a Dirichlet-
to-Neumann mapping (derived by the boundary integral equation method) to
study the solvability and Galerkin approximations of a class of exterior non-
linear transmission problems in the plane. As a model problem, we consider a
nonlinear elliptic equation in divergence form coupled with the Laplace equa-
tion in an unbounded region of the plane. Our combined approach leads to
what we call a dual-dual mixed variational formulation since the main operator
involved has itself a dual-type structure. We establish existence and unique-
ness of solution for the continuous and discrete formulations, and provide the
corresponding error analysis by using Raviart-Thomas elements. The main
tool of our analysis is given by a generalization of the usual Babuska-Brezzi
theory to a class of nonlinear variational problems with constraints.

1. INTRODUCTION

The numerical solution of interior and exterior nonlinear-linear transmission
problems usually combines the finite element method (FEM) in the nonlinear region
with the boundary integral equation method (BIM) in the linear and homogeneous
domain. This method, which is known as the coupling of FEM and BIM, has been
applied successfully during the last decades using traditional finite elements and,
more recently, using mixed finite elements as well (see, e.g., [3], [6], [16], [17], [18],
[20], [21], [31], [34], and the references therein).

An alternative procedure for dealing with exterior problems consists of employing
Dirichlet-to-Neumann mappings. This means that one first introduces a sufficiently
large circle I' (in R?) or a sphere (in R?), so that the linear domain is divided into
a bounded annular region and an unbounded one. Next, one derives an explicit
formula for the Neumann data on I' in terms of the Dirichlet data on the same curve,
which is known as the Dirichlet-to-Neumann mapping. This has been done for
several elliptic operators, including the Lamé system for elasticity, by using Fourier-
type series developments (see, e.g., [9], [23], [24], [25]). Then, in [11] we utilized
the mapping obtained in [24] together with our mixed finite element approach from
[21] to study the weak solvability of an exterior hyperelastic interface problem.
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Nevertheless, up to now, all the works on the combined use of mixed-FEM with
either BIM or Dirichlet-to-Neumann mappings for nonlinear transmission problems
have provided satisfactory results only at the continuous level. The associated
Galerkin schemes still require some open questions to be solved. Indeed, in order
to prove the unique solvability of the resulting variational formulations, one needs to
introduce certain quotient spaces for which it is not clear how to define explicit finite
element subspaces satisfying the corresponding discrete compatibility conditions.
This drawback has motivated either the use of alternative mixed formulations (see,
e.g., [1]) or the search of new tools from analysis to deal with the usual mixed
formulations.

The purpose of the present paper is, precisely, to show some advances in the
direction of the latter approach. In fact, we combine the dual-mixed finite element
method from [20, 21} with a Dirichlet-to-Neumann mapping (derived by the BIM)
to study the solvability and Galerkin approximation of a class of nonlinear exterior
transmission problems in the plane. The resulting variational formulation can be
written as what we call a dual-dual type operator equation, which, thanks to an
extension of the usual Babuska-Brezzi theory, allows us to obtain satisfactory results
for both the continuous and discrete schemes.

The rest of the paper is presented as follows. In Section 2, we describe the
exterior transmission problem and transform it, using the Dirichlet-to-Neumann
mapping, into a nonlocal boundary value problem on a bounded domain. The
corresponding dual-dual mixed formulation is derived in Section 3. In Section 4,
we recall the main results from a recent work concerning a generalization of the
classical Babuska-Brezzi theory to a family of nonlinear variational problems with
constraints. Finally, in Section 5 we apply the theorems from Section 4 and provide
the existence and uniqueness of solution for the continuous and Galerkin dual-dual
formulations by using Raviart-Thomas elements of lowest order. In addition, we

prove the Cea estimate and provide, under usual regularity assumptions, an error
bound of O(h).

2. THE EXTERIOR NONLINEAR TRANSMISSION PROBLEM

Let €y be a bounded and simply connected domain in R? with Lipschitz-
continuous boundary I'y. Also, let 1 be the annular domain bounded by I'g and
another Lipschitz-continuous closed curve I'y whose interior region contains €g. In
addition, let a; : 3 x R? — R, i = 1,2, be nonlinear mappings satisfying certain
conditions to be specified later on. Then, given f; € L%(£;), we consider the exte-
rior nonlinear transmission problem: Findu; € H' (1) anduz € HL (R*—QoUQ)
such that

u; =0 on Ty,
2.0
— Z _ al(,Vul()) = fl in Ql y
=1 9z
2

3UQ -
up = uy and ; ai(-, Vui(+)) ng — o 0 on Iy,
—Aug =0 in R2—QoUQ,
uz(z) = O(1) as [[zf| — +oo,

(2.1)

where n := (n1,n) denotes the unit outward normal to ;. This kind of problem
appears in the computation of magnetic fields of electromagnetic devices (see, e.g.,
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[26, 27]), in some subsonic flow and fluid mechanics problems (see, e.g., {7, 8]),
and also in steady heat conduction. For instance, in the latter case, one has
ai(z, Vu(z)) = k(z, Vu(:c))gm%, where u is the temperature and k is the heat con-
ductivity. In all these problems, and in many others from physics and engineering
sciences, the fluxes become variables of much interest and are required, therefore,
to be approximated directly. This fact motivates the use of mixed finite element
formulations.

