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ON THE STEP-BY-STEP CONSTRUCTION 
OF QUASI-MONTE CARLO INTEGRATION RULES 

THAT ACHIEVE STRONG TRACTABILITY ERROR BOUNDS 
IN WEIGHTED SOBOLEV SPACES 

I. H. SLOAN, F. Y. KUO, AND S. JOE 

ABSTRACT. We develop and justify an algorithm for the construction of quasi- 
Monte Carlo (QMC) rules for integration in weighted Sobolev spaces; the rules 
so constructed are shifted rank-1 lattice rules. The parameters characterising 
the shifted lattice rule are found "component-by-component": the (d + 1)-th 
component of the generator vector and the shift are obtained by successive 
1-dimensional searches, with the previous d components kept unchanged. The 
rules constructed in this way are shown to achieve a strong tractability error 
bound in weighted Sobolev spaces. A search for n-point rules with n prime 
and all dimensions 1 to d requires a total cost of O(n3d2) operations. This may 
be reduced to O(n3d) operations at the expense of O(n2) storage. Numerical 
values of parameters and worst-case errors are given for dimensions up to 40 
and n up to a few thousand. The worst-case errors for these rules are found 
to be much smaller than the theoretical bounds. 

1. INTRODUCTION 

In this paper we develop a constructive approach to the design of quasi-Monte 
Carlo (or QMC) integration rules for approximating integrals over the d-dimensional 
unit cube, 

Id(f) 
=- 

] f(x) dx. 
Jr[0,1]d 

We recall that QMC rules are algorithms of the form 

n--1f i 
(1.1) Qn,d(f) 

= f (i) 
i=0 

with the points xi = Xn,d,i E [0, 1]d for i = 0, ... , n- 1 chosen in some deterministic 
way. 

Recently the tractability of this problem in the worst-case setting has been stud- 
ied by Sloan and Woiniakowski [8] in weighted Sobolev spaces of functions with 
square-integrable mixed first derivatives. Following [8], the problem is said to be 
QMC tractable if the minimal number no0(, d) of quadrature points xi needed in 
(1.1) to reduce the worst-case error from its initial value by a factor E > 0 is bounded 
by a polynomial in e-1 and d. The problem is said to be strongly QMC tractable 
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if that bound is independent of d. In this situation, the least possible value (or the 

infimum) of the power of E-1 is called the e-exponent. 
In [8] it is shown that the necessary and sufficient condition for strong QMC 

tractability is 

(1.2) <00, 
j=1 

where the nonincreasing sequence {yj } of positive numbers yj (the "weights") char- 
acterizes the decreasing importance of the successive co-ordinate directions in the 

weighted Sobolev space. (Precise details of the space are given in Section 2.) If this 
condition holds, then no(e, d) is bounded by CE-2, with C independent of d; thus 
the E-exponent is at most 2. 

More general quadrature formulas are considered in [10] and [4]: the former 
allows any positive weights, the latter allows even negative weights. The conclusion 
in both cases is that the greater freedom does not make the problem any easier, 
in the sense that (1.2) is still the necessary and sufficient condition for strong 
tractability. 

The proof used in [8] is nonconstructive (the argument involves averaging over 
all choices of the quadrature points xi in (1.1)), and therefore gives no clue as to 
how to construct QMC rules that achieve an error bound appropriate to strong 
QMC tractability. 

The spur to the present construction comes from a later paper [9], where it is 

proved that if (1.2) holds then the strong tractability bound can be achieved, if 
n is prime, by QMC rules from the relatively small class of "shifted lattice rules". 
These are rules of the form (given that n is prime) 

n-1 

(1.3) Qn,d(f)= 1 f ({ } 
i=0 

where z E Zd has no component divisible by n, and A [0, 1)d is the "shift". 
Here the braces around a vector indicate that we take the fractional part of each 

component of the vector. (The paper [9] also gives the improved value of 1 for 

the e-exponent if the weights satisfy E 
00 

1Y/2 < 00, thereby confirming results 

previously obtained nonconstructively by [3]; we do not obtain results of this kind 

here.) 
Lattice rules, discussed in [5] and [6], are usually considered only in the context 

of periodic functions, but in Section 6 of [9] and here they are considered for the 

integration of general (nonperiodic) functions from the weighted Sobolev space. 
The total number of distinct lattice rules with n quadrature points is finite, since 

it is clearly sufficient in (1.3) to restrict z to the set Zd, where 

(1.4) Zn:= {1,2,... ,n- 1}. 

However, a direct search for good QMC rules of the form (1.3) is infeasible when 
d is large, because the number of choices of the integer vector z is (n - 1)d, which 
rises exponentially with d. In addition, there is the problem of choosing the d- 
dimensional shift A. 

In the present paper we develop a theoretical framework for the practical con- 
struction of shifted lattice rules that achieve the predicted strong tractability error 
bound. 
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Our construction is inspired by a component-by-component construction of 
"good" lattice rules introduced, for the classical context of periodic functions, in 
the recent paper [7]. At each stage of that construction a one-dimensional search is 
carried out for the last component of z, with all previously computed components 
held fixed, in the knowledge that there exists at least one choice for the added 
component of z for which the desired error bound is achieved. From this it follows 
that the best possible choice must certainly achieve the bound. 

The present setting is different from that in [7], because the spaces are now 
Sobolev spaces instead of Korobov spaces, and there is the extra difficulty of having 
to find a suitable shift A in (1.3). Nevertheless, the final result (stated in Theorem 
4.4) has a similar flavor: in essence if z E Zd and A E [0, 1)d are such as to achieve 
an appropriate bound for the worst-case error in the d-dimensional case, then there 
exists a pair (zd+1, Ad+1) E Zn x [0, 1) for which the (d + 1)-dimensional case with 
these components adjoined (and all other components left unchanged) satisfies an 
analogous bound. It follows that a suitable pair (zd+1, Ad+1) could in principle be 
obtained by minimizing the worst-case error in the (d + 1)-dimensional case over 
all possible choices of the pair. Even that task would be difficult. Fortunately, 
the theorem also establishes that a satisfactory pair (zd+l, Ad+1) can be obtained 

by finding first Zd+1 (by minimizing the explicitly known mean square error over 
all 1-dimensional shifts Ad+1) and then, with zd+1 fixed, determining the shift 

by minimizing the worst-case error over Ad+1. The theorem even states that the 
search over the shifts Ad+l can be restricted to the discrete set {1/(2n), 3/(2n),... 
(2n - 1)/(2n)}. 

The final fruit of the theoretical considerations is the algorithm in Section 5. 
This gives a foolproof way of constructing, for each prime value of n, an unending 
sequence of shifted lattice rules Qn,d, with d increasing, at the cost of carrying out 
two 1-dimensional searches of length n at each stage of the construction. The total 
cost for constructing all rules up to dimension d is at most O(n3d2) operations. 
This may be reduced to O(n3d) operations at the expense of O(n2) storage. The 
quadrature error is bounded by IId(f) - Qn,d(f)l C/n1/2, with a known value of 
C, independent of d. 

Explicit examples of such sequences are shown in Section 6, for n = 1009, 2003 
and 4001 (all of which are prime). The numerical results reveal that the resulting 
worst-case errors are always much smaller than the theoretical bounds. Moreover, 
the apparent dependence of the worst-case errors on n is always better than the 
predicted O(n-1/2). 

2. WEIGHTED SOBOLEV SPACES 

We start by defining a 1-dimensional Sobolev space which is parametrized by 
positive numbers 3 and -y and a number a E [0, 1]. The Hilbert space H1 

= 
HI,,,y,a 

is the space of absolutely continuous and once-differentiable real functions defined 
on [0, 1] with square-integrable first derivatives. The inner product in H1 has the 
form 

(f,g (f,g91,,,a 
:= 

3-lf(a)(a)()+7-1 f'(x) g'(x) dx 

with corresponding norm Ilf 1 = V(f, f). Though we may assume that 0 = 1 as 
in [9] (there it is also assumed that a = 1), we shall not make this assumption since 
there is no disadvantage in allowing/3 to take on any positive value. A general choice 
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of the parameter a is also considered in [4]. The space H1 is a reproducing kernel 
Hilbert space, since there exists a (unique) Kl(x, y) such that f(y) = (f, Ki(-, y))l 
for all f E H1. An explicit expression for this reproducing kernel is given in the 
next lemma. 

Lemma 2.1. The reproducing kernel for the space H1 is 

K1(x, y) = 
Kl,p,y,a (x, y) = + YIta (X, y), 

where 

Smin(Ix-aI, ly--al), if (x - a)(y- a) > 0, 
(2.1) a(Y)= 

, if (x - a)(y - a) < 0. 

The proof of this lemma is similar to the proof in [4] for the case when P = 1, 
and hence is omitted. 

For the functional of one-dimensional integration, 

(x)dx, 
I1 

( f ) = f (x) dx, 0/ 

we can easily find its representer, that is, the function hi E H1 such that (f, hi)1 = 

Ii(f). 
Lemma 2.2. The representer of integration in the space H1 is 

hi(y) = 
hl,,,y,a (y) = / + -ywa(y), 

where 

(2.2) (y-a)(1Y-)-), if y> a, (a - y) ( + ) , if y < a. 

