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ERROR INDICATORS 
FOR THE MORTAR FINITE ELEMENT DISCRETIZATION 

OF THE LAPLACE EQUATION 

CHRISTINE BERNARDI AND FREDERIC HECHT 

ABSTRACT. The mortar technique turns out to be well adapted to handle mesh 
adaptivity in finite elements, since it allows for working with nonnecessarily 
compatible discretizations on the elements of a nonconforming partition of the 
initial domain. The aim of this paper is to extend the numerical analysis of 
residual error indicators to this type of methods for a model problem and to 
check their efficiency thanks to some numerical experiments. 

1. INTRODUCTION 

The mortar element method [6], [7] is a domain decomposition technique which 
allows for working with completely independent discretizations on the subdomains 
of a partition of the domain without overlapping. So it seems ideally suited for mesh 
adaptivity. Indeed, nonmatching grids can be used on the different subdomains of 
a partition, and this leads to highly reducing the number of degrees of freedom 
in order to satisfy the adaptivity criteria since no further node must be added for 
conformity reasons. Also, the regularity properties of the initial grid are preserved. 

The a priori analysis of the corresponding discrete problem-note that the mor- 
tar method is most often nonconforming-has already been performed for the 
Laplace equation in the case of finite element discretizations [5] or spectral dis- 
cretizations [1] and also for the Stokes problem [3]. However, the a posteriori 
analysis still seems unsufficient for this method. We refer to [10] and [19] for the 
extension of residual type error indicators to the case of nonconforming finite ele- 
ments but on conforming triangulations, and also to [8] and [23] for first estimates 
concerning these indicators in the mortar framework. However, in most of these 
papers saturation assumptions are made, and we think that they could be avoided 
in a large number of cases. 

The aim of this paper is to extend the estimates concerning the residual type 
indicators to the mortar finite element discretization of a model problem, more 
precisely of the Laplace equation in a polygon Q 

{-Auj f in Q, 
(1.1) =0 n 

u-= 0 on 0Q. 
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We first explain how mesh adaptivity can be performed in this case and present 
the corresponding discrete problems. Relying on [5] for some basic results, we per- 
form the a priori analysis of these problems. Next, we introduce the residual error 
indicators related to the discretization. In contrast to most standard definitions 
(see [20] and the references therein) and as already suggested in [10], two kinds 
of indicators are defined: the first ones are associated with all elements of the 
triangulation and deal with the finite element discretization, the second ones are 
associated with the edges contained in the skeleton of the partition and deal with 
the nonconformity of the discretization. The main results of this paper consist in 
deriving estimates which allow for comparing them with the error. These results do 
not require any saturation assumption and they are optimal, in the sense that the 
constants involved in the estimates are independent of the discretization parame- 
ter. We conclude with some numerical experiments which turn out to be in good 
coherency with the analysis. 

An outline of the paper is as follows: 

* In Section 2, we describe the successive refined meshes, together with the 
corresponding discrete spaces and problems. We prove their well-posedness 
together with some a priori error estimates. 

* In Section 3, we introduce the two kinds of residual type error indicators. 
Next, we perform the a posteriori analysis, by proving upper bounds first for 
the error, second for the indicators. 

* Section 4 is devoted to some numerical tests of adaptivity. 
* A technical proof is given in an Appendix. 

2. THE REFINED MESHES AND THE DISCRETE PROBLEMS 

Let Q be a connected and bounded open set in R2, with a Lipschitz-continuous 
boundary. In order to avoid curved elements, we assume that Q is a polygon. 

2.a. The family of refined triangulations. Let (Th0)ho be a family of "coarse" 
triangulations of the domain Q in the usual sense: each To is a finite set of triangles 
such that Q is the union of these triangles and the intersection of two different 
elements of To, if not empty, is a vertex or a whole edge of both of them. As usual, 
ho denotes the maximal diameter of the elements of To. We make the further 
assumption that this family is regular, i.e., there exists a positive constant a such 
that, for all ho and for all K in ET, the ratio of the diameter of K to the diameter 
of its inscribed circle is smaller than a. 

Starting from this family (To)ho, we build iteratively new families of refined 

triangulations as follows. Assuming that the family (Th-1)hn- is known, for each 
value of the parameter hn-1: 

* for arbitrary positive integers e, we cut some elements of Th-1 into 22V sub- 
triangles by iteratively joining the midpoints of the edges of these elements; 

* we denote by Thn'k the set of triangles which have area equal to 2-2k the area 
of the triangle K of To in which they are contained; 

* we denote by Qn,k the open subdomain of Q such that Qnk is the union of 

the triangles of 
hn'k; * we call 

Th 
the union of the Tnk 

Figure 1 presents an example of triangulation Thn 
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FIGURE 1 

Clearly, for each n, there exists a nonnegative integer Kn such that 
K"n 

(2.1) = 

•in,k 
and 

• 
nk " Qn,k' , 

O•k<k' 

< K", 
k=O 

which means that for each n the Q•n,k, 0 < k < K , form a partition of the domain 
Q without overlapping. Moreover, the parameters hn,k and hn are defined in an 
obvious way as the maximal diameters of the triangles of Thk and nTh, respectively. 
So they satisfy 

(2.3) hnk < 2-k h and h" max hn',k O<k<Kn 

Remark. Even if the technique we propose for refining the mesh is rather general, it 
can be extended in several ways, for instance by cutting the triangles into (m+ 1)2e 
subelements for any nonnegative integer m instead of 22e or starting from an a priori 
decomposition of the domain Q and using independent family of triangulations on 
each subdomain. It can also be extended to three-dimensional triangulations into 
tetrahedra if a technique for cutting a tetrahedron is fixed. Moreover, coarsening 
the mesh is also easy to perform by keeping in memory the previous triangulation 
and going back to it where necessary. 

To conclude, at each step n, we define the skeleton 
K" 

(2.3) Sn U 0an,k 
k=0 

and, as standard in the mortar method [6], we fix a decomposition of it into disjoint 
(open) mortars 

Mn 

(2.4) S Tm and ym n m'0 1o m < m'< Mn. 

m= 1 
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FIGURE 2 

We make the final assumption that each ym, 1 < m < Mn, is a whole edge of a 

triangle of one of the triangulations 
Th'k, 

located on one side of ym, and that on 
the other side it is the union of edges of triangles in Thnkl 

U... 
U 

Thn'k, 
where 

all ki are > k. We agree to denote by k(m), ki(m),..., kp(m), the corresponding 
exponents k, k, . . . , k, and by p(m) the number p. This is illustrated in Figure 2, 
with two mortars and p(m) equal to 1 and 2, respectively. 

2.b. The mortar discrete spaces. The discretization parameter 6 is now the 
pair (n, hn). We fix a positive integer f and, with each value of 6, we associate the 
local discrete spaces, for 0 < k < Kn 

(2.5) Xn,k { k 
CO(- nk); VK E 

hnk, 
VkI K E Pe(K)}, 

where Pe(K) stands for the space of restrictions to K of polynomials with total 
degree < f. 