According to the above comment, in what follows we apply a dual-mixed fi-
nite element method in Q; and a Dirichlet-to-Neumann mapping (arising from the
boundary integral equation method) in the exterior region R? — Qg U Q. To this
end, we first introduce a sufficiently large circle I with center at the origin and ra-
dius r such that its interior region contains £y U Q1. We denote by Qs the annular
region bounded by I'y and I' and put Q := Q3 UT; UQy. Next, we define

Ul in Ql,
U= .
ugy in o,

oo (a1(-,Vu),as(-, Vu))T' in  Qq,
Tl Vu in Qs

the flux variable

the global data

. fi in Qi
o 0 in QQ,

and introduce the auxiliary unknowns
(2.2) 0:=Vu in Q and &:=ulp.

On the other hand, by applying the boundary integral equation method in the
region exterior to the circle ', and according to the analysis from [28] (see also
[19]), we obtain the Dirichlet-to-Neumann mapping

(2.3) %:—QW(MF) on I', orequivalently, o -v=-2W¢ on T,

where v is the unit outward normal to I' and W is the hypersingular boundary
integral operator associated with the Laplacian. Denoting by v(z) the unit outward
normal to z € I', we have

0 15}
— % E A I,V e HY2(r
(WNE) = =50 /F {ay(y) (m,y)} (y)dsy Vzel,VieH ),
where E(z,y) :== —5= log ||z — y| is the two-dimensional fundamental solution of

the Laplace operator. It is well known (see, e.g., [5]) that W : H'/2(I') — H~Y/2(T")
is linear and bounded and that there exists Cy > 0 such that

(2.4) WX = Col M VA€ H(D),

where, hereafter, (-,-) denotes the duality pairing of H*/?(T") and H~/2(I") with
respect to the L?(T')-inner product, and

HYM) = (A\e HV2(T): (\1)=0}.
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Also, since W1 =0 on I', we note that it suffices to look for the unknown ¢ in the
space H&m(f‘).

0
Now, the asymptotic behaviour of w at oo implies that / égds =0, which
%4
means that o € Hy(div; ), where

Ho(div; Q) := {7 € Hdiv;Q): (1,7-v)=0}.

We recall here that H(div;() is the space of functions 7 € [L?(Q2)]? such that
divr € L*(Q2). Provided with the inner product (7,¢) g(aiv;0) == (7, 0) r2()2 +
(divr,div o) 2 (q), H(div;Q) is a Hilbert space. Moreover, for all 7 € H(div; ),
T-v€ HYV2(T) and || - Vig-120y < [Tl aivi) (see [22] for the proof of these
results).

By virtue of the above analysis, the exterior transmission problem (2.1) can
be reformulated as the following nonlocal boundary value problem in Q: Find
(0,¢,0,u) € [L2(Q))? x Hy/*(T') x Ho(div; Q) x L2(Q) such that

u=0 on I'g, 6=Vu in Q,

G,(', 9) in Ql
(2.5) o= and dive=—-f in Q,
0 in Q

o-v=—2W¢ and u=¢ on I,

where we have adopted the notation a(-,8) := (ai(-,0),a2(-,0))T, and the second
and fourth equations of (2.5) must be taken in the distributional sense.

The previous procedure induces a dual-mixed finite element approach in €2,
which, up to now, is very close to the one employed in [20, 21] and [11]. However,
the main difference will arise later on when we derive the corresponding variational
formulation. Indeed, instead of using the complicated quotient spaces introduced
in [20], we will rewrite the formulation in such a way that only the spaces indicated
in (2.5) will be required in our subsequent analysis.

3. THE DUAL-DUAL MIXED FORMULATION
From now on, we assume that the nonlinear mappings a; satisfy the following
conditions: .
(A.1) Carathéodory condition. The function a;(-,0), i = 1,2, is measurable in

Qy for all @ € R2, and a;(z,-) is continuous in R? for almost all = € Q.
(A.2) Growth condition. There exist functions ¢; € L*(Q1), i = 1,2, such that

lai(z,0)] < C{1+10]} + |¢s(x)],

for all @ € R2 and for almost all z € Q.
(A..3) The functions a;(z,-), i = 1,2, have continuous first order partial derivatives
in R? for almost all z € Q. In addition, there exists C > 0 such that
2 5 o 2
> o @0 GG > cy &,

i,j=1 J i=1

Jor all 6 := (0,0,), ¢ := (&1, G) € R2 and for almost all x € Q.
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(A.4) The functions a;(x,-) have continuous first order partial derivatives in R? for
almost all x € Q. In addition, there exists C > 0 such that for each i,j € {1,2},
gg—jai(az,é) satisfies the Carathéodory condition (A.1), and \a%j ai(w,é)\ < C, for
all 0 € R? and for almost all x € Q.

For specific examples of coefficients a; satisfying the above conditions, we refer
to [4], [34] and [35].

As a consequence of (A.1) and (A.2), one can prove (see, e.g., Theorem 2.8 in [10])
that the Nemytsky operator A; : [L2(;)]? — L%(Q4), defined by (A; 0)(z) =
a;(z,0(z)) for all @ € [L%(9)]? and for almost all z € €, is continuous and
bounded.

