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A ONE-PARAMETER QUADRATIC-BASE VERSION
OF THE BAILLIE-PSW PROBABLE PRIME TEST

ZHENXIANG ZHANG

ABSTRACT. The well-known Baillie-PSW probable prime test is a combination
of a Rabin-Miller test and a “true” (i.e., with (D/n) = —1) Lucas test. Arnault
mentioned in a recent paper that no precise result is known about its prob-
ability of error. Grantham recently provided a probable prime test (RQFT)
with probability of error less than 1/7710, and pointed out that the lack of
counter-examples to the Baillie-PSW test indicates that the true probability
of error may be much lower.

In this paper we first define pseudoprimes and strong pseudoprimes to qua-
dratic bases with one parameter: T, = T mod (T2 — uT + 1), and define the
base-counting functions:

B(n) =#{u:0<u<mn, nis apsp(Tu)}
and
SB(n) = #{u: 0 < u < n, nis an spsp(Ty)}.
Then we give explicit formulas to compute B(n) and SB(n), and prove that,
for odd composites n,
B(n) <n/2 and SB(n) < n/8,

and point out that these are best possible. Finally, based on one-parameter
quadratic-base pseudoprimes, we provide a probable prime test, called the One-
Parameter Quadratic-Base Test (OPQBT), which passed by all primes > 5
and passed by an odd composite n = p]*p5? ---ps® (p1 < p2 < -+ < ps odd
primes) with probability of error 7(n). We give explicit formulas to compute
7(n), and prove that

1/n4/3, for n nonsquare free with s = 1;
1/n2/3, for n square free with s = 2;
1/n2/7, for n square free with s = 3;
7(n) < 3"_“'161W+-1)’ for n square free with s even > 4;
m, for n square free with s odd > 5;
5 i1 Frli——ly’ otherwise, i.e., for n nonsquare free with s > 2.
i

The running time of the OPQBT is asymptotically 4 times that of a Rabin-
Miller test for worst cases, but twice that of a Rabin-Miller test for most
composites. We point out that the OPQBT has clear finite group (field) struc-
ture and nice symmetry, and is indeed a more general and strict version of the
Baillie-PSW test. Comparisons with Gantham’s RQFT are given.
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1. INTRODUCTION

Pseudoprimes, Lucas pseudoprimes, and their strong versions have long been
studied as special cases in simple primality tests for large numbers [2, 4, 5, 6, 9, 10,
15, 19, 23]. If n is prime, then for every rational integer b with ged(n,b) =1,

(1.1) " '=1 modn,
and
(1.2) either ¥¥ =1 mod n or »?7= -1 mod n for somei= 0,1,---,k—1,

where we write n —1 = 2*q with q odd. If n is composite such that (1.1) holds then
we call n a pseudoprime to base b, or psp(b) for short. There are composite integers,
called Carmichael numbers, such that (1.1) holds for every b with gcd(n,b) = 1. Al-
ford, Granville and Pomerance [1] proved that there are infinitely many Carmichael
numbers. If (1.2) holds, then we say that n passes the Rabin-Miller (strong prob-
able prime) test [15] to base b; if in addition, n is composite, then we say n is a
strong pseudoprime to base b, or spsp(b) for short.

Monier [16] gave a formula for counting the number of bases b such that n is
an spsp(b). Both Rabin [20] and Monier [16] proved that if n is an odd composite
positive integer, then n passes the Rabin-Miller test for at most (n — 1)/4 bases b
with1<b<n-1.

We shall use both | | and # to denote cardinality of a set, reserving the latter

symbol for sets written with braces. Jacobi’s symbol is denoted by (%) or (x/n)
with n odd.

Lucas pseudoprimes and strong Lucas pseudoprimes are traditionally defined via
Lucas sequences with two parameters. Let P and @ be integers and D = P2 —4Q #
0. The Lucas sequences U; and V; are defined by

Up=0,U1=1 VW=2, V1 =P,

(13) Uy = PUy_y — QUi_g, Vi = PVi_y — QVi_g for i > 2.

If n is prime and relatively prime to 2Q D, then

(1.4) Un—(D/n) =0 mod n,
and
(1.5) either n | Uy or n | Vyi, for some i with 0 <14 < k,

where we write n — (D/n) = 2¥q with g odd. If n is composite and relatively prime
to 2QD such that condition (1.4) or (1.5) holds, then we call n a Lucas pseudoprime
[4, 19] or a strong Lucas pseudoprime (3, 4] to parameters P and @, or lpsp(P, Q)
or slpsp(P, Q) for short.

Let D be an integer, and n a composite number relatively prime to 2D and
distinct from 9. Arnault [3] gave a formula to compute the base-counting function

(1.6)
SL(D,n) = #{(P, Q):0<PQ<n,P?-4Q =D modn, nis an slpsp(P, Q)},

and proved that, for all integers D,
(1.7) SL(D,n) < 4n/15,
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except if n is the product n = (2*1q; — 1)(2¥1q; + 1) of twin primes with ¢; odd
and such that the Legendre symbols satisfy (D/2*1q; —1) = —1,(D/2%1¢g; +1) = 1.
Also the following inequality is always true:

(1.8) SL(D,n) < n/2.

A prp (sprp, lprp, slprp) is either a prime or a psp (spsp, lpsp, slpsp).

Baillie, Pomerance, Selfridge and Wagstaff [4, 19] suggested a probable prime test
which is a combination of a Rabin-Miller test and a “true” (i.e., with (D/n) = —1)
Lucas test, and which seems much more secure than one might expect considering
each test separately. Although Pomerance [18] gave a heuristic argument to show
that the number of counter-examples up to z to the Baillie-PSW test is > z!~¢
for any & > 0, not a single counter-example has yet been found. As mentioned by
Arnault at the end of his paper [3], no precise result is known about its probability
of error.

Grantham [9] provided a probable prime test (RQFT) using quadratic polynomi-
als with two parameters, the running time of which is asymptotically 3 times that
of the Rabin-Miller test for all composites. The RQFT, along with a fixed number
of trial divisions, is passed by composites with probability of error less than 1/7710.
Grantham [9] pointed out that the lack of counter-examples to the Baillie-PSW test
indicates that the true probability of error may be much lower.

In this paper we provide a version of the Baillie-PSW test (OPQBT) based on
strong pseudoprimes to quadratic bases with one parameter in the ring

Z[T)/(T? — uT +1).

We state our definitions and main results (Theorems 1—5) in Section 2. In Sections
3 — 7 we prove the five theorems. Comparisons with Grantham’s RQFT are given
in Section 8. Brief conclusions are given in Section 9.

Remark 1.1. The ring Z[T)/(T? —uT +1) was first used by the author for factoring
large integers near group orders [24]. The idea of using this ring in primality
testing is motivated from the Lucas-Lehmer Test described in [7, 8], where the ring
Z[T)/(T? — uT — 1) was used. Lenstra’s Galois Theory Test [14] is a method of
proving primality using finite fields.

2. DEFINITIONS AND MAIN RESULTS
Let u (#42) € Z. Put T, =T mod (T? —uT + 1) and
(2.1) R, =Z[T)/(T* —uT +1)={a+bT, :a,b€ L},

a ring of quadratic algebraic integers associated with the parameter u.
Given an odd integer n > 1, let u be an integer with

24
0<u<n and e:(un )e{l,——l}.

It is clear that if n is prime, then we have, in the ring R,,
(2.2) 7 =1 mod n,
and

(2.3) either =1 modn or Tfiq = -1 mod n for some s =0,1,--- ,k—1,
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where we write n — & = 2¥q with ¢ odd. There are composites which satisfy (2.2)
or both conditions (note that (2.3) implies (2.2)). These facts lead us to make the
following definition.

Definition 2.1. If n is composite such that (2.2) holds, then we call n a pseu-
doprime to the base Ty, or psp(Ty) for short. If n is composite such that (2.3)
holds, then we call n a strong pseudoprime to the base T, or spsp(T,) for short.
A prp(Ty) is a prime or a psp(Ty); an sprp(7,) is a prime or an spsp(Ty,). For odd
n > 3 and € € {1, —1}, define the base-counting functions:

2

(2.4) B(n,e) = #{u :0<u<n, (u — 4) =¢, and (2.2) holds},

2

(2.5)  SB(n,e) = #{u 0<u<n, (“ - 4) = ¢, and (2.3) holds},

(2.6) B(n) =B(n,1) +B(n,-1) =#{u:0<u <n, nisa psp(Ty)},
(2.7)  SB(n) =SB(n,1) + SB(n,—1) = #{u: 0 < u < n, n is an spsp(Ty,)},
(28) TO(na 6) = %%VLQ’ T(nv 5) = (_,-LS:B—ng_,QE)%v
7'0(71) = TO(ny 1)7-0(”’ _l)a and T(Tl) = T(n, 1)7-(”’ _1)
Note that an spsp(T,) must be a psp(T,). Thus we have
(2.9) SB(n,e) < B(n,¢), SB(n) < B(n), 7(n,e) < 10(n,e), and 7(n) < 79(n).

Let n = p}'p5? - - - p}* be the prime decomposition of odd n > 1. For ¢ € {1, -1}
and 1 <i < s, write

(2.10) p;i— €= 2ki'=qiye with ¢; . odd, and n — ¢ = 2ke g, with ¢, odd.

For €1,€9,--- ,e5 € {1,—1}, put

(2.11) m(e1, €2, ,€) = min{k;, : 1 < i < s}

It is clear that there exists one and only one s-tuple (ej,es,---,es) with
m(ey, ez, -+ ,€s) > 2, and that m(e1,e,-+- ,€5) = 1 for all other 2° — 1 s-tuples
(61a€2a e 763)'

Definition 2.2. Given an odd n > 5. The One-Parameter Quadratic-Base Test
(OPQBT ) consists of the following:

Step 1 (Nonperfect square pretest). Check if n is a perfect square using Newton’s
method. If it is, declare n to be composite and stop.

Step 2 (First sprp subtest). Select a random integer u with 0 < u < n,u # +2
mod n and ged(u? —4,n) = 1. Put € = (“2;4); then € € {1,—1}. If n is not an
sprp(T%), i.e., condition (2.3) does not hold, declare n to be composite and stop.