The norm of this representer is given by 

hl,p,,a1 -= [ + (a2 - a + )] 

Again, the proof of this lemma is similar to the proof in [4] for the case when 

03=1. 
Now we define our d-dimensional weighted Sobolev space parametrized by a 

vector a E [0, 1]d. Suppose we have two positive sequences 3 = {fj3 } and ~ = { j}. 
We define the d-dimensional reproducing kernel Hilbert space Hd as the tensor 
product 

Hd = Hd,P,y,a -- Hi,fl,7y,al 
0 

Hi1,2,y,2,a2 

0 '' 0 
H,jd,Yda,ad 

of d different 1-dimensional Hilbert spaces with different weights. The inner product 
in the space Hd is given by 

( 
1 

a1] 

lul aIuI 
(2.3) (f,g)d =E 

S fJ31 f 
( l-;-1 i1 f(xu, a) g(xu,a)dxu, 

uCED ju /) eu / 0jt 1O &Xu 

where D = {1, 2,...., d}, (xu, a) is a d-dimensional vector whose j-th component is 

xj if j E u and aj if j ? u, and dxu = 
fjcu dxj. The corresponding norm in Hd 
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is given by lfIId f v(f= f)d. The reproducing kernel in the space Hd is given by 

d 

(2.4) Kd(x, y) - Kd,p,y,a(x, y) 
= J (~J 

+ 
^•taj(Xj, 

yj)) 
j=1 

For the d-dimensional integral functional 

Id(f) =f f(x) dx, 
J [0,1]d 

its representer in Hd is given by 
d d 

(2.5) hd(y) 
= 

hdof,a=(Y) 
= 17 

hi,oJ,jy,aj 
(yj) = 1 

(3j + ?YjWaJ (Yj)), j=1 j=1 

where Wa, (Yy) 
is given by (2.2) with a = a3 and y = 

yy. 
By the definition of the 

norm corresponding to the inner product in (2.3), we can show that the norm of 
the representer is 

d d 

(2.6) Ilhdlld l hl,oj,=j,ajlI = 1 j [J •yj (a2 -aj +) . 
j=1 j=l 

Let Pn,d = {xo, ... , xn-1} be the set of points for the QMC rule (1.1). Then for 
the Hilbert space Hd with reproducing kernel Kd, we define the worst-case error 
en,d(Pn,d, Kd) by 

en,d(Pn,d, Kd) := sup{lId(f) - Qn,d(f)l : f E Hd, Ilfll 
< 1}. 

Since 

Id(f) - Qn,d(f) = f, hd - - Kd(', 
n1i=o d 

it follows that 
n--1 

(2.7) en,d(Pn,dKd))= hd-1 K(,i di= 
i=O 

We also define the initial approximation Qo,d(f) to be 0, so that the initial worst- 
case error is simply eo,d(Kd) = 

Ilhd ld. 

Lemma 2.3. The square worst-case error e 
,d(Pn,d, 

Kd) with Kd = Kd,P,y,a may 
be written as 

d n-1 d 

dJ +[ ?yj (a - 
ay?+)] 

- 

_ 
E 1 [!j + YjWaj (Xi,j)] 

j=1 i=o j=1 

n-1 n-1 d 

n 
-• 

i 
[3= 

? yjaj (Xijk,j)] , i=o k=o j=1 

where w, and pLa are given by (2.2) and (2.1) respectively, and xij is the j-th 
component of xi. 
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Proof. It follows from (2.7) that 

n--1 

efld(Pf,d, Kd) = (hd, hd)d -- 2 Z(hd, 
Kd,/3,-f,a(', 

Xi))d 

1 n--i n--i 
+ ( 5(Kd,o,y,a(Xi, ), Kd,,7-,a(', Xk))d 

i=O k=O 

n-1 n-1ln-1 

lhd - 
i= i=hd(i) 0 k= d,,3a(X, Xk) 
i=O i=O k=O 

The result now follows from (2.4), (2.5), and (2.6). O 

When all the /j are 1 and all of the components of a are also 1, then the 
corresponding worst-case error en,d(Pn,d, Kd) is simply the weighted version of the 

L2 star discrepancy considered in earlier work (for example, see [2] and [8]). When 
all the 1j are 1 and all of the components of a are 1/2, then the corresponding 
worst-case error en,d(Pn,d, Kd) is the weighted version of the L2 centred discrepancy 
discussed in [1]. 

3. THE SHIFT-INVARIANT KERNEL 

In the subsequent work we shall need the "shift-invariant" kernel corresponding 
to (2.4), as defined in Hickernell and Woiniakowski [3]. A shift-invariant kernel 
associated with any reproducing kernel Kd(x, y) is defined by 

K*(x, y):= Kd({x + A}, {y + A}) dA. 
J([0,1]d 

It is said to be shift-invariant because 

K(, y) = K({x + A},{y + A}), x, y, A [0, 1]d. 

Lemma 3.1. The shift-invariant kernel associated with the reproducing kernel 

Ki,P,-y,a of Lemma 2.1 is given by 

K1,P,y,a(x, y) = p + (Ix 
- - - y2 l + a2 - a + ), x, y [0, 1). 

The proof of this lemma in the case when a = 1 can be found in [3]. The proof 
when a E [0, 1) is not difficult but is tedious, and hence is omitted. 

The shift-invariant kernel Kd*p,y,a associated with the reproducing kernel 

Kd,P,,y,a 
in (2.4) is then given by 

K,,y,a•, 
y) = 

[o,]d Kd,P,y,a({x + A}, {y + A}) dA 
J[0,1]d 
d 

(3.1) = K* (xjyj) 
j=1 

d 

j=1 [oj +j(Ixj - yjmI - axj 
- 

I) j --1 
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Generalized weighted Korobov spaces are spaces in which the reproducing kernels 
are of the form 

d 

"1-3i 

F e21rih(xj -y) 

j= 1 h=-Coo 

where the prime in the sum indicates that we exclude the h = 0 term. Such spaces 
have been considered previously in [3] and [9]. In the following lemma, we show 
that 

K••,py,a 
is a kernel for such a weighted Korobov space with a = 2. 

Lemma 3.2. The kernel Kd*,y,Sa of (3.1) may be written as 

K,a(, 
=y) 

d[ + 

- 

0 
j e21rih(xj -yj) 

,a 
( E =h2 

j=l h=-00 

where 

i~ = j +,~j (a2-aj + ) and ~= 

Proof. We have from Lemma 3.1 

K,3,jy,a(X, y) = P + - (Ix - y-2 _ Ix - yI _ a2 - a + 1) 
= 0 + 7 (B2( x- yI) + a2 - a + ), 

where B2 is the Bernoulli polynomial given by B2(x) = 2 - x . We can write 
B2 as the Fourier expansion (for example, see [6]) 

1 
0 

e27rihx 
(3.2) B2(x)= 22 e , 

x e[0, 11. 
h=-x [ 

It then follows that we can write KI,~,a s 
1,)3,y,a a 

1 00 
e21rihlx-yl 

1 
(X,,Y ) =0 

1+27 2 E2 h2 
2- 

3 

(a 2 1) / 2-rihlx-yl 
= 

0 
+ 7 

(a 
2 2 

" h3 2 -r2h2 
h=--oo 

Hence 
d 

g~,(,,,( y)= 1 
K*1,0Ij, 

,aj (Xj,Yj) 
j=1 

ld2 a+I ) j 0f e2-rihlxj-YJI 
= +4yj (ai - aj ) + / eho h2 
j=1- h=---c 

Since 

o e2ih(xjyj) e e21ih(yj -xj) 

h2 h2 
h= -00 h= -00 

this completes the proof. 
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4. A THEORETICAL FOUNDATION 

FOR COMPONENT-BY-COMPONENT SEARCHES 

We consider "shifted" rank-1 lattice rules, that is, quasi-Monte Carlo rules with 

quadrature points given by the set 

Pn,d(Z, A):= +A :i=0,1,...,n-1 , ' n 

where A e [0, 1)d is the "shift" of the lattice {iz/n}, i = 0, 1,... , n - 1, and z E Zd 
is the generator vector with Zn given by (1.4). For simplicity, n is chosen to be a 

prime number and hence n > 1. 
The following theorem asserts the existence of a shifted lattice rule with relatively 

small worst-case error. 