Now, for the weak formulation, we first multiply the second equation in (2.5) by

a function 7 € Hy(div; ), integrate by parts in Q, and use that v = 0 on I'g and
that v = & on I, to obtain

(3.1) —/0-7d:c+(§,7'-1/>—/udiVTda::O.
Q Q
Next, the third equation in (2.5) is tested against ¢ € [L2(Q2)]2, which gives

(3.2) /Qla(~,6)-(d:c+/ﬂ2O'Cda:—/ﬂa'fdx:O.

Finally, the fourth and fifth equations in (2.5) are tested against v € L2(Q) and
AE Hé/ 2 (I"), respectively, which yields

. — dive dz = d
(3.3) /Qv ive dx /Qf’L x
and

(3.4) 2\ WE) + (N o-v) = 0.

Thus, collecting appropriately (3.1), (3.2), (3.3) and (3.4), we arrive at the fol-
lowing variational formulation of (2.5): Find ((0,&),o,u) € ([L?(Q)]? x Hé/2 (M) x
Ho(div; Q) x L?(Q) such that

/ a(~,9)~Cdx+/ 0-Cdr+2(\, W)
Q

Qo

—/0~Cdm+()\,a-y> = 0,
Q

—/0-1’dz+<§,‘r-y>—/udiv1'dx = 0,
Q Q

—/vdivo‘dm = /fvdx,
Q Q

for all ((¢,\),,v) € ([L2(Q)]? x Hy/*(T)) x Ho(div; Q) x L2(Q).
We show next that (3.5) can be rewritten in the form of a nonlinear variational

problem with linear constraints. For this purpose, we put X = [L2(Q)]2x He/A(I"),

My = Ho(div;Q), X := Xy x My, M := L?(Q), denote t := (0,&), s := (¢, \) € X7,



1466 GABRIEL N. GATICA AND SALIM MEDDAHI

and define the operators A; : X3 — X|,B; : X; - M{,A: X - X' B: X — M/,
and the functional G € M’, as follows:

(3.6) [A1(t),s] :=/Q a(~,6)~Cdx+/ 0 Cdx+2(\WE),

Qo
(3.7) Bi(t), 7] = —/99~de+(§,7'-1/),
(3‘8) [A(tv U)v (Sv T)] = [Al(t)v S] + [Bl(s)a U] + [Bl(t)a T] ’
(3.9) B(t,o),v] = —/Q vdive dz
and
(3.10) [G,v] := /Q fvdx

for all (t,0), (s,7) € X and for all v € M, where [-, -] stands for the duality pairing
induced by the operators appearing in each case.
Further, let By : M; — X{ and B* : M — X’ be the transposes of B; and B,
respectively, and let O denote both the null functional and the null operator.
It is worth remarking that B; and B are linear and bounded operators, and that
A, and hence A, are nonlinear. Moreover, A can be defined, equivalently, as:
A, B; t —1
(3.11) A(t,o) = € X=X x M.
B1 O ag
Therefore, the system (3.5) can be reformulated as the following operator equa-
tion: Find ((t,0),u) € X x M such that
A B* (t,0) 1 (0}
(3.12) =
B o U G

The equation (3.12), which can be viewed as a nonlinear variational problem
with linear constraints, constitutes our so-called dual-dual mized formulation of
(2.5) since the operator A itself has the dual-type structure given by (3.11).

In order to establish the unique solvability of (3.12), study its Galerkin approx-
imations, and derive the corresponding error analysis, we need an extension of the
usual Babuska-Brezzi theory to the above class of nonlinear problems. This is,

precisely, the subject of the next section. We will go back to our problem (3.12) in
Section 5.

4. AN EXTENSION OF THE BABUSKA-BREZZI THEORY

In the recent paper [12] we have generalized the classical Babuska-Brezzi theory
to the class of nonlinear variational problems with constraints given by (3.12). The
purpose of this section is to recall the main results from that work.

In order to set the abstract problem of interest, we let X;, My, M be Hilbert
spaces and define X := X; x M;. Then, we consider a nonlinear operator A; :
X1 — X1, and linear bounded operators By : X; — M) and B : X — M’, with
transposes B} : M — X| and B* : M — X', respectively. With A;, B; and B}
we define a nonlinear operator A : X — X’ as in (3.11).
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Then, we are interested in the following nonlinear variational problem: Given
(F,G) e X' x M', find ((t,0),u) € X x M such that
A B* (t,0) F
(4.1) =
B 0) U G

Sufficient conditions for the unique solvability of (4.1) are provided in the fol-
lowing theorem.

Theorem 4.1. Let V := Ker (B) such that V = X, x My, with X1 € X1 and
M, C M,. Also, define Vi := {s € X1: [Bi(s),7] = 0 VT € M1} and let Iy :
X, — V] be the canonical imbedding defined by 111 (F1) = F1ly, for all F1 € X1.
Assume that

i) there exists 3 > O such that for allv € M

[B(s, 7),v]
sup ———— > Blv|lns;
SR el =
(s,7)#0
il) there exists f1 > 0 such that for all T € M,
Bi(s), T
BaT) 5 g
seXy ”S“X1
s#£0

iii) the nonlinear operator A1 : X1 — X1 is Lipschitz continuous with a Lipschitz
constant v > 0, and for any t € X1, the nonlinear operator I A (- +t) :
Vi — V/ is strongly monotone.

Then, for each (F,G) € X' x M’ there exists a unique ((t,0),u) € X x M
solution of (4.1).

Proof. We adapt the analysis from [22] (Chapter I, Section 4) to the present situ-
ation. Thus, given G € M’ we set

V(G):={(s,7)eX: B(s,7)=G}

and observe that V := Ker (B) = V(O).

