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ON THE STABILITY OF THE L? PROJECTION IN H!(Q)

JAMES H. BRAMBLE, JOSEPH E. PASCIAK, AND OLAF STEINBACH

ABSTRACT. We prove the stability in H'(Q) of the L? projection onto a family
of finite element spaces of conforming piecewise linear functions satisfying cer-
tain local mesh conditions. We give explicit formulae to check these conditions
for a given finite element mesh in any number of spatial dimensions. In par-
ticular, stability of the L? projection in H'(Q) holds for locally quasiuniform
geometrically refined meshes as long as the volume of neighboring elements
does not change too drastically.

1. INTRODUCTION

Let {¢x}}, denote the nodal basis for a piecewise linear (continuous) finite
element approximation space V}, based on a conforming triangulation (of simplices)
{n}¥, of a polyhedral domain 2 in R", n = 1,2,.... We shall always assume that
the triangulation is locally (but not globally) quasiuniform. The L? projection Qj
of a given function u onto the finite element space V3, is defined by

(1.1) (Qhu, Uh>L2(Q) = (u,vh)Lz(Q) for all 'Uh S Vh.

Here (-, ) r2(q) denotes the inner product on L?(£2). The L? projection is obviously
bounded on L?((2); indeed, ||Qnullz2(q) < |lullrz(n) holds for all w € L*(2). In
this paper we are concerned with the stability of the L? projection as a map Q, :
HY(Q) — V}, ¢ HY(R). In particular, we will prove the stability estimate

(1.2) “Qhu“Hl(Q) <ec- “’u,“Hl(Q) for all u € H* (Q)

under certain conditions on the finite element trial space V}, specifically, on the
underlying triangulation.

The stability of Qp, in H*(§2) is of general interest, in particular, for Galerkin
finite or boundary element methods for elliptic and parabolic boundary value prob-
lems [4, 6, 13]. For example, the stability estimate (1.2) is needed to analyze the
properties of a Neumann series corresponding to a second kind boundary integral
equation, see [9].

Using interpolation arguments we get

(1.3) Qrullas) < ¢ llullas(o) for allu € H*(?), se€]0,1].
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From (1.3) we can conclude the stability estimate (see for example [7])

h ok
(1.4) ¢ W gy < sup [, o) 2| for all u" € V4,

s A 1 P,

where H—5(2) = (H*())’ is defined by duality with respect to the L? inner prod-
uct. The estimate (1.4) is essentially needed in the derivation of hybrid coupled
finite element domain decomposition methods [1] and for hybrid boundary element
methods [11] as well as in the construction of efficient preconditioners in finite and
boundary element methods [12].

For globally quasiuniform triangulations, the estimate (1.2) is a direct conse-
quence of a global inverse inequality. In [6], (1.2) was shown for nonuniform tri-
angulations in one and two dimensions satisfying certain mesh conditions. The
analysis is based on decay properties of the L?(§2) projection and results in condi-
tions which depend on the global behavior of the mesh.

In this paper we prove the stability estimate (1.2) for arbitrary n = 1,2,...
provided that local stability conditions are satisfied. This approach is valid for more
general trial spaces, in particular, for trial functions of arbitrary polynomial degree,
but for simplicity, we only consider the case of piecewise linear basis functions. In
this case, we formulate explicit local mesh conditions which imply (1.2). These
conditions can be easily checked for a given finite element mesh, allowing the user
to redefine the mesh if necessary.

The remainder of this paper is organized as follows. Some preliminary notation
is given in Section 2. In Section 3 we recall from [5, 8] the definition as well as
some error and stability estimates for a quasi interpolation operator needed in our
analysis. Our main result is formulated in Theorem 4.1. The proof is based on a
general stability condition and several technical results given in Section 5. In Section
6 we discuss the stability condition in case of piecewise linear basis functions. Based
on the eigenvalue analysis of locally defined weighted Gram matrices, we derive
computable criteria for guaranteeing that the stability condition is satisfied.

2. NOTATION

Let

(2.1) T, = {n}¥,, Ay = /dx forl=1,...,N.

Tl
As usual, we consider a family of meshes depending on A, the maximum diameter
of any simplex. We assume that the triangulations are locally quasiuniform. This
means that the diameter of the simplex divided by the diameter of the largest

ball contained in the simplex is bounded independently of & for all simplices in all
triangulations. Define

(2.2) hy =A™ forl=1,...,N.

