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CONVERGENCE OF THE MULTIGRID V-CYCLE ALGORITHM
FOR SECOND-ORDER BOUNDARY VALUE PROBLEMS
WITHOUT FULL ELLIPTIC REGULARITY

SUSANNE C. BRENNER

ABSTRACT. The multigrid V-cycle algorithm using the Richardson relaxation
scheme as the smoother is studied in this paper. For second-order elliptic
boundary value problems, the contraction number of the V-cycle algorithm
is shown to improve uniformly with the increase of the number of smoothing
steps, without assuming full elliptic regularity. As a consequence, the V-cycle
convergence result of Braess and Hackbusch is generalized to problems without
full elliptic regularity.

1. INTRODUCTION

In this paper we consider the effect of the regularity of a second-order elliptic
boundary value problem on the asymptotic behavior of the contraction number of
a V-cycle multigrid algorithm with respect to the number of smoothing steps.

Let © be a polygonal domain in R? with reentrant corners. Consider the varia-
tional problem of finding v € HE(2) such that

(1.1) a(u,v) = F(v) Yo e Hy (Q),
where F' € H™1(2), the dual space of H}(Q2), and

(1.2) a(u,v) = /Qh)(a:)Vu Vo4 r(z)w]dz  Yu,v € H(Q).

We assume that p(z) and r(z) are C* on €, p(x) > 0 on €, and r(z) > 0 on Q.
It is clear that

(1.3) |a(1)1,’U2)| < C||U1||H1(Q)||’U2||H1(Q) Yy, vg € Hl(Q),
and the Poincaré inequality implies that
(1.4) a(v,0) > cloldngg Vv e HY(Q).

Here C and c are positive constants which depend on  and the coefficients p(z)
and 7(z).
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The estimates (1.3)—(1.4) and the Riesz representation theorem imply (cf. [16,
14]) that (1.1) is uniquely solvable and

(1.5) lullzr @) S IFE-1@) -

In order to avoid the proliferation of constants, we henceforth use the notation
A < B (or B 2 A) to represent the inequality A < constant x B, where the constant
is positive and independent of all the variables in the inequality, and it is always
assumed to be mesh-independent (i.e., it is independent of mesh sizes and mesh
levels). The notation A =~ B is equivalent to the statement that A < B and B < A.

Because of the presence of reentrant corners, the solution of (1.1) does not have
H?(Q) regularity for F' € Ly(Q2). Instead (cf. Corollary 5.12 and Section 14 of [18],
and also the related work in [21, 27]), there exists a number « satisfying

1
=< 1
D) a <

such that v € H**(Q) N H(Q) for F € H~17%(Q), and the following regularity
estimate holds:

(1.6) llull grveo) S NFlE-1+e(q) -

Let 77 be a triangulation of €2, and the triangulations 7y, k = 2,3,..., be ob-
tained from 7;_; by connecting midpoints. The P; finite element spaces associated
with the triangulations 7; will be denoted by Vi. The k*® level discrete problem
for (1.1) is to find ug € Vi such that

(1.7 aug,v) = F(v) Yo e V.
On each level we introduce a discrete inner product
(1.8) (v, v2)k = h Y ni(Pva(p)  Vui,vz € Vi,
PEVE

where Vi is the set of all the internal vertices of 7. We can then represent the
variational form a(-,-) on Vi x Vi by the operator Ay : Vj, — Vj, defined by

(1.9) (Agvi,vo)k = a(vi, va) Vo, v2 € Vi

Note that Ay is symmetric positive definite with respect to (-, )k.
The discrete problem (1.7) can be rewritten as

(1.10) Akuk = fk ,
where fi € Vi is defined by
(1.11) (fk,'l})k = F(’U) Vv e V.

The V-cycle multigrid algorithm (cf. [23, 25, 5, 10]) is an iterative solver for
equations of the form (1.10). Given g € V; and initial guess 29 € Vi, it produces
MGy(k, g, 29, m1, m3) as an approximate solution for the equation

(1.12) Az =g,

where my (resp. myz) is the number of pre-smoothing (resp. post-smoothing) steps.
The following are the known results concerning the convergence of the V-cycle
multigrid algorithm.
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In the case of full elliptic regularity where o = 1, Braess and Hackbusch [22, 4, 23]
(cf. also [1, 25, 7]) proved that there exists a positive mesh-independent constant
C such that

(113) ||z—MGv(k,g,z0,m1,m2)||a
C
< - a
~ | C + [max(my, 1) max(mag, 1)]1/2 Iz =zl
for my + mgq > 1, where the energy norm || - ||, is defined by

(1.14) lvlle = vVa(v,v) Vv € Hy ().

For the case where @ < 1, Zhang [33] and Bramble and Pasciak [8, 9] (cf. also
[31, 32, 20, 11, 28]) showed that there exists a positive constant § < 1, independent
of the meshes and the number of smoothing steps, such that

(1.15) |z — MGy(k, g, 20, m1, m2)|la < 8llz— 20lla-

Note that, in contrast to (1.13), the estimate (1.15) does not indicate that the
contraction number of the V-cycle algorithm decreases with the increase of the
number of smoothing steps.