Now let ym, 1 < m < Mn, be one of the mortars. Then, two possible choices 
exist for defining the discrete space on ym which is used to enforce the matching 
conditions. With the previous notation: 

* The coarse space Wjc is the space Pel('ym) of polynomials with degree K ?-1 
on y-m. In this case, we agree to denote by Sm the set {ym}. * Otherwise, we define Em as the set of the open connected components of the 
intersections m yn Qn,ki(m), 1 < i < p(m). The fine space WFm is chosen as 

WFm (6 L2(yim); Ve E Sm, le E wm(e)}, 

where each Wm(e) is the space of continuous functions on e such that their 
restrictions to each edge e' = en K for all K in Tn',ki belongs to Pt1_l(e') if 
e' contains an endpoint of e, to Pje(e') if not. 

Note that these choices are rather standard in the mortar framework [6]. 
The discrete space X6 is now defined in the usual way (see [7]). It is the space 

of functions v5 such that: 
* their restrictions to each Qn,k, 0 < k <k K", belong to Xn,k; 
* they vanish on 0Q; 
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the following matching condition holds on any ym, 1 < m < Mn, 

(2.6) VX Wm, [V](T)X(Tr) 
dr = 0, 

where Wm is one of the two spaces Wc or Wj. 

Remark. As proposed in the first version of the mortar method [6], some further 
matching conditions can be added; more precisely, the functions in XS can be 
enforced to be continuous at the endpoints of all ym. These conditions are satisfied 
in the numerical experiments of this paper, but they are not necessary for the a 
priori analysis. 

Note that the choice of Wm is local, i.e., independent choices of Wmj or Wm are 

possible according to the mortars. Each choice Wj results in ? matching conditions, 
while each choice WFm results in at least 2?- 1 and often more matching conditions. 
However, in this case, the matching condition (2.6) can be enforced separately on 
each e in Sm and the jump here is equal to vlqn,k(m) - V6 V n,ki(m), hence only 
requires the knowledge of v, on two subdomains. 

Remark. The local spaces Xn,k are conforming in the sense that they are contained 
in H1(Qn,k) and, moreover, the nullity conditions on O0 are exactly taken into 
account in X6. However, the global space X6 is not contained in H1(Q), except for 
some very special geometries of the decomposition and when all the Wm are chosen 

equal to Wm. 

2.c. The discrete problems. The discrete problems associated with equation 
(1.1) are now built from its variational formulation by the Galerkin method. For 
fixed data f in L2(Q), they read as follows: 

Find us in X6 such that 

(2.7) Vv6 E 
Xa, a6(u,,va) = f(x)v6(x)dx, 

where the bilinear form as(-, -) is defined by 

(2.8) a5(u,V) = 
Jn,k grad 

u5s 
grad v dx. 

k=O 

We must now check the well-posedness of problem (2.7). Since the space X6 is not 
contained in H1 () in the general case, we introduce the decomposition-dependent 
norm, indexed by J: 

Kn 1 
IIIIH() = (0 IIVIIn,k) 

k=O 

The form as(-, -) is obviously continuous with respect to this norm, and its ellipticity 
can be checked by exactly the same arguments as in [5, Prop. 2.1] where only 
two families of triangulations are considered (another proof, relying on a duality 
argument, is due to [14]). So we state the result without proof, in a slightly more 
general form which is needed later on. It requires the following assumption. 

Assumption A.1. For 1 < m < Mn, either the space Wm coincides with WFm or 

p(m) is equal to 1. 
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Lemma 2.1. If Assumption A.1 is satisfied, there exists a constant a only depend- 
ing on the geometry of Q and the parameter a that measures the regularity of the 
family (T?o)ho such that the following ellipticity property holds for any value of the 
parameter 6: 

(2.9) Vv XT, as(v, v) > a11l2vl() I - H'(Q), 

where X' is the space of functions v such that 

* their restrictions to each n,k, O ? k K Kn, belong to H1(Qnk), 
* they vanish on O8, 
* the following matching condition holds on any ym, 1 < m < Mn, 

(2.10) Ve 
Em, j[v](T)dr-= 

0. 
Je 

Since X6 is contained in Xn for all 6 (this follows from its definition), using this 
lemma leads to the well-posedness and stability properties of the problem. 

Corollary 2.2. If Assumption A.1 is satisfied, for any data f in L2(Q) and for 
any value of the parameter 6, problem (2.7) has a unique solution. Moreover, this 
solution satisfies, for a constant c independent of 6, 

(2.11) I (lu lH C (0) ? c 
lflL2L( 

). 
2.d. A priori analysis. The numerical analysis of problem (2.7) has been per- 
formed in [5] in the simpler case of one coarse and one fine triangulations; however, 
most results extend to the present case. So we briefly recall them and make precise 
the evaluation of the approximation error, which is more technical in our framework. 

If Assumption A.1 holds, we derive from Lemma 2.1 the following Strang's lemma 

(2.12) 
1 

-1 sn •u [W] dTr 
Ilu - u6jHlp(o) (1 + -1) inf Ilu - vs61H(pa) 

--+ 
a1 sup \JL/ U6E ~ W6 EX6 11 W6 11 Hl Q) 

where 0, denotes the normal derivative on F and [ - ] the jump through Sn with the 
appropriate sign. It can be observed that, in the right-hand side of (2.12), 

* the first term represents the approximation error, 
* the second term, due to the nonconformity of the discretization, represents 

the consistency error. 

Evaluating the consistency error relies on the matching condition (2.6), which im- 
plies for all m, 1 < m < Mn 

VX E WCm C Wm, j nu [w6] dT = (anu - X) [w,] dT. 
rrm ] m 

Hence, by the the same arguments as in [5, Prop. 2.4], we derive, with the appro- 
priate smoothness assumptions on u and for sk <_ 

+ 1, 
Kn 1 

(2.13) sup 

fsn 
&nu [w6] dT 

_ 
(hnk)2(Sk -1) HSk (nk)) 

w6EX6 IIW11H' () k=o 

for a constant c independent of 6. 
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FIGURE 3 

We now evaluate the approximation error, which is much more complex. We 
introduce the following parameter, which is equal to the maximal ratio of the di- 
ameters of two adjacent triangles: 

(2.14) y6 = sup sup 2ki(m)-k(m) 
1<m<Mn l<i<p(m) 

For each m, the intersection of 7~m and OQn,kji(m)), 1 < i < p(m), has a finite 
number of (open) connected components, which we denote by y•, 1 < j < q(i) 
(this is illustrated in Figure 3, where q(i) is equal to 2). Let Ak(m) denote the 

triangle of Tn,k(m) such that -ym is an edge of Ak(m) and A in(m) denote the union 

of triangles in 
•n,'ki(m) 

that intersect -T. Lemma 2.3 requires the existence of 
a lifting operator L , from the space of traces on 

7j 
of functions in Xnki(m) 

vanishing at the endpoints of 
, 

with values in Xn,ki(m), such that, for such a 

trace o, 
Lo• 

vanishes on OA i(m) \ 7m and satisfies 
Z3 i~Y iY ~IIUIU VI 

(2.15) II L.OHl(Aki(m)) C, IHo~( 
? 

where, as standard, 
Ho'o( 

(77) denotes the interpolate of order 1 between H 
"Q(') and L2(Qy) (see [17, Chap. 1, Th. 11.7]). Such an operator is constructed in [4, 

form. (5.1)], according to an idea of [22], on a fixed polygon by combining the 
use of Clement's regularization operator [13] with a "continuous" lifting operator 
from 

Ho0I0lm) 

into HI(A>i(m)). The extension to domains Aki(m) when taking into 
account their aspect ratios (which are bounded by pus) can be performed as in [5, 
Cor. 3.6] by going to a reference trapezium. 