Then, with (4.1) we associate the following problem: Find (t,0) € V(G) such
that

(4.2) [A(t,0),(s,7)] = [F,(s,7)] V(s,7)€V.

Clearly, if (t,0) € V(G) is a solution of (4.2), then, due to the inf-sup condition
Theorem 4.1 i) and Lemma 4.1 in Chapter I of [22], there exists a unique u € M
such that ((t,0),u) € X x M is a solution of (4.1).

Conversely, if ((t,o),u) € X x M is a solution of (4.1), then (t,0) € V(G) and
(t, o) is a solution of (4.2) since for all (s,7) € V, [B*(u), (s,7)] = [B(s,7),u] = 0.

Because of this equivalence, we now concentrate on problem (4.2). Again, by
Lemma 4.1 in Chapter T of [22], there exists (to, 0¢) € X such that B(to,o0) = G.
Thus, problem (4.2) can be replaced by: Find (t,6) € V such that

[A1(t +to),8] + [Bi(6),s] = [F1,s]
(4.3)

B1(t), 7] =[G, 7]
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for all (s,7) € V, where F,:=F, — Bi(op) € X and G, =Gy — B (to) € M1,
with F := (F1,G1) € X] x M = X'.
Next, we set

Vi(Gy):={seXi: [Bis),7]=[G,7] VTeM}

and observe that Vi = V1(O). )
Then we associate with (4.3) the following problem: Find t € V1(G1) such that

(4.4) [Ai(t+to),s] = [F1,s] VseVi.

Using Theorem 4.1 ii) and Lemma 4.1 in Chapter I of [22], we deduce that there
exists tg € X such that [By(tg), 7] = [G1,7] for all 7 € M;. Therefore, problem
(4.4) can be replaced by: Find t € V; such that

(4.5) [Ai(t+to +to),s] = [F1,s] VsecVi.

Thus, due to the hypotheses on A; (see Theorem 4.1 iii)) and thanks to a well
known result from nonlinear functional analysis (see, e.g., Theorem 3.3.23 in [32])
we conclude that (4.5) has a unique solution £ € V4, and hence t := t+to € V1(G1)
is the unique solution of (4.4). It follows, in virtue of Theorem 4.1 ii) and Lemma
4.1 in Chapter I of [22], that there exists & € M, such that (t,5) € V is the unique
solution of (4.3). In this way, we deduce that (t,0) := (t +to,6 + 09) € V(G)

is the unique solution of (4.2). Finally, the equivalence between (4.1) and (4.2)
completes the proof. O

Now, for the Galerkin approximation of (4.1), we let Xy j,, My, and M, be finite
dimensional subspaces of X, M; and M, respectively, and let Xp, := Xy, x My
be the corresponding subspace of X. Here, we assume that the index h is taken in
a numerable family 7 := {h;};en such that h; > h;4 for all j € N.

Thus, the Galerkin scheme associated with (4.1) reads as follows: Given (F,G) €
X' x M', find ((tp, o), un) € Xy x My, such that

[A(tha Uh)? (Sh, Th)] + [B*(uh)v (Sha Th)] = {Fv (Shv Th)] )
(4.6)

[B(tn,on),vn] = [G,un],

for all ((sp, Th),vn) € Xp X My,
The discrete analogue of Theorem 4.1 is stated next.

Theorem 4.2. Let V), := {(sp,71) € Xp: [B(sp,Tr),vn] = 0 Vup € My} such
that V3, = leh X N[Lh, with Xl,h C Xy and ]\Zfl,h C My . Also, define Vi p, 1=
{sn € XLh: Bi(sp),7n] = 0VT) € ]\7[17;1} and let 111 p - X{’h — 1’),1 be the
canonical imbedding. Further, let Ay j, := py, Ay : Xy — X7, where pp, : X1, — X3
is the canonical injection with adjoint p, : X{ — X7 . Assume that

i) there exists 8* > 0, independent of the subspaces involved, such that for all
vy € My,

sup B(sh, Th),vn)

@ Toexn  SnTr)lIx
(sh,Tr)#0

> B ||vnl|ars
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ii) there exists 8f > 0, independent of the subspaces involved, such that for all
Th € ]\/—fl,h

sup [Bi1(sn), 7h)

oexy, lsnllxy
5117£O

> By lTallan;

iti) the nonlinear operator Ay + X1 — X{,h 18 Lipschitz-continuous, and for any
t € Xy, the nonlinear operator 11y Ay p(- + t): Vip — 1’,11 18 strongly
monotone with a monotonicity constant o, > 0 independent of t.

Then, for each (F,G) € X' x M’ there exists a unique ((tp, o), up) € X X My
solution of (4.6).

Proof. Tt is similar to the proof of Theorem 4.1 and hence we omit further details.
We refer the interested reader to Section 3 and Theorem 3.2 in [12]. O

Clearly, the Lipschitz-continuity of A; yields the same property for Ay ;, with
the same Lipschitz constant -y, independent of h, given in Theorem 4.1.
Finally, concerning the error analysis, we recall the following result from [12].