In this paper we develop a new additive approach to the convergence of the
V-cycle algorithm and obtain the following estimate (cf. Lemma 6.8):

(116) ”Z - MGV(kag7 20 0) m)”a 5 m_a/2||z - ZO”“
for m sufficiently large. Combining (1.15) and (1.16), we have (cf. Theorem 6.9)
(117) ||Z—MGV(k,g,ZO,m1,m2)”a

C
<
~ | C + [max(myq, 1) max(ma, 1)]*/2
for my + mo > 1, where the positive constant C' is mesh-independent. In other

words, the estimate (1.13) is generalized to boundary value problems without full
elliptic regularity.

Iz = 2olla

Remark 1.1. The new result (1.17) is obtained only for the V-cycle algorithm us-
ing the Richardson relaxation scheme as the smoother (cf. Section 2), while the
estimates (1.13) and (1.15) are valid for many other smoothers. The generalization
of (1.17) to other smoothers will be investigated in future work.

The rest of the paper is organized as follows. The multigrid V-cycle algorithm
with the Richardson relaxation scheme as the smoother is described in Section 2.
Tools for the analysis of the multigrid V-cycle algorithm are developed in Sec-
tions 3-5. The estimates (1.16) and (1.17) are then proved in Section 6.

2. A MULTIGRID V-CYCLE ALGORITHM

In this section we describe the V-cycle multigrid algorithm with Richardson
relaxation as the smoother. First we note that the P; finite element spaces Vj are
nested, i.e.,

(2.1) VicVacC---C Hy(Q),
and the mesh sizes hy = maxrer, diamT are related by
(2.2) hk = 2hk+1 for k= 1,2,3, cee s
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Tt is also easy to see that the mesh-dependent inner product defined by (1.8) satisfies
(2.3) (v,v)g =~ ||v||%2(Q) Vv e Vg,

and then (1.3) and a standard inverse estimate (cf. [16, 14]) imply that the spectral
radius p(Ay) satisfies

(24) p(Ar) S hp?.
The computation of MGy (k, g, z0, m1, m3) is defined recursively as follows.
Algorithm 2.1. For k = 1, we define
(2.5) MGy(1,g,20,m1,mz) = AT'g.
For k > 2, we obtain MGy (k, g, 20, m1, mg) in three steps.
1. (Pre-Smoothing) For j =1,2,...,m;, compute z; by
1
(2.6) 2 = zj-1+ (9 — Akzj-1).
k
2. (Coarse Grid Correction) Compute 2, +1 by
(2.7) Zma41l = 2Zmy + MGy (k — l,I,’j_l(g — AkZm,),0,m1, ma) .
3. (Post-Smoothing) For j =m; +2,... ,m1 + mgy + 1, compute z; by
1
(2.8) zj = zj—1+ K——(g — Apzi_1).
k
Finally we set MGy (k, g, 20, m1,m3) t0 b€ Zm; +my+1-
In (2.6) and (2.8), the number Ay satisfies

(2.9) p(Ak) < A,
and the intergrid transfer operator I, ,’j_l : Vi — Vi—1 in (2.7) is defined by
(2.10) (I,I:_lv,w)k_l = (v, w)g VoeVi,we Vi_1.

In view of (2.4), we can always take Ay = C’h,;2, where the positive constant C' is
mesh-independent.

Next we recall briefly some well-known formulas that describe the errors of V-
cycle algorithms. More details can be found in [26, 23, 5, 10].

Let Eim,m, : Vi — Vi be the operator connecting the initial error and the
final error of the multigrid V-cycle algorithm applied to (1.12), i.e.,

(211) Ek,ml,mz(z - ZO) =z—= MGV(k7ga Zo,ml,mg) .

The operator Ey m, m, can be described in terms of the Ritz projection operators
Py : H}(Q) — Vj, defined by

(2.12) a(Pi¢,v) = a(Cv) V(€ Hy(Q),v e Vi,
and the operators Ry : Vi — Vj, defined by
1

(2.13) Ry = Tdy - -

Aka

where Idy is the identity operator on Vj.

Remark 2.2. Tt follows immediately from (1.14) and (2.12) that
(2.14) 1PeClla < lI¢lla V¢ e Hy(Q),
(215) 16~ Pecla = nf lc—olla  ¥C € HA®).
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Note that (1.9), (2.10) and (2.12) imply
(2.16) IF'Aw= A 1Pv Yve V.
Using (2.11), (2.13) and (2.16), we can express the effects of (2.6)—(2.8) as
z—2Zm, = Ry (2 — 20),
(2.17) Z— Zmi41 = (Id;c — P+ Ek_1,m1,m2Pk_1) (z = 2m,),
Z = Zmytmatl = R 2 (2 — Zmy41) -

Comparing (2.11) and (2.17), we obtain the recursive relation

(2.18)  Eimymov = Rp? (Idk — Poe1 + Ek—1,my,m, Pe—1) R0
Voe Vi, k>2,

and of course we also have (cf. (2.5))
(2.19) Eimimev =0 Yve V.