Theorem 4.1. Let n be a prime number and Kd = Kd,P,y,a. Then there exist a 
choice of z e Zd and a choice of A E [0, 1)d such that 

e2,d (Pn,d(Z,T ), Kd) ( J +~ (a2 - aj + )) 
j=1 

d 

j=1 

Proof. Let Kd = K*,py,a denote the shift-invariant kernel associated with Kd 

Kd,P,y,a, given explicitly by Lemma 3.2. Then it is known from [3, formula (37)] 
that 

,1] d (Pn, A), Kd) d = e n,d (Pn,d(z), Ks) , 
,1]d 

where 

Pn, 
d(Z) 

:= : iz 
= 

0,1,.. 
n -1 

= 
Pn,d(Z, O). I I n 

Thus for an arbitrary fixed vector z E Zd there exists at least one shift A E [0, 1)d 
such that 

e 
n,d (Pn,(Z, A), K) e 

,(Pnd(Z), K) . 
Now recall that Kd* is given by Lemma 3.2. Let 

00 

(p) = h- p>l, 
h=l 

be the Riemann zeta function. A slight adaptation of Lemma 2(ii) in [9] shows that 
if n satisfies, for all j > 1, 

(4.1) n 1+ 3((2) 

+ +/(27r2) 7r2 
=1+ 

3j + (j (a2 - aj + ) 
6 

Yj 
=1+ 12 

(3j + 
7 

j(a - aj + ))' 
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then the mean of e2 (,d(z), K) over all z Z satisfies en,d (P,d(, Kd)oeralz n satisfies 

e2 1d 

(n- 
)d eZd (Pn,d(Z)) K) ?< - I 

(0J 2"j(•(2)). EZ1d j=1 

2 1 ' 
and then Upon making the substitutions j = ! + yj (a2 - a + ) and j -= , and then 

simplifying, we obtain 

2d2 

Sen,d (Pn,d(Z), Kd) < -n(3j + y(a -aj+)) 
zEZd j=1 

d 

1< 
Hence there exists a choice of z E Zd such that 

2 d 
e,d 

(Pn,d(Z),K)< 
(d + j) j=1 

In turn there exists a choice of A E [0, 1)d such that 

e7,d (Pn,d(Z, 
A), Kd) en,d (Pn,d(z), ?( + ( ? 

j=1 

Since a2 a+ (a 2) + 1 > 1, a sufficient condition for (4.1) to hold is 
that, for each j > 1, 

12? j + /3j 
Since Oj, yj > 0 for each j, this condition holds when n > 2, and so is automatically 
true when n is a prime number. This completes the proof. Ol 

For simplicity, we will take a = 1 in the rest of the paper. The remaining 
theorems can be extended to a general a, but the resulting proofs are more involved. 
When a = 1, it follows from Lemma 2.3 that, for Kd = Kd,-,y,l and any choice of 

Pn,d 0 {O,... ,X n-1}, 

d n-1 d 

(4.2) 
en,d(PndKd) 

= 1 (3 _ 
- 

[J2_+ -(1 -x, 
j) 

j=1 i=0 j=1 

n-1n-1l d 

+ n2 E E l [03 +j (1 max (xijXk,j))] i=O k=O j=1 

Now suppose that for some particular d we happen to know a set Pn,d of d- 
dimensional points {xo,... ,xn-1} C [0, 1)d (which may or may not be the points 
of a shifted lattice rule), for which the bound in Theorem 4.1 is satisfied. Then 
Theorem 4.4 below will show that it is possible to construct a (d + 1)-dimensional 
rule which satisfies the same bound as in Theorem 4.1, but with d replaced by d+ 1. 
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The (d + 1)-dimensional rule uses the set of points 

Pn,d+l(Pn,d, Zd+l, Ad+l) iZ, 
+ 

A :d+l 
i = 

0,1,... ,n - 1 , n 

where Zd+1 Z7n and Ad+l E [0, 1), so that the first d components of the points 
in the set Pn,d+l(Pn,d, Zd+1, Ad+l) are exactly the points of Pn,d. 

If Pn,1 is a 
1-dimensional lattice rule, then the (d + 1)-dimensional rule constructed recursively 
in this way is a shifted lattice rule. 

Theorem 4.4 makes essential use of the quantity 

01 

(4.3) M ,d+Pndid+1) := 
( 2,d+l (Pn,d+l(Pn,d Zd+1, Ad+1), Kd+) dAd+l, 

Mn~+ (Pnd Z+ ) " •~d 1dZd 1 

which is the mean of the square worst-case error for the (d + 1)-dimensional rule 
with points Pn,d+1 (Pn,d, Zd+1, Ad+1) taken over all values of the shift Ad+1. 

Lemma 4.2. Let the set Pn,d = Xo, ... , xn-1} C [0, 1)d and the integer Zd+l E 
Zn be given. Then 

M2,d+l (Pn,d, Zd+1) 

d+ 1 n-1 d 

=j(a? +-•) 
2 (03 (3 n 

j2-X-, ))(13d+ + ) j=1 i=o j=1 
n-1 n-1 d 

+ 
-n 2 [E ((3 + 

3j [1 - max 
(xi,j,xk,j)]) 

i=O 
k=• 

j= 1 

3d+1 + - 1d B2 
d+ 

1 

Proof. For any Zd+1 E Zn and any Ad+l E [0, 1), suppose we define 
Wi(Ad+l) 

+ Ad+l . We have from (4.2) that 

e2d+1 (Pn,d+l(Pn,d, Zd+l, Ad+l), Kd+l) 
d+l 

j=l1 

2n-1 d 

• • 
(1 

-x) 
"'1 

d+ 
1 

(1 
- 

Wi2(Ad+1)) 

i=-0 -= 
1 

n-1 n-1 d 

+n 2EI J ( j + l , [1 - max 
(xi,j, k,j)]) i=O k=O [j=1 

S(fd+l 

+ 

Yd+l 

[1 - 
max (Wi(Ad+l),Wj(Ad+))]) 
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Thus the mean square worst-case error defined above is 

(4.4) 

M2(,d+l 
Pn,d, Zd+1) 

d+l n-1 d 

=10j+-)- -n 
1 

+-(1- ,, 
j=1 i=O [j=1 

2d+11- 
Wi2(Ad+l)dAd+l 

n-1n-1 d 

+ nZ~ if(3J + y [1 - max (i,j, xk,j)]) 
i=O k=O =1 

i3d+1 
+d+1 1-j max(Wi(Ad+l),Wk(Ad+1)) dAd+1) 0/ 

For any x, y E , it may be verified that 

(4.5) {x + A}2 dA = 
0 

3 

and 

(4.6) max({x + A}, {y + A}) dA = - {x} - {y} + Ix - 

= - 
B2(j{x} - {y}I) 

Since Wi(Ad+l) {iz+l= d+l} and 

B2 ( 
{id+l {kd+l}) 2 ({ 

(i - k)d+l 

the result follows. O 

We shall find it convenient to introduce also a discrete form of the mean (4.3), 

Mn,d+l (Pn,d, zd+l) := 
n e,d+1 Pn,d+1 (P,dd+1, 2) +, 

m=1 

which is just the composite mid-point rule with spacing 1/n applied to the integral 
in (4.3). 
Lemma 4.3. Let the set Pn,d = {xo,... ,Xn-1} C [0, 1)d and the integer Zd+1 E 
Zn be given. Then 

M,d+1(Pn,d, Zd+1) ,d+Pn,d, 
Zd+1)? 

, 
n,d+l(P1nd klj 

Proof. For any x, y E IR, we have 

J1max ({x + A}, {y + A}) dA 

n 
M S _ max({x+ A}, {y+ l}) dA 

m=1n 
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and 

{x + A}2 d = J{x + A}2 dA. 
m= 1 

These two integrals appear in (4.4) with x and y being multiples of 1/n. As a result, 
the values max({x + A}, {y+ A}) and {x+ A}2 are continuous and differentiable on 
each subinterval [(m - 1)/n, min] of length 1/n. Moreover, max({x + A}, {y + A}) 
is linear on each subinterval and so the result of applying the midpoint rule on each 
subinterval is exact. Thus 

J1 
J max ({x + A}, {y + A}) dA 

1 =nm ( +2m- 1 2m-l) 
n 2n ri +-2n 

m=1 

On the other hand, {x + A}2 is quadratic with a positive second derivative on each 
subinterval, and so, upon applying the mid-point rule, we have, for m = 1,... , n, 

m 2- 1 

/ + 2 
1 

>2m-1} 1 n 2n 

Hence 

r1 1 { 2m }2 
x/ + A12 

d 1 
> 

- 1 

=n 2n 0 M--1 

Since M2 (Pn,d, Zd+l) is just the approximation to M2 d+l(Pn,d, Zd+1) in (4.4) 
obtained by the composite mid-point rule with spacing 1/n, the result follows. E[ 

Theorem 4.4. Let n be a prime number and let the set 

Pn,d= {0, ... ,n-1} C [0, 1)d 

be given. Suppose that 

d 

2e,d(Pn,d, 
Kd) ?< n (/3 + ) 

j=1 

Then there exist zd+l Zn and Ad+1 E [0, 1) such that 

d+1 

(4.7) 
en,d+l 

(Pn,d+l (Pn,d, Zd+1, d+l) , Kd+l) j + j) 
j=1 

A pair (Zd+l, Ad+l) that achieves this bound can be found by first finding a 
Zd+1 

that minimizes M2,d+l(Pn,d, Zd+1) in Lemma 4.2 and then (with zd+l fixed) finding 
a Ad+l that satisfies (4.7). In the last step it is sufficient to restrict the search over 

Ad+1 to the set {(2m - 1)/(2n) : m = 1,...,nr}. 
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Proof. For any Zd+l E Zn, it follows from Lemma 4.2 and (4.2) that 

M,d+l (Pn,d, +) 
= 

d + d) eP,d,Kd) 

n-1 n-1 d 

+ 
nEE (3j 

+ 3j [1 - max (i,, Xk,j)]) 
i=O k=O0 j=1 

SB2 - )Zd+l 

On separating the i = k terms and the i # k terms, we obtain 

M,d+l (Pn,d, Zd+l) 