Theorem 4.3. Assume that all the hypotheses of both Theorem 4.1 and Theorem
4.2 are satisfied, and let ((t,0),u) € X x M and ((tp, o), un) € Xp x My, be the
unique solutions of (4.1) and (4.6), respectively. Let F := (F1,Gq) € X', with
Fi € X| and G1 € M{. In addition, suppose that the family of nonlinear operators
{Iy A1 (- + t): te Xin, h €I} is uniformly strongly monotone, i.e., there
exists o > 0 such that o, > o for all h € Z. Then, there exists C > 0, depending

only on o, v, ||B1ll, Bi, ||B|| and 5*, such that the following Strang-type error
estimate holds for all h € T:

H((taa)’u) - ((th’ah)’uh)H

<C inf t,o),u) — ((Sp, Th), Un
< {«sh,mfh)exhwh 1(8:).0) = (s 7). 1) |
[F1 — A, (t) — Bi(o), 8]
(4.7 L { Exl
8p€X1 n v
$p#0
G, —B(t), T
+  sup {[ ! ~1( )’Th]} .
T en ), HThH
%71750

Proof. We do not give full details here, but just sketch the main ideas. For the
whole proof, we refer to Section 4 in [12].

First, the discrete inf-sup condition satisfied by B (cf. Theorem 4.2 1)) guarantees
the existence of (to n,00,n) € X1, X My p, such that [B(to s, o0,k),vn] = [G,vy] for
all vy, € My,
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Then, by using the properties of the operators A; and Bj, one proves that for

all he”Z
[t —tall < =~ sup {[Fl-A1<t>—B’f<a>,sh1}

& gyexy I8 ]|
55,70
(4.8) + (1+1) inf [t sl
o/ sReVLa(G
Bi| . )
Bl i o = (B ool

o ThEMy
where
Vin(Gi):={sp € X1 : [Bui(sn), 7] = [G1,Th| VT € M1} .

Now, the discrete inf-sup condition for By (cf. Theorem 4.2 ii)) allows us to
improve the bound provided by the second term on the right hand side of inequality
(4.8). Indeed, we show that the following estimate holds for all i € I:

inf [t —su|l < (1+“ 1”) Cinf [|t = (Sk + to,n)]

shEVLR(G1) ﬁl SheX1h
4.9 G —B(t), T
19 Ly (GBom)
/Bl ThEMI,h ”ThH
Tr#0

Next, by applying again the properties of the operators A; and By, and also the
discrete inf-sup condition for By, we obtain the following upper bound for the error
llo—onll:

1 u [F1 — Ai(t) — Bj(o),84] )
llo —anl| < B; shsex?h{ IEX } 5 |t — th]|
(4'10) 5,70
[BallY . i
<1+ 5 )+£§€1,h”°‘<7h+ao,h>|l.

Hence, as a consequence of (4.8), (4.9) and (4.10), and using also the discrete
inf-sup condition for B, we deduce that there exists C' > 0, depending only on «,
v, [IB1l], 85, |IB|| and 8*, such that for all h € Z:

]I(t)a)_(thvah)“ < é{ inf H(t’a)_(sthhﬂl

(Sh,Th)EXh
_ — B 5
+ s {[Fl Al(t)~ 1(0)a5h]}
(4.11) SheXyn (8]l
Sp#0
G, —-B(t), 7
+ sup (&) ~1( ); Tl '
Thel\"ll,h ||Th||
Tr#0

On the other hand, following the usual approach from [22] and applying now
the properties of the operators A and B one can prove that there exists C > 0,
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depending only on 7, ||B1], ||B|| and 8*, such that for all h € Z:
@13 lu-wl < 0 {ll6o) - Gl + it u=ul |-
vp € Mp

Finally, (4.11) and (4.12) yield (4.7), thus completing the proof of the theorem. [

It is important to observe that if Xl,h cX 1, then

sup {[Fl — Aa(t) - B1(0),Sh]} _0.
She Xy n [I8nl
Sr#0

Similarly, if Ml,h - J\Zfl, then

sup { (G1 — Bl(t),‘?h]} — 0
ety 17l
%h#o

Tt follows that if V, C V| then (4.7) becomes the usual Cea estimate for the Galerkin
error. In other words, the second and third terms on the right hand side of (4.7)
constitute the consistency error for the case in which V}, is not a subspace of V.

5. EXISTENCE, UNIQUENESS AND APPROXIMATION RESULTS

5.1. The continuous problem. We now go back to our problem from Section 3.
In the sequel, we show that (3.12) satisfies the hypotheses of Theorem 4.1.
To begin with, we state the continuous inf-sup condition for B.

Lemma 5.1. There exists 8 > 0 such that for allv € M,

B(s, 7). v]
sup > Bl -
S e =
(s, T)#0
Proof. We only observe that
sup B(s, 7),v] > sup - Jo vdivrde
e mex |1(s,7)llx Ter, ||l H(@v0)
(s, T)#0 T#0
The rest of the proof is quite standard and we refer the interested reader to [22],
[20] or [31]. O

It is important to remark that, using classical regularity results, one can show
(cf. Lemma 4.4 in [31]), that there exists 8 > 0 such that

— divrd
(5.1) sup —Jo vdivrds

> B ||v]lz2) YveL* ().
TG[Hl(Q)];ﬂOHO(div;Q) HTH[Hl(Q)]2
T

This stronger inf-sup condition will be needed in subsection 5.2 to prove the discrete
inf-sup condition for B.

On the other hand, it is straigthforward to see that V := Ker(B) = X; x M,
where

X;=X; and Mlz{TEMlz divr=0 in Q}.