In particular the operators Ex,m = Ey,0,m and E} ,,, = Ey m,o satisfy

(2.20) Egmv = Ry (Idg — Pe—1 + Ep—1,mPr—1)v YveVy,k>2,
(2.21) E1mv=0 VveV,
(2.22) Ef v = (Idx— Peo1+ Ef 1, Poo1)Rf'v Vv e Vi, k>2,
(2.23) Ef,v=0 Vve .

The following well-known relations (cf. [26, 23]) can be derived by mathematical
induction using (2.18)—(2.23):

(2.24) a(Ek,mvl,vz) = (L(’Ul, E,’;,mvg) Yu,ve € Vi,

(2.25) Ermyms = Eemy By, for k=1,2,....

The estimate (1.16) can be rewritten as
(2.26) 1Bk molla S M= olla Vv e Vi

We will establish (2.26) in Section 6 using the following additive expression for
Ek,m, which follows immediately from (2.20) and (2.21).

k
(2.27) Egmv =Y RPR7, - RP'(Pj—Pj1)v  VveV.
j=2

Remark 2.3. The operators Ej m, (k> 2) can also be written as (cf. [5, 10])
(228) Ek,mv = R}T’(Idk - Pk—l + R?_lpk—l) cee (Idk — P2 + RgnP2)(Idk — Pl)'U

for v € V. This multiplicative representation of Ey ., plays a key role in the proofs
of many of the known V-cycle convergence results. Using (2.27) instead of (2.28) is
the point of departure for the new approach to V-cycle convergence developed in
this paper.
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3. CONSEQUENCES OF THE ELLIPTIC REGULARITY

First we note that (1.5) and (1.6) imply a scale of elliptic regularity estimates.
Following the notation in [30, 21], we define, for s > 0, the space H*(Q) =
{v e H}(Q) : 9 € H*(R?)}, where 9 is the trivial extension of v to R?, and

vl 75 () = [0l s (me). The spaces H*(Q) for s > 0 form a scale of interpolation

spaces. Moreover, for s — £ ¢ 7Z, the space H*() coincides with H? (), and the
2 B 0

norms | + || gs(gy and || - ||rs() are equivalent on H*(Q2) = H7(2). Consequently,

for s > 0 and s — 1 ¢ Z, we have H~%(Q) = [H3(Q)] = [H°(Q)] with equivalent
norms.

Let 0 < s < v and u € HJ () satisfy (1.1) for F' € [H'~*()]". The interpolation
theory of Sobolev spaces (cf. [30, 3]) and the estimates (1.5) and (1.6) imply that
u € H$(Q) and

(3.1) [ull zri+s ) S ||F||[ﬁ1—s(n)]f :
It follows from (3.1) that T': H'*$(Q) N HL(Q) — [H'~%(Q)]’ defined by
T¢=-V-(p(z)Ve)+r(z)p

is an isomorphism for 0 < s < «; i.e., T is one-to-one, onto and the following
estimate holds:

(3.2) 1Tl i1-s iy = N9llmrey V¢ € HF(Q) N H(Q).

Moreover, by a density argument, the variational for~m a(+,) has a unique ex-
tension from H§(Q) x H () to [HF#(Q) N H(Q)] x H'~*(£2) such that

(3.3)  a(¢¥)=(Te)(¥) VoeH™ T (QNH;Q),veH ().

The Sobolev spaces H'*$(Q) N HA(Q) and H'~5() satisfy a duality relation
with respect to the extended variational form a(-,-), as stated in the next lemma.

Lemma 3.1. The following estimates hold for 0 < s < a:

(34) (B~ swp PP Vo e H Q)N HAQ),
veH1~2(Q) ||¢||f11—s(n)
P#0
a(g, -
(35 ¥l gi-s) = sup _al®9) Ve H ().
pemits@nug@ ||Pllm+s(@)
¢#0

Proof. The estimates (3.4) and (3.5) follow immediately from (3.2), (3.3) and the
standard duality formulas

F r7l—s
1Pl = s A ypelmr@),
veAI () ||1,/1||H1_s(9)
P#0
F( i,
[l gr-eoy = sup @) Ve H73(Q).

FE[E’FI;;(Q)]' ||F||[ﬁ11—s(€z)]'
|

Lemma 3.1 can be used to measure the approximation properties of the finite
element spaces Vj, in lower order Sobolev norms.
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Lemma 3.2. The following estimate holds:

(3.6) ¢ = Pl ga-eqoy SRRl YOS s <a, (€ Hy().
Proof. There exists an operator (cf. [17, 29]) Z : Hg () — Vj, such that
(3.7) I — Tudller () S hilldlares) Vo€ HF(Q)N Hy ().
By (1.3), (2.15) and (3.7) we have
(3.8) ¢ = Pedlla S Rilldllmirey Vo€ HF(Q)NHy(Q).
Using (1.14), (2.12), (3.5), and (3.8), we can establish (3.6) as follows:
a(p,( — P
peHITs (Q)NH () \\¢>\\H1+s(m
470
(L(¢ - Pk¢a C)