Step 3 (Second sprp subtest). Select several random integers v with 0 < v <
n,v # £2 mod n, until one finds a v with (ﬁn_—“) = —&. (By Lemma 6.1 in
Section 6, it is easy to find such a v, since n is not a perfect square.) If n is not an
sprp(T,), declare n to be composite and stop.

If n is not declared composite in Steps 1-3, declare n to be a strong probable
prime, and say that n passes (one iteration of) the OPQBT.




A VERSION OF THE BAILLIE-PSW TEST
With the above notations and definitions we state our main results as the
lowing five theorems.
Theorem 1. We have, for oddn > 1 and € € {1, -1},

(2.12) B(n,¢) = > fI (ng(n - ;’p" —ei) _ 1),

€1,62, €5 €{1,~1} =1
kel ke
epteg? - els=¢

and
(2.13)

SB(n,¢)

8 S
cd(ge,gic,)—1 28(m=1D _1
= Z (2 H g (QE gl’&) + 2% _1 ng(QE7Qi,€i) ’
€1,62,,es€{1,—1} i=1 i=1
eilen? elo=¢

where m = m(e1,€2,- -+ ,€s), as defined in (2.11).

Theorem 2. We have, for odd positive composite n (i.e., s > 2 or r1 > 2),

(2.14) B(n) <n/2 and SB(n)<n/8.

Theorem 3. We have, for odd positive composite n (i.e., s >2 or r1 >2),
1/n%/3, for n nonsquare free with s = 1;
1/n?/3, for n square free with s = 2;

(2.15) o(n) < { 1/n?7, for n square free with s = 3;
ﬁ, for n square free with s even > 4;

1 s 1 e
-1 Hi:l W, other'wzse,
i

and
(2.16)
To(n), for n nonsquare free with s =1
or n square free with s = 2,3;
7(n) < —S—S:WI—), for n square free with s even > 4,
1

16°=5119726" for n square free with s odd > b;

;11; P —Wli_—l), otherwise, i.e., for n nonsquare free with s > 2.
Pi

Theorem 4. The OPQBT is always passed by primes > 5, and passed by
composites with probability of error T(n).

1703

fol-

odd

Theorem 5. It takes (2 + o(1)) log, n multiplications modn to do an sprp test in

Step 2 or 3, assuming that addition takes o(1) multiplications modn. Thus

(an

iteration of ) the One-Parameter Quadratic-Base Test can be completed in the time

it takes to perform at most (4 + o(1)) log, n multiplications mod n.

Remark 2.1. If n is a psp(b) (resp. an spsp(b)), then n is a psp(T,) (resp.

an

spsp(Ty)) with u = b+ b~! mod n. If n is a psp(7T,) (resp. an spsp(Ty)), n is
not necessary a psp (resp. an spsp) to a rational base even if ( #) = 1, unless

(”2—;4) = 1 for every prime factor p of n. In particular, n is a psp(2) <= n
PSP(T(n+5)/2)-

is a
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Remark 2.2. If n is a psp(7T,), then n is an lpsp(u, 1) and an lpsp(1l, Q) with @ =
u~? mod n if ged(u,n) = 1. But the converse is not true. For examples, both 21
and 329 are lpsp(3, 1), but neither is a psp(T3). There are 155 psp(73)’s among 279
Ipsp(3,1)’s < 105. Arnault [3] and Grantham [9, 10] cited a preprint of Mo and
Jones, who introduced a test via slpsp(u, 1), which has probability of error < 1/8.
So far I have not been able to access the preprint. I sent e-mails to Jones for a
copy, he replied that they were still working on it.

Remark 2.3. There are 4152 psp(T3)’s < 10°, among which 1165 numbers are
spsp(T3)’s.

Remark 2.4. Can B(n)/n be arbitrarily close to 1/2? The answer would be affir-
mative, if there are Carmichael numbers n with a fixed number of prime factors
with the smallest factor arbitrarily large, and with the stronger requirement that
p | n implies (p? — 1) | (n — 1). Alford, Granville and Pomerance [1] have proved
that there are infinitely many Carmichael numbers with the stronger requirement
that p | n implies (p? —1) | (n—1) (also cf. [11, A13]), but no one has yet been able
to show that there are infinitely many Carmichael numbers n with a fixed number
of prime factors.

Remark 2.5. If there are infinitely many pairs of twin primes p; and py; = p; + 2
with p; =1 mod 4, then % will be arbitrarily close to 1/8, cf. Example 3.1
in Section 3 and the proof of Lemma 4.5 in Section 4.

3. PROOF OF THEOREM 1

Let p be an odd prime, k (> 1) € Z, and G(u,p*) the multiplicative group of
invertible elements of the ring

(3.1) R./(®*) = {a+bT, px 1 a,b€ Z/(p*)}

with 0 < u < p*, (“2;4) € {1,-1} and T,, ,x = T,, mod p*.
For € € {1, —1} and a positive odd integer ¢, define

(3.2) J(q,e):#{u:0§u<q,<u2q_4) =s}.

To prove Theorem 1 we need six lemmas.

Lemma 3.1. Let p be an odd prime. Then

(p—1)/2, fore=-1,

J(p,0)=2, J(p’€)=(p—€_2)/2= {(P_3)/2, f07'5=1-

Proof. It is well known [12] that

Pl —4
S(5)-

Since J(p,0) = 2, we have J(p,—1) = (p—1)/2 and J(p,1) = (p — 3)/2. O

Lemma 3.2. Let p be an odd prime and € € {1,-1}. If J(p,e) > 0, then there
exists an integer u such that 0 < u < p, (“2;4) =¢, and T, p is of order p —€ in

the group G(u,p).
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Proof. Case € = 1. It is well known that the multiplicative group GF*(p) =
(Z/(p))*, of nonzero elements of the finite field GF(p) = Z/(p), is cyclic, of order
p—1. Let 8 be one of its generators. Then 0 is of order p — 1. Since J(p,1) > 0, it
follows that p — 1 > 2 and 8 # 6~1. Put u =60 + 6~ € Z/(p); then

2_ 6—671)°
0<u<p, (u 4>=((—-——~——L>=1 and 02 —uf+1=0 mod p.

p p

The lemma follows.

Case e = —1. It is well known that the multiplicative group GF*(p?) of nonzero
elements of the finite field GF(p?) is cyclic, of order p?> — 1. Let @ be one of its
generators. Put o = P~ Then o isof order p+ 1. Putu =a+a ! =a+aof €
Z/(p); then

24
0<u<p a’—ua+1=0 modp and (z—t—p—)=—1.

The lemma follows. O

Lemma 3.3. Let p be an odd prime, k (> 2) € Z, and € € {1,—-1}. If J(p,e) > 0,
then there exists an integer u such that

2 _
0<u<p? (u 4):5,
P

and T, ,x is of order p*X(p — €) in the group G(u,p").

Proof. By Lemma 3.2, there exists an integer v such that 0 < v < p, (”2;4) =e¢,

and a = T, is of order p — ¢ in the group G(v,p), with o> —va+1 =0 mod p.
Put oy =v —a =a~' mod p, the other root of 22 — vz +1=0 mod p.
Casee =1. If a?"1 #1 mod p?, take

1—aoq

B =aand 8 = a1 + hp with h = a3 mod p;

otherwise take
a0y —

1
B8 =a+p, ﬂ1=a1+hpwithh=——a1<a1+ ) mod p.

We have 86; =1 mod p?. Let u = 3+ 31 mod p?.
Case e = —1. If aPt! £ 1 mod p?, take B = o and u = v; otherwise take

a+
B=r

Tatp] =(a+p)(1—-2"tvp)= (1 -2"tvp)a+p mod p?,

Br=(1-2""vp)oy +p mod p?,
and
u=pB+p1=(1-2"tvpv+2p mod p?
where 27! stands for 27! mod p. Then
Pl = (a+p)PTi1 -2 lop)PTl =1+ aPp— 27 vp
=1+2 w—a)p#1 mod p*
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In both cases (¢ =1 and € = —1), we have
2 (uP—4 2 2
0<u<p, T =¢, and 8 —uf+1=0 mod p°.

Write §P7¢ = 1 + yp with p { 7. By induction on % it is easy to prove that 1+ vp
(mod p*) is of order p*~!. Thus ,Bpk_l(”_e) =1 mod p*. To prove that the order
of B (mod p*) is p*~1(p —¢€), it is sufficient to prove that
if /™ =1 mod p*, then p*~}(p —¢) | m.

Since (14 yp)™ = BP~4)™ =1 mod p*, we have p*~1 | m. Write m = p*~1m/.

Since S (= «) (modp) is of order p — e, BP = ° modp. Thus 1 = g™ =
—1\m’ L ,

(ﬁl’k 1) = (g™ )e mod p, and therefore 3™ =1 mod p. We have (p—¢) | m’
and p*~1(p — €) | m, as required. The lemma follows. O
Lemma 3.4. Letp be an odd prime, k (> 1) € Z, and ¢ € {1, -1} with J(p,€) > 0.
Let an integer u be such that (“2;4) = ¢ and T, ,« is of order p*~Y(p —€) in the
group G(u,p*) (cf. Lemma 3.3). Let £ € R,/(p*), and let H be the cyclic (sub-)
group generated by T, ,x. Then the necessary and sufficient condition for

E€H and £ #+1 modp

is that

€2 —wE+1=0 mod p* for some integer w

2_y
with0§w<pk and (wp >=s.

Proof. Put 8 =T, ,x. Then H = () is of order pF~l(p—¢). If € € H, then ¢ = B
for some integer t. Let w = £ + £~ = #t + =t mod p*. Then 0 < w < p* and
£ —wé+1=0 mod p*. Put

A={(:£€ Hand £ #+1 mod p}
and
B={w:0<w<p* €2 —wE+1=0 mod p* for some ¢ € A}.
Then | A|=pFY(p—e—2)and | B|=| A| /2 =p" 1(p—e—2)/2. Put

2 _
C={w:0§w<pk,(wp 4>=s}.

