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BACKWARD EULER DISCRETIZATION
OF FULLY NONLINEAR PARABOLIC PROBLEMS

C. GONZALEZ, A. OSTERMANN, C. PALENCIA, AND M. THALHAMMER

ABSTRACT. This paper is concerned with the time discretization of nonlinear
evolution equations. We work in an abstract Banach space setting of ana-
lytic semigroups that covers fully nonlinear parabolic initial-boundary value
problems with smooth coefficients. We prove convergence of variable stepsize
backward Euler discretizations under various smoothness assumptions on the
exact solution. We further show that the geometric properties near a hyper-
bolic equilibrium are well captured by the discretization. A numerical example
is given.

1. INTRODUCTION

Within the past several years, nonlinear evolution equations of parabolic type
have attracted a lot of interest, both in theory and applications. This is due to
the fact that such equations are increasingly used for the description of processes
involving nonlinear diffusion or heat conduction. As examples we mention reaction-
diffusion equations that arise in combustion modeling, the Bellman equations from
stochastic control and the nonlinear Cahn-Hilliard equation from pattern forma-
tion in phase transitions. Further examples are semilinear problems with moving
boundaries, such as the Stefan problem that describes the melting of ice.

The knowledge about stability and convergence for time discretizations of non-
linear parabolic problems has also increased considerably. For Runge-Kutta dis-
cretizations of semilinear problems, asymptotically sharp error bounds are given in
[9]. Optimal convergence results for quasilinear problems in Hilbert spaces can be
found in [10], whereas the papers [5] and [13] deal with stability and convergence
of quasilinear problems in Banach spaces. Convergence of linearly implicit Runge-
Kutta methods for nonlinear parabolic problems is studied in [11]; corresponding
results for multistep discretizations can be found in [1] and [8]. For the fully non-
linear situation, however, not that much is known. A reason for this might be that
the analytical frameworks for fully nonlinear equations are often quite involved.

The present paper is based on a new and simple framework, given in [12], that
extends ideas from the semilinear case to the fully nonlinear one. This is done as
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follows. Consider a parabolic evolution equation
(1.1) v =F(u), t>0, u(0) given,

on a Banach space X. The nonlinearity F' is defined on an open subset D of a
second Banach space D C X and takes values in X. By linearizing F' around a
state u* € D, equation (1.1) takes the form of a semilinear problem

v = Au+ f(u), t>0, u(0) € D,

where A is a bounded operator from D to X. Under the assumption that A gener-
ates an analytic semigroup, we have a (formal) representation of the solution u by
the variation-of-constants formula

¢
(1.2) u(t) = etu(0) —1—/ et=A f(u(r)) dr, 0<t<T.
0
Since f(u(t)) is only defined for u(t) € D, we have to consider the semiflow in D.
But as the analytic semigroup e : X — D behaves like Ct~!, the integral on the
right-hand side might not exist in D. Consequently (1.2) cannot be used directly.
This is quite different to the semilinear case where intermediate spaces V' between
X and D are considered. There, under the assumption that the function f is locally
Lipschitz continuous from V to X, a unique local solution can be constructed by a
fixed-point iteration relying on formula (1.2) (see [7] and [15]).
It turns out that the following slight modification of the variation-of-constants
formula

t t
(13)  u(t) = eu(0) + / =4 (f(u(r)) — f(u(t))) dr + /0 A dr f(u(t))

0
is the basic tool for the analysis of fully nonlinear equations. Within the space of
a-Hélder continuous functions this relation has a precise meaning and is used to
prove existence and uniqueness of a local solution (see [12, Section §]).

The aim of the present paper is to derive existence and convergence results for
time discretizations of (1.1). To keep this exposition in a reasonable length and
to avoid technical details, we restrict our attention to the backward Euler method,
but we allow variable stepsizes. The extension to strongly A(¢)-stable Runge-Kutta
methods with constant stepsizes will be given in [17]. To our knowledge, this is the
first paper that provides rigorous error bounds for variable stepsize discretizations
of nonlinear parabolic problems. The proofs are based on a global representation of
the numerical method by means of a discrete variation-of-constants formula similar
to (1.3).

In Section 2 we give the precise assumptions on the initial value problem (1.1)
and we present two examples of nonlinear parabolic initial-boundary value problems
that fit into this analytical framework. Besides, we introduce spaces of a-Holder
continuous sequences on which our discrete framework is based.

Section 3 deals with the existence and uniqueness of the numerical solution,
and with convergence. More precisely, we prove in Theorem 3.3 the expected con-
vergence of order one for constant stepsize discretizations of sufficiently smooth
solutions. For variable stepsizes and/or less regular solutions, we show convergence
of reduced order.

In Section 4 we study the question whether the dynamics of the analytical prob-
lem is well captured by the discretization. As an illustration, we consider expo-
nentially stable equilibria and show that the numerical solution locally exists for
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all positive times and decays exponentially towards the equilibrium. A numerical
experiment that is in line with our theoretical result is presented.
The auxiliary results for Sections 3 and 4 are finally given in Section 5.

2. ANALYTICAL FRAMEWORK AND EXAMPLES

In this section we give the precise hypotheses for (1.1) and further introduce
some notation that will be used throughout the paper.

We work in the analytical framework given by [12]. Let (X, ||-||) and (D,|-|p)
be two Banach spaces with D densely embedded in X, and denote by D an open
subset of D. We consider the abstract initial value problem

(2.1) o' (t) = F(u(t)), t>0, u(0) € D.

Derivatives with respect to the argument of a function are henceforth denoted by
a prime. Our assumptions on the nonlinearity F' are the following.

Assumption 2.1. We assume that the function F' : D — X is Fréchet differen-
tiable and that its derivative F’ : D — L(D, X) has the following properties.

(i) F’ is locally Lipschitz continuous; i.e., for each u* € D there exist R > 0 and
L > 0 such that

(22) ||F’(’U)—F’(’U.))||D_)X SLH’U—’LUHD,

for all v, w € D with |lv —u*||p < R and ||w —u*||p < R.