Let {zx} the set of all nodes of the mesh 7}, where xj is associated to the basis
function ¢ (px(xk) = 1). We define

(2.3) wg = suppyr, k=1,...,M.
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Let I(k) denote the index set of all elements 7; satisfying 7, C wg. Then we define
a local mesh size associated to the basis function ¢y by

- 1
(2.4) hi = s Y W fork=1,..., M.

#1 (k) leI(k)

Here and in the rest of the paper, # denotes cardinality. Since the mesh 7}, is
assumed to be locally quasiuniform, there exists a positive constant v > 1 not
depending on A such that

~

(2.5) 7—15%5§7 foralll € I(k), k=1,..., M.
l

We define J(I) to be the set of indices of the vertices in 7;. Note that an inverse
inequality holds locally [4], i.e.,

(2.6) th”Hl(Tz) <c- hl_l . ”’Uh”Lz(Tl) for all v" € Vi, 1=1,...,N.
Here and in the remainder of the paper, we use ¢ with or without subscript to

denote a generic positive constant which is independent of h.

3. QUASI INTERPOLATION

To prove the stability estimate (1.2) we need to use a projection operator Pj
which is stable in H'(2) and which satisfies local error estimates in L?(7;) valid
on all finite elements 7; for [ = 1,..., N. For this we will use the concept of quasi
interpolation operators first introduced by Clement in [5]; see also [8].

We define local trial spaces of piecewise linear continuous functions by

(3.1) ViE = {v|, @ veEVL}

Let Qﬁ denote the L? projection onto V,f. We clearly have
1Qkull 2@ < lullz2@wy),

”(I - Qlli)u”L%wk) S C- hk . IUIHl(wk)-

Moreover, since the mesh is assumed to be locally quasiuniform, we have (see, e.g.,

31)

(3.2)

(3.3) ”Qﬁu”Hl(wk) <ec- ”u”Hl(wk) for all u € Hl(wk),
fork=1,...,M.
Now we define a quasi interpolation operator by
M
(34) (Pru)(@) = Y _(Qku)(zx) - w(x).
k=1

It is easy to check that Py is a projection. Moreover, P, is stable in H1({2) and
satisfies some local error estimates as asserted in the following lemma.

Lemma 3.1. Let u be in H*(2). There exists a positive constant ¢ independent of
h such that

(35) ”(I_Ph)u”L2(Tl) <c- Z ’Alk:'|u|H1(oJk) fOT‘ l:]-’)N
keJ()

Moreover,

(3.6) ”PhU”Hl(Q) <c- “u”Hl(Q) for allu € HI(Q)
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Proof. The proof follows the gene~ral ideas already given in [5]. Let 7; be an arbitrary
but fixed finite element and let k£ € J(I) be a fixed index. For z € 7; we have the
representation

(Pu)(@) = @@+ Y [@w)e) - (@Fu)(en)] erle).
ke€J(1),k#k

Let s =0,1. Note that

lorll sy < c.hln/2—s‘

Then, using (3.2) and (3.3), it follows that

(T = Pa)ullasiry < er-hl™® - fulany

tea BP0 N (QRu) (k) — (QFu) ()]

keJ(l),k#k
Now
[ | psry < ¢ by ™2 ([0 |l p2(ry for allo® € Vi, 1=1,...,N.
Thus, (3.2) gives, for z; € 7,
(QFw) (zx) — (QFw)(zx)| < [1QFu — QkullLoy(r)
—n/2 k

<c b ™ |Qku— Qhullz2(ry

<P {Juli g + Ul g }
Hence,

(T = P)ullmsemy < eo > By ulmiuy)
ke ()

for s =0,1and [ = 1,...,N. Using this estimate for s = 0 gives (3.5), while for
s =1 we get (3.6) by summing over all elements. O

4. MAIN RESULTS

In this section, we will formulate and prove the main result of this paper, the
stability estimate (1.2) assuming some appropriate mesh conditions. For this, we
define local weights

(4.1) Yk = Z h; % ||ka||%2(”) fork=1,...,M.
le1(k)

In addition, for each element 77, we define local matrices G;, D; and H; by
Gl[j7 7’] = <90£790§‘>L2(n): D, = diag (”‘pé”%2(n)> , H;= diag (’%) )

for 4,5 = 1,2,3 Here ¢} and ¢! are the basis functions corresponding to the ith and

jth vertex of the Ith element, respectively, while fzi is the related value of h.
Now we are able to formulate local conditions to be used in the remainder of
this section, specifically,

(4.2) (Hl_lGlngl,gl) > ¢ (Dlgl,gl) for all 2t € R#*/(),

Here (-, -) denotes the inner product on R#/(),
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Remark 4.1. Let H denote the diagonal matrix,
H = diag (ﬁk) .