Then, the inf-sup condition for B is also easily established.
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Lemma 5.2. We have

B -
sup Brs), 7] > |lTllg@ive) YT € M.
ex,  |I8llx
s#0

Proof. Since [Bi(s), 7] = — [, ¢-Tdz+ (A, 7-v) for all s := (¢, \) € X, it follows
that

Bi(s), T — |, ¢ Tdx
sup Bals), 7] > sup "o ¢ordr = Il = ITlE@ive)
e, lsllx Coex, Cllizz@p
s#£0 ’C¢0
for all T € M, which completes the proof. O

Let us now recall that the nonlinear coefficients a; satisfy the assumptions (A.3)
and (A.4) (cf. Section 3). Then, the following lemma establishes the strong mono-
tonicity and Lipschitz-continuity of the nonlinear operator A; : X; — X7.

Lemma 5.3. There exist positive constants a, v such that

(5.2) [A1(t) — As(s),t —s] > alft —s|%,
and
(5.3) [A1(t) = Ay(s)llx; < vt —sllx,

forallt, s e X;.
Proof. Let t :=(0,€) and s := ({,\) € X;. Then, we have

[A1(t) — As(s),t 5] =/Q (a(-,8) — a(-,&)] - [0 — ¢ du

+10 = Cllf2 (a2 +2(E— A W(E=A),
which, using the coerciveness property (2.4), yields

[A1(t) = Ai(s), t —s] = [, [a(.0) —a(-,Q)]- [0 — (] dx
(5.4)

+H0 C||L2 (Q2)] 2+200H‘£ /\HHl/z
Now, proceeding as in Section 5 of [17], we find that

2
(55)  ai(w,0(x)) - ai(z, /0;

where é(a:,t) = C(x) +t[0(x) — ¢(x)], 8 = (01,02) and ¢ = (¢1, (o).
Thus, applying (5.5) and (A.3), we deduce that

/Ql{ac,e) a(-¢)]- [0~ cdx—zf )= a2 O b, — Gl do
(5:6) =Z [ Z o, 86010, = G110~ Gl

> CZ/ [0: = GI* dz = C |10 — ¢l[F2 (0,2

(2, 0(x, 1)) [0 () — ()] dt,
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Therefore, replacing (5.6) back into (5.4) we obtain (5.2).
On the other hand, the proof of (5.3), which proceeds similarly to Section 6 of
[17], again uses the relation (5.5) and applies now the assumption (A.4) and the

continuity property of the boundary integral operator W. Hence, we omit further
details. O

Corollary 5.4. Let Vi := {s € X;: [B(s), 7] =0Vre M} and let TT; : X —
Vi be the;anonical imbedding. Then, for any t € Xj, the nonlinear operator
AL (- +t): Vi — V] is strongly monotone.

Proof. 1t follows straigthforwardly from the previous lemma and the fact that Vi C
X1 = X;1. Indeed, given t € X3, t, s € V1, we have

[HlAl(t +1~3) — H1A1(S + E),t — S]

=[AL(t+1) — Ai(s+1), (t+8) — (s+)] > allt—s[,
which ends the proof. O

We are now in position to provide our main result concerning the solvability of
the continuous problem (3.12).

Theorem 5.5. There exists a unique ((t,0),u) € X x M solution of the dual-dual
mized formulation (3.12).

Proof. By virtue of the previous results of this section, the proof follows from a
direct application of the abstract Theorem 4.1. O

5.2. A discrete Galerkin scheme. Now, we introduce specific finite element
subspaces, define the associated Galerkin scheme, and prove that the hypotheses of
both Theorem 4.2 and Theorem 4.3 are satisfied.

First, given N € N, we let 0 = tp < t; < -+ < tny = 27 be a uniform partition of
[0,27] with tj 1 —t; = h = 2% for j € {0,1,..., N — 1}. Also, let z : [0,27] — T be
the usual parametrization of the circle I' given by z(t) := r (cos(t),sin(t))? for all
t € [0,27]. We denote by €, the annular domain bounded by I'g and the polygonal
line I'; whose vertices are {z(t1),z(t2),...,z(tn)}.

Let 7; be a regular triangulation of Q; by triangles T' of diameter hp such that
h = SUpreT, hp. For simplicity, we assume that for each T' € T;, either T' C (o3}

or T' C Q. Then, we replace each triangle T' € T;, with one side along I';, by the
corresponding curved triangle with one side along I'. In this way, we obtain from
T, a triangulation 7y, of Q made up of straight and curved triangles.

Next, we consider the canonical triangle with vertices P, = (0,0)7, Py = (1,0)7
and Py = (0,1)T as a reference triangle T, and introduce a family of bijective
mappings { Fr}rer, , such that Fp(T) = T. In particular, if T is a straight triangle
of Ty, then Fr is the well known invertible affine mapping defined by Fr(&) =
Bt & + by, where Br, a square matrix of order 2, and by € R? depend on the
vertices of 7.