-= 
(dl 

+ Yd3) en,d 
(Pn,d,Kd) 

n-I 
d 

+ 
n 2 

(j + ,j (1 - xi,j)) 2B2(0) 
i=0 =1 

n-1n-1 d 
+ 1 11 (j + 

"yj [1 - max (xi,j, xi,k)]) 
i=O k=0 [=1 

koi 

SB2 
(i - k)Zd+l 

n-i d 

S(d+1 ) 
,d(P,d, Kd) + 

6n2 E 
yj (1- x)) i=O j=1 

n-1 n-I d 

+ 
nd+ 

ji (3 +?j 
[1 - 

max(xi,j,Xk,j)]) i=O k=O 
j-=1 

k i 

( 
O 

e27rih(i-k)zd+/n ) 

22 72Eh2 ' 
h= -(o 

where we have used (3.2). Now we average this over all possible values of Zd+1 E n,, 
forming 

n-1 

n,d+l(Pn,d) :-i E Mn,d+l(Pn,dzd+l) 
Zd+l=1 

=- 
( d1 + Y 1) e2,dl n,(Pd, Kd) 

n-1 d 

+"Yd+l 
5 JJ[i3=j= (1 -X,)] + 

Pn,d+l, 
i=O j=1 
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where 

n-1 
n-ln-1 

d 1 Z 
4+ 1 zQ[A n, 

E-+12:= 

- EE ]I(j +,j [1 - max 
(xi,j, xk,j)]) 

Zd+l-1 ii=O k=O j=1 

n-1n-1 d 

1 I (O + [1 - max (x,3, Xk,j)]) 

i=o k=O j=l 
koi 

12 h= 1 1 e27rih(i-k)zad+/n 
272-ETh=-h n- 11 

h=-ooZd+l'-=1 

If h is a multiple of n, then 

n-1 

n-1 
zn1 

e21rih(i-k)Z+l/n 

Zd+l-- 

If h is not a multiple of n, then, noting that i - k is not a multiple of n either, we 
have 

n- 1/ 
n2-rih(i-k)z+l/nih(ik)/n 1 

Zd+=l z 1 Zd+=0 
1 

n-1 

Thus 

122 E 1 
_1 

e2rih(i-k)zd+l/n 2rh= - 1 zd+l1= 
1 

1 
2 

1 1 
2rr2 h0 (mod n) 2 n 0 O(mod n) 

1 1 1 1 / 1 
S2 r2 (m)2 n h-2 E (mr)2) m= -oo h=-00 m= - 

00oo 
1 2((2) 1 

2 2((2) 
272 

n2 
n-1 (2(2) 2(2))) 

1 2((2) 

6n 
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It follows that 'n,d+1 < 0. Hence 

Jn,d+l(Pn,d) (!P3d+l + 
21) ed(Pl,d, Kd) 

n-1 d 

+t 
2d l : fll[)3j 

-•J(1 

- 
xi,j)] 

6n+ 
i=o j=1 

d d 

?d+l 
1+ Yd 

1l H ()3j+yj) 
Y+ 

6nI 
(3A+ ^) 

j=1 j=1 

d 

= 
(d+1•+ 

d 
l 

H (37j y3) 
j=1 

d+1 

j=1 

Since Tn,d+l (Pn,d) is the average of 
Mn,d+l(Pn,d, Zd+1) over all zd+1, if we choose 

Zd+l E Zn to minimize M2,d+l(Pn,d, Zd+l), then this choice of Zd+l will satisfy 
d+l 

Mn,d+l (Pn,d, Zd+) ?< 'n,d+l (Pn,d) 
< 

1 H (f3l 
? + )o 

j=1 

Now for this particular choice of Zd+1, M n,d+l(Pn,d, Zd+1) is the average of 

e ,d+l 

(Pn,d+-l(Pn,d, 

Zd+l, Ad+l), Kd+l) 
over all Ad+1 in the set {(2m - 1)/(2n) : m = 1,..., n}. Therefore if we choose 

Ad+1 from this finite set to minimize e2,d+ (Pn,d+1(Pn,d, Zd+1, Ad+1), Kd+1), then 
this choice of 

Ad+I 
will satisfy 

en,d+l (P,d+ 
(P1,n, 

Zd+1, Ad+1), Kd+1) Mn,d+1 (Pn,d, Zd+ 
1), 

and in turn it follows from Lemma 4.3 that 
d+l 

,dl (Pn,d+l(Pn,a, Zd+l, Ad+l), Kd+l)< H( +yj). 
j=1 

This completes the proof. 

5. THE COMPONENT-BY-COMPONENT SEARCH ALGORITHM 

We now introduce the simpler notation 

en,d(z, A):= en,d (Pn,d(z, A), Kd,P,y,1)- 

Given n (a prime number) and d, Theorem 4.4 leads to the following algorithm for 
finding a generator vector z = (zl, z2,... , d) and a shift A = (Az, A2,...., Ad) 
such that 

2 1fj en, ((Zl, 
Z2,*..., 

Z 1), (A1, A2, 
..., 

A J 
- j=1 

for all f = 1,... , d. 
If at a later time further dimensions are needed, the algorithm can be restarted 

in an obvious way. 
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Algorithm 5.1. 

1. Set zl, the first component of z, equal to 1. 
2. Find A1 E {1/(2n), 3/(2n),... , (2n - 1)/(2n)} to minimize 

e ,l(zl,A1) 
= ((1+ 

-02 1+ 1-{z+A1}2)l 
n-1 n-1 n-1i= 

1 kiz kzl 
+ 2 2- 

-1 
-max n n 

- 
1 i=o k=o 

3. For = 2, 3,... , d - 1, d, do the following: 
(a) Find ze E Zn = {1, 2,..., n - 1} to minimize 

M 2 ((ZlZ2, z( , -1)1 ( 1, ,, A 
-2,. , 

1Z-1), z) 

( )3j + 
ene 

- 
((Zl 

,Z2,'' ,Zf* 
-1) 1( , A 2,l 

2 

At-l)) 

n-in-1n-1i [-1(!3 max ({ i iAj }kZ + })) 

i=0 k=0 Lj=l 

-B2 
(i - k)ze} 

n 

(b) Find At E {1/(2n), 3/(2n),... , (2n - 1)/(2n)} to minimize 

en, ((Z iZ, Z2, ,F z), ( li ,2 i, a... At)) 
S2 n-l 

•1j 

2 

= ](3j+ )-i rn - 
n j=1l i=0 j=1L 

n-1 n-l1 
tkzj j 

+i : E 
1=0 

3 - max 

--j= 

+ 
A-- 

j 
n2-i=0 k=0 

j=l n n 

We see from the algorithm that the cost of constructing a rule for all dimensions 
up to d is O(n3d2). This can be reduced to O(n3d) if we store the products during 
the search. However, this would require O(n2) storage. 

The next theorem states, in effect, that the QMC rules found by the present 
procedure conform with the strong QMC tractability bound of [8]. At the same 
time it confirms that the e-exponent (see the Introduction) is at most 2. 

Theorem 5.2. Let n be a prime number, and let z e Zd and A E [0, 1)d be 
obtained from Algorithm 5.1. Suppose that 

00 

=1 1< 0c 
j=j 

3 

Then for all d > 1 we have 
1 

en,d(ZA) a) Cn 2 eO,d, 
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with 

oo 1 00 
3 

exp +I 3 3 
= j=1 

3 
j=1J 

Proof. Because A1 is chosen from {1/(2n), 3/(2n),..., (2n - 1)/(2n)} by minimiz- 

ing e,(1, 1) (see Step 2 of Algorithm 5.1), it follows that 

in (1, A1) - 2 (1, 2 1) =l 
m= 1 

Arguments similar to those used in the proof of Lemma 4.3 show that 

Se2, (1, 2)m- e(1,A) dA. 
m=l 

By using (4.5), (4.6), and B2(x) = X2 - x + 1/6, we can work out this integral to 
obtain I 

e2 )1 
Snl(1,A)dA - =6n2< n 

Hence e2,(1 A1) < (1 ? -y1)/n. Then Theorem 4.4 shows that the vectors 

z E Zd and A E [0, i)d found using Algorithm 5.1 satisfy 

d d 
j + dj 

=n1d 
< 

n (. 
11 

3-j••( +-33 j=1 j=1 j=l 

Now recall that the initial worst-case error eo,d is given by I|hdlld, which from (2.6) 
with aj = 1 is 

d 1 

eod f 
(3?+j= 
j=1 

Thus 

e 2dz < 
I 

l+ 
d+ 

(j+ 
)e2 e2,d d) , 

1 24 e 
j=1 

S1 21 7)2j n + 
303j 

+ 
yj 

e 
j=1 

It then follows that 
en,d(z, A) 

1 
Cn- eo,d, where 

= 1+ 2<j 

1+I 
33 

+,y3j 
3103j 

j=1 j=1 

1 
0 

2-yj 
exp 2 Elog 1 + 

j=l 

0= 

( 

00 00 

1 I 

_ 
exp I j 

exp , 
2j=1 j=1j 
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where in the penultimate step we have used the fact that log(1 + x) < x for all 
S0. Since E 1 < 00, C is bounded. ] 
We remark that for fixed d, this proof shows that for any choice of positive /j 

and yj, we have 

1 2j 

en~d(Z, <)1fl1+3j )2 e0,d 
j=1 

In particular, for the classical case 3j = yj = 1, we obtain 
d 

< 32 
en,d (Z ) 7= eo,d- 

" 
(2) 

Moreover, if we have 
00 

?j= 
1 ' 

r = lim sup < 00, 

d---oo 

log d 
then arguments similar to those used in the proof of Theorem 3 in [9] show that 
the QMC rules found by Algorithm 5.1 satisfy a tractability bound that has a 

polynomial dependence on d of approximately d27/3. 