For u € RM, define v = Hu and w = H 'u. The corresponding finite element
functions are given by

M M M
h h h
uh = wek, 0" = vek, W' =) wiek.
k=1 k=1 k=1

We note that (H; 'GHu!,u!) = (v", w")2(,,), where u' denotes the components
of u associated with the element 7;. By local quasiuniformity, (4.2) is thus equivalent
to

(4.3) w122y < (0", W) L2y
If all of the simplices have the same measure then Hl_lGlHl = Gy, so

<vh7 wh>L2(Tl) = <uh: uh>L2(Tl)

and (4.3) is trivial. The inequality will still hold provided that the measures of
neighboring simplices do not vary too much. Explicit local conditions on the mesh
for the case of piecewise linear elements are given in Section 6.

The following result is the main theorem of this paper.

Theorem 4.1. Let condition (4.2) be satisfied. Then the L? projection Qp, : H'(Q)
— Vi, € HY(Q) is stable. In particular, there exists a positive constant c indepen-
dent of h such that

(4.4) ||th||H1(Q) <c-: ||v||H1(Q) for allv € Hl(Q)

The proof of this theorem depends on the following lemma. A similar estimate
was used in [2] to construct spectrally equivalent multilevel preconditioners in finite
element methods in the case of globally quasiuniform meshes. The proof of the
lemma will be given in the next section.

Lemma 4.1. Let condition (4.2) be satisfied. Then there exists a positive constant
¢ such that

< d (v", o) 2 (0 ’
(4.5) Dok W ey < e ) [———()-]

=1 k=1 hg - ||‘Pk“L2(Q)
for all vh € V.

Proof of Theorem 4.1. Using the triangle inequality, (3.6), and (2.6), we get

N
”Qh"’”%[l(n) < 2 {“th”%(l(ﬂ) + Z (@Qr - Ph)””?vl(n)}
=1
N
< c {HUH%P(Q) + th—Q |(@n — Ph)v||2L2(n)} :
=1
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From Lemma 4.1 and the Schwarz inequality it follows that

N M 2
SR @ - Pl < e Y [«Q” - P”)”””’””“”}

=1 =1 b - okl z2(o)

2
! l«I—Ph)v,soknz(wk)]
P - lokll 2o

I
e
HNE

1

IN
o
M=

b2 11 = Pu)ol3auy)

e
Il

1
Hence, the assertion follows from (3.5). O

5. PROOF OF LEMMA 4.1

In this section, we prove Lemma 4.1. We start by introducing some notation.
We define two additional M x M diagonal matrices given by

(5.6) D, = diag (%), Dy = diag (he-llenlla)
where hy, and -y, are defined as in (2.4) and (4.1), respectively. The first step in the
proof of Lemma, 4.1 involves estimating the inverse of a scaled Gram matrix.

Lemma 5.1. Let assumption (4.2) be satisfied. Then there exists a positive con-
stant ¢ such that

lzllz < c-||Az|l2 for allz € RM
where A is the scaled Gram matriz defined by
(5.7) A = D,'GD;!
and G is the Gram matriz Gij = (@i, 95) L2() -

Proof. Let u, u!, v, w, u, v" and w" be as in Remark 4.1. Setting G = H-1GH
and using (4.2) gives

N
(Gu,uw) = (Guw) = " w")2q) = > (V" uw") 2
=1
N N
= > (H'GHY W) > Y (D, u) = ¢ (D, w).
=1 =1

Here D is the diagonal matrix with entries ||90k||%2(g)~ Let DY/2 = diag(||¢kllr2(0))-
From

co-|DYV?%ul} = co- (Du,u) < (Gu,u)
= (D7Y?Gu,D'*u) < | DM?Gullz|| D ?ul ),
we conclude that
co- |DY?ully < |D"Y2Gul, for allu € RM.
Taking 4 = D u gives

co - |DV2D )|, < |D7Y2D,D; GDS als = |D~Y2D, Aills,



ON THE STABILITY OF THE L? PROJECTION IN H(Q) 153

where A = D, léD; L. The ratio of the diagonal entries satisfies
D2k, k] llorllzz @) i

Dk k] =TIE “

71k, ¢ > ekl 2

leI(k)

Y

and

Dylk, k) e llonllzae _
DYk, H — lenllzem

forall k=1,...,M. Thus,
c-|Hily < |HAG|, for alla e RM.
Taking x = Hu above gives

c- |z, < |HAH 'z|s = |[HD;'H'GHD H 'z|> = || Azl

o>
e

for all z € RM. This completes the proof of the lemma. O

We now give the proof of Lemma 4.1.