Lemma 2.3. Let us assume the solution u of problem (1.1) such that, for all n, 
each U1Qn,k , 0 < k < Kn, belongs to HSk (nk), 1 < Sk < ? + 1. There exists a 
constant c independent of 6 such that 

Kn 

(2.16) inf 
u v H( ) C n ( k)2(k-1) IU1( 

v6-CX(6 
k=O uHsk(Qnk)) 

Proof. The construction of an appropriate v6 is performed in two steps. 
1) With each n,'k, we associate the set Vnk of its corners a which are inside 

a y1m (then Qn,k coincides with an Qn,ki(m)). For each a in Vn,k, we consider the 
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Lagrange function ca in Xn,k associated with a. If 1n,k denotes the standard 
Lagrange interpolation operator with values in Xn,k, the idea is to define a first 
function vl by 

(v);nk- = Inku+ 1 [Z6su](a)pa, O?<k<.K" 
aEVn,k 

where, if Qn,k coincides with Qn,ki(m), the jump [16u] (a) means In,k(m) uIn,ki(m)u. 

Standard results [12, Thm. 16.2] yield that 

Iu - 
In,kU11Hl(,n,k) 

<C (hn,k)sk- H 
IIUIIHsk(On,k). 

Also it is readily checked by going to a reference triangle that IIka liH(Qn,k) is 
bounded independently of 6. In order to bound [1Zu](a), we introduce a continuous 

k-(m) -k 

(m) one-to-one mapping F from the union Ak(m) U Aj onto a reference subdomain 

/A, 
which is affine on each triangle of Thn contained in AkZ(m) Ui(m) and maps 

the edge e of the triangle of A i(m) containing a and contained in ym onto an edge 

e with length 1, the edge e' in ak(m) that contains e onto an edge e'. Then, if W 
stands for the function w o F-1 for all functions w, we have 

I[•6u](a)l ?I < jInk()u - Tnki(m)UIIL-(?) ? alJn,k(m)u - Inki(m)UlL2(6) 
<^(0I1 - In,k(m)uIIL2( ) + if _ Inlk(m)uIlL(g,)) 

<c (lu - Ikk(m)Im)) + Iu - Tnk(m) UlHl (Aiki)I)) 

Summing the square of this inequality on all a in Vn,k (the support of a function 
cpa only intersects a finite number of supports of other ones) and applying once 
more the previous interpolation property leads to 

K"n 
(2.17) iu - vIH() ? ( C ((hnk)2(Sk1) IHSk (n,k)) 

k=O 

2) Since the function v' does not belong to X6, the idea consists in adding a 
correction v6 defined by 

Mn p(m) q(i) 

m= S1 iS 
((V) 

n1 jk(m) 
- (V1n,ki(m) 

m=l i=1 j=1 

From (2.15), we have 

Mn p(m) q(i) 

ll 
= 

< ) = nk(m) - 
( ) in,ki(m)I2 

m=l 
i=1 

j=l 
H?0?(•'1) 

Next, we set 

U1 Un,k 

=•In,k 

+ [I6u](a) pa, 
•< 

k < Kn 
aEVn,k 

where, as previously, if Qn,k coincides with 2n,ki(m), the jump [1Zu](a) means 

In,nk(m)u 
-Tn,ki(m)u. Note that u and In,'ki(m)u coincide in this point a. Hence, 
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the function ul coincides with both (V'),Qn,k(m) and 
(v4)inn,ki(m) 

at the endpoints 
of all 

yj, 
so that 

Mn p(m) q(i) 

1V II • <c/(Z) 
_ 

5 c s > ZV,5()u - (V)IQn•k(m) 12 1 
m=1 i=1 j= 1) 

+ lul - (v,)jQn,ki(m)2 1 ) 
Ho0o(7 ) 

Mn p(m) q(i) 

m=c 1 i=1 1- v11j= 
2 

••1j=+ 
1(1- ))) 

m=l i=l j=l- 

where Askm) is a triangle contained in Ak(m) such that 
ri• 

is an edge of it. By 

noting that two different ,L(m) do not intersect for all i and j, we derive 

Iv6IH (Q2) ? IC/I (IlU - ViHl (Q) + IIU - UII 1HI (Q)) 

Moreover, the quantity Iu - llIH1(Q) can be bounded by exactly the same argu- 
ments as in the first part of the proof, which gives 

K" 1 

(2.18) |Iv |2H() C 
hnk)2(sk-1) 

HII 
k(1 ,k) 

2 

] ~ k=0IIH 
kc=O 

Taking vj = v, + v', noting that it belongs to X6 and using (2.17) and (2.18), yields 
the desired estimate. 

Inserting (2.13) and (2.16) into (2.12) leads to the a priori error estimate. O 

Theorem 2.4. Let us assume the solution u of problem (1.1) such that, for all n, 
each Uank, 0 < k < Kn, belongs to Hk (Qnk), 1 < sk 

_ 

?+ 1. If Assumption A.1 
is satisfied, there exists a constant c independent of 5 such that the following error 
estimate holds between this solution u and the solution us of problem (2.7): 

K"n 1 
(2.19) 21- ul HJ(n) • (C (n,k)2(sk-1) sI1ZL 

(n,•• )2 k=0 

Remark. Note that, in practice, yp is most often bounded independently of 6. More- 
over, since it only involves local ratios, this independency can easily be enforced in 
the refinement process. 

Since Q is a polygon, a minimal value of the regularity exponent sk is known 
as a function of the regularity of the data when Qn,k contains no vertex of Q, as 
a function of the regularity of the data and the maximal angles of the vertices 
contained in OQn,k n • if not. So, estimate (2.19) allows for a first, a priori, 
adaptivity of the mesh. But this is not sufficient in most practical situations. So, 
we must perform the a posteriori analysis of the problem in order to exhibit error 
indicators which allow for better adaptivity. 

3. THE ERROR INDICATORS AND THE A POSTERIORI ANALYSIS 

In a first step, we introduce some notation in order to define the two kinds 
of error indicators, linked respectively to the finite elements and to the edges of 
the skeleton. In a second step, we prove the a posteriori error estimates, first by 
exhibiting an upper bound for the global error Ilu - U6 IIHH1(0) as a function of the 
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indicators, second by estimating each indicator as a function of the local error. We 
conclude with some remarks. 

3.a. The error indicators. Let ?* stand for a fixed nonnegative integer. For 
each value of the parameter 6, we introduce the space 

(3.1) Z6 = {g E L2(Q); VK E 
Tn, g96IK C 

Pe• 
(K)}. 

And we fix an approximation fa of the function f in Z6. 

Error indicators linked to the finite elements. For each K in Tn, we denote by SK 
the set of edges of K which are not contained in &0Q. In what follows, hK stands 
for the diameter of K and he for the length of any e in ?SK 

The residual error indicator rlK associated with any triangle K in Thn is now 
defined in a completely standard way (see [20, (1.18)]: 

1 1 
(3.2) 7K h= K lf + AU6HL2 (K)+ ? E h || [1nUd] 1L2(e), 

eEEK 

where, as in Section 2, 0n denotes the normal derivative on e and [. ] the jump 
through e. Note that the term "residual" here means that, when suppressing all 
the 6 in the previous line, the quantity in the right-hand side is zero. 

