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We study a new method—maximal variance reduction—for reducing the variance of stochastic estimators
for quark propagators. We find that while this method is comparable to the usual iterative inversion for
light-light mesons, a considerable improvement is achieved for systems containing at least one infinitely heavy
guark. Such systems are needed for heavy quark effective theory. As an illustration of the effectiveness of the
method we present results for the masses of the ground state and excited st@@gsneflsons andqq
baryons. We compare these results with the experimental spectra invohgogrks.
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[. INTRODUCTION allowing one to calculate the required inversefofThus, for
a given gauge field, one would obtaiN independent
When computing hadron-hadron correlators, one needsamples of thes fields by Monte Carlo and so evaluate the
qguark propagators from a given source to a sink. Optimallystochastic estimate of the required element of the inverse of
one would like to calculate the propagators required from allA by an average over thed¢ samples:Aj; =(¢; ¢;). By
sites to all sites, and thus use all information available fromstoring theseN samples of¢, one would then be able to
the finite number of gauge samples. In practice this is seldoravaluate propagators from any site to any site.
possible as one has to invert the Wilson-Dirac fermion ma- This is not directly applicable to the Wilson-Dirac fer-
trix to obtain the propagators. Using conventional iterativemion matrixQ=1— M, because& is not positive definite
methods, one obtains propagators from one source to afbr those values of hopping parametethat one is usually
given sinks; to calculate and store such propagators from ajhterested in. To obtain the propagators by the above method,
sources is virtually impossible with current computing re-one has to work withA=Q'Q, which is guaranteed to be
sources. Furthermore there is no known way to stop iteratingositive definite. A9Q contains only nearest neighbor inter-
before one reaches the machine precision without introducactions,A is still local—it contains at most next-to-nearest
ing bias. Therefore one obtains extremely accurate propagaeighbor interactions, and an effective updating scheme can
tors from few sources. The propagators are so accurate thpg implemented. Of course to recover the invers€aih-
the variance coming from the limited sample of gauge constead ofA~* one should modify Eq(1) to
figurations dominates the results totally. Clearly a lot of time
is wasted on calculating the propagators to.such precisiop, GjiZinl:((Qiksbk)*ﬁﬁj}, 2
when the variance from one gauge configuration to another is
several orders of magnitude larger. which can then be used to calculate the propagators one
One possibility is to calculate also the propagators byheeds for hadronic observables.
Monte Carlo method$1-3]. This allows one to store the | practice a direct application of Eq2) has a serious
propagators from everywhere to everywhere in a sensiblgrawback when used in realistic lattice QCD calculations.
amount of storage space and also avoids the unnecessag¥cause thep fields have a variance of order one coming
calculation of the propagators to machine precision. from the Gaussian distribution which determines them, the

_Itis easy to express the inverse of a positive definite mastandard deviation on the estimate of the propagator will be
trix A in a form suitable for Monte Carlo integration: one just of order NS 2 for Ng samples of¢ fields. Usually one is

takes a Gaussian integral interested in the larg& behavior of the correlators of had-

1 1 ronic observables. These correlators decay exponentially,
-1_= * o T gk and therefore the signal is exponentially smdllke
A z f Dédi ¢ exr{ 2 ¢ A¢)' @ exp(—mT) wherem is the hadron magsn the regime of
interest. As the variance of the propagators calculated from
which then can be treated exactly as a free scalar field on th€qg. (2) is the same no matter how far in time they extend, it
lattice. If the matrixA is local, it is easy to implement effi- would be necessary to use impractical amounts of computer
cient Monte Carlo update techniques for the scalar figld time to increase the number of sampls sufficiently to
obtain a reasonable signal to noise ratio at large
In this paper we will discuss stochastic methods to calcu-
*Email address: cmi@liv.ac.uk late propagators. We will compare several suggestions to
"Email address: peisa@amtp.liv.ac.uk avoid the problems described above, and show that it is pos-
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sible to construct propagators from scalar fields that havef ¢ fields provided that n@ field is in the neighborhood of
their variance maximally reduced. We also discuss the use @nother—that is no pair ap fields can be linked byA and so
improved fermionic actions with stochastic estimators. are not nearest or L-shaped next-to-nearest neighbors. This
To test different methods, we focus our attention to sys-multihit improvement is easily implemented with only a
tems which contain one infinitely heavy quark as obtained irminimal effect on the computer time consumption and it pro-
leading order heavy quark effective theddy. Such a study vides a marked improvement over no variance reduction.
is appropriate in particular to the B meson and its excitedlhis improvement is independent of the ext&nof the fer-
states which are made of one heavy quark and one lightion propagation, however. Thus though the improvement is
quark. These systems are particularly problematic for consubstantial, it does not allow a study of larde This is
ventional methods of evaluating light quark propagators, bebecause the method only averages over the nearest and next-
cause, using one source for the light quark propagator, them®-nearest neighbors of each site, thus taking into account
will be only one measurement of the hadronic correlator toonly local variations in the scalar fields.
time T per gauge configuration when the heavy quark is
treated as static. Therefore it seems that one would benefit B. Maximal variance reduction
hugely from having propagators from all sources available.