= sup
peHITS (Q)NH () ”¢||H1+5(Q)
$7#0

o = Pdlaliclla
p ~
peHI+S (QNHE () ||¢||H1+s(n)

$#0

A

El¢lla-

4., MESH DEPENDENT NORMS

Following [2] we define the mesh dependent norms || - [|sx (s € R) by

(4.1) Iolls,e = 4/ (Agv,v)e Vv € V.
It is clear from (1.3), (1.4), (1.9), (1.14), (2.3), (2.4), and (4.1) that
(4.2) ol = lvlla = llvllar @) VveVi,
(4.3) lvllo,x ~ vz, Vv e Vg,
(4.4) vl < REClvllex VoeVe,0<t<s<2.
It also follows immediately from (4.1) that
a(v,w

(45 follires = swp 2200 yuewter.

wevy Jwlli—e

In particular, we have the following generalized Cauchy-Schwarz inequality:
(4.6) la(vy,v2)l < lvilliseellvalli-ee  Vor,02 € Vst €R.

These mesh dependent norms are related to the Sobolev norms, in fact (cf.
(2, 12]),

(47) Polo ~ loll ey Vo€V, 0<s <1,

The following smoothing properties of Ry, are well known (cf. [2, 23]):
(48)  IRPulw S Gu/m)lolle Vo eVi,0<t<s<2,
(4.9) IRkvlls i < Nvlls Vve Vi,seR.

The combined effect of the smoothing and approximation properties is given in
the next lemma.
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Lemma 4.1. The following estimates hold for 0 < s < o :
(410)  JRPUdy— Peor)olhoog S mE PR ola Vo€ Vi
Proof. Combining (2.2), (3.6), (4.2), (4.7) and (4.8), we have
I1RY (Idk — Pe—1)vlli-s, S (hev/m)**|lv — Pe—1v[l1-a,k
~ (hev/m)*™*|v — Pe—19| gr1-a(q)
S (hevm)* = *hg_y|[vlla S mC™2hg|v]la -

~

O

Let 8 be a fixed number satisfying 0 < 8 < %. Note that (cf. [13, 30]) Vi C
2
Hy™P(Q) = H'P(Q)N HE (). Later on we will need the relation between |- |14,k

and || - || g1+s(q) stated in the next lemma, whose proof uses the error estimate (cf.
[16, 19, 14])
(4.11) I6 = MiClla S BZNCI s () V¢ € Hy ()
for the nodal interpolation operator IIi, and also (cf. [13]) the estimate
(4.12) ITTkCllmrree ey S ICllameny V¢ € HP(Q).
Lemma 4.2. The following estimate holds:
(4.13) Pollsps ~ [ollmes@ Vo€ Vi
Proof. 1t follows from (3.4), (4.5) and (4.7) that
a(v,w a(v,w
lolss = sup ot~ sup T
wwe;éok 1-8,k 1:06#0]‘: Hl—B(Q)
< sup a(%w) S ||’U“H1+ﬁ(9) Vv eVg.

peAl-B(Q) “d’”ﬁl—ﬁ(g)
$#0
To prove the converse, we first observe that, since Vj C H§+ﬂ (Q), the Ritz
projection operator Py can be extended to H'~#(Q), by (3.3), so that
(4.14) a(v, Peyp) = a(v, ) YveVi,pe HAQ).

Let ¢ € HiT(Q) be arbitrary. We find, by (3.4), (3.8), (4.2), (4.11), (4.12),
(4.14) and standard inverse estimates,

a(¢, Peyp) = a(Pe¢ — i, ¥) + (e, 9)
S ||¢||1?1—6(Q)(||Pk¢ - Hk¢||H1+ﬁ(n) + ||Hk¢||H1+ﬁ(Q))
Sl 1oy (B P11Ped — Tl (o) + |6l ree o))
S ¥l gr-s@llellars) »
which, in view of (3.5), implies
(4.15) ||Pk1/1||ﬁ1—ﬁ(n) S ||1/1||ﬁ1—6(n) :
Let v € Vi be arbitrary. We have, by (4.6), (4.7), (4.14) and (4.15),
a(v,¥) = a(v, Peyp) < [[vll1+pxlPeplli-p.x
S vl k1 Pedbll g1-s
Sholisgel¥llgio Vo€ HTP(Q),
and therefore, in view of (3.4), ||v||g1+e() S lvli+s,k Vv € Vi. d
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5. RELATIONS BETWEEN MESH DEPENDENT NORMS ON CONSECUTIVE LEVELS

Our goal in this section is to show that, given any 6 € (0, 1], we have

—4;2
(5.1) 1013 g 41 < (L+OD)IE gk + COT' R0 Vo€ Vi,

—4;2
(52 ITervll_pp s < (14 0olipp + CORPI0]2 Vo eV,
where 3 is the number chosen in Section 4, and C' (and any other constant in this
section and the next) is a generic positive constant independent of the meshes and
6, which can take different values at different places. The estimates (5.1) and (5.2)
play a key role in the convergence analysis in Section 6. Their proofs involve several

lemmas.
Let us first introduce another mesh dependent inner product ((-,-))x on Vj:

(5.3) (vi,v2)e = B3 Y n(P)vi(P)va(p)  Yovr,vz € Vi,
PEV

where the function n(-) is defined by
1
(5.4) n(p) = e (the number of triangles in 7, that have p as a vertex).