Error indicators linked to the edges of the skeleton. As previously, we denote by 

S• either the edge -ym when Wm is chosen equal to WCm or the set of the open 
connected components of the ,m n 0 nki(m), 1 < i < p(m), when Wm is chosen 

equal to Wm. 
As in [10, (3.3)], for 1 < m < M", we associate with each e in Sm the indicator 

Tie defined as 
- 1 

(3.3) ie = he 2 1 [U6 1 L2(e), 

where he denotes the length of e if Wm is equal to Wm, the largest length of 
=en OK for K in Tnk'(m) 1< i <p(m), if Wm is equal to WT. There also, 

the quantity [us] vanishes when suppressing the 6. 

Remark. It is readily checked that, for all m, 1 < m < Mn, such that p(m) is equal 
to 1, and for all e in Sm, thanks to an inverse inequality [12, Thm. 17.2], 

(3.4) |u [us] IH (e) c TIe, 11[ 611 H 2(e) 

where p6 is introduced in (2.14). Conversely, thanks to the matching conditions 

(2.6), we also have 

(3.5) < c' II [U6] 
eE~m 

However, the quantity II [us] IIH (1m) is not necessarily defined when p(m) is > 1, 

since the jump [us] has no reason to be continuous on ym. Moreover, the norm 

SII- IL2(e) is easier to compute that the norm -I H (e) 
As a consequence of definitions (3.2) and (3.3), once the discrete solution u6 is 

known and the approximation fS is fixed, all the error indicators can be computed 
easily. 
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3.b. An upper bound for the error. Since both Hi~(Q) and X, are contained 
in the space Xn introduced in Lemma 2.1, we deduce from the ellipticity property 
(2.9) that, if Assumption A.1 holds, 

a Ilu - UJfH,(Q) a6(u - u, u - uj). 

Next, we set v = u - uj and we fix an approximation vj of v in XS. Note that 
multiplying the first line in (1.1) by vj and integrating by parts yields 

a6(u, v,) -j 
f(x)v,(x) 

dx + 
S 

Onu [Ve] dT. 

Subtracting (2.7) and inserting this into the previous line, we obtain 

a IlU- 
U11••U(Q) 

< a(u-u v-v6)? Onu[v] d. H• (•) - 
,] 

Next, we integrate by parts the first term in the right-hand side on each element K 
of Thn. If 0n denotes the derivative with respect to the unit outward normal vector 
of K, this leads to 

+ Onu [v3] dr. 

Adding and subtracting f6 and introducing the jump of on(u - us) (v - vs) on each 
edge e of OK gives 

a 
'lu 

- 

Un)2H(o) < ((f6+Au6)(v - v6)dx 
KETn K 

SK(ff f6)( 2EV 

3.)d) 
Jis"[Id 

Consider now an e in SK. If e is not contained in the skeleton Sn, it is easy to 
check that 

[On (u - u6) (v - vj)] dT - [Onu6] (v - v,) dT. 

But, when e is contained in Sn, a further term appears: 

j[On(u 
- 

uS) 
(v - v6)] dr = 

- -[nus] 
(v - v) 

dTr 

+ n(u - 

us) 
[v - V6] 

dTr. 
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Combining all this leads to 

Ia u (1H)( (Jf6H+Au6)(v - v6)dx+J(f-fM)(v - v,) dx 
KET KK 

- 1 ES [OnU6](v-V6)dT) 
eEEK 

Mn 
+m (E ,u [v] dr + On(u - u6) [v - v] dr). 

m=l eEEm 

In view of this last result, we decide to choose a conforming approximation v6 of 
v, in the sense that va belongs to Xs n 

H0 
(Q). In this case, the previous estimate 

writes 

a u - 
u6H() <E ((f6 + Au)(v - )dx + (f- f))(v- v6)dx 

K ET KK 

M51 Ie:&n(u - u6) [u6] dT. 

m=l eEEm 

Using three times the Cauchy-Schwarz inequality yields 

(3.6) 

a Ilu - U6IH() ( (llf + a L2(K) Iv - v6IL2(K) 
(5~ IIVIIH1(Q) 

lv - VallL2(K) + If - fllL2(K) lIvlILH(Q) 

+ • ll[Onusll]I(e) liv 
- 

V'llH 

2(e) 
eEEK IIV IIH1(Q7 eEFKH(5 

Mn 

+mi1 e (uu6) u] d 
m=l eEEm 

It remains to evaluate the ratios and the last term in the right-hand side. 
The first three ratios are linked with the local approximation of nonsmooth 

functions. So in evaluating them, we rely on the construction of an appropriate 
operator of Clement's type. We refer to [13] and [4] for previous works on this 
subject, to [18] and [21] for slightly different operators. 

For a while, we consider the coarse approximation space, made of continuous 
piecewise affine functions 

(3.7) X_ = {v E H(Q);VK ET, v IKn E (K)}. 
O a~, rlt h , 

V•IKh 
E 

Pl(K)}. 

The proof of the following proposition is very similar to that of Lemma 2.3, but 
more technical, so we have written it in the Appendix instead. 
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Proposition 3.1. There exist an operator R5 from Xn into X~_ and a constant c 
independent of 6 such that the following estimates hold for all functions v in Xn 

(3.8) (hK2 iv - RsvlL2 (K) + hR - RsV112 (e)) c IV12 
KETh eESK 

We now evaluate the last term in the right-hand side of (3.6); however, this 
requires Assumption A.1 and, in a first step, a further condition that we now state 
(as already hinted, it does not induce any modification in the previous analysis) 

Assumption A.2. The further condition is enforced in the definition of Xa: any 
function vj of X6 is continuous at the endpoints of all e in Sm, 1 < m < M'. 

Proposition 3.2. If Assumptions A.1 and A.2 are satisfied, the following estimate 
holds for 1 < m < Mn and for all e in ?Em 

(3.9) 

I jan(u 
- us) [us] dTr 

c<ps 

ie 

( u- usIHl(Ke) + S h2K(11f6++ 2 AusI2(K) + II-fsIli2(K))) ) 
KETh ,KCKe 

where Ke is a triangle and e is an edge of Ke. 

Proof. Thanks to Assumption A.2, [us] vanishes at the endpoints of e, hence belongs 1to H(e). So, setting v = 

to H0o1(e). So, setting v = u - uj, we have 

(3.10) aOnv[us] drT IOnVlll 1 1 [u6] 1i 
J- 

Ho 
(e)t 

Ho2(e) 
We evaluate separately the two terms in the right-hand side. 