(ii) For every u* € D the operator F’(u*) is sectorial; i.e., there exist § € (0, 7/2),
wp € R and M > 0 such that if z € C and |arg(z — wp)| < 7 — 0, then z — F'(u*)
has a bounded inverse in X and

(23) = F @)™y < o

|z — wol’
(iii) For every u* € D the graph-norm of F”(u*) is equivalent to the norm of D.

Under these assumptions, it is known that (2.1) has a locally unique solution
(see [12, Theorem 8.1.1]). This solution v € C([0,4], D) N C*([0,6],X) has the
regularity property u € C((0,06], D) for arbitrary 0 < o < 1. For the convenience
of the reader we recall the definition of the space C&. For a Banach space (B, ||| 5),
C%((0, 8], B) is the space of all bounded functions v : (0, 8] — B such that t — t*v(t)

FIGURE 1. Condition (2.3) holds for all z outside the shaded cone.
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is a-Hélder continuous in (0, §]. This space is endowed with the norm

[v@®) —v(s)lB
V|lca((0,5],B) = sup |v(t)||p+ sup —F——"——3s%
lvllcs .61.8) 0<tS5|| @l i S T
We next give two nonlinear initial-boundary value problems that fit into our
framework. More examples can be found in [12].

Example 2.2 (Combustion of a solid fuel, [3, Section 6.7]). Let U(t, z) denote the
temperature of a combusting solid fuel at position z € [0, 1] and time ¢ > 0. A model
for the evolution of U is given by the nonlinear initial-boundary value problem

(2.4) B,U(t,z) = d, (k(azU(t, a:))@zU(t,a:)) +o(Utz), 0<z<1, t>0,

with homogeneous Neumann boundary conditions d,U(¢t,0) = 8,U(t,1) = 0 for all
t > 0 and initial condition U(0,z) = Up(z) for 0 < z < 1. We assume that the
diffusion coefficient k is twice differentiable, with bounded second derivative, and
that it satisfies the uniform ellipticity condition

(2.5) k(y) +yk'(y) >k >0  forally € R.

We further suppose that ¢ has a locally Lipschitz continuous derivative and that the
initial value Up is twice continuously differentiable and satisfies the compatibility
conditions Uj(0) = Uj(1) =

Choosing X = C([0,1]) and D = {v € C?([0,1]) : v'(0) = v'(1) = 0} allows us
to write (2.4) in the abstract form (2.1) with u(t) = U(¢,-) and

F(v) = (k)W) + p(v).

The smoothness assumptions on k and ¢ immediately imply condition (i) of As-
sumption 2.1, and the ellipticity condition (2.5) implies (ii) and (iii) there.

Equally, it can be shown that our assumptions are satisfied for the Banach spaces
X =L?%(0,1) and D = {v € H%(0,1) : v/(0) = v'(1) = 0}. This follows from the
well-known embedding H*(0,1) C C([0,1]).

Example 2.3 (Semilinear problem with moving boundary). We consider the semi-
linear parabolic problem

(2.6a) 8V (ty) =0y V(ty) +o(V(LYy),8,V(ty), 0<y<bl), t>0,

with homogeneous Dirichlet boundary conditions V' (¢,0) = V(¢,b(¢)) =0 for ¢t > 0
and initial condition V(0,y) = Vp(y) for 0 < y < b(t). Here the position of the
right boundary b(t) is determined by the ordinary differential equation

(2.6b) 9eb(t) = ¥ (b(t), V(t,b(t), 8,V (t,b(t))), t>0, b(0) = 1.

We assume that ¢ and v have locally Lipschitz continuous derivatives and that Vg
is twice continuously differentiable with V5(0) = Vp(1) = 0.

The famous Stefan problem that models the melting of ice is of this form by
taking ¢ = 0 and 1(p, ¢,7) = —Br with a positive constant 3 (see [16, Section 15.4]).
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Changing the variables U(t,z) = V(¢,b(t)x) transforms problem (2.6) to the
interval 0 < z < 1, and we obtain the nonlinear system

0w U(t, )

QU (t,z) = U4 (U(t, 2), axg((tt), $)> m(zzi’)(t) 8,U(t, z),
0 Ob(t) =9 (b(t) U(t,1) M) O<z<l, t>0
t E T ) : )

with boundary conditions U(t,0) = U(¢,1) = 0 for ¢ > 0 and initial conditions
U(0,z) = Vo(z) for 0 <z < 1 and b(0) = 1.

We choose X = C([0,1]) xR and D = {v € C%([0,1]) : v(0) = v(1) = 0} xR, and
since the projection P : C([0,1]) — R : v + v(1) is continuous, the conditions (i),
(ii), and (iii) of Assumption 2.1 are again easily verified.

We finish this section by introducing some notation. The aim of the paper is
the analysis of backward Euler discretizations of (2.1) which are given as sequences
Ug, U1, ... ,un in D, corresponding to a grid 0 = tg < t; < --+ < tny < T. This
motivates the consideration of the following discrete norms and seminorms in X7 :

[on — vkl o

V)= su Unll, Aa(V) = su ,
(2.8a) wlv) 1EnEN el ™) 1<hanen (bn —tp)e ®

Vllle = 1(v) + Aa(v),

for v = (v,))_; € XV and 0 < a < 1. Analogously, we denote

UV — U
up) = sup foalpy  Apa(v)= sup M= UlD e
1<n<N

(2.8b) 1<k<n<N (tn — 1K)

Ivlllp,a = D (v) + Ap,a(v),
for v.e DV. Further we define pi5 for 0 < f < 1 and v € X}’ through
(2.9) pp(v) = sup fvallg.
1<n<N

Here (X, ||-]|g) denotes the real interpolation space (X, D)g oo between X and D
(see [12, Section 1.2.1]). Note that ||| - ||l and ||| - lp,o are discrete versions of the

norms |||z ((0,6,x) and ||-[lca((0,5,0), respectively.
3. CONVERGENCE ANALYSIS OF THE BACKWARD EULER SOLUTION

In this section we study the backward Euler method for discretizing (2.1) in
time. We show that a unique numerical solution exists for finite times, provided
that the maximal stepsize is chosen sufficiently small. We further derive convergence
estimates under various smoothness assumptions on the exact solution.