This benefit will then help to offset the extra noise coming . INStéad of averaging over only near neighbors of a given
from having only a stochastic estimate. site, one could use all fields inside some given redror et

For mesonic correlations, the signal is linear in the lightSi P& the scalar field variables at the boundaryRofand

quark propagator and so no problems arise with biases aonsider submatrices of the mati firstly A containing
correlations among stochastic samples. A more carefutlements that link the fields inside the regioR to those on
analysis is needed for observables involving more than onghe boundary and second@ containing only links between
light quark propagator. Here we study one example in detailthe fields totally inside the regioR. Now to average simul-
the baryonic system made of one static quark and two lightaneously over all scalar fields inside while keeping the
quarks. fieldss; on the boundary fixed, it is sufficient to replageat

We also study the feasibility of applying our method of a given sitei with the average obtained from the following
choice—maximal variance reduction—to systems where alexpression:

the quarks are propagating.

1 1 —
= : — Z(d*A.
Il. VARIANCE REDUCTION itz J Dédi exr{ 2 (B Ak
The method described in the previous section has a scalar o e
field ¢ for which each componerifixing space-time, color + &7 AjkSktS; Ajkdi) |- (4)

and Dirac index has a typical variance of order 1. Thus the

propagator will have a standard deviation of ordgr*?for ~ Because the integréd) is Gaussian, one can easily calculate

Ns samples of thep fields. The most promising way to im- it analytically to obtain

prove on this situation is to improve on the opera#t¢ o

used to calculate the stochastic estimator&gfin Eq. (1). vi=— A Ak (5

Here we study in detail two different methods and discuss

their advantages and suitability for effective implementationwherei,j € R andk ¢ R. We will call v the variance reduced
estimator for¢. By combining two such improved estima-

A. Local multihit tors, each from disjoint regionR and R’ respectively, one

. obtains a variance reduced estimator for propag@tdrom
The easiest way to construct an operator that has a sub- propaga

stantial reduction in variance is to observe that is it possibl&. > point inR to any point inR’. The choice of the two
-~ ! P ?egionsR andR’' is arbitrary (subject to the constraint that
to perform a local multihit for the scalar fields needed for

o the two regions should not overlap in the sense of being
Gy . This is analogous to the method proposec:{5ﬂ1 for linked by A). The local multihit described above corresponds
pure gauge systems and is equivalent to performing an ave,

age over infinitely many samples of the chosen component o{_ taking each region as just one site. However, we can now
g y y P P ptimize the choice of regions to obtain maximal variance

¢ with all other components held fixed. This has been pro- .
posed in Ref[1] and clearly leads to a variance reduction.redllécg%nér to calculate in given gauge confiquration. one
Because of the simple quadratic nature of the integration 9 gaug 9 '

over ¢, the multihit average is obtained explicitly by needs the inverse @ from an extended source—the scalar
field s; at the boundary oR. This is computationally equiva-
bi— _AﬁlAij b, (3) lent to a single inversion of the Dirac-Wilson fermion matrix

in regionR. If the volume ofR is large, this is computation-
with i #j and no summation ohand where, for the Wilson- ally demanding and so the method is not immediately advan-
Dirac case, the diagonal term is given By, =1+ 16«2 tageous. The gain comes from the fact that once this inver-
Thus eachy field can be replaced by its multihit average. It sion is done, one can efficiently evaluate the propagators
is permissible to use these multi-hit values in placepdh  from every site inside regioR to every site inside region
evaluating propagators and observables involving product®’. If the cost of calculating the necessary scalar configura-
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tions is not too high, one should gain a substantial amount oivhere one should note that all sums over sites exclude the
CPU time compared to conventional methods. In addition theite. Completing the square, then

reduction in variance should be much greater than for the

local multihit method, as one averages thdields over a 1 ay
larger region. In the case of fairly heavy quarks, one can Sloc:§ ( bt C
estimate analytically the variance reduction using the hop-

ping parameter expansion: this gives a reductior’tivhere  ang the heat bath algorithm is equivalent to generating
d is the minimum number of links from the boundaryRto  gaussian random numbers with variar@e! and equating
the interior point under consideration, and likewise Bt them to ¢, +a,/C. For the Gaussian random numbers we