1) Going to the reference element and using the Poincar&-Friedrichs inequality 
on e, we have 

1 
11[u 

]_ 
cch' 1 [u1 ] 

||HI(e). Hol (e) 
e 

Since [us] is polynomial on either one or several intervals of same length h, and the 
ratio he/he is smaller than ps, another inverse inequality leads to 

I 1 1 ] - ]- 1 

H[U] < ch'he 
' 

11 [U,511L2(e) (e) Holo(e) 

2) Let Ke denote the triangle in Thn'k(m) such that e is an edge of Ke if Wm = 
or the triangle on the other side of ym such that e is an edge of Ke if not. In order 
to estimate 

(8,v,g) 11 nvI 1 = sup H2(e)' 1 1 gl H1 
gEH2ot(e) 

Ha2(e) 

1 

we note that, for any g in H~0(e), there exists a lifting wg of g in H'I(K) which 
moreover vanishes on OKe \ e and satisfies (this is proven by going to a reference 
element) 

lwglHl(Ke) + h IwgIIL2(K) < 11911 ) H0 (e) 
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We have 

(3.11) 
(anv, 

g) =/Kgrad 
v - grad w9 dx + 

Av wg 
dx, 

J eJ e 

whence 

IlnHnVll 
< 

(C(IVHI1(Ke) + 
•L6 

( h2K (f + A2L2(K) + 
If - 2 

fI (K))) ) 
H2 (e)'KCK 00 

KC Ke 

Combining all this and using the definition (3.3) of 7e yield the desired result. 
Assumptions A.1 and A.2 are necessary in order to avoid working with quantities 

that do not belong to Ho20 (e). However, Assumption A.2 is sometimes restrictive 
for very complex mesh partitions, so we now prove an analogous result when it does 
not hold. The proof is very similar to that of Proposition 3.2, so we only sketch 
it. O 

Corollary 3.3. If Assumption A.1 is satisfied, for any s, 0 < s < 1, the following 
estimate holds for 1 < m < Mn and for all e in m.: 

(3.12) < c/15 7e (he aU - UsIH1+s(Ke) 

+ E ( 
,K 

2(K))) 

KEThn,KCKe 

where K, is a triangle and e is an edge of K,. 

Proof. For each e in 'm, setting as previously v = u - us, we have 

f nv [us] dT ? |Ia v|l 1 9 [ (1 ) [61 H11i - ( 
JeH8(e) H 2 (e)' 

1) Thanks to an inverse inequality, we have 

s -1 11 [U61 |1H1 A6(e he 2 [-11 2 (e) * 

2) It remains to evaluate 

(nv,g> lonavH8--e 
= sup 

(e) H -(e) H I (e) 9EH2 s(e) H 2-(e) 

For any g in H?-S(e), there exists a lifting wg of g in Hl-'(Ke) which moreover 
vanishes on OK, \ e and satisfies 

IWglH•-(Ke) + h~1 IIwgIIL2(Ke) 
? c 

ClgllH•1(e) 
We deduce from (3.11) that 

I0nVIIlH 
- 

(e) 
? 

CIVIHI+8(Ke) 

?+c' ( h2KL2(llfs 
u 6 ~2(K) +f- (K))) 

KCKe 

This gives the desired result. 
Inserting (3.8) and (3.9) (or (3.12)) into (3.6) leads to the a posteriori error 

estimate. O 
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Theorem 3.4. If Assumptions A.1 and A.2 hold, there exists a constant c indepen- 
dent of 6 such the following error estimate holds between the solution u of problem 
(1.1) and the solution uj of problem (2.7): 

Mn 1 

(3.13) |u- us6|H(Q) < c( ( + hK 2Ifh f-fs2L2(K)) + 
? Z 2 

) 
KET n m=l eEsm 

Corollary 3.5. If Assumption A.1 holds, for any s, 0 < s < I, let Ass(u) be the 
smallest constant, depending on the solution u of problem (1.1) and the solution u6 
of problem (2.7), such that 

(3.14) ( 
E 

h 
[u 

- us2H?I+ s(K)) 
_ 

? 
s(u) 

u 
u- u6iHi(Q). K ETh 

There exists a constant c independent of 6 such the following error estimate holds 
between these solutions: 

(3.15) 
Mn 

IIU - usH()< C6( S K K f -fs L2H(K) + (1I+ As) 7) 
KETn m=l eEEm 

Assume that the p,5 are bounded independently of 6, which is most often the 
case in practical situations. Then, when Assumption A.2 holds, we obtain estimate 
(3.13), which is fully optimal. When it does not hold, we only derive estimate (3.15) 
which is not optimal. Note however that the constant As,(u) tends to 1 when s 
tends to 0. 

3.c. An upper bound for the indicators. The idea is now to bound both the 
7TK and the TIe as a function of the norm of the error u - us, both locally and 
globally. 

In a first step, we fix a function w in H~ (Q) and we compute by integration by 
parts 

S J grad(u - us) gradw dx 
KETh K 

5 (f(f + Auj)wdx + On(u - u) w dT), 
KET JK K 

whence 

3.16) 

S J grad(u - uS) 

" 

gradw dx 

= ( (f6 + Au) wdx + (f - 
fs) 

wdx-- 
2[NuS]awd. 

KETn 
K eKEK 

Indeed, as is standard for residual type indicators, proving the first estimates relies 
on appropriate choices of the function w in (3.16). 

With each triangle K in Tn, we associate the bubble function 
/K 

equal to the 
product of the three barycentric coordinates on K. For each edge e in SK, we also 
introduce the bubble function e, related to e, i.e., equal to the product of the two 
barycentric coordinates corresponding to the endpoints of e. Finally, on a reference 
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K 
e 

FIGURE 4 

triangle K, we fix a lifting operator P from polynomial traces on an edge e of ~ 
that vanish at the endpoints of e into polynomials on K that vanish on OK \ e. A 
similar operator PK,e is then built from P by affine transformation for all triangles 
K and all edges e of K. 

Proposition 3.6. There exists a constant c independent of 6 such that the follow- 
ing estimate holds for all K in Thn: 

(3.17) CK ? C (IIU- 
- 

U6H(K) +( hf - f-L2(K'))?), 
K'CEK 

where EK is the union of at most four triangles that contain an edge of K. 

Proof. Bounding the first term in UK is fully standard (see [20, ?1.2]): taking w in 

(3.16) equal to 

(hf + Au&) OK on K, 

O elsewhere, 

and using standard inverse inequalities lead to the estimate 

(3.18) hK I1f6 + AUSIIL2(K) 
- 

C (IU - UZ6 HI(K) + hK Ilf - fIIL2(K)). 

Now let e be an edge in SK. Three cases occur, as illustrated in Figure 4. 

1) If e is not contained in rS, it is the edge of two triangles K and K' of the 
same Tn',k. We then take w in (3.16) equal to 

IPK,e ([nU6] 1Ce) on K, 
W PK/,e([OnUS] ,6e) on K', 

O elsewhere. 
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This gives 

11 [On U,51 Oel I I I (e 

K 
E (]u - 

U6lHl(,•K)Pt,,e([OnU51] 
e])lHl(n) 

E (f K,K ' 

+ (Olfh + 
AU61IL2(,) 

+ II/- fsllL=•,))llP 
,,e([OnU6] 

Oe])IIL2(,). 
There also, we prove the following inequalities by going to a reference element 

S[&] 1L2(e)? C( EnU6] 4e1L(e), 

IPn,e([Onus] 4e])lH1(r,) 
+ h-1 IIP.,e([nus6] e])IIL2( che I [n2U] 

HL2("). By noting that c h , he < h< , we obtain 

(3.19) 

he 

C I[nUS]•) 

L2(e) 

<cE (Ou - UJIH) + hr, Ilf - fC51L2(,) + h, jjfJ + AU6L2(,)). 
KEfK,KII 

2) If e is contained in a m and K is contained in Tnk(m), we denote by K' the 
triangle on the other "side" of ym, i.e., the triangle obtained by cutting an element 
of 

Th 
into 22k(m) subtriangles. The same proof as above leads to (3.19); however, a 

further pu appears when comparing hK' with the diameters of the triangles of the 
Tnki(m) contained in it. 