We first consider a local situation for which more precise estimates can be ob-
tained. For this, it is convenient to linearize (2.1) around the initial value u(0).
This gives the (formally) semilinear problem

(3.1) u'=Au+ f(u), t>0,  u(0)eD,

where A = F'(u(0)) and f(u) = F(u) — Au for u € D. In view of (2.2), there exist
R >0 and L > 0 such that

(3.2) I1f(v) = f(w)l| < Le v —wlp,
for all |jv —u(0)||p < 0 < R and ||lw — u(0)||p < ¢ < R (see proof of Lemma 5.2).
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Since the backward Euler method is invariant under linearization, the numerical
approximation u, to u(t,) is given by the recursion

Up — U

hn—leun‘l‘f(un), 1<n<N,

with t, = t,_1 4+ hy for 1 <n < N and ty = 0. Here h,, > 0 denotes the stepsize
which is chosen according to accuracy requirements. The starting value ug € D is
allowed to be different from u(0).

We remark that, due to (2.3) with u* = u»(0) and (3.2), the nonlinear equation
(3.3) has a unique solution w,, € D for stepsizes h,, satisfying hnwo < 1, as long as
|lun—1 — u(0)||p < o for a certain ¢ > 0. In fact, (3.3) can be solved by standard
fixed-point iteration (see Lemma 5.2). Let us point out, however, that already after
one single step we can only expect

lur — u(0)|lp < Co,

(3.3)

where C' > 1. Thus, after a finite number of steps, independently of the stepsizes,
the validity of (3.2) is no longer guaranteed. Therefore, this step-by-step approach
is not suited to construct the numerical solution on a finite time interval [0, T7.

In order to overcome this difficulty, we adopt a global approach relying on the
discrete variation-of-constants formula

(3.4) Un = 7(tn, 0)uo + Y hie(tn, te1) flur),
k=1

where the discrete transition operator r(t,, tx) is defined by

(3.5) Pty te) = (1= hpA)7F o (1= hg1A)™Y, 0<k<n<N,
and r(tx,tx) = 1. Note that this operator is well defined for

<h, if h :
(3.6) 1ISI}CaSXN hy <h, if hwy<l

The numerical solution of (3.1) can be constructed by fixed-point iteration in (3.4).
This is based on the fact that the nonlinear operator

(3.7a) d:BCDY —DV:ivi— &(v) =ru + K(f(v)),

with r = (r(tn,0)_1, f(v) = (f(va))A_; for v = (v,)Y_, € DV, and

n N
(3.7b) K(w) = (Z hkr(tn,tk_l)wk)n_l for w = (w)_, € XV,
k=1

is a contraction for a suitably chosen subset B. Unfortunately, it turns out that
the interval of existence is limited by the fact that |||®(ug) — ugl||p,o has to be
sufficiently small, for ug = (ug, ... ,uo)". Thus, nothing can be said about the size
of ¢t in this approach. This kind of difficulty also appears when constructing the
continuous solution (see [12, Theorem 8.1.1]).

However, the global approach based on the convolution operator in (3.7b) turns
out to be useful in order to derive preliminary convergence estimates. Eventually,
these estimates can be used to establish the existence of the numerical solution for
finite times.

Assume for a moment that the backward Euler approximations ug, u1,..., N
to the solution exist. We set 4, = u(t,) and denote the errors by e, = U, — un.
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Inserting the exact solution into the numerical scheme defines the defects d,, by

L = Ail 4 f(@) £ e, 1SRN,
Subtracting (3.3) from this identity gives the error recursion
(3.8) e = reg + K(£(@) — f(u)) +K(d),
where e = (eq, ez, ... ,en)T € DV, etc.

Let C3 and R be the constants provided by Lemma 5.3 for v* = u(0). We will
show below that after a possible reduction of T', we may assume that there exists
0 < 0 < R such that

pp(@—u(0)) <o,  pp(u—u(0)) <o,

(3.9) C5Cs(20+ Ap.o(@) < < 1,

where 0 < o < 1 is chosen and Cj is the constant appearing in Lemma 5.5. Taking
norms in (3.8) and using Lemmas 5.3, 5.4 and 5.5 yields

1
(3.10) llelllp.o < m(c4||eollp + (@)D, ).

Depending on our requirements on the analytical solution, we obtain different
bounds for [||K(d)||| p,« and consequently different error estimates (see Theorems 3.1
and 3.2 below). We finally point out that because of

lenlln < llelllp.a

these theorems also provide error estimates in D.

Theorem 3.1. Let u : [0,T] — D be a solution of (2.1) with v’ € C((0,T],X)
and assume that

(3.11) C3Cs <2||U —u(0) || oo (j0,77,0) + ||U||cg((o,T],D)> <1,

where C3 and Cy are the constants provided by Lemmas 5.3 and 5.5 for u* = u(0).
Suppose that either

(a) the stepsizes h, = h are constant, or

(b) the stepsizes verify hy, > chp_1, 2 <n < N, for some o > 0.

Then there exist constants h* > 0, oo > 0 and C > 0 such that the backward
Euler solution u,, exists for stepsizes satisfying 0 < hy, < h* and for initial values
ug with |Jug — u(0)||p < 0o, as long as t, <T. Further, we have the error bounds

(3.12) llelllp,a < C (lleollp + Rl cao,1,x))

for constant stepsizes, and

(313)  llellp < C(lleolln +,_max

_max_ ((h};a +hE )M, + h},;aMm,n))

with

T _ llw” () —u"(s)ll
My = [|u"ll ooty o)) 0 M = b eaoit, | (E—8) g

for variable stepsizes, respectively. The constant C depends on o, T and on Cs of
Lemma 5.5. For variable stepsizes, it further depends on o.
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Proof. Set 01 = ||u — u(0)|| oo (jo,7},0) and choose g1 < ¢ < R such that

CsCs (20 + |lullcs (0,71,0)) < 1.