Thus it is feasible that a stochastic evaluation of a hadronigse the Cray library functiosLARNV. The overrelaxation is
correlator involving a separation dftime steps will have its  gqually straightforward: one just flips

variance reduced by'. This achieves our goal of evaluating
efficiently large time propagators. 2a,

In a sense, both local multihit and maximal variance re- dy— — Py < 9
duction are three level Monte Carlo updating algorithms:

.
C ; ®

a
St G

(1) One generates gauge configuratiansvith a suitable  for each Dirac and color component ¢f

algorithm. In evaluatinga,, it is very inefficient to use the matri&
(2) In eachg one generates stochastic sampteaccording directly since it connects 54 sites xo As in Eq.(7), using
to distribution in Eq.(1). the result thatA=(1—xM)T(1—«M), it is preferable to

(3) For each scalar field configuration one generates imwork with M directly since it only has an implicit sum over
proved operators keeping some of the original fiejds 8 sites. Then the main computational 'Ioad ir] gvaluaégg
fixed. This can be done analyticallfor with Monte  comes from the gauge part of the matrix multiplicatidrp.

Carlo for both maximal variance reduction and local If one keepsy=M ¢ in memory as well ag itself, then the
multihit. evaluation ofa, from MT(— k¢+ k?¢) — ki involves only

one application oM to a vector. One then needs, however,

Since the last step can be performed analytically by ar0 updateys which involves work equivalent to a further ap-
iterative scheme, the computational effort involves one inPlication of M to a vector. This strategy reduces the total
version per stochastic sample. Thus fbl, stochastic Work needed to the equivalent of two applications\vbfto a
samples per gauge field, one will have to perform roughlyvector.
N¢/12 inversions compared to conventional extraction of the In practice we found that, after initializing using heatbath
propagator from all color-spins at one source point. How-Sweeps, it was efficient to use combined sweeps of 4 over-
ever, one gets access to the propagator from all sources to &flaxation plus one heatbath to give sufficiently equilibrated

sinks which may more than compensate. We now explore thand independent samples. We discuss the number of such
implementation. sweeps in detail later. Where independence of the samples is

at a premium, one can choose to combine only samples fur-
ther apart—this we explored and we report later on the re-
sult. In general, as one approaches the chiral limit of light
To compare different methods, we have implemented thejuarks, one expects the fermion matAxto have small ei-
stochastic inversion method, both with local multihit and genvalues with spatially extended eigenvectors. These will
with maximal variance reduction. cause critical slowing down of our local updating scheme.
If one is using unimproved Wilson fermions, writing the Similar considerations apply to using bosonic algorithms for
Monte Carlo algorithm for scalar fields is straightforward. dynamical fermion$6] and multi-grid and other methods are
The only complication arises from the fact that the actionknown to be available to circumvent this problem in prin-
contains next-to-nearest-neighbor interactions. To be able toiple.
vectorize our algorithm in the style of the conventional red- For the Sheikholeslami-Wohlert improved clover action
black partition of odd and even sites, we assigned the latticE7] the algorithm is not much more complicated. The Dirac-
sites to 32 “colors” and updated each color sequentially. FolWilson fermion matrixQ is replaced by
parallel machines such a partitioning is unnecessary. The ac-

IIl. IMPLEMENTATION

tual heat bath and overrelaxation algorithms are simple. The Qsw=L—«M, (10
local action, obtained directly from E¢l) by keeping only
terms involving ¢, with others fixed, is just wherelL is diagonal in space-time but not now in color and

spin and depends on the coefficieat, which is 1.0 in low-
1 + + est order perturbation theory and, as discussed later, can be
Sloc:§(¢xc¢x+ bxaxtaxdy), (6) estimated by tadpole improvement or non-perturbative im-
provement:

with C=1+ 16«2 and

) - L=1- 29,3 Forg,, (1D
ax= — kM, — kMyidi + k"M ;M &y, (7) 16 9o .
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whereF ,, is defined here at each site as the lattice operatostraight links. Thus a simple way to dividkandR’ is by a
EP(UP—UJ,Q) given by the 4-leaved clover sum over time-plane on which the sourceg lie. Since the lattice is
plaquettes on the lattice in the, v plane whereUp is the  periodic in time(or antiperiodic for fermions the optimum
product of the four links around a plagueeand where situation is to have two such boundaries, for examplg, at
=0 andt,=T/2 whereT is the time extent of the lattice.
Then any propagator from the regioss®<T/2 to the region
T/2<t<T can be evaluated. Note that propagators from one
region to the source areaare allowed and will be variance
reduced. A propagator entirely within one region will in-
volve two ¢ fields (say atx andy) in that region and the
integration over the fields inside of Eq. (4) will then give