By induction on j, we see that
(33) B -BI=B-)F 1+ ) +p2- 0D =q;(8-87")

for some a; € Z/(p).
If w € B, then there exists a £ € H such that ¢ # +1 (mod p) and €2 —w&+1 =0
mod p*. Since ¢ # £1 (mod p), £ # ¢! (mod p). Thus ged(é —€¢71,p) =1 and

(= (s (e
- p1)? u? -4
() (55
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by (3.3). Therefore w € C. This means that B C C. On the other hand, | C | =
p*~1(p—e—2)/2=| B| by Lemma 3.1. Thus C = B, and the lemma follows. [

Lemma 3.5. Let p be an odd prime, k (> 1) € Z, € € {1,-1}, and m a positive
integer with gcd(m,p) = 1. Put

2 _
(34) X (p*,e,m) =#{u:0§u<pk, (u s 4) =¢, IT;" =1 mod pk}.

Then
X (p*,e,m) = ﬂ’—gﬁﬂ—l, for m even,
PH&T = eedle—em)=1 — m)=1 for m odd.

)

Proof. If J(p,e) =0, then p = 3, e = 1 and X (3*,1,m) = 0, so the lemma is valid.
Now suppose J(p,e) > 0. By Lemmas 3.2 and 3.3 there exists an integer v such

that
v2—4
0§v<p2, ( >=e,
p

and T, , is of order p*~!(p — €) in the group G(v,p*). Put

d= ng(pk—l(p - 5)7m) = ng(p —&, m);

h=p*'(p—¢)/d; and B =T, T, mod p*.

ok =

Since H = (B) is a cyclic group of order p*~!(p — ¢), the equation z™ =1 mod p*
has exactly d solutions in H : gF %! ... 3% =1, including +1 (mod p*) for m
even or including +1 (mod p* ) for m odd. Since both * and B¢~ satisfy the
same equation

y> —uy+1=0 mod p*,
where w; = ﬂih + ﬂ(d—i)h mod pk,
and the u; (mod p*) are distinct for 1 < i < d/2, we have, by Lemma 3.4,

d—2 _ ged(p—e;m) 4
)

for m even

k _ 2 2 ’
X(p 75am) = {d—l _ ged(p—e,m)—1
2 2 ?

for m odd.

O

Lemma 3.6. Let p be an odd prime, k (> 1) € Z, e € {1,-1}, p—e = 2"t witht
odd, and q a positive odd integer with ged(q,p) = 1. Fori >0, put

-4 ‘
Yi(pk,ﬁ,Q)z#{Ui 0<u<ph, (up )‘—‘6, T?9= -1 modpk}.

Then
~———ng(‘12’0—1, fori=0;
Yi(p*,e,q) = { 2 ged(q,t), for1<i<rm;
0, fori>r.
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Proof. If J(p,e) =0, then p = 3,6 = 1,7 =t = 1 and Y;(3%,1,q) = 0 for i > 0, so
the lemma is valid.

Now suppose J(p,e) > 0. By Lemmas 3.2 and 3.3 there exists an integer v such
that

2 _
0<wv<p? (v 4)=6,
p

and T, ,+ is of order p*"1(p — €) in the group G(v,p*).

Put 3 =T, =T, mod p*. Since H = (B) is a cyclic group of order p*~1(p —¢),
the equation

229=—-1 mod p*

has exactly d; solutions in H, where d; = 0 for ¢« > r, and

d; = #{5 €H: ¢"9=1 mod pk} - #{g €H: 9=1 mod pk}

= ged(271q,p* "M (p — €)) — ged(2'¢,p* M (p —€))
=21 ged(q,t) — 28 ged(g, t) = 2* ged(q, t), for 0 < i < r;

but for i = 0, including the solution z = —1 (mod p*).
Since both £ and £7! satisfy the same equation

yz—ugy—f-lEO mod p*,

where ug = £ + ¢~ (mod p*), the lemma follows by Lemma 3.4. O
Now we are ready to prove Theorem 1.

Proof of Theorem 1. By the Chinese Remainder Theorem and Lemmas 3.5 and 3.6
we have

B('Il,f) = Z fIX(p?76i7n_6)

€1,€2, ,€s€{1,—1} i=1
T1.T2 Ts
€1 €% e S =€

_ > ﬁ(ng(n—;»Pi—é‘i) _1);

€1,62, ,€s€{1,—1} i=1
1,72 TS —
€, Ex° e S=¢E
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and

s m(er,,6s)—1 s
SB(n,¢) = > (H X eing)+ Y HYj(pZ",si,qs))
j=0 1=1

1,62, €s€{1,—1} \i=1

T1T2, o Ts—
e1leg? et =¢

. - ng(q ) i, i) -1
= Z (21—[—‘—52—6_

€1,€2,,6s€{1,~1} i=1
™ T
611622“'5":3 =e

m(e1,,€5)—1 s
+ H 2i-1 ng(Qsa Gie; ))

j=1 i=1

B v ged(ge, gie,) — 1
= Z <2H+

€1,62,,6s€{1,—1} i=1
Ty T
511522..‘€;5=s

m(ey, - ,€5)—2 s
—+ Z 23] H ng(QEv Qie; ))

. 2 ng(q > i, z) -1
_ Z (21—[%

51,62,“',536{17—1} i=1
T ks
611622“'6:3=5

pmer )Y 1 )>
+ ged\ge,Gie;) |-
25 -1 1

7

O

Corollary 3.1. Let n = p1ps be the product of two different odd primes with p; —¢;
as expressed in equation (2.10). Then we have

B(n,1) (ng(Pl ~Lpp—1) 1)2 + (ng(pl Tlpetl) 1)2;

2 2
_ 2 1,p0—1 2
B(n, -1) = (gcd(pl 21,102 +1) 1) + (gcd(p1 +2 p2—1) 1) :

1 9 4min{k1,1,k2,1}—1 -1
SB(n,1) = §(g0d((I1,1aQQ,1) -1)"+ 3

gmin{ky, —1,k2,1}-1 _
3

(ged(qu 1, 112,1))2

1
(ged(qn,-1, Q2,—1))2;

1
+ E(gcd((h,—lyql—l) - 1)2 +

2 gmin{ky k2, —1}-1 _q 2
(ged(g1,1,92,-1) = 1) + 3 (ged(g1.1,42,-1))

SB(n,—1) = %

1 9 gmin{ky,_1,k21}-1 _ 1
+ 3 (ng((h,—l, g2,1) — 1) + 3

The following two examples give comparisons of SL(n) with B(n) and SB(n).

(ng(Q1,—1,<12,1))2'
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Example 3.1. Let n = 1000037 - 1000039 = 1000076001443. Then
B(n,1) =0, B(n)=B(n,—1) =1+ (500019 — 1) = 250018000325,
SB(n,1) =0, SB(n)= SB(n,—1) =1+ (500019 — 1)2/2 = 125009000163

Note that, as shown in [3], SL(2,n) = 500037000685 and 1/2 — SL(2,n)/n < 1076.
Thus we have

SL(2,n) SL(2,n)
B(n) SB(n)

This example also explains Remark 2.5.

> 2, >4, and 1/8 — SB(n)/n < 5-107".

Example 3.2. Let n =5-41-101 = 20705. Then
B(n,1) =3, B(n,—1) = 2000, B(n) = 3 + 2000 = 2003;
SB(n,1) =1, SB(n,—1) = 500, SB(n) =1 + 500 = 501.

Note that, as shown in (3], SL(7,n) = 5213 and SL(7,n)/n = 0.25177--- . Thus we
have

SL(7,n)
B(n)

SL(7,n) n
=10405--- ., —— =41.327---.
SB(n) 10.405-- -, SB(n) 41.327

=260,

4. PROOF OF THEOREM 2

Lemma 4.1. Let n = p* with p an odd prime and k > 2. Then B(n) =p—2 <
3n/25.

Proof. By Theorem 1, we have, for odd k,

—1.pF—1 —
B(pk,1) = gedp—1p"-1) , _p 3
2 2
1,p* -1
B(pk’_l):gcd(p+2,p +1)_1=p2 :

and for even k,

B(p*,1) =

=—+t—F—=p-2
B(pkv _1) =0.
In both cases (either odd k or even k), we have

B(n -2 3
B(#) = A1) + B, —1) = p—2, and 2 2220 3

(S5

Lemma 4.2. If a,b, and c are positive integers with a | ¢ and b | c, then
a+b < c+ged(a,b).
Proof. Obvious. O
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Lemma 4.3. Let n = pi*p5?---p* be the prime decomposition of an odd number
n, with s > 2 and each r; > 1. Then

MM<%H%—D<%
=1

Proof. For e1,€2, -+ ,65 € {1,—1} and € = €165 - - - €5, define

S

e e = IR0 ) = [ e (P35, 257) 1)
i=1

i= 1=

Then
h(€1,€2, tryEs—1, 1) + h(61,627 cry €51, _1)
= h(El, cr oy Es5—1y ES) + h(ela cryEs—1, _58)

- (5525 %) ) TH (55,2 55) )

-1

(eea(U 5 25 ) T (e (552 57) 1)

i=1

ps—1 (n—e pi—si) n+e¢ pi—si)
< et oot Tty
- 2 (ng 2 7 2 +g0d( 2 7 2 2)

(the next to last inequality holds by Lemma 4.2, since gcd(ﬁ:ﬁ, "—2"19) = 1). Thus

we have
B(n) = B(n,1) + B(n,—1)

< > (h(sl,ez,--- 1€s—1,1) + h(e1, €2, - 753—1»_1))

€1,€2,"" ,65_16{1,—1}

P —1%y 1+ n
<=5 H(Pi—1)=§H(Ih’~1)<§-
i=1 i=1

d

Example 4.1. Let n = 443372888629441 = 17-31-41-43-89-97-167-331. It is
a Carmichael number ([11, A13] and [17]) with (p? — 1) | (n — 1) for every prime
p | n. We have B(n) = B(n, 1) = 156038017948313, and B(n)/n = 1/2.84---. (cf.
Remark 2.4)

Lemma 4.4. Let n = p]'p5?---pLe be the prime decomposition of an odd number
n, with s > 2 and each r; > 1. Then

S

ww<%ﬂ@—u

i=1
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Proof. For € € {1,—-1} and 1 < i < s, let ke, ¢c, ki e, gi e be as given in (2.10). For
€1,€2, " ,€s € {1,—1} and € = e162- - - &5, define

S ocd JGie,) — 1 25(""(51:",6,) 1) _1
fler €2, e5) = 2H 2 (q5 %,e,) + Hng 9ey i sl)

ey 2 25 -1
where m(e1, €2, ,&) = min{kie,, k2,e5, ks, } as defined in (2.11).