3) If e is contained in a ~7 and K is contained in a Tnki (m), we denote by 
K' the triangle in 

Thk(m) 

such that e is contained in an edge e' of K'. We extend 
without change of notation [ONu] 0e by zero to e' and we make the same choice as 
previously, which gives (3.19). 

As a conclusion, combining (3.18) and (3.19) gives the desired bound for 1K.E O 

Taking the sum of the square of estimate (3.17) and summing up on the K that 
have no edges on S" leads to a global estimate (indeed, parts of the EK appear a 
finite number of times in the sum), and this is also true for the K that have an 

edge in ym but belong to Tn',k(m). For the remaining triangles, we must make a 
more global choice of w, with support in a neighbourhood of 

•m•, 
in order to bound 

the quantity 

he • 1 [ Lnu] L2((e) 
eC m 

This leads to the following corollary. 

Corollary 3.7. There exists a constant c independent of 6 such that the following 
estimate holds: 

(3.20) 2K < c (Ou - 1Us61 
2H• 

A 2 2 f - fh L2(K)). 
K TThn K ETh" 

It remains to bound the 7e. The argument here is much simpler. 
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Proposition 3.8. If Assumption A.1 is satisfied, there exists a constant c inde- 
pendent of 6 such that the following estimate holds for all m, 1 < m < Mn, and 

for all e in gin. 

(3.21) 'le < 
c H|u - u6s 

Hi(Ee_), 
where Ee is the union of the triangle K in an,k(m) and a triangle K' on the other 
side of ym such that e is an edge of K and K'. 

Proof. We first consider the case where Wm is taken equal to W', so that e 
coincides with a connected component of the intersections m nO9Qnki(m) Denoting 

by u, the projection of [us] onto Wm(e), thanks to the matching condition (2.6) 
we have 

I 
[us] |L| 2(e) ju1 i- e2 dT c he (e) 

This yields 
- 1 [u] L(e) c I(e) 

he 
2 

2 

e)H 2 (e) 

It is readily checked by going to a reference triangle that the trace operator is 
continuous from HI(K) into H? (e), with norm bounded independently of K, where 
e is a part of its boundary. So, we derive, with obvious notation for K and K', 

he A2 [1U] tL2(e) < c Qu - Ub Hl(K) + u - U6Hl(K')). 

When Wm is taken equal to Wm, p(m) is equal to 1 by assumption, so that the 
same arguments as above still work. D 

There, the global estimate is directly derived from the local ones. 

Corollary 3.9. If Assumption A.1 is satisfied, there exists a constant c indepen- 
dent of 6 such that the following estimate holds: 

Mn" 

(3.22) r2 < c U - U6112s) 
m=l eE1m 

3.d. Concluding remarks. When combining estimates (3.20) and (3.22) and 

comparing with (3.13), if p~ are bounded independently of 6 (which is most often 
the case and can be enforced in the algorithm if not), we observe that, up to the 
terms hK HIf- fs•L2(K), 

the error H|u- us?l H () is equivalent to the Hilbertian sum 
of the indicators. When the data are locally smooth, the terms hK HIf - fsliL2(K) 
can be neglected for an appropriate value of P*, so that this sum provides an optimal 
global representation of the error. Moreover, from the local estimates (3.17) and 

(3.21), it can be hoped that the family of error indicators provides a correct local 

representation of it, hence is an appropriate tool for adaptivity. This is checked in 
the following numerical experiments. 

4. SOME NUMERICAL EXPERIMENTS 

We first explain how problem (2.7) can be solved efficiently. Next we describe an 

adaptivity algorithm relying on the indicators rK and Te. We conclude with some 
numerical tests. 
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4.a. A way for solving the discrete problem. The key idea for solving the 
mortar discrete problem (2.7) is due to [2]: it consists in enforcing the matching 
conditions (2.6) by introducing a Lagrange multiplier. More precisely, let Y6 stand 
for the space of functions v6 such that 

* their restrictions to each n,k, 0 < k < K", belong to 
Xn',k * they vanish on 0Q. 

Next, for simplicity, we assume that the ym for which Wm is equal to Wm are 
numbered from 1 to Mn and we set: 

M• Mn 
(4.1) M=( Wm) x m w (e) ) 

m= 1 m=Mn +1 e m 

We now consider the problem: 
Find (u6, A6) in Y6 x M6 such that 

(4.2)Vv6 E Y6, a6(u6, v6) + b6(v6, A6) jf(x)v6(x)dx 

VU6 c MI6, b6(u6, p6) = 0, 

where the bilinear form b6 (, -) is defined by 

(4.3) 
M n Mn 

m=1 Jm m=MMn+1 eCEm 
with pL = (PAm, Im,e). 

Then it can be checked [2] that if u6 denotes the solution of problem (2.7), then 
there exists a unique A6 such that the pair (u6, A6) is the solution of (4.2). 

Remark. The definition (4.3) of b6(-, -) seems rather complicated. However, if As- 
sumption A.1 holds, the jump [v6] in each integral appearing in this definition only 
involves the values of v6 on two subdomains 

Qn,k. 

Problem (4.2) is of saddle-point type. Hence, with obvious notation, it is equiv- 
alent to a square linear system of the type 

(4.4) 
ABT 0 

A) 
AB0 

The matrix A is square and symmetric positive definite. It is block diagonal, made 
of K" + 1 blocks. The matrix B is much smaller since it only involves the traces 
on one-dimensional edges, and BT stands for its transposed matrix. So the global 
matrix is symmetric. 

To solve problem (4.2) or equivalently (4.4), for simplicity and since we only treat 
academic problems, we use a direct Gauss factorization of Crout type of the global 
matrix (see [16, Prop. 5.10.1]). However, for more realistic situations, system (4.4) 
can be solved via Uzawa's algorithm combined with the preconditioned conjugate 
gradient method. 
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4.b. The adaptivity algorithm. On the "coarse" conforming triangulation TV, 
we solve system (4.4) in the simpler case B = 0. Next we compute the 

r/K, 
K E 

Th, their mean value Y10, and we perform Step 1 of adaptivity (with n = 0). Let p be a 
fixed constant. 

Step 1. For all K in Th', there exists an integer k such that 

(4.5) 2k 
pfln 

? r< K < 2k+1 "'n. 

If k is nonnegative, we cut the triangle K into 22(k+1) equal subtriangles by iter- 
atively joining the middle of the edges. This allows for defining an intermediary 
skeleton S". 

This leads to a nonconforming triangulation Th, with skeleton S1 = So. Next, 
assuming that the triangulation Thn is known, we solve the corresponding system 
(4.4). We compute the 7rK, K C Thn, and their mean value n, next the 7e, e C Sm, 
1 < m K< M, and their mean value r. Finally, we perform Steps 1 and 2 of 
adaptivity. 

Step 2. We only consider the e in Sm, I m < Mn, such that 

(4.6) re '> 2 max 
{n, If this edge remains in 

S, 
after Step 1, we cut the triangles on both sides of e, such 

that e becomes "conforming", i.e., it is no longer contained in the next skeleton 
sn+l. 

However, in our numercial tests, we choose to take Wm equal to W', so that the 

rle are most often neglectable with respect to the 17K and inequality (4.6) is never 
satisfied. We refer to [11] for a recent experiment in a different context, where the 
two choices of Wm are compared and lead to nearly the same global error. 