an extra disconnected term involvinfgjyl. This is just a
Csw Csw propagator within regiofiR and so we are back to the prob-
C= ( 1- EKFWUw) (1_ EKFWUW +16x°, lem of evaluating it for all pairs of points andy in R. Thus
(13)  our present method does not allow any variance reduction for
a propagator corresponding to a disconnected fermion loop.
Csw T In applications, we creatl independent samples of the
ay=— K( 1- EKF’“’UW) Myi i scalar fieldg(x) for each gauge configuration. We then use
the ¢ field as a source on time plangsandt, to obtain the
+ Csw , on it variance reduced fields(x) for each sample iR andR’.
— kM| 1— EKF# O | Pit k"M iMij & . As well asv in R andR’, we then only need to storg(x)
on the two source time-planés/hich we call regionS). So
(14 each variance-reduced sample has storage &fl.24 T real
numbers which is equivalent to one twelfth of the storage of
(gl?e usual propagator from one point to all sinks. These vari-
ance reduced fields then allow improved estimators of the

1
O'MVZE[')/M 1'}/1;]- (12)

Note thatL is Hermitian.

The local action is still quadratic in theé field at a sitex
as given by Eq(6), butC is now a matrix in Dirac and color
indices:

For updating a given color-spin component @f we only

need the inverse of the appropriate real diagonal element

C. However, the non-diagonal terms @ need to be added o o

to the force terna, . With these changes, the actual updatingpro.pag"’ltor from any po!nt IR+ S to any point |nR. +S. .
This allows a determination of hadronic correlators involving

algorithms for the clover action are the same as for unim-One liaht quark using nearly all points as sources and sinks
proved Wilson fermions. As well as storing intermediate re- gnt q 9 yalp :

. . We will investigate whether the increase in statistics from
sults(M ¢ andL ¢) to save computation as described for the " . . o
' s using so many source points is sufficient to compensate for
Wilson case, the clover term can be treated efficiently b

V. . o .
; e - 1 the stochastic noise inherent in the method.

noting [8] that prOJectln_g ¢T_ ¢+t b, where §.=5(1 We now discuss the choice of the number of samplgs

*yg5) ¢, allowsL andC=L'L to be represented as two 6 | d. the d L h

X6 Hermitian matrices rather than one 22 matrix at If too many samples were used, the determination of the

cach site correlator of interest might have a variance from one gauge
In addition to Monte Carlo algorithms for scalar fields one configuration which is smaller than the variance over many

needs an iterative inversion algorithm in reai@ro imple-  92U9€ configurations. In other words, there will be no advan-
9 9 P tage in measuring too accurately on one gauge configuration.

ment the maximal variance reduction with soulgsy.  For correlators involving one light quark, the partition of
Since the matrixA is Hermitian, a reliable method is conju- computational effort between more samplsper gauge or
gate gradient and this is what we use. Since the conditiomore gauge configurations is not crucial. Provided one does
number of A=Q'Q is considerably worse than that not overdoN; as described above, the signal should be com-
itself, it may well be faster to use a method such as minimaparable for a given product ™ and number of gauge con-
residual to invert the non-Hermitian matrf@ and then in  figurations.
turn to invertQ', particularly if an efficient preconditioner When more than one light quark propagator is to be
such as red-black can be used for these inversions. Since thgaluated stochastically in an unbiased way, the consider-
present study is exploratory, we have not investigated thiations of optimumN, are more subtle. Provided the scalar
option further. Another option is that since we need to invertfield samples are independent, the two light quark propaga-
A for the same gauge configuration wif different sources  tors, each fromR+S to R'+S, can be estimated frori2
s, coming from the stochastic Monte Carlo described abovegombinations of the samples on each gauge configuration
inversion methods using multiple sources may offer somé¢s;Ng(Ng—1) combinations if both light quarks have the
computational benefit. same mass so are taken from the same set of samples

We now discuss the optimum choice of the partitidhs suggests that the noise on the combined signal may decrease
andR’ for applications. Sites iR andR’ must not be con- as fast asN_ ' in this case. This would imply that larger
nected byA. The matrix A contains nearest and next-to- values forN were more efficient in this case. We will report
nearest link terms. Because of the spin projectipfl  on our investigation of this point.
*v,) contained in the- u-directed link term of the Wilson For studies of baryons or of matrix elements involving
fermion matrixM, A does not contain any terms with double mesons, three or more light quark propagators are needed.
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Provided no propagator lies entirely within one of the re-C(T):<Bt§t+T>O (16)
gionsR or R’ this is feasible. For mesonic matrix elements,
one way to achieve this is to put the matrix element insertion

on the source time-planes). =(Q0x2, P (X1 xe)Ta(x1, 1)

XX t+ T)Pr(xL, x)TTQ(xp,t+T))e  (17)
IV. STATIC SYSTEMS =Tr( PtFGq(Xi,H-T,Xl,t)

We have chosen the system containing one light and one
infinitely heavy quark(static quark as our main test case.