6. NUMERICAL RESULTS OF SEARCHES 

We consider the weighted Sobolev spaces with Ij = 1 for each j and four different 
sequences of -y: 

yj = 72, yj = 0.5i, yj = 0.75, yj = 0.93. 

Some preliminary numerical searches for the generator vector and the shift were 
carried out using Algorithm 5.1 with n taking the prime values 1009, 2003, and 
4001. In the implementation of Step 3(a) of Algorithm 5.1 we only considered 
values of ze in {1, 2, ... , n-1 , since 

B2 (i 
- k)z = B2 

-(i 

- k)(n - 
ze) 

= B2 
(i - 

k)(n - ze) 

We compare our results with the mean square worst-case error over all QMC 
rules (see Lemma 8 of [8]): 

E,d 
n 2( 3 

j=1 j=1 

The results are given in the Appendix in tables with entries d, Zd, Ld, en,d(z, A), 
and the QMC mean En,d. 

The striking feature of the numerical results is that in all cases the worst-case 
errors en,d for the computed rules are considerably smaller than the root mean 
square worst-case errors En,d. It also seems, on comparing the results with n = 

1009, 2003 and 4001, that the convergence of en,d to zero as n increases is faster 
than the theoretically predicted O(n-1/2). 
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TABLE 1. Maximum ratios of e1009,d 

yj = 1/j2 y-j = 0.5i -yj = 0.753 -j = 0.9i 
Rules found with yj = 1/j2 1 1.003 1.061 1.131 
Rules found with yj = 0.5i 1.135 1 1.092 1.500 
Rules found with ^yj = 0.753 1.036 1.013 1 1.037 
Rules found with yj = 0.9j 1.083 1.024 1.028 1 

Though the results are not presented here, some searches were also done for two 
other choices of yj, namely, yj = 1/j and yj = llj/j11 with !j = 1 in both cases. For 
the first choice, we expect tractability, but not strong tractability, whereas strong 
tractability is expected in the second case. The values of en,d(z, A) for the case 

yj = 1/j1-1 and d > 1 were smaller than those in the case yj = 1/j, which in turn 
were smaller than the values presented in Tables 5, 9, and 13 for the case -j = 0.9j. 

In practice, we do not know what the weights for a particular integrand will 
be. So one may ask the question of whether the shifted lattice rules found using 
Algorithm 5.1 for a particular choice of the sequence y will be good for other choices 
of -y. As a numerical experiment, we took n = 1009 and used the rules in each of 
Tables 2-5 (which are for a particular choice of -y) for d up to 40 dimensions to 
calculate the values of en,d(z, A) for all the other three choices of y. 

A summary of the results is given in Table 1. To describe what the numerical 
entries mean, consider the column headed yj = 1/j2. Then each entry in the 
column is 

emax1009,d(z, A) max 
l<d<40 e1009,d(Z, a)' 

where both e0oo09,d(z, A) and e1009,d(z,A) are calculated with yj = 1/j2. How- 

ever, eloo9,d(z, A) is calculated by using the rule found by applying Algorithm 5.1 
and taking the yj given in the corresponding row, whereas el009,d(z, A) is calcu- 
lated using the rule found by applying Algorithm 5.1 and taking j = 1/j2. Thus 
for example, in the column with j - 1/ j2, we see an entry of 1.083 in the row 
with yj = 0.9j. This entry of 1.083 means that for each value of d, all the val- 
ues of e'oo9,d(z, A) calculated with yj= 1/j2 using the rules found by applying 
Algorithm 5.1 with yj = 0.9i (see Table 5 for the Zd and Ad) were at most 8.3% 
larger than the corresponding value of e1009,d(z, A) found in Table 2 (correspond- 
ing to yj = 1/j2). The numerical entries in the other three columns have a similar 
meaning. 

A reasonable conclusion might be that the rules found with y 1/j2 are at- 
tractively robust when used to compute the worst case error with other choices of 

"Yj 

7. DISCUSSION 

The theoretical and computational results in this paper show that it is feasible 
to obtain shifted lattice rules that more than satisfy the strong QMC tractability 
bounds in weighted Sobolev spaces, for prime values of n up to a few thousand, and 
dimensions d up to the order of a hundred. Whether such rules will prove useful in 
practice is yet to be seen. 
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APPENDIX: TABLES OF SHIFTED LATTICE RULES 

TABLE 2. n = 1009 andj -y = 1/j2 

d Zd Ad en,d(z, A) En,d 

1 1 0.51883 2.8610e-04 1.2852e-02 
2 390 0.36620 4.5598e-04 1.5521e-02 
3 264 0.29386 5.6752e-04 1.6757e-02 
4 442 0.48612 6.4521e-04 1.7465e-02 
5 362 0.12735 7.0250e-04 1.7923e-02 
6 429 0.45243 7.4655e-04 1.8243e-02 
7 469 0.21457 7.8530e-04 1.8479e-02 
8 450 0.42270 8.1740e-04 1.8660e-02 
9 146 0.51189 8.4249e-04 1.8803e-02 

10 209 0.27304 8.6418e-04 1.8920e-02 
11 474 0.12735 8.8209e-04 1.9016e-02 
12 187 0.47621 8.9810e-04 1.9097e-02 
13 306 0.10159 9.1174e-04 1.9166e-02 
14 242 0.90337 9.2445e-04 1.9226e-02 
15 371 0.27502 9.3574e-04 1.9278e-02 
16 83 0.28989 9.4562e-04 1.9324e-02 
17 294 0.85481 9.5456e-04 1.9364e-02 
18 157 0.23241 9.6287e-04 1.9401e-02 
19 110 0.21853 9.7071e-04 1.9433e-02 
20 320 0.12834 9.7793e-04 1.9462e-02 
21 446 0.97572 9.8464e-04 1.9489e-02 
22 420 0.18186 9.9062e-04 1.9513e-02 
23 455 0.95788 9.9641e-04 1.9535e-02 
24 377 0.75768 1.0018e-03 1.9556e-02 
25 119 0.26511 1.0068e-03 1.9575e-02 
26 171 0.91923 1.0113e-03 1.9592e-02 
27 353 0.10951 1.0156e-03 1.9608e-02 
28 422 0.65956 1.0197e-03 1.9623e-02 
29 491 0.64767 1.0234e-03 1.9637e-02 
30 412 0.13231 1.0270e-03 1.9650e-02 
31 304 0.70614 1.0305e-03 1.9662e-02 
32 247 0.06293 1.0338e-03 1.9674e-02 
33 368 0.05600 1.0369e-03 1.9685e-02 
34 409 0.52379 1.0398e-03 1.9695e-02 
35 313 0.97671 1.0427e-03 1.9704e-02 
36 343 0.83102 1.0454e-03 1.9713e-02 
37 128 0.36918 1.0480e-03 1.9722e-02 
38 456 0.98464 1.0504e-03 1.9730e-02 
39 465 0.43162 1.0527e-03 1.9738e-02 
40 282 0.74579 1.0549e-03 1.9745e-02 
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TABLE 3. n = 1009 and yj = 0.5i 

d Zd Ad en,d(z, A) En,d 
1 1 0.75173 2.0230e-04 9.0879e-03 
2 390 0.15411 3.3792e-04 1.1878e-02 
3 264 0.58920 4.3830e-04 1.3267e-02 
4 442 0.75471 5.0246e-04 1.3968e-02 
5 362 0.75372 5.4012e-04 1.4321e-02 
6 429 0.44549 5.6180e-04 1.4498e-02 
7 461 0.39693 5.7376e-04 1.4587e-02 
8 146 0.75669 5.7995e-04 1.4631e-02 
9 153 0.65461 5.8332e-04 1.4653e-02 