It is easy to see from (5.4) and the construction of 7 that n(-) is independent of
mesh levels, and

(5.5) nip)=1 for peVi\V:.
The operator A : Vi, — V} is defined by
(5.6) ((Akvl,vl))k = a(vl,vz) Yo, v € V.

We can then define the corresponding mesh dependent norms by

(5.7) llolls,x = 1/ (Azv1, v2))k -

Remark 5.1. It is clear that all the properties of || - || stated in Section 4 also hold
for || - ||. A V-cycle algorithm can also be defined by replacing the inner product
(+» )& with ((-,))x throughout Section 2. The two algorithms are different only by a
diagonal preconditioner in the smoothing steps. For the algorithm based on ((-, "))k,
the analysis in Section 6 can be carried out using the simpler estimates (5.8) and
(5.11) below.

Our plan is to first prove the (simpler) analogs of (5.1) and (5.2) for the new mesh
dependent norms, and then obtain (5.1) and (5.2) through the relation between the
norms [ - [l and || - fl1-p.&-

Lemma 5.2. The following estimate holds:

(5-8) lolh—skr1 < Molli-pr Vv e V.
Proof. 1t is clear from (5.6) and (5.7) that

(5.9) lolls et = llvlla = Wollee Vv € V.

Let the parents of ¢ € Viy1 \ Vi be denoted by ¢’ and ¢”, i.e., ¢',q¢" € Vi and
q is the midpoint between them. Note that each p € Vj is the parent of exactly
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6n(p) many vertices in Viy41 \ Vi. Let v € Vi, be arbitrary. Using (2.2), (5.3) and
(5.5) we can estimate [[v[|3 ., by

||||v||||3,k+1=hz+1(2n<p>[v<p>12+ ) [v<q>]2)

PEVE 9€Vi+1\ Vi
’ 12
Y @) + R
ko (1,;,0 qevg\\% [ 2 ] >
v N12 v 11\12
< th( S apper+ Y U 2[ = )
pEV q€Vk+1\Vk
= hi+1( Z n(p)[(p)]” + Z 6n(p) )
PEVs PEVy
=2 > n@)®) = llvll5, -
PEV
Hence we have
(5.10) llolloe+r < Mvlloe Vv € Vi.

The estimate (5.8) follows from (5.9), (5.10) and interpolation between the (real)
Hilbert scales (Vi, [ - lls,x) and (Vit1, | - lls,e+1) (cf. Theorem B.4 in [5]). O

Lemma 5.3. There exists a positive constant C such that
(5.11) L1l p s < (1467 0lF_g + CO2 R |02
Vo e (0,1], v € Vg.
Proof. We have, by (1.14), (2.2), (4.11), (5.9) and the analog of (4.13) for || - [l1+s,k,
2
-0l o1 < (Iolla + [lv = Ti-1v]la)
(5.12) < L+ 0%)|oll3 + (1 +67%) v — —1o|;
< U+l + b hP ol g Yo € Vi

Let the parents of p € Vi \ Vk—1 be denoted by p’ and p”. Given any v € Vi, we
have the following elementary estimate:

@) | @)
2 + 2
(513 = @ [v(z;’) —e)” , () + [v(p2~> o))
< @+ + (40 (LA RED Z )

Summing up (5.13) over all p € Vi \ Vk_1, we find
(5.14) 3 Zn(q)[v( < (1+6%) Z [v(p))? + cab™ 2|'U|H1

qEVE_1 © pEVE\Vi-1
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It follows from (2.2), (5.3), (5.5), (5.14) and the analogs of (4.2) and (4.4) for ||-[|s,x
that

1Y n(@b(@)?
qE€EVE -1
(5.15) <hi | Y n@P@P+(1+06%) Y @) e 2 (ulh g
_(IEVk—l PEVE\ Vi1

<Shp [(146%) Y n@)®)? +es6 2ol

PEVE

<+ ollg i+ cab 2Rl MolG. Vo€ Vi,
Let C = max(cy, c4). Observe that
(L+)oll2 e + CORE Mol 5 = (Ajv,v)e Vv € Vi,
where the inner product (-,-)g is defined by
(v1,v2),6 = (1 +62)((v1,v2) + COT2R (AQwr,va)e Vi, vz € Vi

Therefore, for each k, the spaces (Vi, \/ T+602)| -

a Hilbert scale.
By interpolating (5.12) and (5.15) between the Hilbert scales (Vi—1, || - [ls,x—1)

and (Vi, /(1+ 62 12+ CO=2h | - 12, 5.5 ), we have

(5.16)  Ii—10llf_p iy < L+ OO0 _p + COHLIIT . Vv € Vi,
The estimate (5.11) follows from (5.9) and (5.16). O

s L +CO thﬂ & ||||s+/3 ) form

Remark 5.4. It is important that the interpolation between (real) Hilbert scales is
exact (cf. Theorem B.4 in [5]) so that no additional constant appears in front of
the term (1 + 62)[Jvll?_g . on the right-hand side of (5.11).