In the first part of the proof we show the validity of the error estimates (3.12)
N

and (3.13) under the assumptions that the numerical solution (uy),—; is defined as
long as tiy < 7T and that
(3.14) [lun, — u(0)|lp < 0, n < N.

In the second part we justify these assumptions.
(i) In view of (3.10) and Lemma 5.5, we have to estimate |||d|||o. Taylor series
expansion shows that the defects are given by

1
dy, = hn/ Tu” (t, — Thy)dr.
0
This immediately yields
< .
w(d) <1/2 Jex hy My,
For estimating Ap o(d) we first write for m <n

1
dp — dpm = hm/ (' (tn — Thy) = " (tm — Thm)) dr
(3.15) ' 0

1
+ (hn — hm)/ Tu" (ty, — Thy) dT.
0

For constant stepsizes the second term in (3. 15) drops and the estimate

lldn = dm|| / M n
tr, <hMpn < — h
(tn — tm)® dr < -«
proves the first part of the theorem.
For variable stepsizes, one has
— [e3 1 [e3
ldn — dim || <h an(n tm-l-hm> /7_( 2% ) dr
(3.16) (tn — tm) tn —tm 0 tm — Thm
+ Mta %
(tn — tm)® 2

Due to our assumptions on the stepsize sequence, we have
— « «
(tn tm+hm> < <1+ 1)
tn — tm o

-————(lh”__t ")‘l e < (h};“ + %h},{")T“

The remaining term in (3.16) is bounded as follows:

o [ g e [ (b o T

Inserting these bounds into (3.16) gives the required bound for A, (d).

(ii) Tt remains to show that the backward Euler solution exists and that (3.14)
holds. The idea of the proof is simple and standard for nonlinear equations: as
long as u,—1 remains sufficiently close to %,—1, (3.3) can be solved for u,, and the
above error estimate ensures that wu, is close enough to u,, as well. Repeating this

and
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process proves the desired result. However, we have to pay some attention to the
parameters involved.

For simplicity, we give the proof for constant stepsizes only. Set g3 = p— 01, and
let 0 < g, < 0* < p2 and A* < h denote the thresholds provided by Lemma 5.2,
applied to g and u*, where u* varies in the compact set formed by the values u(t),
0 <t <T. After a possible reduction of h*, we can choose gg > 0 such that

C(oo0 + h*llv" s (0,11,%)) < 04/2,

where C' is the constant from (3.12). Since u is uniformly continuous, we can further
assume that ||u(t,) — u(tn—1)|lp < 0+/2 for h < h*.

Suppose by induction that u,, exists and that (3.14) is satisfied for n < m. Then,
due to (3.12) and the above choice of parameters, the bound

lemllp < C(lleollp + hllw”llcaqomx) < 0x/2  for h < h*
implies
”um - a'm+1“D S HemnD + ”77771, - a'm-l—l“D S Ox-
An application of Lemma 5.2 with v* = 4,41 and w = u,, shows that u,,+1 exists
and |lem+1||p < 0*. Consequently, the estimate
[ttmt1 = w(0)llp < llemtillp + um+1 — w(0)llp < 02+ (0 —02) = 0

follows. This yields (3.14) and concludes the proof. O

In practice it might be difficult to know whether v belongs to C$((0,T], X).
This limitation is overcome in the next theorem where we impose the natural con-
dition
(3.17) Au(0) + f(u(0)) € Xg,
for some oo < 8 < 1. Note that, in actual applications, Xz is often a Sobolev space
that does not depend on the boundary conditions for § sufficiently small. Hence, if
the initial value is sufficiently smooth, this condition is easily seen to be satisfied.

It is also known that under (3.17) the exact solution of (2.1) has the additional
regularity properties u’ € L= ([0,T7], X5) N CP([0,T], X) (see [12, Theorem 8.1.3]).

Theorem 3.2. Letw: [0,T] — D be a solution of (2.1) such that (3.11) is satisfied
and assume that (3.17) holds for some 0 < o < f < 1.

Then there exist constants h* > 0, oo > 0 and C > 0 such that, for arbitrary
stepsizes 0 < hn, < h* and for initial values uy with ||up—u(0)||p < 0o, the backward
Euler solution u, is defined as long as t, < T and we have

(3.18) llell.a < € (lleoll + max hE-21/13-2/7)
with

In =l oe s ady x> In = 10 lea (e a0
The constant C depends on «, 8, T and on Cg of Lemma 5.6.

Proof. We follow the arguments of the proof of Theorem 3.1. Therefore, it is suf-
ficient to establish the validity of (3.18) under the assumptions that the numerical
solution (u,)Y_; exists as long as ty < T and that (3.9) holds for some ¢ < R.

n=1
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In view of (3.10) and Lemma 5.6, we have to estimate uq(d). For the defects.d,,
we use the representation

dyp = /0 (v (tn — Thy) — v'(tn)) dr

to obtain the estimates

th<hﬁJ d |dn|s <2I
137" = tnin and ||dn|lg < 215,

By a standard interpolation argument

ldnlla < lldnll* =72 57,

lldnll <

we get

pa(d) <2 max hPmo[/B gial/B
1<n<N

which yields the desired result. O
The previous theorems are local in nature. By applying them recursively, we

obtain pointwise convergence estimates in D for finite times. In the following
theorem, the number « has the same meaning as in the local results before.

Theorem 3.3. Letw: [0,T] — D be a solution of (2.1) and let 0 < o < 1. Assume
that either

(a) u"” € CZ((0,T),X) and the stepsizes h,, = h are constant, or

(b) u" € C((0,T),X) and hy, > chp_1, 2<n < N, for some o >0, or

() Au(0) + f(u(0)) € Xg for some 0 <a < B <1

Then there exist constants h* > 0, 6 > 0 and C > 0 such that the backward Fuler
solution u,, exists for stepsizes satisfying 0 < h, < h* and for initial values uy with
lluo — w(0)||p <6, as long as t, <T. For 0 <n < N, we have the error bounds

@ leall < O(lleolln + k1" lz o130 ) o7

®) leallp < C(leollp + _max_((h™ + i) Mic + bl @M ) ), or

@ lenlln < C(lleollp +  max hETI5/P37207),

respectively.