Proof of Lemma 4.1. Let v € RM™ and set v = 224:1 vk € Vh. Then, the left
hand side of (4.5) is bounded by

N

- h
> b e
=1

IA
®
M=

hi? > 3 eellie
1 keJ(l)

o > b llekllzagn

leI(k)

M
=c- )zt = c |zl
k=1

1
where z;, = Y,v;. The right hand side in (4.5) is

Ms M= I

el
Il

2 2
M T, o) 20 _ v [ (©5,0K) L2(Q)
Woodrw | _ 53|35, (noduo
i1 Lhwlloellza @) k=1 | j=1 kllewllz2(
M [ M 2
_ Z Z (@5, Pr)12(9)
k=1 | j=1 = %th(PkHLz(n)
M
2
= Y [(Az))® = | Azll3,
k=1
using the matrix definition (5.7). Hence, (4.5) follows from Lemma 5.1. O

Although we only considered the case of piecewise linear basis functions, the
same approach may be used for higher order piecewise polynomial finite element
spaces. In addition, the case of Vj, C H}(2) with basis functions vanishing along
the boundary 00 can be treated with only slight modifications. In this case we
consider the index set I(k) only for nodes zj associated with a basis function
@k € V. Then all proofs given above apply. Note that the dimension of the local
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matrices for boundary simplices decrease since the rows and columns corresponding
to boundary nodes do not appear.

6. FINITE ELEMENT SPACES

The stability estimate in Theorem 4.1 is based on the condition (4.2). If we
define the symmetric matrix

1
(6.1) G} = 3 [H,GH; ' + H; 'G,H,],
then (4.2) is the same as
(6.2) (GPzy, ) > co- (Dizy,z;) forallz, € R#*7(),

Let 7; in 73, be an arbitrary element. Note that #J(I) = n+ 1. A simple compu-
tation shows that

2
(n+1)(n+2)’

where [ is the identity matrix in n + 1 dimensions. Moreover,

(6.3) D, = dn- AT withd, =

1

where the matrix A; is defined by

4 for i =7,
. 5 il .
Al 5] = h_i_i_fll for i # j i,j=1,...,n+ 1.
AL R ’
j i

Here ﬁg is the value of & corresponding to the jth vertex of the /th element. Hence,
to show (6.2) it is sufficient to consider the eigenvalues {);} of the matrix A;. To
this end, we give the following proposition.

Proposition 6.1. Let ai,...,a, 1 be real numbers with o # 0 for i =1,...,
n+ 1, and consider the matriz

o fta rizi
Ali,j] = Qi % fori # 7, i,7=1,...,n+ L
&%} (67

Then, all eigenvalues of A are in the set {\y, A_, 2}, where

n+1 n+1
(6.5) Ar=34nE,|> 0> o
i=1 i=1
Proof. We first consider the case when aj,aq,...,an41 are not all equal. Let

M, = (ai,02,... ,an41)t and M_ = (a7t o5t ,oz;_ll_l)t. Then A = 21 + N,
where N = M_-M/, + M - M*.. Note that the matrix N is symmetric with range
equal to the two dimensional subspace spanned by M and M_. Thus, zero is an
eigenvalue of N with multiplicity n — 1. We need only compute the two remaining
eigenvalues. By expanding the corresponding eigenvectors in the basis {M,,M_},
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it is elementary to see that the remaining two eigenvalues of IN are eigenvalues of
the matrix
n+1

n+1 Y a?
i=1
n41 9
Yoot n+1
i=1
The proposition immediately follows for this case.
If o1 = a2 =+ = apy1 then My and M_ are linearly dependent, so 2 is an
eigenvalue of A with multiplicity n. The remaining eigenvalue is Ay = 2n+4. This
completes the proof of the proposition. O

It follows from (6.4) that the local condition (6.2) is satisfied if all eigenvalues
of A; are strictly positive and bounded away from zero. By the proposition, this is
equivalent to

n+1 n+1
(6.6) B4n— D ()2 (A)? > c
=1 i=1

with ¢ independent of 7;. Inequality (6.6) provides a mesh constraint for adaptive
triangulations.