10 180 0.36521 5.8498e-04 1.4665e-02 
11 450 0.79732 5.8585e-04 1.4670e-02 
12 191 0.03320 5.8628e-04 1.4673e-02 
13 110 0.34737 5.8651e-04 1.4674e-02 
14 209 0.00842 5.8662e-04 1.4675e-02 
15 474 0.92815 5.8668e-04 1.4675e-02 
16 157 0.97968 5.8671e-04 1.4675e-02 
17 371 0.06690 5.8673e-04 1.4676e-02 
18 242 0.92121 5.8673e-04 1.4676e-02 
19 242 0.58722 5.8674e-04 1.4676e-02 
20 320 0.90436 5.8674e-04 1.4676e-02 
21 273 0.52775 5.8674e-04 1.4676e-02 
22 474 0.17493 5.8674e-04 1.4676e-02 
23 142 0.11645 5.8674e-04 1.4676e-02 
24 320 0.12537 5.8674e-04 1.4676e-02 
25 409 0.90238 5.8674e-04 1.4676e-02 
26 319 0.11645 5.8674e-04 1.4676e-02 
27 343 0.88553 5.8674e-04 1.4676e-02 
28 240 0.11348 5.8674e-04 1.4676e-02 
29 420 0.13627 5.8674e-04 1.4676e-02 
30 187 0.63875 5.8674e-04 1.4676e-02 
31 184 0.43062 5.8674e-04 1.4676e-02 
32 487 0.65461 5.8674e-04 1.4676e-02 
33 142 0.87661 5.8674e-04 1.4676e-02 
34 463 0.73389 5.8674e-04 1.4676e-02 
35 307 0.60505 5.8674e-04 1.4676e-02 
36 476 0.64371 5.8674e-04 1.4676e-02 
37 353 0.78345 5.8674e-04 1.4676e-02 
38 30 0.67047 5.8674e-04 1.4676e-02 
39 267 0.15213 5.8674e-04 1.4676e-02 
40 20 0.96085 5.8674e-04 1.4676e-02 
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TABLE 4. n = 1009 and yj = 0.75i 

d Zd id en,d(z, A) En,d 

1 1 0.50099 2.4777e-04 1.1130e-02 
2 282 0.49108 5.3445e-04 1.6579e-02 
3 374 0.34242 8.9897e-04 2.0888e-02 
4 153 0.77750 1.3495e-03 2.4368e-02 
5 135 0.60307 1.7838e-03 2.7159e-02 
6 195 0.31665 2.1858e-03 2.9371e-02 
7 209 0.84787 2.5536e-03 3.1103e-02 
8 232 0.75173 2.8540e-03 3.2446e-02 
9 349 0.64172 3.1148e-03 3.3480e-02 

10 386 0.55946 3.3418e-03 3.4271e-02 
11 99 0.25917 3.5119e-03 3.4873e-02 
12 219 0.56145 3.6422e-03 3.5330e-02 
13 170 0.94698 3.7449e-03 3.5675e-02 
14 41 0.96283 3.8262e-03 3.5936e-02 
15 343 0.12438 3.8913e-03 3.6132e-02 
16 319 0.83399 3.9394e-03 3.6280e-02 
17 439 0.93508 3.9774e-03 3.6392e-02 
18 359 0.07284 4.0061e-03 3.6475e-02 
19 247 0.44945 4.0282e-03 3.6538e-02 
20 412 0.14222 4.0446e-03 3.6585e-02 
21 240 0.18186 4.0573e-03 3.6620e-02 
22 256 0.83994 4.0666e-03 3.6647e-02 
23 276 0.03122 4.0740e-03 3.6667e-02 
24 442 0.60505 4.0797e-03 3.6682e-02 
25 380 0.11744 4.0840e-03 3.6693e-02 
26 53 0.92517 4.0872e-03 3.6702e-02 
27 216 0.09167 4.0896e-03 3.6708e-02 
28 69 0.78741 4.0914e-03 3.6713e-02 
29 467 0.20565 4.0928e-03 3.6716e-02 
30 228 0.73687 4.0938e-03 3.6719e-02 
31 420 0.02626 4.0946e-03 3.6721e-02 
32 103 0.84688 4.0952e-03 3.6722e-02 
33 449 0.53568 4.0956e-03 3.6723e-02 
34 278 0.06194 4.0960e-03 3.6724e-02 
35 361 0.24331 4.0962e-03 3.6725e-02 
36 420 0.75471 4.0964e-03 3.6725e-02 
37 59 0.92418 4.0966e-03 3.6726e-02 
38 103 0.07978 4.0967e-03 3.6726e-02 
39 449 0.90139 4.0968e-03 3.6726e-02 
40 59 0.92418 4.0968e-03 3.6726e-02 
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TABLE 5. n = 1009 and yj = 0.9i 

d Zd Ad en,d(Z, A) En,d 

1 1 0.71209 2.7142e-04 1.2193e-02 
2 282 0.02131 6.6925e-04 1.9565e-02 
3 374 0.29386 1.3280e-03 2.6854e-02 
4 153 0.31070 2.3878e-03 3.4353e-02 
5 135 0.03419 3.7750e-03 4.2101e-02 
6 228 0.42765 5.5115e-03 5.0062e-02 
7 474 0.86174 7.6802e-03 5.8172e-02 
8 484 0.95689 1.0076e-02 6.6354e-02 
9 345 0.64272 1.2730e-02 7.4529e-02 

10 450 0.26214 1.5662e-02 8.2624e-02 
11 181 0.10258 1.8711e-02 9.0571e-02 
12 468 0.16799 2.1847e-02 9.8311e-02 
13 53 0.91328 2.5108e-02 1.0579e-01 
14 86 0.78741 2.8271e-02 1.1298e-01 
15 247 0.50892 3.1342e-02 1.1984e-01 
16 295 0.38305 3.4296e-02 1.2634e-01 
17 58 0.99653 3.7238e-02 1.3249e-01 
18 32 0.45937 4.0014e-02 1.3827e-01 
19 99 0.00347 4.2744e-02 1.4367e-01 
20 330 0.78741 4.5262e-02 1.4871e-01 
21 324 0.51784 4.7765e-02 1.5340e-01 
22 20 0.63578 5.0139e-02 1.5774e-01 
23 236 0.22646 5.2310e-02 1.6175e-01 
24 420 0.68236 5.4341e-02 1.6544e-01 
25 380 0.84192 5.6247e-02 1.6884e-01 
26 492 0.94896 5.8020e-02 1.7195e-01 
27 223 0.53370 5.9667e-02 1.7480e-01 
28 272 0.48216 6.1185e-02 1.7741e-01 
29 438 0.67740 6.2582e-02 1.7979e-01 
30 157 0.91526 6.3863e-02 1.8195e-01 
31 145 0.54856 6.5043e-02 1.8393e-01 
32 355 0.28295 6.6100e-02 1.8572e-01 
33 496 0.24727 6.7058e-02 1.8735e-01 
34 383 0.27304 6.7960e-02 1.8883e-01 
35 132 0.36422 6.8774e-02 1.9017e-01 
36 197 0.61893 6.9520e-02 1.9139e-01 
37 309 0.16105 7.0197e-02 1.9249e-01 
38 257 0.58028 7.0808e-02 1.9348e-01 
39 231 0.04410 7.1366e-02 1.9438e-01 
40 125 0.01140 7.1877e-02 1.9520e-01 
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TABLE 6. n = 2003 and -yj = 1/j2 

d Zd Ad en,d(Z,IA) En,d 

1 1 0.88442 1.4412e-04 9.1219e-03 
2 765 0.38168 2.3147e-04 1.1016e-02 
3 605 0.32277 2.9468e-04 1.1893e-02 
4 426 0.00674 3.4097e-04 1.2396e-02 
5 830 0.49451 3.7425e-04 1.2721e-02 
6 706 0.72067 4.0119e-04 1.2948e-02 
7 636 0.61882 4.2358e-04 1.3115e-02 
8 260 0.43660 4.4158e-04 1.3244e-02 
9 882 0.54044 4.5698e-04 1.3346e-02 

10 524 0.04768 4.6973e-04 1.3428e-02 
11 226 0.59386 4.8036e-04 1.3497e-02 
12 137 0.45956 4.8950e-04 1.3554e-02 
13 457 0.86246 4.9760e-04 1.3603e-02 
14 927 0.37419 5.0462e-04 1.3646e-02 
15 866 0.65776 5.1099e-04 1.3683e-02 
16 388 0.74114 5.1687e-04 1.3715e-02 
17 580 0.23640 5.2216e-04 1.3744e-02 
18 961 0.05467 5.2697e-04 1.3770e-02 
19 450 0.83899 5.3168e-04 1.3793e-02 
20 623 0.85397 5.3582e-04 1.3813e-02 
21 392 0.86445 5.3975e-04 1.3832e-02 
22 442 0.14703 5.4343e-04 1.3849e-02 
23 368 0.07314 5.4658e-04 1.3865e-02 
24 627 0.22641 5.4966e-04 1.3880e-02 
25 551 0.57688 5.5249e-04 1.3893e-02 
26 819 0.14653 5.5515e-04 1.3905e-02 
27 206 0.54943 5.5767e-04 1.3917e-02 
28 319 0.44508 5.6006e-04 1.3927e-02 
29 657 0.96430 5.6221e-04 1.3937e-02 
30 215 0.82252 5.6430e-04 1.3947e-02 
31 814 0.40664 5.6630e-04 1.3955e-02 
32 305 0.07614 5.6815e-04 1.3963e-02 
33 265 0.37868 5.6994e-04 1.3971e-02 
34 84 0.49101 5.7157e-04 1.3978e-02 
35 328 0.60934 5.7316e-04 1.3985e-02 
36 720 0.49451 5.7468e-04 1.3992e-02 
37 748 0.07564 5.7613e-04 1.3998e-02 
38 192 0.88193 5.7755e-04 1.4003e-02 
39 481 0.73365 5.7891e-04 1.4009e-02 
40 297 0.83749 5.8021e-04 1.4014e-02 
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TABLE 7. n = 2003 and yj = 0.53 

d Zd Ad en,d(Z, A) En,d 
1 1 0.89141 1.0191e-04 6.4501e-03 
2 765 0.81653 1.7143e-04 8.4305e-03 
3 699 0.98278 2.2961e-04 9.4160e-03 
4 426 0.62232 2.6615e-04 9.9136e-03 
5 628 0.56890 2.8656e-04 1.0164e-02 
6 842 0.40664 2.9862e-04 1.0290e-02 
7 961 0.29581 3.0522e-04 1.0353e-02 
8 266 0.81553 3.0885e-04 1.0384e-02 
9 194 0.17898 3.1078e-04 1.0400e-02 