This system describes t@ meson in Ieadi.ng order h_eavy We have denoted the light and heavy quark propagators by
quark effective theory. With conventional light quark inver- G, andG,, respectively and the trace is over Dirac and color
sion techniques, the propagator from one source only is 4 Q

; H : ’
evaluated and this allows the hadronic correlator to be obl_nd|ces and also includes the spatial sums ovgerx; , x,

; . :
tained from only two sink locations on a given gauge con-f’indXZ' Because we work with static heavy quarks, up 1o an
figuration for a givenT. This makes very little use of the irrelevant overall constant, one has

information contained in the gauge field. In contrast, the sto- 1

chastic approach allows the hadronic propagators to be de- GQ(xz,t,xé,HT): =(1+y)U%,,t,T) 8, (19
termined from very many more sites. Furthermore since the 2 22

hadronic observable is linear in the light quark propagato
any problems of correlations among the statistical samples

X Py T TGo(Xo, 1, %5, t+T))o. (18)

B/yhere the gauge link product for the heavy quark is

the ¢ fields are irrelevant. This is thus an optimum area for T-1
testing the stochastic method. Indeed previous wWatkus- UQx,t,T) =[] Ua(x,t+i). (20)
ing multi-hit improvement has already concentrated in this =0

area. Here we compare our maximal variance reduction ap- _ _
proach with this approach and also with the conventionaNow for the light quarks, we wish to evaluate the propagator

iterative inversion. Our main point of comparison will be the Gq by stochastic methods using E() where now angle
B-meson correlation af=7. brackets refer to the average over figstochastic samples.

Because of the flexibility of the stochastic method, it isAn alternative form can be obtained for the Wilson-Dirac

possible to study non-local hadronic operators with no addidiscretization, for whiclQ(x,y) = ysQ(y,x)* ys wherex in-
tional computational effort. Since orbital excitations involve cludes space-time, color and spin labels. This is
non-local operators, this allows a comprehensive study of the .

excited state spectrum of heavy-light mesons. This is an area Gji=vs((Qb) b7") ¥s- (21)
where comparatively little is known, so we are able to show

the power of our approach by determining several new feall practice, we find it optimum fo evaluate bOt.h B Fhese
tures of the excited B meson spectrum. We also explore thgXPressions Ed2) and Eq.(21) using our stochastic estima-

baryonic spectrum in the static limit and report on the com-0rs and average them. Since we shall need it frequently, we

parison with other lattice work and with experiment. define ;= Qjj ¢, .
Using Eq.(19) for the heavy quark propagator and sto-

chastic scalar fields according to E®) for the light quark

A. B meson in the static limit propagator in Eq(18) one gets
Following the conventions d®], we use nonlocal opera-
tors for the B meson and its excited states. This will enable C(T)=Tr{ PT (X1, t+T)f* (X1,1)

us to study also the orbitally excited mesons—the details are
collected in the Appendix. The operatBrwe use to create

1
such aQq meson on the lattice is defined on a timeslics X Pt+TFT§(1+ 74)UQ(X21t=T)> . (22)
_ Y By choosing different path combinations and appropriate
B x%(z QU2 DPx1 %) a0 b). (9 choices ofl" in Eq. (15) one can obtain different” states as
described in the Appendix. For the ground st&tmesons in
the static limit, we will have a degenerate pseudoscalar and
Q andq are the heavy and light quark fields respectively, theyector.(The splitting between them can be evaluated by tak-
sums are over all space at a given timeP, is a linear ing matrix elements of the clover term,,F,, in the B
combination of products of gauge links at timet along  ground stat¢.The simplest hadronic operator to create these
pathsP from X, to X,, I' defines the spin structure of the states is then obtained from EG.5) by choosingP,=1 and
operator. The Dirac spin indices and the color indices arg = v, for the pseudoscalar ardd= y; for the vector. From
implicit. The masses are then calculated from the exponentiatq. (22) one obtains
fall off of the BB correlation function(or vacuum expecta- R
tion value C(t)=Tr H_(p(X)UR(X, x4, 1) * (x+41)), (23
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TABLE I. B meson correlators dt=7.