As mentioned in Section 2, there exist ej, ez, - ,es € {1,—1} such that
m(e1, ez, -+ ,e5) = mg > 2, and m(eq, €2, ,€5) = 1 for all other 2° — 1 s-tuples
(€1,€2,+++ ,€5). Put e = ejea---e5, € = (=1)*"le. We bound SB(n) via three
parts:

SB(TL) <81+ 83+ 53
with
Sy = flex, -+ ,es—1,es) + f(e1, - ,es_1,—€s) = S10 + S11,
where
s s—1
ged(ge, Give,) — 1 ged(g—e, Gie,) — 1
SlO = 21:[ ) + (ng(q—ea qs, —e,) - 1) E 9 )
and
9s(mo-1) _ 1
S = 2—chd > Giye,);
S2 = f(_elv Y —63_1,63) + f(_ely crey,—€s—1, _es);
and
S3= Z (f(517"' 788—1,1)+f(€la"' 758—17_1))-
£1,€2, ,£s—1€{1,—1}
(1,62, ,€5—1)FL(e1,€2," €5-1)
If p1 = 3, then ¢1,4+1 = 1. Thus Sjp = S2 = S3 =0, and therefore
28(mo H_1 28(mo D1 pi—e
SB(n) = Sll HQ'L e; > — 1 1l 1'2m0 1
1=
2omo — s Hs (P —1) pi+1
(23 —1)2525m0 H(p’ - €i) —1)2s H i — o —1
pi=3 mod4

[Mia(pi—1) 341 (T+1\e-1_8/9¢
= (22 —1)2° 3-1 (7—1) =28 H(’—
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Now suppose p; > 5. Note that m(—e;, —eg, -+, —es—1,+1) = 1. Then we have
s—1
ged(gers Gi,—e;) — 1
Sy = (gcd(qe/,qs’es) — 1) H ( e 21 e )

=

_ ) -1
(gcd(q e qs,—e, _I)H q e ‘2]:, ez)

< ,'052: : s].:[l(ng(qe'a i —ez) - 1) + H(ng Gmen i —el) - 1))

=1 =1
ps — s—1
<5 (ng(Qe’»q'z i) +8ed(ger, Girme,) — 2)
=1
Dbs — 1 s .
< 5 (Gi,—e; — 1) (by Lemma 4.2, since ged(ger,g—e') = 1)
i=1
-1 s
ps—1Yp(pite 1
< 9s H( 2 ~1)S22s—1 H(pi_l)
i=1 i=1

In the summation of S3 there are 2°~! — 2 pairs of f-functions. Since

(e1,€2, - ,€5—1) # E(e1, €2, ,€5-1),

there exists at least one j with 1 < j < s — 1 such that ¢; = e;, and thus kj, >
mg > 2. We have

f(E:l’ o '358—171) + f(al,' o ss—la_]-)

ps — 1 s—1 _
< 823 ]._I(‘Ji»‘si - 1) = 232s 22mo :[—.[(pz - 1)
=1

1 S
< 55 H(Pi -1)
=1

Thus we have

27l —2 ¢

S3 < g H(Pi -1),
i=1
and therefore
05 1~
. < = = 1).
(41) 82453 < ilel(pz 1)

Suppose s > 3 (still p; > 5). By the same arguments as in the evaluation of S,
we have

S <ps_1s_1(‘ _1)<ps'"1s_1 Di — € 1
10 = 95 I I1 Qi,e; = 9 I I1 omo —
1= 1=

8

_ 1 1L 0.0625 =
s 9s+(s—1)mo H(pi -1)< 935—2 H(Pi -1)< 95
' i=1 i=1

i=1
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and
2s(m0 1) _ 1 23(m0 1) _ 1
S = —%—Hng Qe, 4, ez) S HQz e;
2s(m0 1) _ 1 p; — € 9sMmo _
< = —
=T o1 Moeme TR 1)2szsmo H(p’
1 7+1 1141 (19+1
. . . i — 1)
S@-Dzr 7-1 11-1 ( ) H(p
_ (5/9)°(8/5)(9/10) 0 223 0.255 1
i — ;- 1).

Adding the three parts together, we have

0.255 + 0.0625 + 0.5 v 0.818 +
95 H(Pi -1) < —;

SB(n) <

i=1

Now suppose s = 2 (still p; > 5). We have

1
S = 5 (ged(ge; 91,e1) — 1) (ged(ges 42,2) — 1)

4m0—1 _

+ I — ged(ge, q1,e;) gcd(ge, G2, e;)

1
+ 5 (8ed(9-e, a1,e,) = 1) (80d(g-e, 02, ;) = 1)-
If g1,¢, | ge, then ged(g—e, 1,¢,) — 1 =0, and thus

mo—1 — 1

1
S 5@e - 1)(g2,e, — 1) + 3 a®e
<1 Pl—l‘p2—1+4m°—1—1.p1—-61 P2—e2

=2 om0 2me 3 2mo 2mo
(p1—D(pz—1),1 1 7+1 11+1, 31/120
Sf(g ﬁ7_111_1)= 4 (pl_l)(p2_1)'
If g1,e, t ge, then ged(ge, q1,¢,) < q‘—;k, and thus
-1 gmo-1_ 1
Sl S p24 (‘h,el _1)+ 3 : q1,3€1 'q2,62
<p2—1‘P1—1 4'"0_1—1‘;01—61.1’2—62
=4 4 9 2mo 2mo
p—1)(p2—1),1 1 741 11+1, 77/180 ‘
Sﬁ_l__4(_2__)(z R Te Y A el R IR

By (4.1) we have, for either q1,¢, | ge OF q1, e, 1 ge,

SB(n) = 51 + S + 85 < L= D22 1) 1)4(”2 -1,

for s = 2. O

Corollary 4.1. In Lemma 4.4, if s > 3 or s = 2 with r; + rg > 3, then SB(n) <
n/8.
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The following six lemmas are devoted to the proof of Theorem 2 for the case
when n = p;ps, the product of two different primes.

Lemma 4.5. Let n = pips be the product of two twin primes with py +1 = py — 1.
Then

B(n) < @:%”"}l <n/4 and SB(n) < W <n/8.
Proof. Since n = p1ps with p; + 1 = py — 1, we have, by Corollary 3.1 to Theorem

B(n) = B(n, —1) = (ng(pl ~1,p1+3) 1)2 . (pl_-l-l ) 1)2

2 2
2
) , for p; =3 mod 4;
2
)+1, forp; =1 mod 4

< (191—1)24_1S (P1—1)4(p2—1).

Write p; + 1 = py — 1 = 2¥q with ¢ odd. We have

SB(n) = SB(n,—1) = {

—(q_21)2 + 4k—;—1q2, for py =3 mod 4;

L‘—1—_51)—2+1, forpy =1 mod 4.
Case p; =1 mod 4. In this case, we have k = 1, and

SB(n) = -1-<31—_—1>2+1§ -2~ 1)

2 2 8

Case p; =3 mod 4. In this case, we have k > 2.
If p1 = 3 (and thus ps =5, n = 15), then SB(n) =1 = (p; — 1)(p2 — 1)/8. Now
suppose p; > 7. Then we have

SB(n) = 1(;»1 +1_ 1)2 LW D+ 1)

2\ 2k 3.4k
(=32 2+ 1)\ 1pE-2p 435 _ (p-D(p2—1)
8 4 3 96 8 ‘

|

Lemma 4.6. Let n = p1py be the product of two odd primes with po—1 = k(p; —1)
and k > 2. Then B(n) < (p1 —1)(p2 —1)/8 < n/8.

Proof. Since n = p1ps with po — 1 = k(p; — 1) and k > 2, we have

B(n) = <p1;3>2+ (gcd(m;l,k) —1)2+ (gcd(m;l,k—l) —1)2.

Case k = 2. In this case we have

—_3\2 2 _ B _
B(n)S(’”Tg) +1=4 6ZI+13§(P1 1)8(P2 )

Case k = 3. In this case we have

B(n) = 1< (p1—1)(p2—1)/8, forp1 =3 (p2=7, n=21);
5< (p1—1)(p2 —1)/8, forp; =5 (p2 =13, n =65);
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and, for p; > 7,

B(n) <

p1—3 2+5.__p%—6p1+29 < (p1 —D(p2—1)
5 4 = 12 '

Case k > 4. In this case we have, by Lemma 4.2,
2 2 2 2 2
p1—3 p+1 1—3 p—1 (pp—1)
Bn) < | — - = (22
(n)_<2)+(2+1z) (2)+(2 < B

(pr—1)(p2 — 1) < (p1 —1)(p2 — 1)
2k - 8 ’

O

Lemma 4.7. Let n = p1py be the product of two odd primes with p; —1 = k(p1+1)
and k > 2. Ifn =119 = 7-17, then B(n) < (p1 — 1)(p2 — 1)/7 and SB(n) <
(p1 — 1)(p2 — 1)/8. Otherwise we have B(n) < (p1 —1)(p2 —1)/8.