10 591 0.51648 3.1179e-04 1.0408e-02 
11 824 0.47654 3.1230e-04 1.0412e-02 
12 448 0.92836 3.1256e-04 1.0414e-02 
13 541 0.11807 3.1270e-04 1.0415e-02 
14 882 0.82601 3.1277e-04 1.0416e-02 
15 493 0.13704 3.1280e-04 1.0416e-02 
16 150 0.51498 3.1282e-04 1.0416e-02 
17 819 0.13205 3.1283e-04 1.0416e-02 
18 442 0.90190 3.1283e-04 1.0416e-02 
19 260 0.56390 3.1283e-04 1.0416e-02 
20 819 0.74513 3.1283e-04 1.0416e-02 
21 260 0.16051 3.1283e-04 1.0416e-02 
22 377 0.50200 3.1283e-04 1.0416e-02 
23 933 0.18797 3.1284e-04 1.0416e-02 
24 317 0.54793 3.1284e-04 1.0416e-02 
25 814 0.41513 3.1284e-04 1.0416e-02 
26 634 0.91338 3.1284e-04 1.0416e-02 
27 318 0.11608 3.1284e-04 1.0416e-02 
28 856 0.18847 3.1284e-04 1.0416e-02 
29 185 0.01173 3.1284e-04 1.0416e-02 
30 957 0.07014 3.1284e-04 1.0416e-02 
31 790 0.63929 3.1284e-04 1.0416e-02 
32 941 0.98677 3.1284e-04 1.0416e-02 
33 888 0.58088 3.1284e-04 1.0416e-02 
34 220 0.07564 3.1284e-04 1.0416e-02 
35 241 0.90339 3.1284e-04 1.0416e-02 
36 210 0.75462 3.1284e-04 1.0416e-02 
37 753 0.81103 3.1284e-04 1.0416e-02 
38 341 0.12257 3.1284e-04 1.0416e-02 
39 501 0.08762 3.1284e-04 1.0416e-02 
40 243 0.65477 3.1284e-04 1.0416e-02 
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TABLE 8. n - 2003 and yj = 0.75i 

d Zd Ad en,d(z, A) En,d 
1 1 0.36021 1.2481e-04 7.8998e-03 
2 765 0.35821 2.7178e-04 1.1767e-02 
3 343 0.34723 4.8337e-04 1.4825e-02 
4 849 0.09860 7.1275e-04 1.7295e-02 
5 599 0.27134 9.9054e-04 1.9276e-02 
6 884 0.09561 1.2442e-03 2.0846e-02 
7 242 0.22841 1.4803e-03 2.2075e-02 
8 735 0.78507 1.6688e-03 2.3029e-02 
9 964 0.12956 1.8200e-03 2.3763e-02 

10 903 0.90639 1.9454e-03 2.4324e-02 
11 869 0.74513 2.0538e-03 2.4751e-02 
12 743 0.05667 2.1375e-03 2.5075e-02 
13 406 0.63929 2.2012e-03 2.5321e-02 
14 457 0.03120 2.2514e-03 2.5506e-02 
15 318 0.66026 2.2901e-03 2.5645e-02 
16 622 0.08163 2.3210e-03 2.5750e-02 
17 629 0.31727 2.3450e-03 2.5829e-02 
18 93 0.81902 2.3632e-03 2.5888e-02 
19 693 0.19046 2.3773e-03 2.5933e-02 
20 716 0.50150 2.3876e-03 2.5966e-02 
21 176 0.54194 2.3958e-03 2.5991e-02 
22 909 0.46855 2.4019e-03 2.6010e-02 
23 133 0.43460 2.4066e-03 2.6024e-02 
24 680 0.02272 2.4101e-03 2.6035e-02 
25 494 0.75312 2.4127e-03 2.6043e-02 
26 284 0.36071 2.4147e-03 2.6049e-02 
27 395 0.68173 2.4162e-03 2.6053e-02 
28 328 0.91288 2.4173e-03 2.6057e-02 
29 565 0.99875 2.4182e-03 2.6059e-02 
30 386 0.30879 2.4188e-03 2.6061e-02 
31 269 0.66775 2.4193e-03 2.6063e-02 
32 259 0.11707 2.4196e-03 2.6064e-02 
33 390 0.09611 2.4199e-03 2.6064e-02 
34 819 0.57389 2.4201e-03 2.6065e-02 
35 857 0.88492 2.4203e-03 2.6065e-02 
36 436 0.76261 2.4204e-03 2.6066e-02 
37 160 0.24938 2.4205e-03 2.6066e-02 
38 194 0.28233 2.4206e-03 2.6066e-02 
39 416 0.52247 2.4206e-03 2.6066e-02 
40 865 0.74713 2.4207e-03 2.6067e-02 
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TABLE 9. n = 2003 and yj = 0.9i 

d Zd Ad en,d(z,)A) En,d 
1 1 0.28882 1.3672e-04 8.6538e-03 
2 830 0.11058 3.4066e-04 1.3887e-02 
3 264 0.75562 7.1855e-04 1.9060e-02 
4 386 0.12007 1.2977e-03 2.4382e-02 
5 213 0.39066 2.1392e-03 2.9881e-02 
6 613 0.73764 3.2019e-03 3.5532e-02 
7 764 0.12356 4.5262e-03 4.1287e-02 
8 717 0.84798 6.0331e-03 4.7094e-02 
9 753 0.66775 7.7204e-03 5.2897e-02 

10 663 0.42062 9.5439e-03 5.8643e-02 
11 360 0.31628 1.1494e-02 6.4283e-02 
12 234 0.99176 1.3437e-02 6.9776e-02 
13 141 0.90090 1.5415e-02 7.5086e-02 
14 582 0.63230 1.7403e-02 8.0186e-02 
15 229 0.95681 1.9443e-02 8.5053e-02 
16 175 0.14503 2.1424e-02 8.9672e-02 
17 119 0.98577 2.3326e-02 9.4034e-02 
18 737 0.59985 2.5213e-02 9.8134e-02 
19 336 0.14953 2.7056e-02 1.0197e-01 
20 184 0.83749 2.8786e-02 1.0555e-01 
21 959 0.01423 3.0406e-02 1.0887e-01 
22 785 0.58987 3.1929e-02 1.1195e-01 
23 728 0.92586 3.3361e-02 1.1480e-01 
24 304 0.22591 3.4699e-02 1.1742e-01 
25 759 0.31677 3.5930e-02 1.1983e-01 
26 411 0.05367 3.7087e-02 1.2204e-01 
27 774 0.18747 3.8162e-02 1.2407e-01 
28 537 0.06715 3.9146e-02 1.2592e-01 
29 430 0.90939 4.0050e-02 1.2760e-01 
30 150 0.84948 4.0883e-02 1.2914e-01 
31 160 0.44758 4.1637e-02 1.3054e-01 
32 630 0.23789 4.2339e-02 1.3182e-01 
33 435 0.01023 4.2978e-02 1.3297e-01 
34 855 0.30979 4.3558e-02 1.3402e-01 
35 275 0.24938 4.4090e-02 1.3498e-01 
36 380 0.98078 4.4572e-02 1.3584e-01 
37 443 0.75911 4.5013e-02 1.3662e-01 
38 819 0.37319 4.5412e-02 1.3733e-01 
39 402 0.46355 4.5774e-02 1.3796e-01 
40 158 0.14054 4.6109e-02 1.3854e-01 
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TABLE 10. n = 4001 and 
yj- 

= 1/j2 

d Zd Ad en,d(Z,IA) En,d 

1 1 0.34904 7.2123e-05 6.4542e-03 
2 1478 0.65946 1.1889e-04 7.7941e-03 
3 1180 0.97063 1.5244e-04 8.4148e-03 
4 1240 0.14609 1.7710e-04 8.7705e-03 
5 907 0.87966 1.9647e-04 9.0005e-03 
6 767 0.89365 2.1069e-04 9.1611e-03 
7 528 0.41427 2.2248e-04 9.2797e-03 
8 1563 0.73044 2.3276e-04 9.3707e-03 
9 1110 0.15434 2.4118e-04 9.4428e-03 