The following lemmas relate the two mesh dependent norms.
Lemma 5.5. There ezists a positive constant C' such that
(5.17) |||v||| k< (1+ 92)||| “hillvlz VO €(0,1], v e Vi,
(5.18) I | “4h2 ||v||? vée (0,1, ve V.

Proof. We will only establish (5.18) since the proof of (5.17) is completely analo-
gous. Also it suffices to show that

(5.19) lvllls , < (1+C"¢7?)
Let D = diam Q and

C"OR Nl YvEVi, L=12,....

d= miy [p—d
p#q

be the minimum of the distances among the distinct vertices of 7.
It is clear from the analog of (2.3) for || - [Jo,x that, for £hy > &

(5.20) WollE . < crthRllvlzpn ey Yo € Vi,
and (5.19) follows.
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FIGURE 1

In the case where fhy < %, we define for each ¢ € V; the (open) polygon £,
whose vertices are those points in V that belong to the edges in 7; and which are
£ steps away from ¢. The Qg’s for an L-shaped domain are depicted in Figure 1,
where k =4 and ¢ = 3.

It is easy to see that the € ’s are pairwise disjoint and

(5.21) diam Q =~ Chy, .
Let v € Vi and K = U ¢y, Q- By (5.5) we have
(5.22) he > n@b@)? =hi Y @)
PEVE\K PEVL\K

Let ¢ € V;. We can estimate the contribution of the vertices of 7 in Qq to the
left-hand side of (5.19) by

hi > np)(p)?

PEVENSY

(5:23) =R S @) (v + [o(p) —vg))’

pevkﬁﬁq

SA+HREL D n) |2+ A+ 4R D nd)[vp) - v,
PEVENQ, PEVEN,

where the number v, is defined by

1
5.24 ) =—/ vdr.
(524 =100 o,

A direct calculation using (5.21), (5.24) and the Bramble-Hilbert lemma (cf.
[6, 19]) shows that

(5.25) i Y n@)pp) = vl < callv —vgllT, 0, < cslhilfinq,) -
pevknﬁq '
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Using (5.5) we have
(5.26) Yonp) =@ -+ >, 1<+l 1.
PEVENQ, PEVLNQ, PEVLNQY,
We find from (5.23), (5.25) and (5.26) that

(5.27) K2 Z n(p)[v(p))? < (1+05£-2)h§( Z v§> + cel*hilvlF(q,) -

pevknﬁq pevkﬂﬁq
On the other hand we also have, by (5.25),

(5.28) e Y vy S+ Y @)+ L+ R D [vg — ()

PEVENQ, PEVENQ, pEVEN,
S+ L2RED @) + et b vlin g,
pEVkﬁQq

Combining (5.27) and (5.28) we obtain

(529) 2 Y n@EPE)?< (1 +eslhE Y ) + ol B o3 g, -
PEVILN, PEVENQ,

The estimate (5.19) is established by summing up (5.22) and (5.29) (over all
q €Vy). O

Lemma 5.6. There exists a positive constant C such that
(5:30)  [ol-px < (1 +67)M0li_p e + CO*RI0]Z VO € (0,1], v e Vi,
(5:31)  olli—pe < A+ 60oli_p +CO*REI0IZ VO €(0,1], v E V.

Proof. The estimates (4.2), (4.4) and (5.18) imply that there exists a positive con-
stant C such that

(5.32) ol < (1 + 6%l + CO R IolG e Vo € Vi
On the other hand it follows from (4.2) and (5.9) that
(5:33)  Wollfx = lolf e < 1+ 0Ol +CO*hP ol ypr Vo€ Vi

The estimate (5.31) follows from interpolating (5.32) and (5.33) between the

Hilbert scales (V, | - lls,x) and (Vi, \/ L+ 62012 + OO RN - 2y 5. )-
The proof of (5.30) is similar. O

The estimates (5.1) and (5.2) follow from Lemma 5.2, Lemma 5.3 and Lemma 5.6.

6. CONVERGENCE ANALYSIS OF THE V-CYCLE ALGORITHM

Let us first introduce some operators that will simplify many expressions in the
convergence analysis. For 2 < j < k, the operator Ty ;,m : V; — Vi is defined by

(6.1) Togom = R By - Ry,
and the operator T} i m : Vi — V; defined by
(6.2) Tjkom = PjRY 1 -+ Peo1 REY

is the transpose of T} ; ,, with respect to the variational form a(-,-). The operator
Tk, k,m is defined to be the identity operator Idy on Vj.
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Remark 6.1. It is more precise to write
Trjm = RZLIIIcc—lR;cn—lIllcc:; Rg+1fJJr1 )
where [ f“ : Vo — Vpy1 is the natural injection. Such natural injections have been
suppressed in Section 2 and (6.1).
Let K > 2 be an arbitrary but fixed integer and
(6.3) vk = (Py — Pg—1)v VveVg,2<k< K.