Proof. Since n = p;py with po — 1 =k(p; + 1) and k > 2, we have

2 2 2
Bin) = (22 ) 4 (ged(B=2 k) 1) + (ged(B L k1) —1] .
2 2 2
Case k = 2. In this case we have, for p; = 5 (p2 = 13, n = 65),
B(n) =5 < (p1 —1)(p2 — 1)/9;

and, for p; = 7 (p2 = 17, n = 119),
B(n) =13 < (p1 — 1)(p2 — 1)/7,

and
SB(n) = SB(n,—1) =7 < (p1 — 1)(p2 — 1)/8;
and, for p; > 11,

—_1\2 2 _ B _
B(n) < Pl +5=p1 2p1 +21 < (p1 — D(p2 1).
2 4 8
Case k = 3. In this case we have
B(n) = 4L < (p1—1)(p2 —1)/8, for p1 =3 (p2 =13, n=39);
5< (p1—1)(p2 —1)/8, for p1 =5 (p2 =19, n = 95);

and, for p; > 11,

—1\2 2 _ _ _
B(n)S(p121> R A NS E)

Case k > 4. In this case we have, by Lemma 4.2,

p—-1\? (p—1 2_ p -1\ (p1-3)?
o= (252 (71 - (5 (22)
_ P-4y 45 (i -Detl) (e -Dee—1) (- D(p2-1)
2 = 2 2k = 8 ‘

O
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Lemma 4.8. Let n = p1py be the product of two odd primes with po+1 = k(p; —1)
and k > 2, except for the case where p1 = 5 and p2 = 7 (¢f. Lemma 4.5) and
except for the case where p1 = 7 and py = 17 (¢f. Lemma 4.7). Then we have
B(n) < (p1 —1)(p2 — 1)/8 <n/8.

Proof. Since n = p1ps with po +1 = k(p; — 1) and k > 2, we have

B(n) = (P12—3>2+ <gcd(plT+1,k> — 1)2+ (gcd(plTH,k+1) - 1)2.

Case k = 2. In this case we have p; > 7, since p; # 5. Thus we have

=5<(p1—1)(p2—1)/8, forp1=7(p2=11, n="T77);
2

B(n
(n) < (212—3) +5= P§‘621+29 < (1’1—1)8(112--1)7 for p; > 11.

Case k = 3. In this case we have p; # 7 (p2 # 17, n # 119). Thus
B(n) — 1= (pl - 1)(p2 - 1)/8a for P = 3 (p2 = 5’ n= 15)a
5=(p1—1)(p2—1)/8, forp1 =5 (p2=11, n=755);
and, for p; > 11,

2 2
B(n) < (m;?’) +2%+3% = (’“2_3) +13

_pi-6pi+6l _ (p—1)(p2—1)

= < .
4 8

Case k > 4. In this case we have, by Lemma 4.2

B(n)s(plT_?’)2+<p1;1+1—2>2=(p1;3)2+<p12_1)2
_pi-4p+5 _ (i -DEa-1) (- -1

2 2k - 8

d

Lemma 4.9. Let n = pi1ps be the product of two odd primes with po+1 = k(p; +1)
and k> 2. Then B(n) < (p1 —1)(p2 —1)/8 < n/8.

Proof. Since n = p1py with ps +1 = k(p1 + 1) and k > 2, we have

B(n) = (”12” 1)2+ (gcd(plT_l,k) —1>2+ (gcd<p12‘ LI 1) - 1)2.

Case k =2. If p; = 3 (p2 = 7), then the lemma is valid by Lemma 4.6; else we
have

_ 2 2 _ — _
B(n) < p1—1 L1=-M 2p1+5 < (p1 — 1)(p2 1)‘
2 4 8
Case k = 3. In this case we have
B(?’L) — 1< (pl - 1)(p2 - 1)/87 for p1=3 (p2 =11, n= 33)a
5<(p1—1)(p2—1)/8, forp =5 (p2=17, n=85);
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and, for p; > 7,
-1\° 2 _op, 421 —1)(py — 1
Bn)< (L1} j5_Piz2m+2 (m-DE—1)
Case k > 4. In this case we have, by Lemma 4.2,

2 2 2 2
p1—1 p1—1 p1—1 P —3
o (. —2) =
B(n)_( 7 )+( 5 +1 2) ( 5 )-l—( 5
_ P45 (- —1) (-1 —1)
2 2k - 8 ’

O

Lemma 4.10. Let n = pips be the product of two odd primes p; < pa, not
considered in Lemmas 4.5-4.9, i.e., p1 £ 1 not dividing po = 1. Then we have
B(n) < (pr — 1)(p2 —1)/8 < n/8.

Proof. Write p; — 1 = 2%q with ¢ odd. Put z = ged(py — 1,po — 1) and y =
ged(pr — 1,p2 + 1). Then ged(z,y) =2 and z +y < 257 1g 4+ 2 = (p; + 3)/2, since

p1 — 1 does not divide p; = 1. Thus
rT+y 2 ’ < p1—5 2‘
2 - 4

G) () <
(ng(pl +1p—1) 1>2+ <gcd(p1 +1pa+1) 1)2 < (1)1__3>2

By the same reasoning, we have
2 2 4

Therefore by Corollary 3.1 to Theorem 1, we have

B(n) = (ng(Pl —Lpp—-1) 1>2 + (ng(Pl -Lpp+1) 1>2

2 2
2 2
n (ng(Pl-i"l,Pz—l) _1> N (ng(P1+1,P2+1) __1)
2 2
_5)2 — 3)2 _ —
< (p1—5) n (p1 - 3) < (1 — 1)(p2 1).
16 16 8

Now we are ready to prove Theorem 2.

Proof of Theorem 2. The theorem follows by Lemmas 4.1, 4.3, 4.4, 4.5, 4.6, 4.7,
4.8, 4.9, and 4.10, and from the fact that SB(n) < B(n). O

5. PROOF OF THEOREM 3

Theorem 3 follows by (2.9) and the following Lemmas 5.1, 5.2, 5.4, 5.6, 5.7, 5.8,
and 5.9.

Lemma 5.1. We have 19(n) < # for n = p* with p an odd prime and k > 1.



A VERSION OF THE BAILLIE-PSW TEST 1719

Proof. If k is even, then B(n,—1) = 0, and thus 79(n) = 0. Now suppose k is odd
> 3. For ¢ € {1, —1}, we have, by Theorem 1,

B(p*,¢) __p—€—2< 11
(n—e—2)/2 n—-e—2  prt-l  pl-1/k

To(n,€) =

Thus
1 < 1
n2—2/k = 473"

70(n) = 10(n, 1)19(N, —1) <
Lemma 5.2. We have 19(n) < —375 for n = p1py with py < py odd primes.

Proof. If p1 = 3, then either B(n,1) = 0 or B(n,—1) = 0; thus 79(n) = 0. Now
suppose p; > 5 and py > 7. Put

g &dpr—1p2—1) o ged(pr+1,p2 +1)

2 ’ 2 ’
o= ged(py — 1,p2 + 1) d= ged(pr + 1,p2 — 1)
2 U 2 ’

Since both a and d divide (p2 — 1)/2, and ged(a,d) = 1, we have ad < (p; — 1)/2.
Thus

(5.1) (a—1)(d—-1)=ad—a—d+1< (pp—T7)/2.
Since a divides (p; — 1)/2 and d divides (p; + 1)/2, we have ad < (p? — 1)/4. Thus
(5.2) (a—1)(d-1)=ad—a—-d+1< (p} —13)/4.

By (5.1) and (5.2) we have

2 2 2
C13(d - 1) < (p1 —13)(p2 = 7) n2 — 13n
(@a—1)*(d-1)° < G <5

Thus

n2 — 13n)2/3
63 (@ 12(a -1 < T BT

Analogously we have

(5.4 (6 - 13— 12 < 1R

Since both @ and ¢ divide (p; — 1)/2, and ged(a,c) = 1, we have ac < (p; — 1)/2.
Since both b and d divide (p; + 1)/2, and ged(b,d) = 1, we have bd < (p; +1)/2.
Thus

(a=1)(c—1)=ac—a—c+1<(p1—5)/2

and

(b-1)d—1)=bd—b—d+1< (pr—5)/2
therefore
(5.5) (a-1%c—1)%+ (b - 12— 1) < & - 5 _n —235
and
(5.6) (== 1)b-1)(e—1) < B 123

4 - 4
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By (5.3), (5.4) and (5.6) we have
(5.7)

n? — 13n)%/3 n —35)%/16
(@=1)*@d-1)2+(b-1)%(c-1)*< ( 1 22/3) (n2 —(13n)2/;/<4 2273y’

By Theorem 1, (5.5) and (5.7) we have
_(a=1)2(d-1+(b-1)%(c-1)2+(a—1)*(c—1)? + (b—1)%(d —1)2

To(n) = (n—1)(n—23)/4
n2—13n)2/3 22/3 (5 _35)2
- (n—1)(n-23)
Thus
(n3 — 13n?2)2/3 22/3(n — 35)? 2(n — 35)n?/3

To(n)n?/* < 223(n—1)(n-3) (n—1)(n-3)(n—13)23  (n—1)(n-23)

< —7_+(_n——:_:/3§7_+m<097 for n > 300;
0.95, for 35 < n < 300.

The lemma follows. O

Now let n = p;p2p3 be the product of three odd primes with p; < ps < p3. For

i1 =1,2,3, put
-1 p—1 r_ (n+1 pi_l)
ng( 2 ' 2 )’“i_g"d 2 2 )
-1 p, +1 n+1 p;+1
b= ged (F5 = P, b = ged (P B
ged 5 b; = ged 5 5 ,
zi=a;— 1, z,=a,—-1,y;=b;— Ly, =b, — 1.
Then
B(n,1) = 212223 + T1Y2y3 + Y172Y3 + Y1Y2T3,
(5‘8) B _1 a0 /A A [N /A
(n, —1) = Y1Yay3 + Y1752 + T1YaT3 + T1T2Y5.