Method C(7)x 10 Data Set CPU

MR inversion 371147 propagators from 4 sources 1
for 10 gauge fields

Stochastic inversion 25 samples of

Basic 2754926) for 20 gauge fields 2

Local multihit 3418410 2

Maximal variance reduction 37641) 4

whereH .. =(1=*v,)/2. The sum over Dirac indices is very existing studieg1l]. As a first example we evaluated the B
simple with our convention in whichy, is diagonal and, meson correlator at time separatibrusing local hadronic
making the color sums explicit too, this is operators at source and sink. Then we compared conven-
tional inversion with various implementations of stochastic
0 . - inversion. Results for the correlat@(7) att=7 are shown
C(t)=§ iZEsA<¢ai(x)uab(x’x4vt)¢bi(x+4t)>- (249 in Table | where the comparison has been made for equal
' disk storage of propagators or scalar field samples.
The alternate expressia@1) for the stochastic light quark FOr the stochastic inversion methods we used 20 gauge
propagator yields qonflguratlons, each ‘containing 25 samples_ of the scalar
field. For the gauge fields we use 100 combined sweeps of
R one Cabibbo-Marinari pseudo-heat-bath algorithm followed
C(t)=, 2 (z//ai(x)ugb(x,x4,t)¢§i(x+ 41)). (25 by 3 overrelaxation steps between configurations. The scalar
x =12 fields were evaluated as described previously by using 125
heatbath plus overrelaxation updates between measurements

If we now want to use maximally variance reduced operayger 250 sweeps to thermalize the first sample for each

tors instead ok and ¢, one has to pay attention to the fact 45,ge configuration. We tested that our results were un-
that¢ andy must not come from the same partition. Here wechanged if more thermalization sweeps were used. For the
choose the simplest partition with sources at time planes conventional minimal-residualMR) inversion method we
andt,. One subtlety is thayy=Q¢ is smeared out by one ysed 4 different sources on 10 gauge configurations. Since
link in each direction: thug(t;) ¢(t;+1)* with t>0 would  the storage of the conventional propagator from one source
be invalid. Our favored setufvhich we tested to have mini- jnyvolves 12 color-spins, it is the same as the storage of 12
mal variance and which corresponds naively to taking thestochastic scalar fields, so the comparison is made at equal
estimators as far as possible from the solisdo takey at  file storage.
t;=(t/2), and ¢ at t;+(t/2) where ift is odd ¢/2). is Clearly the maximal variance reduction gives a factor of 7
rounded up, etc. So fdr=1 we havey(t;+1)¢(t;)*. Since  improvement in error for only an overall computational in-
the drop-off of¢ from the source &t is roughly exponential  crease of a factor of 4. This is equivalent to a net gain of a
up to half way between the source time-slices, other partifactor of 12 in computing time for a similar result. Moreover,
tions oft have variance which is not much greater than ourthe stochastic method allows correlations involving different
favored setup. The complication is how to combine effi-sources(smeared, fuzzed, orbitally excited, etto be con-
ciently several estimators which have somewhat differenstructed at little extra cost. This is shown in Fig. 1 where a
variance. comparison is made of our results for the effective mass with
To improve the overlap of our operators with the groundresults[11] from conventional inversiongvith 170 propaga-
state, we have also considered fuzzed operators. These haggs) which are seen to be significantly less precise than those
pathsP, formed by joining the light and heavy quarks by obtained here in the region of interest. More details of the
straight links of lengthl in all 6 spatial directions. These fit are presented in Ref2].
links are themselves spatially fuzz€H0] using an iterative In order to explore more fully the power of the method of
scheme. We use two different lengtheach with a different maximal variance reduction of stochastic propagators, we
number of fuzzing iterations as well as the unfuzzed operathen undertook a more extensive study using clover im-
tors described previously. Correlations of all combinations aproved fermions. In this case the focus of attention was on
each end are evaluated giving us &2 or 3X3 matrix. the precise determination of the B meson spectrum and ex-
cited states.
B. Comparison of methods

Since there is a considerable body of dataBmeson C. The excited B meson spectrum

correlations for Wilson fermions, we first tested our ap- Our results are not only useful for comparing different
proach with Wilson fermions. methods but are also physically interesting in their own right.
For comparison purposes, we considered a small latticen particular, the spectrum of the exited states in the static
(8%x16) at3=5.74 with Wilson fermions of hopping pa- limit has not been thoroughly studied and experimental in-
rameter K=0.156. This choice was motivated by pre- formation on this spectrum is also limited. Moreover, with-
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FIG. 2. Effective mass plot for th&wave 63 meson using
clover fermions on 12x 24 lattice at3=>5.7 with light quark hop-

FIG. 1. The B meson effective mass versusom our data at  PiNg parametek,=0.14077. The different symbols correspond to
B=5.74 from &x 16 lattices with Wilson fermions and different different combinations of locdl) and fuzzedF1 and F2 sources.
combinations of local, fuzzed angD; sources and sinks together
with a three exponential fit. Also showsquarepare the Wuppertal of the B meson masses. In terms of conventional umgs,
data[11] for smeared source and local sink from 170 propagators~0.5 fm.