Note that the vy’s are pairwise orthogonal with respect to a(:,-), and

(6.4) Z llvogll3 = llo = Profl2 < ||v]|3 -
Moreover, we have
(6.5) Vg = (Idk — Pk_l)vk
We can write, by (2.27) and (6.1)—(6.3),
a(EKv EK’U)
(6.6) Z a(Rg -+ Ry R (P — Pj—1)v, Rig -+ R R (Pe — Pe—1)v)
k=2

K
Z a(R vk, Te, k,m Tk e, m Ry Vk)
k=2

+2 Z R V5, Tj kym T, 1 m T ey R VK -
2<j<k<K

The properties of the operators T} x m are therefore crucial for the convergence
analysis. From (2.14) and (4.9) we have, for j, k > 2, the trivial estimate

(6.7) 175 kmoll; <lolie  VoeVi.
It follows from (4.2), (4.10), (6.5) and (6.7) that
(6.8) (R vk, T ke, Tt oo R 0k) < WRE vl S ™ logll7 -

In order to estimate the remaining terms on the right-hand side of (6.6) we need
some less trivial properties of the operators T} x m. We begin the study of these
properties with a lemma on the Ritz projection operators.

Lemma 6.2. There exists a positive constant C such that
(6.9) IPe-10l3 g < (14 6%)IolF_p s + CO*R |
Vo e (0,1], v e V.
Proof. Tt follows from (2.14) and (5.2) that
IPe-10l3_p 1 < (140" Pecrvlli_g i + 167 B[ Peaol

(6.10) < (14 0ol _pk
+ [es0™Per0 = vl 5 + a6 2].
The estimate (6.9) follows from (2.2), (3.6), (4.7) and (6.10). d

The properties of the operators T} i, are given in the next three lemmas.
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Lemma 6.3. The following estimate holds:
611)  NTkxmolh-pr S Plh-sx +hlvla  VveVk,2<k<K.

Proof. The case where k = K is trivial. For 2 < k < K, it follows from (2.2), (4.9),
(6.2), (6.7) and (6.9) that, for any v € Vg,

1T, k. moll—p
(6.12) = PR Teyr, kmoll}_g i
< (L4 OIRT A Torr, kvl _p g1 + €0 B | Ry T vl
< (U4 O Tes 1,k m0 I3 a1 + 205 R I0l12,

where 6 € (0,1] is arbitrary, and c, is independent of the meshes and 6.
Iterating (6.12) we find

K-—1
(6.13) I Tk, k03— g < [H 1+ of)} loll?_s %
=k
K-—1 £—1
+ C [Z Il J (¢ +03>] [v]|2,
=k r==k

where the 0,’s (k < £ < K — 1) are arbitrary numbers in (0, 1].
By taking 6, = 37#(¢~F)/4 we deduce from (2.2) and (6.13) that

(6.14) 1Tk mvll3—p s < WVl i + cownh2 |0l Vo e Vk,
where
[e%S) (/%) [els) 3 Bn
(6.15) w=nI=IO(1+3 ) and n=nz=%<z> .
The estimate (6.11) follows from (6.14) and (6.15). O

Lemma 6.4. The following estimate holds:
(6.16) ITx kmolli-p,x S Woli-pe  VoEVR, 2<k< K.

Proof. The case where k = K is trivial. For 2 < k < K, using (4.9), (5.1), (6.1)
and (6.7) we obtain

1Tk om0l g1 = IRETK—1,6,m0 2 p x
(6.17) < NTx-1,6,mvl3_p 1
— 2
<+ 0% _DITr-1,km0l—p -1 + bt h2E 0|2

Vv € Vi, where 6x_1 € (0,1] is arbitrary and the positive constant c, is indepen-
dent of the meshes and 6.
By iterating (6.17) we find

K-1
(6.18)  Tkwrmvlipx <c |D_Ro7* T Q+62)||v)2
l=k LH1<r<K~-1
K-—1
+[JJa+ 034 ol2 s, VeV,
=k

where 0y, ... ,0k_1 € (0,1] are arbitrary.
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As in the proof of Lemma 6.3, by taking 6, = 3=AU-K)/4 for k <t <K —1, we
obtain from (6.18) the estimate

ITsemvlli—p i S Mol g + B I0IE Vo€ Vi,
which together with (4.2) and (4.4) imply (6.16). O
Lemma 6.5. The following estimate holds:
(6.19) 1Tk, 56,mTr kymlli-p S 0lli-pe Vv EVR,2<E<K.
Proof. From (4.2), (4.4), (6.7), (6.11) and (6.16) we have, for any v € V4,
1Tk, ke, T om0l S Wi jesmvlla -1 + BN T emvla
S Iolh-p + g llla
S lolli-gok -
O