Since ged(251, 2£L) = 1, we have

1 41
aia’;spz ablbispl;_ y
ziz) < a0} — 1 < ==y Sbibf — 1< =~
Since
n/pi—1 pi—1 n/pi+1 pi—1
=g°d( R )’aé:gc‘i( AT )
n/pi+1 pi+1\ ,, n/pi—1 pi+1 pi—1 pi+1
b; = d(—,—),b: d(—, ) d( , )=1,
: = &C 2 2 i = 8¢ 2 2 8N 2
we have
ziy < ab — 1 =ged E&—I,B‘Z;l —1 < min ﬁ%’&z;l ;
(5.10) lyi < alb; — 1= god( MBtt Bol) _j < min{ /et pioil g

2
S mln{ﬂ’ﬂ;’_ly Blz——.]_‘.}
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By (5.9) and (5.10) we have

(5.11)
2 2 4/3
pi—1 p2—3 p3s—3 pipaps _ 1
z122w3Y; 25wy = (2191) (2275) (2375) < — - S5 - S < S < e
Similarly we have
o0 n4/3 (A n4/3 o1 n4/3
(6.12)  T1Y2u3Y1Yays < T Y1eysTiTays < g7 Y9271yt <16

Also by (5.9) and (5.10) we have

p1—3 pp—3  (pipa—1 p3—1
sutassal ol = (018}) (vt o) < B3 P2 2 =1 A=
Thus 172737 2hys < p?p2/8 and 172737 7hys < p1p2p3/16, so that

(z1z0z32)2hys)3 < nt /2t

Therefore
4/3 4/3
/AW n n
(5.13) T1T2TIT1T2Y3 < 57173 < 196"
Similarly we have
4/3 4/3
T1Z2T3T1 Y523 < T5gs T1Y2Y3T1Y2T3 < T5g)
/3 4/3
(5.14) T1Y2ysTITHYs < T5ps V1T203Y1Y0Y3 < T35

4/3 4/3 4/3
VAP A n . oo n . VAP B | n
Y1Z2Y3Y1T2%3 < Tog5 Y1Y2Z3Y1Y2Y3 < T35 Y1Y2T3Y1T2T3 < T55-

Lemma 5.3. We have

' n8/5 1 n8/5
T1Z2T3Y1Y2Y3 < 3917 T1¥2UstiTaT3 < 2.569
n8/5 n8/5

1o . ror o
Y1T2Y3T1YaT3 < ; Y1Y223T1T2Y3 <

2.569 7.155°

Proof. If p; < n!/5, then by (5.10) we have

2 3 8/5
b1 P1b2 Pib3 pin n
T12203Y1 Yoz = (197)(T2y) (T3y3) < Zl Ty T T _116 < 16

and similarly
n8/5 n8/5 n8/5
T1Y2Y3y1 2925 < =} Y1%2Y3T1YaTh < ) Y1YaT3TITRY5 < ——.
16 16 16
Now suppose p1 > n'/5. By calculation the lemma is valid for n = pypaps < 106.
Now suppose n = p1pap3 > 108, For i = 1,2, and 3 put

hi = ged(2(n/p; — 1),p? — 1), w; = 2(n/p; — 1) /hs, vi = (B} — 1)/hs,

hi = ged(2(n/p; +1),07 — 1), uj = 2(n/p; + 1)/hi, vi = (B — 1)/h;.
Since (p? —1)(p? — 1) < (pip; — 1)* for 1 <i# j <3, we have

(p? — 1)(p3 — (3 — 1) < (p1p2 — 1)(p2p3 — 1)(p1ps — 1)

(5.15) < (p1p2 £ 1)(p2ps £ 1)(p1ps £ 1).
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Then ujusus > 8vyvavsz + 1, and thus

1 wugug _ (p1p2 — 1)(p2p3 — 1)(p1p3 — 1)

1+ < =
8uivovz ~ 8Bvivavs (P} -1)(P3 -1)(@3-1)
n2
<
n? — pip3 — p3pj — PIv3

T 1-(1/p}+1/p2 +1/p2) T 1—(2/n%/5 +1/n2/3)

Therefore
1 n2/5 n2/5
_ 1= ~1 :

(5.16) Burvavs > o 2+ 1/nt5 7 2082

Now by (5.10) and (5.16) we have

3
n/p;—1 p? -1
T12223Y1Y2Ys = (T191)(T2y3) (23y3) < Hng(/mT’ p’T)
i=1

_ hihohs _ H?:l(P? —-1) < n®/5
43 430, v9v3 3917
Thus the first inequality of the lemma is proved.

Since p; > n'/5, we have p? < paps < n*/%; so pa < n?/5. But pyps > n?/%, and
thus p3 < n%°. By (5.15) we have

1. uiuguy _ (pap2 +1)(peps — 1) (paps + 1)
8uivpuy ~ 8uivyvg (P} - D3 - 1)(P3 - 1)
n? + n(py + p3)
n? — pipj — p3p3 — pin3
1+ (p2 +p3)/n 14 1/n3/5 +1/n%/%
1—(1/pf+1/p3+1/p3) ~ 1= (2/n%5 +1/n2/3)’

1+

and therefore

n2/5 _ 9 1/n4/15 n2/5
34 1/ni/5 4 1/n?/1 = 3114°
Now by (5.10) and (5.17) we have

hihyhy  TIo_ (2 —=1)  n®/°

T1Y2YsY T5Th < — 5 = Borlo, 2569

(5.17) 8vyvpvh >

which is the second inequality of the lemma.
Again by (5.15) we have

4 1 n? + n(py + p3) 14 1/n%/5 +1/n2/5
8uivgvy  n? —pip —p3ps —pip 1 - (2/n?/5 +1/n?/3)
Thus
2/5 B hohl H3 ( 2 _ 1) n8/5
’ ' n oo 1/v27t3 — 1li=1 p;
Burvavs > 7y and Y122ysT1YpTs < g Bl 2569

which is the third inequality of the lemma.
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Once again by (5.15) and the facts that p; < n!/3 and py < n?/® we have

1 < n? + n(py + p2) 1+1/n3+1/n3/°
8vivivs ~ n? —pips —p3pg —pipd 1 (2/n?/° +1/n?/3)

1+

therefore
n2/5 1= 1/’]’l4/15 n2/5
> .
1+1/nl/5+2/n4/15 7 1.118
Now by (5.10) and (5.18) we have
hihyhs _ H?:l(p? -1 n®/®
43 43v]vhvs 7.155’
which is the last inequality of the lemma. O

(5.18) 8vivhvs >

0
Y1Y2Z3T1TaY3 <

Lemma 5.4. We have 19(n) < n—,}ﬁ for n = p1paps the product of three different
odd primes.

Proof. By computer calculation the lemma, is valid for n = p;pops < 10%. Now
suppose n = p1paps > 10°. By (5.8), (5.11), (5.12), (5.13), (5.14) and Lemma 5.3,
we have

To(n) = B(n,1)B(n, —1) < '3 (36 + 35) + 75917 + 35 + 715) < 0.995
(n—1)(n—3)/4 (n—1)(n-3)/4 n2/7"
O

Remark 5.1. In Lemma 5.4, n?/7 can be improved to n'/3, if one uses more com-
plicated analysis and computation. But it cannot be improved to n?/3, e.g.,
n = 62164241 = 41 - 881 - 1721, B(n,1) = 636519, B(n,—1) = 176000,
. _18.19---
0(n) = — 55—

Remark 5.2. Williams [22] asked whether there are any Carmichael numbers
n with an odd number of prime divisors and the additional property that for
plmn p+1]|n+1 Lemma 54 shows that if such a Carmichael number ex-
ists, it must have at least 5 prime divisors. But Pinch [17] found no such numbers
up to 1015,
Lemma 5.5. Let n be odd with prime p | n. Then
(gcd(p-— Ln—1) 1+ ged(p+1,n—1) 1)
2 2
y (gcd(p— Lo+l ,, edlp+lntl) 1) < P-1-3)
2 2 4
Proof. Let y be the value of the left part of the inequality and

2 ’ 2 ’
c_gcd(p—l,n+1) d_gcd(p+1,n+1)
B 2 U 2 ‘

Then

—1l+4+c—1+4b-14d-12 1/p-3 —1\2 —2)2

y< e c )S_(p LP ):(p )
4 4\ 2 2 4

Since y is an integer and p is odd, the lemma follows. O
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Lemma 5.6. Let n = pi*p5*---pi° be the prime decomposition of an odd number
n. Ifs>3ors=2 withr1+r2>3 then

1 1
7o(n) < 4s As—1 H 2(r, 1) and 7(n) < 4sH 2(1‘1—1)

i=1D; i=1D;
Proof. By Theorem 1 and Lemma 5.5 we have
B(n,1)B(n, —1)

S rged(ps —1,n -1 d(p; +1,n — 1
SH(gC(:D . n )_1+gc (p . n )_1)

y (gcd(pi —21,n +1) ged(ps +21,n +1) 1)

,—1 i — 3
H(P )

Thus

_ B(n,1)B(n,-1) _ [Ii_;(»i —1)(pi —3)
7'O(n) - (n — 1)(n _ 3)/4 < 4s—ll(n _ 1)(n — 3) 43 1 H 2(7‘1—1)

Since s > 3 or s = 2 with 71 + 79 > 3, we have

i=1P;

LR P . R
p? D3 p2 " (pp2--ps)?s T n’

Thus by Lemma 4.4 we have

_SB(n,1)-SB(n,—1) _ (SB(n))* _ [Iie,(pi = 1)* _ [T;=, (¥} - 5)
) = T D mo8)/a < nZ—dn = 4 = 4n) < 43(12 in)

-

R
p P2
(45 H 2(r.—1)) 1-4/n 4s H 2(n~1)

i=1D;

O

Lemma 5.7. Let n = p1pa---ps with p1 < p2 < --- < ps odd primes and s even

> 4. Then 19(n) < ﬁ.
Proof. Let €1,69, -+ ,€5,€1,€2,++ ,e5 € {1,—1} with g162---e, =1 and ejez--- €
= —1. Define

S

_ ng(pl — &, N — 1)
flere e =T > -1)

=1

and

gler, - ,es) = ﬁ(gcd(pi _2€i,n +1) 1)'

=1
If ¢; = e;, then

(ng(Pi —&i,n—1) 1) (gcd(pi —e,n+1) 1) cPize g Pl
2 2 2 2
If e;, = —e;, then
(ng(pz — &, N — 1) _ 1) (ng(pl —e,n+ 1) _ 1) S by — 1 1= p22 -5
2 2 4 4
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2
. . . . . - 2_5
Since s is even, there exists at least one j such that £; = e;. Since 25— L < Rt
we have

(P? -1) Hi;éj(pzz —5)
P 1(p; + 1)

i—1 2_5
f(sl"”783)9(617"'768)Sp‘72 sz4 =
i#]
(0 -1 I1iop? n? — 4n
22s—l(pj + 1) 223—1(p1 T 1).