Proof. We only give the proof of the first result. The remaining statements follow
in a similar way.

Since u is continuous, there are constants R > 0 and L > 0 such that (2.2) is
uniformly satisfied for u* varying in the set formed by the values u(t), 0 < ¢ < T.
Moreover, by Lemma 5.8, there exists a partition 0 =Ty <11 < --- < Ty =T of
[0, 7] such that

CsCs <2HUT,- = u(Tj-1)|| L= (j0,5,1,0) + ||UTj”Cg((O,H,-],D)> <1, 1<j<,

with H; = T; — Tj_1 and ur, (t) = w(Tj_1 +t), 0 <t < H;. Here C3 and Cs are
the constants provided by Lemmas 5.3 and 5.5 for u* = u(T}) and R. Notice that
these constants only depend on R and L.
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Therefore, we deduce from Theorem 3.1, applied piece-by-piece, that there exist
positive constants h* and C, such that for 0 < h < h*

leallp < Colleollp + Chlu” a0, x), O < tn < T

After a possible reduction of § and h*, this estimate shows that ||e,||p < g0, with
0o given by Theorem 3.1. Notice that J is independent of 0 < b < h*. The desired
error estimate thus follows by recursion. O

4. BEHAVIOUR NEAR AN ASYMPTOTICALLY STABLE EQUILIBRIUM

In this section we study the long-term behaviour of time discretizations of (2.1).
To keep our exposition in a reasonable length, we restrict our attention to hyperbolic
equilibria. For these the principle of linearized stability holds, which means that
the dynamical behaviour near such an equilibrium @ is fully determined by the
linearized equation

V' = F'(u)(v —u)

(see [12, Section 9.1]). We show that a similar property holds for the backward
Euler discretization of (2.1). Further, numerical simulations that illustrate our
theoretical result are given.

For notational simplicity, we concentrate on the asymptotically stable case. Let
% € D be an equilibrium of (2.1), i.e., F(u) = 0, and assume that the sectorial
operator

(4.1) A= F'(q) is asymptotically stable, i.e., wy < 0.

The number wy is defined in (2.3) (see also Figure 1). In this situation, it is well
known that % is asymptotically stable and attracts all solutions in a sufficiently
small neighbourhood of % with exponential speed. More precisely, it is shown
in [12, Theorem 9.1.2] that for each w < |wg| there are constants §g > 0 and C > 0
such that the solution of (2.1) exists for all positive times and satisfies

(4.2) llu(t) —@lp < C-eu(0) — 7| p, for all ¢t > 0,

whenever the initial value satisfies ||u(0) —%||p < do.

The following theorem gives the corresponding result for the backward Euler
discretization. Note that any equilibrium of (2.1) is also an equilibrium of the
backward Euler discretization.

Theorem 4.1. Letu be an equilibrium of (2.1) and assume that (4.1) holds. Then,
for any choice of w < |wo|, there are positive constants h, 6 and C such that the
following holds. The backward Euler solution (u,)5>, of (2.1) exists for all stepsize
sequences satisfying 0 < hy, < h and for all initial values ug with ||up —%||p < 4,
and we have

(4.3) lun —@|p < C e ||lug — | p, for all n > 0.

Note that the constant C depends on w, but not on the particular choice of the
stepsize sequence.

Demanding that the numerical solution decays towards the equilibrium nearly
as fast as the exact solution imposes a severe restriction on the maximal stepsize.
This restriction is overcome in the following theorem, where exponentially fast
convergence is obtained, if the stepsizes remain bounded.



136 C. GONZALEZ, A. OSTERMANN, C. PALENCIA, AND M. THALHAMMER

Theorem 4.2. LetT be an equilibrium of (2.1) and assume that (4.1) holds. Then,
for any h > 0, there are constants 0 < w < |wo|, § > 0 and C > 0 such that the
backward Euler solution (un,)S>, of (2.1) exists for all stepsize sequences satisfying
0 < hyn, < h and for all initial values uy with ||ug — @||p < 6, and (4.3) holds.

Proof of Theorem 4.1. We linearize (2.1) around the equilibrium % and construct
the backward Euler solution by fixed-point iteration. In order to capture the de-
caying behaviour of the solution we use exponentially weighted norms. For w > 0
and sequences v = (v,)52; in D, we modify (2.8b) in the following way:

Un — Uk||D
pDw(V) = sup ¢ |lon| b, AD,aw(V) = sup ewtk”—n—_—“T k>
1<n<oo 1<k<n<oo (tn — t)
IIVllD,ee = 1D (V) + AD e (V)
as well as the corresponding norm ||| - |||o,. based on ||-||. A crucial observation is

that Lemmas 5.3, 5.4 and 5.5 have an extension to these exponentially weighted
norms for 0 < w < |wi| < |wo| with wy as in Lemma 5.1. The gap w — |w1| is needed
to bound the powers of ¢,, that are encountered.
With these preparations, we are ready to give the proof. Let B denote the ball
B={veD®:||v-1ulpaw < e}
We define @ as in (3.7a) with N = co. Using the above-mentioned extensions of
Lemmas 5.3 and 5.5 with ©* = u proves

1®(v) = @(W)lllp,aw < 32 C3Cs]l[v = Wllip,ae

for v,w € B. This shows that ® is a contraction on B with contraction factor 1/2
for o sufficiently small.
It remains to show that ® maps B onto B if ug lies sufficiently close to @. Since
o () = rup + (1 —r)7,
we have for all v € B .
12(v) = Tl p,aw 12(v) = (@)l p,awo + [12(W) — W D,cr0
1/2 v =1l p,ee + [llr(uo — W) D,ev -

The last term is estimated by the first part of Lemma 5.4:

IA A

lIr(uo — @)l e, < Calluo — | p-

For § satisfying 26Cy4 < o, we thus have ®(B) C B.
This proves the existence of a unique fixed-point u, which is the searched back-
ward Euler solution. Using further
12(u) —Wllp,aw < 1/2 [[2(w) = Ulllp,aw + Ir(uo — Dl Daw
yields
e =1l p,a0 < 2C4lluo — Ul p-

In particular, we get

sup e“"|lu, —ullp < 2C4luo — || p,
1<n<oo

which proves the assertion of the theorem. O

Proof of Theorem 4.2. The proof is very similar to the preceding one and therefore
omitted. It relies on the stability bounds given in Lemma 5.1, part (b). O
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TABLE 1. Numerically observed contraction factors

h | 1.0000 | 0.5000 | 0.2500 | 0.1250 | 0.0625 | 0.03125
wp, | 0.4055 | 0.4463 | 0.4711 | 0.4849 | 0.4922 | 0.4960

We close this section with a numerical example that illustrates Theorem 4.1.