For the 20 pure gauge configurations we use a conven-
g}onal scheme with 200 combined sweeps of 3 overrelaxation
plus one heatbath between configurations. We evaliate
=24 scalar field samples per gauge configuration using 25
trix elements(for examplefy) combined sweeps of 4 ovgrrt_ala_xation plus one heatbath, after

B . . 125 heatbath sweeps to initialize from a cold start. In each

In order to study these new areas of physics using th%ase we then evaluate the variationally improved scalar fields

power of stochastic inversion with maximal variance reduc-using conjugate gradient in the regions between time slices 0

tion, we determine the spectrum of heavy-light mesons andnq1/> For the hadronic operators we use spatial fuzzed
their excited states_ in the stat|_c I|n_1|t. In order Fo MINIMIZe ks which are iteratively evaluatefl0] by summing (f
order a effects, while still keeping in contact with existing X straight-sum of 4 spatial U-bendsand projecting the re-
simulations, we have used a tadpole improved actiop at gyit to SU3). Using f=2.5, we choose two fuzzed super-
=5.7. A non-perturbatively improvefl2] action is prefer- |inks: (i) 2 iterations of fuzzing with superlinks of length 1,
able to the tadpole-improved prescription on theoreticaland (ii) 8 iterations of fuzzing with superlinks of length 2.
grounds but the determination of the appropriate value of th&Vhen we explore Bethe Saltpeter wave functions for B me-
clover coefficienttsy, has not been feasible f@<6.0. The sons, we also employ other lengths for superlinks.
results at largerB than 5.7 do, however, suggest that the Our basic method for extracting the mass spectrum is to
non-perturbative value fars,, would be significantly larger fit the matrix of zero-momentum correlators at a range of
than the tadpole value we use here. We also wish to keefime separations to a factorizing sum of several states. We
finite size effects under control so we use two spatial latticaise either two states or three, and in the latter case we may
sizes. fix the mass of the third state to 2.0 in lattice units to stabi-
We have performed simulations or$816 and 13x24 lize the fit. A typical effective mass plot can be seen in Fig.
lattices with 3=5.7 with cgy=1.57 and we study two dif- 2, where we have plotted the effective mass oflthe0 (S)
ferent values of hopping parametet; =0.14077 andk,  state together with a factorizing fit. We use either uncorre-
=0.13843. These values have been used before to study theted fits or some model of the correlatigtb]. Typically the
effect of tadpole improvement on the light meson spectrunmodelled correlatiorithis is the correlation among measure-
[13] and pseudoscalar meson and vector meson masses anents from different gauge samplds used to find thet
available from that worksee also Table } The chosen light range giving acceptable fits. Then an uncorrelated fit is used
quark masses correspond roughly to the strange quark magsgive the central values of the masses and other parameters.
(k1) and to twice the strange quark mass,. We will Statistical errors are determined by bootstrap of the gauge
describe our light quark masses in dimensional units by quoteonfigurations. The systematic errors from fitting are esti-
ing (romp)? wherer,/a=2.94 is used aB=>5.7 from our mated by varying the fit range ih and the fit correlation
own interpolation. A recent independent stufil4] gave  model—these systematic errors are only quoted if they are
ro/a=2.99(3) at thisB value. We also usk, to set the scale significantly larger than the statistical errors.

out a precise extraction of the excited state component in th
S-wave, the ground state contribution will be uncertain
which implies systematic errors in extracting heavy-light ma-
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TABLE Il. B meson effective masses. ‘ ‘ T F‘ ‘
State « L am am x2/dof  trange ] i -
1000 — —
S 1 12 0.87H6) 1.271100 32/54-11 4-12 | g |
P_ 1 12 1.21443 1.727953) 28/60-11 3-12 K
P_ 1 12 1.194498 1.69754) 13/30-8 3-12 »{ r /D; 7]
P, 1 12 1.26256) 1.69857) 20/30-8 3-12 = L B il
D. 1 12 1.55512 1.82535) 22/27-6 4-12 :33
D. 1 12 142800 1.75127) 41/30-6 3-12  ~ i i
D. 1 12 1.74456) 2.03961) 15/30-6  3-12 g 500 —, = —
F. 1 12 1.85@36) 2.05344) 28/30-6 3-12 = ¢ %}: |
S 1 8 0.87726) 1.27344) 17/30-11 4-8 L |
P_ 1 8 1.20@90) 1.647173) 12/18-8 3-8
P, 1 8 1227120 1.77470)0  20/15-8 3-7 i |
S 2 12 0.91m06) 1.284100 35/54-11 4-12 ,\ ‘ ‘
P. 2 12 131817 1797132 77/60-11 3-12 08~ — — ‘
P. 2 12 132919 1.80941) 41/30-8 3-12 0 1 < 3 4
Py 2 12 138627) 1.82324) 21/30-8 8-12 FIG. 3. The masses of excité@gmesons versus angular mo-
D. 2 12 157810 1.82630) 38/21-6 3-10 mentumL from clover fermions withk =0.14077. For thé.=2,3
D 2 12 148013 1.77318) 34/30-6 3-12 states, results from operators which are a mixture of the two levels
D, 2 12 171043 1.88345  28/30-6 3-12  gre also plotted. The straight line is to guide the eye. The scale is set
F. 2 12 190124 210254 53/30-6 3-12 by a(5.7)=0.91 GeV'%.
S 2 8 089912 1.29021) 11/30-11  4-8 _ o - _
P. 2 8 126350 1.83748  12/18-8 3-8 We see evidence of significant finite size effects in com-
P, 2 8 1.22471) 1.72149) 5/18-8 3-8 paring our results dt =8 andL = 12. Because of this, we do