Remark 6.1. We can satisfy (6.6) for any 0 < ¢ < 2 provided that we design a mesh
which gives rise to a v (in (2.5)) sufficiently close to one. It immediately follows
from (2.5) that

n+1 n+1
B4n— | > (A2 (A2 > 2— (n+1)(+* - 1).
i=1 i=1
Thus (6.6) holds if
<1+ 2—c
= n+1"

Thus, a mesh gives rise to an H'() stable L? projection provided that the change
in measures of neighboring simplices are controlled.

Finally, if a finite element mesh 7}, is given, the mesh condition (6.6) and there-
fore the stability assumption (4.2) can be checked explicitly (by direct computa-
tion). To illustrate the applicability of the mesh condition (6.6), we consider an
adaptive finite element mesh for n = 2 as shown in Figure 1, generated by an
adaptive algorithm described in [10]. In Table 1, we give values for

N (R TR

=1 i=1

as a function of the refinement level L and the number of finite element nodes M.

TABLE 1. Computational results for ¢

0 1 2 3 4 5 6 7 8 9
17 | 28 | 83 | 87 | 155 | 291 | 532 | 1034 | 2003
2.00 193|159 |152(152|1.66|1.61|1.09| 1.49 | 1.50

ol
o
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FIGURE 1. Adaptive finite element triangulation

REFERENCES

[1] A. Agouzal, J.-M. Thomas, Une methode d’elements finis hybrides en decomposition de
domains. Math. Modell. Numer. Anal. 29 (1995) 749-764. MR 96g:65115
[2] J. H. Bramble, J. E. Pasciak, P. S. Vassilevski, Computational scales of Sobolev norms with
applications to preconditioning. Math. Comp. 69 (2000), 463-480. MR 2000k:65088
[3] J. H. Bramble, J. Xu, Some estimates for a weighted L? projection. Math. Comp. 56 (1991)
463-476. MR 91i:65140
[4] P. G. Ciarlet, The Finite Element Method for Elliptic Problems. North-Holland, 1978. MR
58:25001
[5] P. Clement, Approximation by finite element functions using local regularization. RAIRO
Anal. Numer. 9 R-2 (1975) 77-84. MR 53:4569
[6] M. Crouzeix, V. Thome¢, The stability in L, and W, of the L2-projection onto finite element
function spaces. Math. Comp. 48 (1987) 521-532. MR 88f:41016
[7] W. McLean, O. Steinbach, Boundary element preconditioners for a hypersingular integral
equation on a curve. Adv. Comput. Math. 11 (1999) 271-286. MR 2000k:65236
(8] L. R. Scott, S. Zhang, Finite element interpolation of nonsmooth functions satisfying bound-
ary conditions. Math. Comp. 54 (1990) 483-493. MR 90j:65021
[9] H. Schulz, O. Steinbach, A new a posteriori error estimator in direct boundary element
methods. The Neumann problem. Multifield Problems. State of the Art. (A.-M. Séndig, W.
Schiehlen, and W. L. Wendland, eds.) Springer-Verlag, Berlin, 201-208, 2000.
[10] O. Steinbach, Adaptive finite element—boundary element solution of boundary value problems.
J. Comput. Appl. Math. 106 (1999) 307-316. MR 2000b:65225
[11] O. Steinbach, On a hybrid boundary element method. Numer. Math. 84 (2000), 679-695.
MR 2001a:65154
[12] O. Steinbach, W. L. Wendland, The construction of some efficient preconditioners in the
boundary element method. Adv. Comput. Math. 9 (1998) 191-216. MR 99j:65219
[13] L. B. Wahlbin, Superconvergence in Galerkin Finite Element Methods. Lecture Notes in
Mathematics 1605, Springer, Berlin, 1995. MR 98j:65083

DEPA 'MENT OF MATHEMATICS, TEXAS A & M UNIVERSITY, COLLEGE STATION, TEXAS 77843
E-mail address: bramble@math.tamu.edu

DEPARTMENT OF MATHEMATICS, TEXAS A & M UNIVERSITY, COLLEGE STATION, TEXAS 77843
E-mail address: pasciak@math.tamu.edu

MATHEMATISCHES INSTITUT A, UNIVERSITAT STUTTGART, PFAFFENWALDRING 57, 70569
STUTTGART, GERMANY
E-mail address: steinbach@mathematik.uni-stuttgart.de