Now, if T is a curved triangle with vertices P, P and Ps, such that P, =
tji—1) € I' and P; = z(t;) € T, then Fr(2) = Br& + by + Gr(2) for all & :=
1,@9) € T, where

V4

(
&

Gr(2) = 1— s {Z(tj—l + &a(t; — tj—1)) — [5(tj—1) + L2 (2(t;) — z(tj-1))] }
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It can be proved (see, e.g., Theorem 22.4 in [35]) that Fr is a diffeomorphism
of class C*° that maps one-to-one T onto the curved triangle 7" in such a way that
Fr (R) = P, for i € {1,2,3}. Also, the image of edge Py Py is the curved side of T'
and, since G(%) = (0,0)T for #; = 0 and for &2 = 0, the two other edges of T are
transformed linearly under Frr to the straight sides of 7'

‘We now consider the lowest order Raviart-Thomas spaces. For this purpose, we

first let
wrat e {(3)(4)(2)

and for each triangle T € Tj,, we put
RTo(T):={7: 7=J(Fp) " (DFp)#oF;t, #€RTo(1)},

where J(Fr) and D(Fr) denote, respectively, the jacobian and the Fréchet differ-
ential of the mapping Fr.

Then, we define the finite element subspaces for the unknowns 6 and o, as
follows:

(5.7) X0, = {7, € [L*Q)P: Tulr € RTH(T) VT €T}
and
(5.8) My = X9, 1 Hy(div; ).

Note that X 10 ,, does not require continuity of the normal components through
the sides of each triangle 7', while M j, certainly does.
Next, we set

Hp(0,27) := {S\h :10,27] - R, A, is continuous and periodic of period 27

2
Sulie, o € Palt1,t5) Vi€ {1, N}, / Sa(t)di =0}
0
and define the finite element subspace for the unknown &:
(5.9) Xip={M:T—=R, Xy=XNoz ' \yeHy0,2m)}.

Hereafter, given a non-negative integer k and a subset S of R or R?, Py(S) denotes
the space of polynomials defined on S of degree < k. At this point we remark that
the simplicity of the definition of Xf , is due to the fact that I' is a circle, which
yields a constant jacobian of the transformation z. If this were not the case, then
one should proceed differently (see, e.g., [30]).

Note that Hj,(0,27) € H'Y?[0,27], where for each p > 0, HP[0,2n]| denotes the
usual Sobolev space of 2r-periodic functions (see, e.g., Section 8.2 of [29]). Hence,
according to the regularity of z and the definition of the Sobolev spaces on the

boundary T (see, e.g., Section 8.3 in [29]), we deduce that Xf)h - Hé/Q(I’). Finally,
we put

(5.10) X = X0, x x¢

(5.11) Xp = Xl,h X ]\/jl,h,
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and consider the piecewise constant functions as the finite element subspace for the
unknown u, that is

(5.12) My, = {v, € L*(Q): wulr €Po(T) YT €T},

In this way, the Galerkin scheme associated with the continuous problem (3.12)
reads as follows: Find ((tp, o), up) € X, X My, such that

[A(th’ a'h)> (Sh> Th)] —+ [B*(uh)’ (Sh’ Th)] = 0,
(5.13)
[B(tfu o'h)a Uh] = [G’ vh] )
for all ((Sh,’l‘h),’uh) € Xp x My,
In what follows, we verify that the introduced finite element subspaces above
satisfy the corresponding discrete inf-sup conditions.

Lemma 5.6. There exists f* > 0, independent of the subspaces involved, such that
fO’F all vy, € My,

sup (B(Sh, Th), vn)

o Twex, NemTh)llx
(sh,Trh)#0

> B ||vn

M -

Proof. We proceed similarly as in Lemma 4.3 of [31]. First, we observe that

B(sy, , — | vp div T, do
(5.14) sup —[ (s 7n), vn] > sup fQ h h
(sp, T RIEX H(Sh‘rTh)“X TheMy p “ThHH(div;Q)
(571;7—]1)560 Tr#0

Then, we introduce the equilibrium interpolation operator (cf. [2], [33]) Ep :
[HY(Q))? — th N H(div; ), which is characterized on each T' € 73, by

(5.15) /(EhT) cvds = / T-vds forall edgeseof T'.

e e

It is well known that E} satisfies the commuting diagram property
(5.16) div (E,7) = Pp(divr) vr < [HYQ))?,

where P}, is the orthogonal projection from L?(€2) onto the subspace Mj,. In other
words,

(5.17) /div(EhT)vhdx = /vhdiVTd:c Yo, € My,
Q Q

and also, from (5.15) we get

/ (EpT)-vds = / Tovds Yre|HY Q).
r r

It follows that (Ex) € X9, N Ho(div;Q) for all 7 € [H'(Q)]? N Ho(div; Q).
Moreover, using (5.16) and the approximation properties of Ej (cf. [2] or [33]),
we conclude that the family of operators Ej, : [H'(Q)]* N Ho(div; Q) — My, is

uniformly bounded. This means that there exists C' > 0, independent of h € 7,
such that

(5.18) HEh THH(dgv;Q) < é|17‘|[H1(Q)]2 V1 e [Hl(Q)]2 N Ho(diV;Q) .
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Now, going back to (5.14), using (5.17), (5.18) and the stronger continuous inf-
sup condition (5.1), we can write

— | vy div Ty da vy div (EpT) dx
sup fQ h h > sup Jo vndiv (EyT)
ThreMy HThHH(div;Q) T e[H1(92)]2NHg(diviQ) I\EhTHH(div;Q)
T r#0 T+#0
1 vy, div T dx .
= A sup Jo vndivr do > B ||vallar s
C Temt@)2nmy@ivio) HTH[HI(Q)]2
T 40
which finishes the proof. O

In order to continue our analysis, we need to characterize the discrete kernel V},.
Lemma 5.7. We have V), = Xl,h X ]\7[1,;1, where f(l,h =Xy and
]V[l,h ={rpeMyp: divrp,=0 i Q}.