We take p equal to 1.1. We stop the algorithm either after a finite number of 
iterations (for instance 2 or 3) or when the following condition is satisfied 

Mn 

(4.7) r + 2 < E2 
KET Th m=l eEEm 

for a given tolerance E. 

Remark. In view of (4.5), Step 1 of our algorithm can be improved as follows, when 

keeping in memory a finite number of previous triangulations Tn-l, , hn-q. 
when k is negative for all K contained in a larger triangle K' of one of these 
triangulations, these triangles are replaced by K' in the new triangulation. 

4.c. Numerical experiments. The following tests are implemented on a mortar 
extension of the finite element code FreeFem+, written in C++ language (see [15]). 
Piecewise quadratic functions are used in all the tests (f = 2). 

We first work with the L-shaped domain Q =]0, 1[2\[2 , 1[2, with data f = 1. 

Figure 5 represents the successive meshes Thn, for n = 0,... ,5. Note that the 
dimension of X6 increases from 89 for n = 0 to 1671 for n = 5. 

Figure 6 represents the curves of isovalues of the error indicators associated with 
the elements K of the six meshes Thn, n = 0,... ,5. 

In Table 1, we present, for n = 0,..., 5, the number N? of triangles in Thn, the 
number Mn of mortars, the dimension dim X6 of the corresponding space X6 and 
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FIGURE 5 

the quantity 

Mn 

KETn m=o em 
KE Thn m=l eEEm 

Figure 7 presents the curves of isovalues of the discrete solution, computed on 
the mesh TEh. 
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FIGURE 6 

In a second step, we work with the square Q1 =] - 1, 1[2. The function f here is 
of Heaviside's type: 

100 if (x, y) E]0, [2, 
f(xy) 0 elsewhere. 

Figure 8 represents the successive meshes Thn, for n = 0,... ,5. 
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FIGURE 7 

TABLE 1 

n 0 1 2 3 4 5 
N { 60 135 147 243 495 741 
M" 0 11 21 33 63 129 

dim X6 89 261 297 499 1065 1671 
frnorm 0.0323 0.0114 0.0102 0.0073 0.0042 0.0023 

TABLE 2 

n 0 1 2 3 4 5 
N__ 178 481 496 538 652 820 
Mn 0 43 45 54 97 126 

dim X6 321 1027 1058 1155 1468 1869 

nnorm 5.1412 1.1833 0.9704 0.7629 0.5419 0.4155 

TABLE 3 

n 0 1 2 3 4 5 
N? 178 456 499 663 669 1158 

dim X~ 321 877 960 1286 1298 2269 
fnorm 5.1412 1.3882 1.1368 0.6987 0.6906 0.4256 

In order to compare the convergence results with those obtained by conforming 
discretizations, we give in Figure 9 the conforming meshes Thn, for n = 0,...,5, 
where the adaptivity relies on the same indicators as above and the following 
technique: 

* The initial mesh 
Tho 

is the same as before. 
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FIGURE 8 

* Once the indicators for Thn are known, the corners of the new triangles are 
derived from Steps 1 and 2 of adaptivity and a conforming mesh Thn"l based 
on these corners is built by Delaunay's algorithm. 

We give values of the same parameters N?, Mn, dim X6 and Tnorm as before for 
the mortar case in Table 2, the values of N?, dim X6 and 

norm 
for the conforming 

case in Table 3. 
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FIGURE 9 

The curves of isovalues of the discrete solution computed on the triangulation 

Th5 
are presented in Figure 10 for the mortar case. Indeed, their analogues in the 

conforming case are exactly the same. 
The dimension of the final spaces X6 associated with ET5 are very close, even 

if the number of triangles is larger in the conforming case. The quantities rj7norm 
and the associated discrete solutions are very similar. It can be noted that the 
complexity of mortar adaptivity comes from the structure of the data while the 



1396 CHRISTINE BERNARDI AND FRIEDERIC HECHT 

FIGURE 10 

complexity of the conforming method is linked to the use of a mesh generator at 
each iteration. 

We conclude with a slightly more difficult equation, where problem (1.1) is re- 

placed by 

-div(a grad u) f in Q, 

(4.8) 
u -=0 on 0Q. 

Here, Q is the square ] - 1, 1[2, the coefficient a is piecewise constant given by 

(xy)=1 
if (x, y) 1 = ] - 1, O[x] - 1, 1[, 

' 100 if(x, y) E 2 =-]0, 1[x] - l, 1[, 

and the data f is equal to 

f(x, y) = cos(wx) cos(27ry). 

The definition of the 7re remains unchanged. However, as explained in [9, Thm. 2.9] 
and in order that the constants in the a posteriori estimates do not depend on the 
variation of the function a, we replace the definition of the rIK with 

(4.9) 77K = 
hKaK• Ifs + div (a grad US)IIL2(K) 

+ 2 E hlae-2 1 [aOn u] 1L2(e), 
eEEK 

where aK denotes the (constant) value of a on K and ae is equal to the value of a on 
e if e is contained in Q1 or Q2, the largest value of a if e is contained in 0Q1 n nOQ2. 
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FIGURE 11 

Figure 11 represents the successive meshes Thn, for n -= 0,... ,5. 
The same parameters as in the previous experiments, namely N", Mn, dim X5 

and rlnorm, are given in Table 4. 
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TABLE 4 

n 0 1 2 3 4 5 
Nn 84 141 186 231 261 306 
Mn 0 28 25 28 34 54 

dim X6 145 308 386 480 554 675 

lnnorm 0.2526 0.1290 0.0808 0.0601 0.0531 0.0466 

FIGURE 12 

Finally the curves of isovalues of the discrete solution computed on the triangu- 
lation T5 are presented in Figure 12. 

APPENDIX 

The aim of this Appendix is to prove the result stated in Proposition 3.1, namely 
to construct an operator R6 from the space Xn introduced in Lemma 2.1 into the 
space X,_ defined in (3.7) which satisfies the estimates, for all functions v in Xn 

(A.1) E (hK2 IJv 
- 

R6vL2L2(K) 
+ -E hej' v- RR6i2v 2(e)) 

2 c H I 
(c) v KETn eEEK 

We first recall from [13] (see also [4, Thm. 4.3]) the existence of an operator Rnk 
from the space of functions in 

H'I(•n,k) vanishing on 0 n a 0n,k into the space 
Xnk of restrictions of functions of X6_ to Qn,k such that, for such a function v, 

* the value of Rn,kv at a corner a of a triangle K in 
Ehnk 

that does not belong 
to 0Q, is equal to the meanvalue of v on the union Aa of all triangles K in 

Thk 
that contain a, 
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FIGURE 13 

the following estimates hold for all K in hn'k and all e in SK, in?K 

(A.2) 

liv - 
Rnk'v L2(K) ? ChK IIV HI(Ak), 11i- 

Rnkvl- 
L2(e) che IVlIHl(Ak), 

-k -k k 
where AK, resp. Ae, stand for the union of the AK such that a is a corner 
of K, resp. an endpoint of e. 

Moreover, the operator Rn,k is continuous from HI(Ak ) into H1(K) with norm 
bounded independently of 6. So the next estimate is easily derived by an interpo- 
lation argument (see [17, Chap. 1, Th. 5.1]): for 0 < s < 1, 

(A.3) liv - Rn'kvlIHs(K) ? C hl-s IlVIH1(Ak). 