Example 4.3 (Combustion of a solid fuel). We take up Example 2.2 and specify
the functions k, ¢ and Uy as follows:

ky)=v*+1,  oy)=-yly-1/2)y—1), Us(z) =1/2+22°(1 - 2)®.
Note that the initial condition Uy is compatible with the boundary conditions and
that k satisfies the ellipticity condition (2.5) with k = 1. The problem has three
equlibria @ = 1, w = 0, and @ = 1/2. The first two are asymptotically stable with
wo = —1/2. Due to our choice of Uy, we expect convergence to & = 1.

The partial differential equation (2.4) is discretized in space by standard fi-
nite differences on an equidistant grid with meshwidth 1/200 and in time by the
backward Euler method with constant stepsize h. For different values of h, the
integration is performed up to ¢t = 40. The numerical approximations wy to w are
displayed in Table 1. The results are in complete agreement with Theorem 4.1.

5. LEMMAS

In this section we collect the auxiliary results that are needed in the proofs of
the previous theorems. Throughout the section we set

(5.1) fu) = F(u) — Au, where A = F'(u*)

for some u* € D and denote by wg € R the constant from (2.3) that corresponds
to u*. We fix k > wg and h > 0 such that hwy < 1 and consider arbitrary grid
points 0 = ¢y < t; < --- < ty that satisfy h, = t, —t,_1 < h. There is no
restriction on the maximal stepsize for wy < 0.

For the discrete transition operators (3.5), we have the following stability bounds.

Lemma 5.1. (a) For any wy > wy there exist constants h* > 0 and C1 > 0 such
that for0 <v <1

ew1(tn—tk)

(5.2) (k= A)Y r(tn, ti)llx o x < C1 (=R

0<k<n,

whenever the stepsizes are bounded by h*.
(b) Let wg < 0 and h* > 0. Then there exist constants wo < w; < 0 and Cp > 0
such that (5.2) holds, whenever the stepsizes are bounded by h*.

Similar bounds are given in [2, 4, 14]. We note for later use that (5.2) also holds
forl<v<2ifk<n—1.

Proof. The estimate (5.2) is a consequence of the stability bounds
C
“etA”X—->X < Ceth, “AetA”X_,X < ?ewot, t>0,
for the analytic semigroup. Using the representation

0o oo
T(tn,tk) = / .. / e Skt1 " 8n e(3k+1hk+1+~u+3nhn)A d3k+1 .. ds,
0 0
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shows

Ir(tns te) |l x—x < C J] (1= hjwo)™?,

j=k+1
wo n
A7 (tr, ) || x> x < C/ H (1 - hjw) tdw.
T j=k+1
For w < wg <0, we have
(53) 1- hjw > (1 — hjwo)(l + Chj(w() — UJ))

with ¢ =1 — h*wp. Arguing as in [4] shows

1—h*wy 1 B
[ A7 (tn, ti) Ix—x < C_t_—TQ IT @ - hjwo)™.
n j=k+1

For wp > 0 we use an idea from [6] and eliminate the small steps by
(1= hjw)(1 — hgw) > 1 — (h; + hi)w,

until (5.3) is again satisfied. Part (a) of the lemma then follows from standard
estimates and interpolation.
In order to verify (b) we note that the function
_ log(1 — Hwo)
H

is monotonically increasing for wy < 0 with w1(0) = wp and wi(co0) = 0. Hence,

(54) w1 = w1 (H) =

(1 — hjwo)_l S ewlhj

with wy given by (5.4) for H = max h; < h*. O

We note for later use that the identity

Pt tk) = 1= > hAr(tn,ti1)
I=k+1

together with Lemma 5.1 implies for 0 <k <n < N and 0 < v < 1 the bound
Wy C e y

(5.5) [[(r(tn, te) = 1) (k= A) 7| x5 < 71 er (tn=th) (¢ 1))
with wi” = max(w;,0). For simplicity, we make no notational difference between
the constants in (5.2) and (5.5).
Lemma 5.2. Let u* € D and Ry > 0. Then there exist 0 < o« < 0* < Ry and
h* > 0 such that, for w € D with ||lw —u*||p < o« and for 0 < h < h*, the equation
v—w

h

possesses a unique solution v € D with ||v — u*||p < ¢*. Moreover, the quantities
0+, 0° and h* can be chosen uniformly for u* belonging to a relatively compact
subset of D.

(5.6)

= Av+ f(v)
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Proof. We first note that, due to (2.2), there exist R > 0 and L > 0 such that
(5.7) If'(w) = f'(w)lp-x < Lv - wlp,

for all v,w € D with ”'U — u*”D < R and “w _ U*“D < R. Therefore, since
f'(u*) =0, we also have ‘

(5-8) If')llp-x < Lo,
for all v € D such that ||[v — u*||p < ¢ < R. This implies that
(5.9) If(v) = f(w)]l < Le|lv—wlp,

for all v,w € D with |lv — u*||p <o < R and ||lw — v*||p < 0 < R.
Equation (5.6) is equivalent to v = g(v), where g is defined by

g() = (1 —hA) w + h(1 — RA) "L f(v).

We solve (5.6) by fixed-point iteration in the set B = {v € D : |lv — v*||p < ¢*}.
For this, we have to show that g is contractive and maps B onto B, for g, and o*
sufficiently small.