Thus
B(n,1)B(n,—1)

™M) = D= 3)/4
4
- 3 Flen o e)glen, - ves)
(n - l)(n - 3) E1,00 ,E5,€1,0"" ,636{1,—1}
g1-€s=1;e1-res=—1
2 _
< 4 L 928-2 | 2n1 4n < 2 ‘
(n—1)(n—3) 22-1(p1+1) p1+1

O

In the following two lemmas let €,0 € {1, -1} and gs,q; . be as given in (2.10).
Put

dz(.i) = ged(gs, ¢ie), and a(é) dl(-i) -1
Then we have
(5.19)

1
i) <gier allalV <gie— 1 0la{7) < qiagia - 1< (0] - 9).
By Lemma 4.2 and the fact that ged(q1,9-1) = 1 we have
(5.20) dY +d Y <qio+1; o) +alY <o - L.
Put
1 1

(5.21) So = > el

€1, ,€s,1, 0 ,es€{1,—1} =1
€1 Es=1; €1-€g=—

Let m(e1,--- ,€5) be as given by (2.11).

Lemma 5.8. Let n = pipy---ps with p1 < pa < --+ < ps odd primes, and s even
> 4. Then

TN — '
23s—4 92s 3(23 _ 1) p1+1 8s—4. 166(p1 + 1)
PT‘OOf. Let €1,E2," " yE5,€1,€62, "+ ,€5 € {1,—1} with E1E9 - Eg = 1 and ei1eg - €

= —1. Since s is even, there exists at least one j such that €; = e;. For this j we
have, by (5.19),

L oY <

pj— 1
Uje; Yje; S Qe 1= :
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Since Bi—= L < p’ ! and a(l) -1 < —1— < —1—1 we have

Z—E
o 4= < '—IHp,—l I, @? —1)< n? —dn
paley Oie;Qie, = 923s— 2(p +1) 233—2(pj+1).
Then
2 _4n n? —4n
5.22 So < 2272 " - _
( ) 0 233—2(p1+1) 2s(p1+1)
As mentioned in Section 2, there exist 81,02, --,ds € {1,—1} such that

m(dy,02,- -+ ,05) = mg > 2, and m(ey, ez, -+ ,&5) = 1 for all other 2° — 1 s-tuples
(1,62, ,€5). Put § = 6102 - 45, and

_ 20D -1 Fr )
T2 —1 g2
i=1
Then
1 T ©
SB(n,8) =W + 551 Z Aj e,
€1, ,6s€{1,—1} i=1
£1--Eg=0
1 a3
SB(n,~0) =57 D o).
ey, ,es€{1,—-1} i=1
e1-eg=—0
Thus
So T -5
SB(n, 1)SB(n, ~1) = 7575 + 7, > e
ey, ,es€{1,—1} =1
ey reg=—0
So_, 22tme7D —1 (®) 4 (=)
= 225—2 + 23—1(23 _ 1) Z Hdz 6, i,e; )
e1,,es€{l,—1} =1
er-eg=—04
where Sp is bounded by (5.22). Since §102---ds = —ejea - --es and s is even, there

exists at least one j such that e; = §;. For this j we have, by (5.19),

(6) =9 = (6) g9 pj — 9
) al2D = d (]e] 1)<q35—1< L.
If €; = —(Si then

2
5 P 5 p; —1
df&{ Eel)_dfé),(d, 6),- 1)<Qz6%, 8; _1—2:no+1_1'

Since ”2’,,10" -1< W 1, we have

() (=8 < Ps =08 = 2™ pypf —1-2m" P;
IIldz 61 CT—— omo ];éI L Fmot < 2s(mg+1) 1 g(pz 9)
1= 1#] 7]
[T5-. (07 -9) n® —4n

= 23(m0+1)—1(pj +3) < 2s(m0+1)—1(p1 + 1)
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Thus

Sy . 28(mo=1) 1 gs-1 n? —4n

B - .
SB(n, 1)SB(n, ~1) < o35 + 553 &0 2ot D=1 (py T 1)

< ( 1 N 1 )n2 —4n
233—2 223—1(25 _ 1) p1 +1 ’
and therefore

SB(n,1)SB(n,—1)
(n—=1)(n-3)/4

T(n) =

<( 1, 1 ) 1. 1
28s—4 T 225-3(25 —1)/p +1  8-4.166(py +1)’

O

Remark 5.3. In Lemma 5.8, if p; > 2000 by trial divisions, then 7(n) < gr=ras3333-

Lemma 5.9. Let n = pips---ps be square free with each p; an odd prime and s
odd > 5. Then

1 1 1

2 '
(5.23) () < mmE Y gmmE o) < 167119726

Proof. Let 81,02, ,05 € {1,—1} be such that m(d1,82,---,ds) = mo > 2. Thus
m(e1, €, -+ ,€s) = 1 for all other 25—1 s-tuples (1,2, -+ ,&5). Put § = 8192+ - Js.
By (5.20) and (5.19) we have

2 )
(ol ) (o2, o) el o2
< (@1 —1)(gi,-1—1) + g1 —1+q,—1—1=gi10;,-1— 1
Pl P9

- 2m0+l - 2m0+1'

Let Sy be as given by (5.21); then

s .2 2
(1) (-1 (=1) p;—9 n°—4n
(5.24)  Sp< H(( o) (a1 + af _1)> <15 < gomoroe
Again by (5.20) and (5.19) we have
0 (o + o) = o (i~ 1422 )

= 50— 4B (429, 1)

pi-9
<qis, — 1+ a5, (G,-5, —1) = ¢ingi—1— 1< 2:n0+1'
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Thus
S 2s(mo—1) _ 1 o (s
SB(n’ 1)SB(n’ _1) = 230—2 + s—1(9s Z Hdg 45)1 Eez)
2 25-1(2° — 1)
ey, ,es€{1,-1} =1
e1-eg=—0
So_ 20TV 15 0) (4(=8) 4 o(=9)
<
= 225_2 + 28 1(28 _ Hd ( 2’_1)
< 5o 2"('"0 D15 p2-9
S 9w T gei(ge o) i 2mo+1
1 1 )
< (2(mo+3)s—2 + 23s—1(2s ))(n —4n),
where Sp is bounded by (5.24). Therefore
_ SB(n,1)SB(n, ~1) ! .
mn) = (n—1)(n-3)/4 < Q(motd)s—4 + 285-3(2s — 1)
1 1 1

< .
= o5s5—4 + 235-3(2s — 1) < 165-5.119726

|
Remark 5.4. From the proof of Lemma 5.9 we see that if n in Lemma 5.9 satisfies
the additional condition
(5.25) ki,s; =mo (>2), gi,6, | g5, and gi,—s, | g—s, forall1 <i<s,

where k; 5,, gi, s, are given by (2.10), then it seems that (5.23) is the limit of the
analysis in this paper and cannot be significantly improved. Otherwise if n in
Lemma 5.9 does not satisfy condition (5.25), or in other words, if it satisfies the
condition

(5.26) kj 5, >mo (>2), orgs tgs, or g; s, 1q-s, forsomej:1<j<s,
then

2-17 .
4@ ( (=) 4 o= 6)) < {Qj,lqj,—l -1< apim—ﬁy if kj 5, > mo;
8 aj—1) = —25 .
7o 4195,-1/3-1< 2—"{0+—13, if g5, 1 g5, or gj, —s; 1 q-s;
thus
(5.27)
(n) 1 1 < 1 1 1
m{n) < 92(mo+3)s—4 + 233—2(23 -1) — 255—4 + 233—2(23 -1) < 165—5 . 226521 °

Remark 5.5. Since condition (5.25) is very strict, most composites of Lemma 5.9
satisfy (5.26) instead of (5.25). So, 7(n) is bounded by (5.27) for most square free
composites n having an odd number s > 5 of prime factors.

6. PROOF OF THEOREM 4

For € € {1,—1} and odd n > 1, let J(n,e) be as defined in (3.2). To prove
Theorem 4 we need a lemma.

Lemma 6.1. Let n > 1 be odd and € € {1,—1}. If n is not a perfect square, then
J(n,e) <(n—e—2)/2.
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Proof. Case (I). n = p* with p prime and k odd. By Lemma 3.1 we have
J(p,e) =(p—e-2)/2
Thus we have
J(n,e) =p" tp—e—-2)/2< (n—e—2)/2.

Case (II). n = p*q with p prime, k odd, ¢ > 1, and gcd(p,q) = 1. By the Chinese
Remainder Theorem we have

k k p* -3 pF—1
J(n,e) = J(p*, 1)J(g,€) + J(p", —1)J (g, —¢) < J(g,€) + =—5—J(g,~¢)
k-1 k-1 n—-3 n—eg—2
<T@+ -1) <P < It < s
O

Proof of Theorem 4. If n is a prime > 5, then u and v in Steps 2 and 3 exist. Since
the prime n is not a perfect square but a probable prime to both T, and T, it
passes the OPQBT.

If n is not declared composite in Steps 1 — 3, then n is almost certainly prime
with probability of error 7(n,e)7(n, —¢) = 7(n). d

Remark 6.1. One may relax the OPQBT so that the probable prime subtests in
Steps 2 and 3 are no longer strong. Then the probability of error will be 7o(n).
In Step 2 one may chose u = 3 for odd n > 5. Thus € = (5/n). In Step 3 one
chooses v = 4,5, - - - in succession. There are 4152 psp(73)’s < 10%, not a single one
of which passes Step 3 to bases as chosen in this way.

7. PROOF OF THEOREM 5

Lemma 7.1. It takes (2 + o(1)) log, ¢ multiplications modn to check if T3 = +1
mod n in the ring R, = Z[T)/(T? — uT + 1), assuming that addition takes o(1)
multiplications mod n.

Proof. The Lucas sequences U;, V; with parameters P = u and ) = 1 defined by
(1.3) are

Up=0,U1=1, V=2, V1 =u,
Ui=ulU;—1 —U;_g, Vi=uV;_1 — Vi, fori>2.
Then (cf. Chap.12 of [5], or [24])

(7.1)

(7.2) Uzi = UiVy, Vo = V2 = 2;
1 1 5
T3) Uiy =50V UW), Ve = 5 (WV; + (0 — UTy);
and in the ring R,
1
Thus

T!=+1 modn<=U;=0 modnand V, =+2 mod n.