Lemma 6.6. Let 2 < j < k and 6 € (0,1]. There exists a mesh-independent
positive integer mg such that
620)  [Typmolli-p; < (L+20) D 2oigy VveVi,m=me.
Proof. From (4.2), (4.8), (4.9), (6.2) and (6.9), we have
|||Tj,k,mv"|%—,8,j = |||Pj ;'rfl—lTj-I—l,k,mU"ﬁ—ﬁ,j
< (U R Tk mlE 541 + OO BT Ty o
< (1 + T2, 6ml3_p 11 + Cm PO Tk m0ll - g 41 5

where C is independent of the meshes and 6.
Therefore, by choosing myg large enough, we have

(6.21)  ITjemvlli_p; < 1+ 200 s kmolliopjin VU E Vi,m>mg.
The estimate (6.20) follows by iterating (6.21). O

Given any 0 € (0,1], we can now estimate the terms in the second sum on the
right-hand side of (6.6) by using (2.2), (4.6), (4.8), Lemma 6.5 and Lemma 6.6 as
follows.

For 2 < j < k < K, we have

a(R.TUj’ E,k,mTk,K,mTK,k,mRZka)
< WBT V14,5 W T eim T, b Lo e B O ll1-.5
<C(1+ 292)(k_j)/2|||R}"vj liis]

| RE vkl 1-p,k
a2 (PN’ sy pims2
(622)  <COm=5(1 4207~/ (h—) (B IR0 g.5)
J
x (h I RZ vkl 1-p,k)
Bk—3) "
<om= (1426702 T (PR oy l1-p)

x (hg P | RTvelli—p,k) ,

where m > my for a sufficiently large myg.
The following strengthened Cauchy-Schwarz inequality provides the last key es-
timate for the convergence analysis.
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Lemma 6.7. Let v € Vi be arbitrary and vy (2 < k < K) be defined by (6.3).
There ezxists a positive integer M independent of the meshes and v such that

e
623)  o(R] vy, Ty ToscmTicemREw) S m™° (;)ﬂ( ” loglaloele
for2<j<k<Kandm>M.
Proof. Combining (4.10), (6.5) and (6.22), we find

a(R v, Tj g,m T, i,m T o, B VE)

B(k—3)

<Cm™* [(1 n 292)1/@/3)2—1] (mB=)72||y; | ) (MB=72 ||y )

B(k=3)
<Cm™® [(1 + 292)1/@@2—1} [villallvella ¥ >mq.

The estimate (6.23) follows by choosing a small 6 so that (1+262)}/(20)2-1 < 2. O

We are now ready to prove the main results of this paper.
Lemma 6.8. There exists a positive integer M such that
(6.24) 1Bk molla Sm ™20l VYveEVrk,m>M,K=1,23,....

Proof. The case K = 1 is trivial since Fy,, = 0. For K > 2, we have, by (6.4),
(6.6), (6.8), (6.23) and the discrete Young’s inequality (cf. [24]),

K Blk—j|
_ 2
Bl = a(Brcmt, Brm) S157 3 (3)7 sl

j’k:2
oo 9 pn] K
< [z () }zuvkuz
n=0 k=2

K
Sm Y lonll? S me o2
k=2

O

As a corollary to Lemma 6.8 and the result (1.15), we have an error estimate for
the V-cycle algorithm with any number of smoothing steps.

Theorem 6.9. Given any g € Vi and any initial guess zp € Vi, the approximate
solution MGy (k, g, z0, m1,m2) of (1.12) obtained by Algorithm 2.1 satisfies the er-
ror estimate
(625) ||z_MGV(k’gaz0’ml,m2)”a

C

<
= | C + [max(m, 1) max(mg, 1)]%/2

2 = 2olla
for my + mo > 1, where the positive constant C is mesh independent.
Proof. Tt follows from (1.15) that

(6.26) |EBemvlla <8lvlle  VoeVi,k=1,2,...,

where ¢ € (0,1) is independent of the meshes and the number of smoothing steps.
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From Lemma 6.8 we have

(6.27) |Eemvlla < Cm™2|v]ls  VYveVi,m>M,k=1,2,....

Let M, > M be chosen large enough so that

- 2C
6.28 Cm™?< "2  VYm>M,+1,
(6.28) T 2C +m/? -
and then let C be chosen large enough so that
(6.29) C>2C and 6< —C———2
C + M2/

It follows from (6.26)—(6.29) that

| Ermvlla < [ VoeVi,k=1,2,...,

C
| el
i.e., the estimate (6.25) holds for m; = 0 and mg = m.

The general case of (6.25) follows easily from this special case and the relations
(2.24) and (2.25). O

Remark 6.10. The results of this paper can be easily generalized to two- and three-
dimensional elliptic boundary value problems discretized by the Q; element.

Remark 6.11. In the case where 2 also has cracks, the elliptic regularity estimate is
valid for 0 < & < % ( can be taken to be arbitrarily close to 3, cf. [21, 18, 27]). All
the statements in this paper remain valid provided the concept of Sobolev spaces
on cracked domains are defined appropriately (cf. [15]). In particular, Theorem 6.9
also holds for domains with cracks.

Remark 6.12. The new approach to V-cycle convergence analysis developed in this
paper can also be applied to nonconforming finite elements. This will be addressed
in a forthcoming paper.
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