By the equivalence of || - | p with the graph-norm of A, there exists M such that

”h(l—hA)_l”X_.DSM, H(l—hA)_l“D_,D SH for 0<h§ﬁ.
On the one hand, we have
lg(v) = g(®)llp < M L ¢*|lv -7 p,

for h < h and v, ¥ € D with |[v — u*||p < ¢* and |7 — u*||p < ¢*. On the other
hand, it holds

glv) —u* =1 - hA)'l(w —u*)+ h(1l — hA)'l(Au* + f(u"))
+h(1 = hA)TH (f(v) = f(u")),
so that
lg(v) = u*llp < Mllw —w*||p + [|h(1 — hA) "} (Au* + f(u*))|| + MLo" [[v — w*||p.

In view of these bounds, if we choose g, and o* such that Mo, < ¢*/3 and M Lo* <
1/3, then g is a contraction on B. Moreover, since h(1 — hA)~! — 0 strongly as an
operator from X to D, we can select h* < h such that, for 0 < h < h*,

A1 = hA) " (Au™ + f(u*))llp < 0*/3.

Thus, g maps B into B, and the fixed-point theorem provides the existence of a
unique solution v of (5.6).

Since F” is locally Lipschitz continuous, Ry and L can be taken uniformly for u*
in a compact set. Moreover, the equivalence of ||-|| p with the graph-norm of F”(u*)
is also uniform on the compact set. With this, the statement of the lemma follows
easily. O

Lemma 5.3. For 0 < a < 1 there exist constants C3 > 0 and R > 0 such that
(5.10) 15(v) = Fw)lla < Cs (20 + Ap,a(w) IV = Wip.a

for all v and w in the set V = {v € DV : up(¥v — u*) < o} whenever 0 < o < R.
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Proof. Choose R as in (2.2) and let v, w € V for some 0 < ¢ < R. In view of (5.9),
we have

(5.11) p(f(v) — f(w)) < Lopp(v —w),

and thus it remains to bound A\ (f(v) — f(w)). We set G, = f'(ovn + (1 — 0)wy),
0 <o <1, and write for m <n

1
(f(vn) - f(wn)) - (f("’m) - f(wm)) = /0 (Gn("’n — Wp) = G (Vm — wm)) do

1 1
- / G ((vn — wp) — (Um — W) do + / (Gn — Gm) (Um — wm) do.
0 0
Using (5.8), we can estimate the first term on the right-hand side by
1
/ ”Gn (v = wa) — (Um — wm))||do < LoAp (v — W) (tn — tm)*t"
0

Due to (5.7), the remaining term can be bounded as follows:

1
160~ G = i) do

IA

L/Ol (”wn — WD + 0| (v — wn) — (Um — wm)”D>d‘7 [vm — wml D

IA

L(Ap,a(w) +1/2 \p,a(v = W) ) up (v = W)(tn — tn) 6"
The above estimates readily give
NalF(V) = F(W)) < L(20Ap a(v = W) + Ap,a(w)up(v = W)),
and this inequality combined with (5.11) proves (5.10). d

In Lemmas 5.4, 5.5 and 5.6 below we establish certain estimates involving |||-[|| .-
As ||-|lp is equivalent to the graph-norm of A, the norm

Ivlla + lAVIla, v € DY,

is equivalent to || - ||| p,« as well, for all 0 < o < 1. Since the required estimates for
Il lll are usually obtained more easily (and in a similar way) than the corresponding
estimates for ||| A-[||«, we give for simplicity the proofs only for [||A-|||. Henceforth,
C denotes a generic constant that possibly depends on C; and on constants that
arise from changing between equivalent norms.

Lemma 5.4. Let 0 < a < 1.
(a) There exists a constant Cy > 0 such that for every v € D

llrvllp,e < Callvlip-

The constant Cy depends on ty, but it is otherwise independent of the grid. If wg
is nonnegative, then Cy4 is bounded for finite times. If wy is negative, then Cy can
be chosen independently of ty .

(b) For x € X we have

Jim [l = 1) oo =0.

The convergence is uniform on relatively compact subsets of X.
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Proof. In order to prove the first statement of the lemma, we have to estimate
A(r(tn,0) — r(tm,0)) v. Using the identity

’f'(tn, O) - ’f’(tm, O) = (r(t‘lhtm) - 1) ’f'(tm,O)
we obtain

IA(r(tn, 0) = (tm, 0))0ll £ Cll(r(tn, tm) — 1)(k — A)"* [ x~x
X [[(x = A)*r(tm, O)l| x—x|[v]| -

With the help of (5.2) and (5.5) the right-hand side can be bounded by
g— ety [vllp(tn = tm)“tn"

which proves the first result.
To show the second statement of the lemma we choose € D. From the identity

'I”(tk,()) - 'I”(tk_l,()) = hg AT‘(tk,O)
we get

10, 0) = (b, O 2l < D7 o (147 (8,0) (2 = B) | + (14, 0) AT
k=m+1

n n
SCty® > gt e =3+ C Y e ™ |3
k=m+1 k=m+1

< O(lle =l + t 17llp) € (tn — tm)* £
Since D is dense in X, the second statement of the lemma follows. O

Lemma 5.5. For 0 < a < 1 there exists a constant Cs > 0 such that if ||[v|||la < 00
we have

IEMWIp,a < CsllIvla-

The constant Cs depends on ty, but it is otherwise independent of the grid. If wo
s nonnegative, then Cs is bounded for finite times. If wg is negative, then Cs can
be chosen independently of ty.