10 967 0.47976 2.4831e-04 9.5012e-03 
11 1399 0.55424 2.5461e-04 9.5496e-03 
12 557 0.47026 2.6045e-04 9.5904e-03 
13 936 0.50350 2.6541e-04 9.6251e-03 
14 325 0.21657 2.6985e-04 9.6550e-03 
15 1128 0.77993 2.7387e-04 9.6811e-03 
16 1430 0.31930 2.7728e-04 9.7041e-03 
17 1741 0.63522 2.8056e-04 9.7245e-03 
18 981 0.67896 2.8335e-04 9.7426e-03 
19 1592 0.01837 2.8594e-04 9.7589e-03 
20 576 0.14209 2.8830e-04 9.7737e-03 
21 1893 0.76768 2.9043e-04 9.7870e-03 
22 1786 0.51050 2.9251e-04 9.7992e-03 
23 1268 0.82542 2.9442e-04 9.8103e-03 
24 1213 0.45451 2.9626e-04 9.8206e-03 
25 1089 0.08960 2.9794e-04 9.8300e-03 
26 1793 0.92239 2.9955e-04 9.8387e-03 
27 881 0.73969 3.0104e-04 9.8468e-03 
28 1904 0.13284 3.0247e-04 9.8543e-03 
29 1721 0.92489 3.0383e-04 9.8613e-03 
30 1943 0.22282 3.0505e-04 9.8679e-03 
31 1766 0.28880 3.0623e-04 9.8740e-03 
32 1025 0.28280 3.0733e-04 9.8798e-03 
33 402 0.97688 3.0837e-04 9.8852e-03 
34 732 0.17183 3.0939e-04 9.8903e-03 
35 598 0.76018 3.1034e-04 9.8952e-03 
36 189 0.06236 3.1123e-04 9.8997e-03 
37 1775 0.46351 3.1211e-04 9.9040e-03 
38 1798 0.32579 3.1292e-04 9.9081e-03 
39 1729 0.18633 3.1370e-04 9.9120e-03 
40 1621 0.39878 3.1447e-04 9.9157e-03 
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TABLE 11. n = 4001 and j = 0.5i 

d Zd Ad en,d(Z, A) En,d 
1 1 0.48625 5.0976e-05 4.5638e-03 
2 1478 0.31805 8.7832e-05 5.9650e-03 
3 823 0.46651 1.1778e-04 6.6623e-03 
4 1769 0.01487 1.3747e-04 7.0143e-03 
5 555 0.56723 1.4946e-04 7.1916e-03 
6 1737 0.68270 1.5663e-04 7.2806e-03 
7 981 0.73369 1.6048e-04 7.3252e-03 
8 719 0.98888 1.6255e-04 7.3475e-03 
9 1080 0.00987 1.6362e-04 7.3587e-03 

10 1128 0.72844 1.6415e-04 7.3643e-03 
11 639 0.44576 1.6443e-04 7.3671e-03 
12 775 0.92389 1.6457e-04 7.3685e-03 
13 1560 0.00637 1.6465e-04 7.3692e-03 
14 1237 0.45601 1.6469e-04 7.3695e-03 
15 910 0.63747 1.6470e-04 7.3697e-03 
16 1547 0.97738 1.6471e-04 7.3698e-03 
17 1563 0.95314 1.6472e-04 7.3698e-03 
18 1902 0.45476 1.6472e-04 7.3698e-03 
19 419 0.45201 1.6472e-04 7.3698e-03 
20 660 0.89215 1.6472e-04 7.3699e-03 
21 1391 0.01812 1.6472e-04 7.3699e-03 
22 597 0.82542 1.6472e-04 7.3699e-03 
23 1525 0.59123 1.6473e-04 7.3699e-03 
24 1548 0.28080 1.6473e-04 7.3699e-03 
25 1925 0.53349 1.6473e-04 7.3699e-03 
26 1607 0.23382 1.6473e-04 7.3699e-03 
27 1203 0.87641 1.6473e-04 7.3699e-03 
28 705 0.04211 1.6473e-04 7.3699e-03 
29 1464 0.10635 1.6473e-04 7.3699e-03 
30 679 0.19383 1.6473e-04 7.3699e-03 
31 473 0.39128 1.6473e-04 7.3699e-03 
32 1146 0.83792 1.6473e-04 7.3699e-03 
33 1698 0.92089 1.6473e-04 7.3699e-03 
34 1295 0.14759 1.6473e-04 7.3699e-03 
35 602 0.47276 1.6473e-04 7.3699e-03 
36 1124 0.98013 1.6473e-04 7.3699e-03 
37 442 0.04186 1.6473e-04 7.3699e-03 
38 62 0.18033 1.6473e-04 7.3699e-03 
39 1003 0.60047 1.6473e-04 7.3699e-03 
40 427 0.43177 1.6473e-04 7.3699e-03 
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TABLE 12. n = 4001 and yj = 0.75i 

d Zd Ad en,d(Z, A) En,d 
1 1 0.32079 6.2470e-05 5.5895e-03 
2 1654 0.99263 1.4037e-04 8.3258e-03 
3 902 0.13684 2.5013e-04 1.0489e-02 
4 1195 0.40327 3.8181e-04 1.2237e-02 
5 1832 0.92864 5.3071e-04 1.3639e-02 
6 1741 0.35004 6.7705e-04 1.4749e-02 
7 280 0.07236 8.0454e-04 1.5619e-02 
8 629 0.40802 9.2128e-04 1.6294e-02 
9 1246 0.17408 1.0230e-03 1.6813e-02 

10 497 0.16183 1.1048e-03 1.7210e-02 
11 590 0.31055 1.1699e-03 1.7513e-02 
12 1360 0.99863 1.2215e-03 1.7742e-02 
13 861 0.59423 1.2596e-03 1.7915e-02 
14 791 0.58473 1.2912e-03 1.8046e-02 
15 1937 0.12109 1.3153e-03 1.8145e-02 
16 764 0.82192 1.3340e-03 1.8219e-02 
17 119 0.87066 1.3480e-03 1.8275e-02 
18 663 0.63297 1.3587e-03 1.8317e-02 
19 1043 0.17758 1.3671e-03 1.8349e-02 
20 1767 0.90490 1.3733e-03 1.8372e-02 
21 1574 0.93789 1.3781e-03 1.8390e-02 
22 644 0.15434 1.3816e-03 1.8403e-02 
23 813 0.74144 1.3843e-03 1.8413e-02 
24 108 0.49800 1.3864e-03 1.8421e-02 
25 713 0.40777 1.3879e-03 1.8427e-02 
26 1464 0.58348 1.3891e-03 1.8431e-02 
27 531 0.29630 1.3899e-03 1.8434e-02 
28 1024 0.01137 1.3906e-03 1.8436e-02 
29 1448 0.60447 1.3911e-03 1.8438e-02 
30 352 0.32979 1.3915e-03 1.8440e-02 
31 220 0.17633 1.3918e-03 1.8441e-02 
32 1061 0.85791 1.3920e-03 1.8441e-02 
33 1163 0.84291 1.3922e-03 1.8442e-02 
34 1519 0.96513 1.3923e-03 1.8442e-02 
35 847 0.40552 1.3924e-03 1.8443e-02 
36 1952 0.38428 1.3925e-03 1.8443e-02 
37 1184 0.42702 1.3925e-03 1.8443e-02 
38 473 0.38703 1.3926e-03 1.8443e-02 
39 325 0.10860 1.3926e-03 1.8443e-02 
40 1668 0.30930 1.3926e-03 1.8443e-02 
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TABLE 13. n = 4001 and yj = 0.9i 

d Zd Ad en,d(Z, A) En,d 

1 1 0.72669 6.8440e-05 6.1230e-03 
2 1478 0.50375 1.7648e-04 9.8254e-03 
3 823 0.79068 3.7630e-04 1.3486e-02 
4 1769 0.61722 6.9564e-04 1.7251e-02 
5 555 0.52974 1.1830e-03 2.1142e-02 
6 527 0.72094 1.8229e-03 2.5140e-02 
7 901 0.91465 2.5524e-03 2.9213e-02 
8 1128 0.19133 3.4570e-03 3.3322e-02 
9 1065 0.96913 4.5148e-03 3.7427e-02 

10 1559 0.51575 5.6462e-03 4.1493e-02 
11 972 0.19208 6.8365e-03 4.5483e-02 
12 1444 0.75044 8.1036e-03 4.9370e-02 
13 366 0.97463 9.3827e-03 5.3127e-02 
14 109 0.61197 1.0681e-02 5.6735e-02 
15 1399 0.11260 1.1976e-02 6.0179e-02 
16 644 0.84341 1.3244e-02 6.3448e-02 
17 272 0.56348 1.4484e-02 6.6534e-02 
18 1422 0.49950 1.5674e-02 6.9435e-02 
19 955 0.89290 1.6816e-02 7.2150e-02 
20 608 0.45601 1.7900e-02 7.4682e-02 
21 1752 0.24356 1.8923e-02 7.7034e-02 
22 1170 0.51900 1.9906e-02 7.9213e-02 
23 140 0.34754 2.0829e-02 8.1226e-02 
24 384 0.52349 2.1684e-02 8.3081e-02 
25 1430 0.83117 2.2490e-02 8.4786e-02 
26 1391 0.67821 2.3244e-02 8.6350e-02 
27 335 0.95664 2.3941e-02 8.7782e-02 
28 1318 0.39778 2.4582e-02 8.9091e-02 
29 920 0.13184 2.5175e-02 9.0286e-02 
30 314 0.44576 2.5719e-02 9.1374e-02 
31 619 0.96338 2.6221e-02 9.2366e-02 
32 406 0.80042 2.6677e-02 9.3267e-02 
33 1547 0.99138 2.7097e-02 9.4085e-02 
34 295 0.81642 2.7476e-02 9.4828e-02 
35 1596 0.64246 2.7828e-02 9.5501e-02 
36 1160 0.28680 2.8151e-02 9.6112e-02 
37 881 0.03112 2.8445e-02 9.6664e-02 
38 1257 0.46826 2.8710e-02 9.7164e-02 
39 569 0.95889 2.8952e-02 9.7616e-02 
40 1627 0.72044 2.9169e-02 9.8025e-02 
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