So, our task is to compute U; mod n and V; mod n. We use easily constructed
addition chains (cf. page 441 of [13]) as follows.
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Take h = |1 log,log, q|, m = 2" < logs/? q. Write
g=dom' +dm' '+ +di_im+dy, with0<d;<m, 0<i<t, do>1;

then t = |log,, q] +1 < lO—gth+1.

Step 1. Using (7.1) to compute U;, V; for 2 < i < m — 1 takes 2(m — 2)
multiplications mod n.

Step 2.1. Using (7.2) to compute Usjq,, Vaig, for 1 < j < h takes 2h multipli-
cations mod n.

Step 2.2. Using (7.3) to compute Umdy+d,, Vimdo+d, takes 7 multiplications
mod n.

Step 3.1. Using (7.2) to compute U2i (mdo+d1)s Voi(mdo+d,) for 1 < j < h takes
2h multiplications mod n.

Step 3.2. Using (7.3) to compute U240 4md, +dy> Vim2do+md,+d, takes 7 multi-
plications mod n.

Step t.1. Using (7.2) to compute

Ui (mt—1dgtmt=2dy+-+de_1)s V23 (mt=1do+mt—2dy+-+ds_1)

for 1 < j < h takes 2h multiplications mod n.
Step t.2. Using (7.3) to compute Uy, V, takes 7 multiplications mod n.
So it takes in total

2(m—2)+ (2h+T7)(t—1) < (24 7/h)logy q + 2log;/2q —4=(2+4+0(1))log, q

multiplications mod n. O

Proof of Theorem 5. Write n—e = 2¥g with g odd. By Lemma 7.1, it takes (2+0(1))
multiplications mod n to compute Uy, V,, and thus to check if 79 = +1 mod n in
the ring R, = Z[T]/(T? — uT + 1). By (7.4), we have

Tfi" =-1 modn <= Uyq=0 modn and Vai; = -2 mod n.

So the remaining task is using (7.2) to compute Uz:y, mod n and V,:, mod n for
1 < i < k-1, which takes 2(k — 1) multiplications mod n. Since k + log,q =
logy(n —€) <logy(n+1) <logyn+ 1, we get

(2+0(1))logy g+ 2(k — 1) < 2(k + log, q) + o(1) log, g < (2 + 0(1)) logy .

This means that it takes (2 + o(1))log, n multiplications mod n to do an sprp
subtest in Step 2 or 3. Since the time it takes to check if n is a perfect square and
to compute the Jacobi symbols is negligible, (an iteration of) the One-Parameter
Quadratic-Base Test can be completed in the time it takes to perform at most
(4 4 o(1)) log, n multiplications mod n. O

8. COMPARISONS

It is clear that comparisons between the OPQBT and either the Rabin-Miller
test or the Lucas test are crucial. So, the main task of this section is to give
comparisons between the RQFT and the OPQBT.
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Let Gran(n) denote the error probability of the RQFT. From Lemma 2.7, Corol-
lary 2.10, Lemma 2.11 and Lemma 2.12 of Grantham [9] we know that

(8.1)
4/p, for n nonsquare free with p? | n, p prime;

2/B, for n square free with s even > 2;

3(B%+1) 5.5

Gran(n) < ¢ :
Bz T 3(pa3p7) ~ B2, for n square free with s = 3;

2%5 + 243%3 + %, for n square free with s odd > 5;

where B < p; — 1, the trial division bound (B = 50000 suggested by [9]).

We see that for a nonsquare free composite n with a prime square factor p?,
Gran(n) < 4/p, whereas 7(n) < 1/(4°p?). Moreover Gran(n) is bounded by con-
stants for all square free composites—it is bounded by 2/B when s is even, and by
%%—2751:74--2?1_5—>%ass—>oowhensis0dd;butT(n)—»Oass—>oo(s
either even or odd, see Theorem 3). Most remarkable is that comparisons between
Gran(n) and 7(n) for square free composites with 2 or 3 prime factors are crucial.

The worst case of both the RQFT and the OPQBT happens when n = p1papspaps
is the product of 5 different odd primes. For such composites n,

Gran(n) < 1/2'% 4+ 1/2'7 + 1/25000% ~ 1/7710,

which needs the additional condition p; > B = 50000; but (cf. Lemma 5.9 and
Remark 5.4)

(n) 1/119726, for n satisfying (5.25);
1/226521, for n satisfying (5.26);

which does not need the condition p; > 50000. If we take B = 3, then the bound
for Gran(n) would be about 4/9, but the bound for 7(n) still remains 1/119726 or
1/226521.

The Rabin-Miller test takes (1+ o(1)) log, n multiplications mod n (Proposition
3.1 of [9]). Thus the running time of the OPQBT is asymptotically at most 4 times
that of the Rabin-Miller test. Since most composites are not spsp(T},), the OPQBT
stops at Step 2, taking only twice the time it takes to do a Rabin-Miller test. But
the running time of the RQFT is asymptotically 3 times that of the Rabin-Miller
test for all numbers. So the OPQBT runs faster than the RQFT (3:2) for most
composites.

Since the running time of the RQFT is asymptotically faster (4:3) than the
OPQBT for the worst cases, one may ask the follow question: With equal work,
one test is how many times as confident as the other for a given number n?

To make the answer unique, it is reasonable to make the following definition,
which balances comparisons of the error probabilities and the running time of two
tests.

Definition 8.1. Given two tests Test; and Tests. Test; has error probability <
P; = P;(n) and running time ¢; = t;(n) for a given number n. Define the function
(/)

1/P;
If Balance(Test;, Tests, n) & k, then we say that, with equal work, Test; is k times

as confident as Test; for the number n, and say that Test; is Balance-better (resp.
the same or worse) than Testy for the number n if kK > 1 (resp. k=1, or k < 1).

Balance(Test;, Testg, n) =
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Take

(8.2)
Test; = RQFT, Tests = OPQBT, ¢2/t1 = 4/3, P, = Gran(n), and P, = 7(n),

then by Theorem 3 and (8.1) we have (with B = 50000 < p; — 1),
Balance(RQFT, OPQBT, n)

(%gl/%, for n nonsquare free with s = 1;
75’:2924, for n square free with s = 2;
%ﬁi, for n square free with s = 3;
L for n square free with s even > 4;

~ 4 1.272, for n square free satisfying (5.25) with s =5, 7, 9;

0.673, for n square free satisfying (5.26) with s =5, 7, 9;
1%'3—_6?1, for n square free with s odd > 11;
2. (p5/9)*® L .

| T, P otherwise, i.e., for n nonsquare free with s > 2.

So, the RQFT is (slightly) Balance-better than the OPQBT only when n is square
free satisfying (5.25) with s = 5, 7, 9. As mentioned in Remark 5.5, such numbers
are rare. We challenge the reader to exhibit one. If there are none, then the OPQBT
is Balance-better than the RQFT for all composites.

Remark 8.1. Even for the rare composites n square free satisfying (5.25) with
s =15,7,9, it is possible that the OPQBT is Balance-better than the RQFT. The
running time of the RQFT is asymptotically (3 + o(1)) log, n multiplications mod
n for all numbers n, and that of the OPQBT is asymptotically (4 + o(1))log, n
multiplications mod n for numbers n of the worst cases. Here both o(1) represent

(i)
log, log, n

but with different constants related to the big—O notations. Since the RQFT
works in the ring Z[z]/(n, 22 — bz — ¢) and needs the additional Step 5, whereas the
OPQBT works in the ring Z[z]/(n, 2 —uzx +1), the constants related to the big—O
notations for the RQFT are larger than that for the OPQBT. So it is possible in
(8.2) that t2/t1, say, ~ 4.11/3.15, for a range of numbers n, say, n < 101900 Then
for n square free satisfying (5.25) with s = 5,7,9 we have

77104.11/3.15

Bala.nce(RQFT, OPQBT, Tl) ~ W =~ 0.985.

Since both the RQFT and the OPQBT run very fast, it is not of great interests to
analyze them in exact bit operations.

Remark 8.2. From Definition 2.2 we see that the OPQBT is a combination of two
subtests to one-parameter quadratic bases with opposite Jacobi signs. The RQFT,
in a sense, is a combination of an sprp subtest to a two-parameter quadratic base
with negative Jacobi sign, and a Rabin-Miller subtest. The key difference between
the OPQBT and the RQFT is that the bases of two subtests of the OPQBT are
independently chosen, whereas the base of the Rabin-Miller subtest of the RQFT is
dependent on the quadratic base of the two-parameter-quadratic-base subtest.
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9. CONCLUSIONS

From Remarks 2.1 and 2.2 we see that an sprp(7},) subtest with (“2’4) =1

n
is a generalized Rabin-Miller test, and an sprp(Ty) subtest with (#) = —1is
a stronger lprp(u,1) test. So, the OPQBT is in fact a more general and strict
version of the Baille-PSW test. The worst case for each sprp(7y) subtest with

either (“21:4) =1lor (%) = —1 is the case where n = p;p, is the product of two
different odd primes; but this case becomes one of the best cases for the OPQBT.
Thus Theorems 2, 3 and 4 have answered the question of why the Baille-PSW test
seems much more secure than one might expect considering each subtest separately.

Theorems 3 and 4 have also answered the question of why it is difficult to find
counter-examples to the Baille-PSW test although many such numbers exist, since
the best heuristics for constructing such numbers [18] would produce square free
composites n with a large number s of prime factors, but Theorem 3 (Lemmas 5.8
and 5.9) shows that 7(n) decreases rapidly for such composites n while s increases.
We challenge the reader to exhibit a composite which passes the OPQBT to bases
as chosen in Remark 6.1.

The OPQBT, based on one-parameter quadratic-base pseudoprimes, has clear
finite group (field) structure and nice symmetry, so that explicit formulas for the
base-counting functions and probability of error can be given, and thus bounds
for these functions can be carefully investigated. While no explicit formulas are
given, neither for the original versions of the Baille-PSW test nor for the RQFT,
the OPQBT would be one of the most suitable candidates among existing probable
prime tests, which would lead to infallible tests for primality.
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