Proof. Analogously to the modified variation-of-constants formula (1.3) and with
the help of

(5.12) hkAT(tn,tk_l) = T(tmtk_l) - 'l”(tn,tk),

we split K(v) such that AKC(v) = a+ b where

an =Y heAr(tn,te-1) (V& = vn),
k=1

bn =Y heAr(tn,te—1) vn = (r(tn,0) = 1)vn.
k=1

According to this we have to estimate the four terms p(a), Ay (a), u(b), and Ay (b).
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(i) Using (5.2) we get

(tn tk)a —
anl|| < Cida(v § By k) wi(ta—tk-1)
|| ” - ( )k=1 ; (tn — tk;_l) t‘,’:

< CB(a,1—a) Wi N Aa(V),

where B denotes the beta function. The last bound follows from comparing with
the integral in a similar way as in Lemma 5.7.
(ii) In order to estimate A,(a) we use the identity

Up — O, = Z hi Ar(tn,tk—1) (VK —vn) + th Ar(tn,te—1) (Vm —vp)
k=m+1 k=1

+ Z hy, A(’f‘(tn,tk_l) — T‘(tm, tk_1)> (’l}k - ’Um)
k=1
=851 4+ 59 + 53.

We take norms and use again (5.2) and (5.5). This gives

by
Si|| < Cre*r 'ty Aa(V
” 1“ 1 ( ) k_‘%nzl (t — tk 1)

1— ata

< a7 O e TN A (V) (tn — ) 22,
and, together with (5.12),
[1S2]l < ||r(tn, tm) (r(tm,0) — 1) — )l
< Cy (14 C1) et Ay (v) (tn L
With the help of Lemma 5.7 we get
m n
(S5l < th Z b || A%r (s, ti—1) (Uk — vm)||

k=1 I=m+1

COn@ D 3 metten (im0

k=1  l=m+1 (t = te-1)tg
4C
< 7
~ a(l-a)
which proves the estimate for \y(a).
(iii) The stability bound (5.2) for the transition operator immediately gives

p(b) < (1 +Ch e‘”l””) ().
(iv) For the estimate of A\, (b) we write
b — b = (7(tn,0) — 1) vy — (r(tm,0) — 1) vy
= (r(tn,tm) — 1) (k — A)7%(k — A)* r(tm, 0) v
+ (r(tm,0) — 1) (vp — Um) .
A further application of (5.2) and (5.5) yields

2
15 —bm||<(Ca T u(w) + (14 Cy et o) Aa(v>) (b — tm)t20.

TN AL (V) (b — ) £

m
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This finally concludes the proof of the lemma. (]

The following lemma is used in the proof of Theorem 3.2. For the definition of
the norm fiq, we refer to (2.9).

Lemma 5.6. For 0 < a <1 there exists a constant Cg > 0 such that
NK™)Ip,a < Cs pra(V) forv e DN,

The constant Cg depends on ty, but it is otherwise independent of the grid.

Proof. Using (5.2) we have for w = K(v)

lwallp < €Y b || (5 = A) =07 (b, trem1) || o xc 10 — A)¥og]
k=1

hi

n

+
< C wy tN .
sCe .U'a(V) kz=:l (tn — tk-—l)l_a

and further, by comparing the sum with the corresponding integral,

o
% ethN

“D (W) < Mo (V) .

In order to estimate Ap o(W), we split A(w, — wy,) = S1 + S2 where

S = Z hkAT(tn,tk_l)’Uk
k=m+1

and, due to 7(t;,tg—1) — r(ti—1,tk—1) = MAT(t;,tr), we get

Sy = Z h A(T(tn,tk_l) — T(tm,tk_l)) Vg = Z hy Z h; AZT(tl,tk_l)’l)k.
k=1 k=1 l=m+1

As before, we premultiply vy with (x — A)* and use (5.2) and the corresponding
integrals to estimate S; and S by

Cty o+ _
ISl < =2 e o (v) (b — ) 8%,

City wi ap—a
”‘52“ < a—‘N— et tN,Ufa(V) (tn - tm) tm .

(1-a)
This concludes the proof of the lemma. (]
Lemma 5.7. The inequality
m n
(tm - tk)a 4 _
hi hy < (tn — tm) %t
; l=§|—1 (t—tr)?ty ~a(l—a) " ™

holds for 1 <m <n < N.

Proof. By comparing with the corresponding integral, we get

n
Z hu s < tn —tm for 1 <k <m.
o=t (= tke1)? T (B — teo1)(bn — te-1)
‘We thus have to estimate
m

hi
tn, — 1t .
(t=tm) ) G et )
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For this we consider the function
1
G(s) = O<s<t
(s) (tm — )@ s (t, —s)’ "

Let t* be the point where G attains its minimum, and let 1 < p < m be the index
such that t,—1 < ¢* < t,. We split the sum into three parts (from 1 to p — 1, the
term with £ = p, and from p to m) and compare each part with a corresponding
integral. By means of the variable change ot,, = s, we get

Z hk / do
* (bm — te—1) 't (b — th1) — (1-o)t-202(@+1—-0)’
where 0 = (¢, — ty)/tm. The elementary estimates
/1/2 do 20 1 20~
¢ < <
g (I1—o)l-2g2(@+1—-0) " 204+11l—-a " 1l—-a

and

1 o o

‘9/1/2 (1—a)l—ajg(a+1—a) = WQ/O rnra=a" 12i9a’
where we used 1 — o = 07, finally prove the lemma. O
Lemma 5.8. Let u : [0,T] — D be a solution of (2.1). Then, for every o > 0,
there exists a partition 0 =Ty <T1--- < Tj =T such that
(5.13)  2llur; — w(Tj—1)llLeo(po,,1,0) + lluzy loe (o,;1,0) < 0, 1<j <,
where H; = Tj — T;_1 and ur, (t) = w(Tj_1 +1t), 0 <t < Hj.
Proof. Choose R > 0 and L > 0 as in (2.2) for v* = u(0). From the proof of

Theorem 8.1.1 in [12], it follows that there exist constants C >0 and 0 < H; < T
such that

2[lu = w(0)|| Lo (10, ,1,0) + lullca((0,:1,0)
< CH(e( - 1) (Au(0) + f(u O)))”ca (0,H1],X)"

The constant C' depends on L and the bound is valid as long as ||u(t) —u(0)||p < R
for 0 <t < Hj. The right-hand side of (5.14) tends to 0 as H; goes to 0. Thus,
after a possible reduction of Hi, we get (5.13) with 5 = 1. We go on with this
construction, and since the constants L and R can be taken uniformly, the final
time T is reached after a finite number of steps. O

(5.14)
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