Proof. According to the definition of B, we have

Vi ={(sp,Th) € Xp: /thdiVThdx:OVthMh},
and then V), = Xl’h X Ml,h, with Xl,h = X1, and

My ={Th€ My : /Q vp div Ty de =0V, € My},

Now, given 1, € ]\~/[17h and T € 75, we may choose v, € Mp, such that v,|pr =1
and vy, =0 in Q — T. It follows that / divry dx =0 for all T' € 7,. But, using
T
Lemma 1.5 (identity (1.49)) in Chapter IIT of [2], we can write

(5.19) 0= / divrhdxz/ div Ty rd,
T T

where 7, € RTo(T) is such that 7p|p = J(Fr)~' (DFr) ¥ 0 Fy'.
Since div Tp 7 is constant in T , we deduce from (5.19) that div 7,1t = 0 for

all T € T, and therefore, applying the identity (1.47) in Chapter IIT of [2], we
conclude that

div (TrlT) = J(FT)Ml divipr =0 VI eT,.
This completes the proof. O
We now prove the discrete inf-sup condition for Bj.

Lemma 5.8. There exists § > 0, independent of the subspaces involved, such that
for all Ty, € My

p Bi(1). 7

speXp Hshllxl
5)7,7éo

> By llTallas, -
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Proof. Since Xl,h =X = Xle’h X Xf)h, we have for all T, € J\;ILh

B - G d
sup —-—d[ 1(5h), 7] > sup —fQ ThGn :1:.
et lsnllx ¢ oxf I€alliz2 @2
Sh#O hexl,h

Ch;éo

Then, using that ]\;fl,h C My C th, we deduce that

— Jo Th - Cpdx
Sup@ —thH[L?(Q)P = ITallizz@z = Tl E@ivio) »
Chexl,h
€0

where the last equality follows from the characterization of ]\Zl'lyh given in Lemma
5.7. This ends the proof. O

The unique solvability of the Galerkin scheme (5.13) and the corresponding error
estimate can be established now.

Theorem 5.9. There exists a unique ((tn,on),un) € Xp x My solution of the
Galerkin scheme (5.13). In addition, there exists C' > 0, independent of h, such
that the following Cea estimate holds

((t,0),u) — ((tn, o), un)l|

<C il ) = (Tl
Proof. We first observe that Lemma 5.3 and Corollary 5.4 guarantee that the dis-
crete operator Ay, : X1 — X7 is also Lipschitz-continuous, and that the family of
operators {11y , A1 (- +t): t€ Xy, h €T} is uniformly strongly monotone.
Here, Ay ;, and II; ;, are defined as in Theorem 4.2. In addition, from Lemma 5.7
and the definition of V' given in subsection 5.1, we deduce that V}, C V.

Therefore, by virtue of Lemmas 5.6 and 5.8, a direct application of the abstract
Theorems 4.2 and 4.3 finishes the proof. O

As a consequence of the Cea estimate given by the previous theorem, we deduce
the following error bound.

Theorem 5.10. Let ((t,0),u) and ((tn, o), ur) be the unique solutions of (3.12)
and (5.13), respectively, with t := (0,&) and tp := (01,&n). In addition, assume
that 8¢ € [HYT)PVT € Ty, € € H¥?(T), o € [H'(Q)]?, dive € HY(Q) and
u € HY(Q). Then, there emvists C > 0, independent of h, such that the following
estimate holds

{|(0’£’o‘>u) - (9h>£h, O'h,uh)H

< éh{ z ||0H[2H1(T)]2 + ||f||12qs/2(p)

TeTn

1/2
+ ||0||[2H1(Q)]2 + ||div UH%P(Q) + HUH%P(Q)}
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Proof. Let us denote by L} 1 the restriction of the equilibrium operator Ej to
a given triangle T of 7. We also introduce the Lagrange interpolation operator
Ly, from H3/2[0, 27r] onto Hp(0,2m). Further, as before, let P, be the orthogonal
projection from L?(€) onto Mj,.

Then from Theorem 5.9 and using again the commuting diagram property (5.16),
we deduce that

H(O,f,o‘,u) - (9h>§ha O'h,Uh)H2

<C Z 16 — Enr 9||[2L2(T)]2 + [I[(§02) = Ln(Eoz)]o Z~1||§{1/2(r)
TeT),

+lo = B o[tz oy +ldive — Py (div )72 () Fllu = Prullfzq

Thus, the result follows from classical error estimates for interpolation and pro-
jection operators in the corresponding Sobolev spaces. In particular, for the sec-
ond term, and using again the definition of the Sobolev spaces on I' through the
parametrization z (see Section 8.3 in [29]), we obtain

[[[(§oz) = Ln(§oz)]o Z_1||H1/2(F) < Cll(§oz) = Lu(§o Z)||H1/2[0,27r]
< Chil§ozllgsrpon < Ch|lEl s -

Since the other estimates are straightforward, we omit further details. O

We end this paper by remarking that efficient numerical algorithms for solving
discrete schemes of dual-dual structure, which are based on minimum residual and
conjugate gradient methods, are provided in [13], [14] and [15].
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