The operator Rj is built in four steps, more precisely we take 

(A.4) R6 = R' + R2 + R3 + RR. 

We now describe the four steps successively. 

Step 1. Local approximation. The operator R1 is defined by 

(Rlv)ln,k nkv, 0 < k < K. 

When multiplying the first estimate in (A.2) by hK1 and summing its square on 
all K in TIh, we obtain the first part of (A.1) with R6 replaced by R1 (note that 
triangles contained in Ak appear at most a finite number of times in the sum, and 
that this number is bounded as a function of the regularity parameter a of the 
initial family of triangulations). Similarly, we prove the second part. 

Step 2. Enforcing the continuity at common corners. Let fn,k denote the 
set of all corners of triangles of Thnk that belong to Sn and are also corners of 

triangles of another Tnk' (see Figure 13, where these corners are represented by 

black dots). So, each a in Vnk belongs to several In,k, we denote by k(a) the 
largest of such k'. Denoting by OPa the Lagrange function associated with a, we set: 

(R V),Qnk 
Z ((Rnk(a)v)(a) 

--(Rnkv)(a)) 
~(alQnk, 

0 K kK 
Ktn. 

aE-n,k 
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FIGURE 14 

Since the image of each K in Tn,k by , is contained in [0, 1], this yields for each 
K and each e in SK, 

IIR'v(IL2(K) hK 1 I(Rn,k(a)v)(a) 
- 

(Rn,k)(a)l, 
aEVn,kcnK 

IIR'VIILL(e) h' j V(Rn k(a)v)(a) - (Rnk'v)(a)l. 
aE'n,krle 

So, we must now bound the quantities I(Rn'k(a)(a)- ( n,kv)(a)l. As described 
in Figure 14 (where the Ak are coloured in grey), two situations may occur: 

* When A' and ak(a) are adjacent (where the term "adjacent" means that they 
share at least an edge e of a triangle of n,'k(a) containing a), we introduce a 

-k -k(a) 
continuous one-to-one mapping F from the union ak U (a onto a reference 

-k 
(a) 

subdomain A, which is affine on each triangle of Th" contained in ak U a 
-k 

and maps the edge e onto an edge e with length 1, the edge e' of Ak that 
contains e onto an edge e'. Then, if W^ stands for the function w o F-1 for all 
functions w, we have 

I(Rn,k()v)(a)a- (Rn,kv)(a)l 

K IRnk(a)v- Rn,kVHILO(k) 

SIIRnfl'(a)v - RnkvllL2(a) 

? a(llv - RnIk(a)VlHL2(6) + Iliv- Rn'ikVlLL2(6)) c (IVIH(Ak(a)) + IVIH1(Ak)), 
which concludes the proof. 

* When Ak and aL(a) are not adjacent, there exists a finite number of triangles 

K1, ..., Kr, such that K1 is adjacent to (a) , K, is adjacent to ad and 
each Ki, 1 < i < r - 1, is adjacent to Ki+1 (the number of such triangles is 
bounded as a function of a). Then, we write 

I(Rn,k(a)v)(a) - (Rn,k)v(a) 

S(Rn (a) V)(a) - V,1 I+K K1 - v K2~ ? + I+K, - (Rn,'k)(a) , 
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where each UVK stands for the meanvalue of v on Ki, and we apply the same 
arguments as previously to each of these differences. 

Noting that the support of ?Pa is a finite number of triangles, bounded as a 
function of a, we obtain (A.1) with R6 raplaced by R + R . 

Step 3. Enforcing the continuity at corners inside mortars. Exactly as for 
the proof of Lemma 2.3, with the same notation for Vn,k, we take 

(R 
v),~n,,k 

[Rv + R v](a) a, O < k < 
Kn, 

aEVn,k 

where, if Qn,k coincides with Qn,ki(m), the jump [Rlv + R2v](a) means 

(RIv + R V)10n,k(m) - (R'v + RV)10n, ki(m) . 

The same arguments as in the proof of Lemma 2.3 allow for proving that (A.1) 
holds with R6 raplaced by R' + R + R . 

Step 4. Enforcing the continuity through mortars. As in the proof of 
Lemma 2.3 and for the same operators LT (restricted to the case ? = 1 of piecewise 
affine functions), the final idea consists in defining R by 

Mn" p(m) q(i) 

m=l i=1 j=1 

with 

R'v = LT ((Rv + Rv + RV?Rv))1n,k(m) - (R'v + R2v + RV)on,ki(m)). ii '13 \1 6 6 6 6 6 6 In, k i (m) 

Here, we use a slightly different estimate for the L', which can be derived by exactly 
the same arguments as in [4, Thm. 5.1]: with the same notation as in Section 2, for 
S<s< 1, 

(A.5) 

|ILS'pl|HH(A(m)) <_ Ci, IHS() 

ij H 2 (,y! s 

It can also be checked by going to a reference element that 

h-2 
112 I2(K) C h2s-2 IRvl S(K)1 

KCA ki(m) KCAki(m) 

So, using (A.5) yields 

h -2 
Rmv 2(K) 

KCAi (m) 

<c( sup h2 -2) I 
Rmv•12i K 

Kij(m) 
Hs(Aki(m)) 

KCZk 

<c2s-1 sup h2s--2 ? c 
p5 ( sup K 

KcAki(m) 

x I (Rv + R2V + R3V)12n,k() - m(Rv 0 RV + R~)ki( )• 2 
H 8()"H 2 
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Adding and subtracting v in the previous difference and using the trace theorem 

(obtained by going to a reference element), we derive 

hK2 IlRv 12(K) 
KcAi(m) 

< cA2s-1( sup h 2s-2) 
KCA>i(m) 

x (iv - (Rlv + R2v + R3v) ll2 
+ IIv -(Rv + RV + R3 v)[ 1 

2 
)k 

H(56 
Hs (m) 

Next, we derive from (A.3) and the fact that the norm of each function <pa in HS(K) 
is bounded by hl-S that, for all K of Tn,k 

(A.6) |v - (R~v + R~v + R v)IIHs(K) ? hl~' HIIVIIH(Ak). 

Since all triangles in Ajki(m) have the same diameter, we obtain 3 

hK 2 iiRvlI2L(K) 
KCA>i(m) 

Sc 2s-1 ( sup h2s-2) II - (R v + Rv + Rv)II 2kim + c 

- 

K 
Hs|i((m) 

KCA6 (m) 

+ 2s-1 2l(aim) 

where A?Jc(m) is a neighbourhood of A (m) in Qn,ki(m). Finally, we sum up the 
3* 

previous inequality on the j, i and m and note that the diameter of the triangles 
contained in 

Aji(m) 

are smaller than uy times the diameter of the triangle of Tn,k(m) 

that contains A' 
,(m), 

so that 3 

ShK2 IIRvK 2L2(K) 
K E Th" 

< c3 A h-2 liv - (Rlv + RUv + 
RVv)IlHs(K) 

+ c' - Vii2H(Q). 

K ETn 

Using (A.6) once more yields the desired result. The second estimate in (A.1) is 
obtained by similar arguments. 

It is now readily checked that the operator R6 defined in (A.4) takes its values 
into X6_ and that estimates (A.1) are satisfied, which concludes the proof. 
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