not show results in Table Il from our smaller spatial lattice
for the higher lying excitations where the effect of the finite
spatial size could be even larger. One specific example of the
éi_nite size effects is that, fok,, the P, state appears lighter
thanP_ for L=28 while the order is the other way around at
L=12, although the statistical significance of these level or-
derings is limited. This order of thB.. levels atL=38 was
also found in our resultg2] from Wilson fermions. This is

Our results for the masses are collected in Table II.

Here the different operators used correspond to those d
fined in the Appendix. The two values quoted for tRe
state correspond t0) using the same fit as for the, state
to yield the mass difference most reliably afid using the
extra operators available for tie_ case to get the best mass
determination. We determined the mass difference ofPthe
and P, using a bootstrap analysis of this difference and 30 # ' ' E% -

obtain, from the 12 spatial lattices, values of the mass dif-
ference in lattice units of 0.0684) at x,. The P, state for

strange light quarks is thus heavier thBn with a signifi- AP, -—»*4_

cance of 1 standard deviation. For the D-wave states, we finc jg—

for the mixed operatoflabelledD ..) a mass consistent with 20 SF

lying between the masses of the two states separately. Th -

splitting between th® _ andD , masses appears to be quite £ #F ------------------ L T

large. 3 ke
The absolute values of the masses obtained in the stati “"*”"*ff~—;:_—#‘—7:::‘_’_;::___::__:».?—;

limit are not physical because of the self-energy of the static 1.0 ___-----777"_-- —%>—"""

guark. We present masses by taking the difference with the -
ground state S-wave statthe usual B mesgn The depen-
dence on the orbital angular momentum is shown in Fig. 3
for strange quarks«;). This suggests that the energy of the
orbital excitations is linear with angular momentum. 0.0 ' — ‘ : +

The dependence on the light quark massrough «) 0.0 1.0 2o, , 30 40 50
would be expected to be small since the effect should be
similar for each state and so cancel in the difference. Our FIG. 4. The spectrum of B mesons containing one lighith
results from the Iarger lattice are broadly compatible Withmass proportional to pseudoscalar maﬂ%) and one infinitely
this picture—see Fig. 4 where our results framandx, are  heavy quark. Masses are given in termsrgf The straight lines
plotted. show a linear chiral extrapolation.
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6.0 . w broadly compatible with the resuli0] for S-wave mesons
made from two light quarks that the node for the excited
, state occurs at a diameter of abouat & 8= 6.0 which again
corresponds to,.

We should like to explore also the lattice spacing depen-
dence of our results since, even with an improved fermionic
action, some residual discretization effects are expected at
B=5.7. We chose as parametg#s-5.9 with cg,=1.5 and
k,=0.1375 with a 13x24 lattice. Here we expeaty/a
. ~4.5 which implies that the lattice spacing is 2/3 of that at
B=5.7. Thus the spatial lattice size corresponds$ t08 at
5.7. This, unfortunately, means that the finite size effects on
the excited states will still be significant, as found above. For
this reason we do not pursue this study here, waiting instead
until we have resources to enable us to study larger spatial
sizes than 12

5.0

4.0
3.0
20
1.0

0.0 A

0.0 1.0 2.0
R, D. Baryons

In addition to mesons, we are also interestedQih; L,
. : ) ; baryons wheré; refers to au, d or s quark andQ is a static
SE\?ct;SinTSr?itrsag:‘er 0:';': :'r?:t”qﬁ?rlﬁa:(omgzse sé?::sqgiag 'S quark. Sinceb quarks are close to static, we describe such
9 0 gntg ) P 0 states by that name. We only consider states with no orbital
For the Ay, baryon, the results shown are obtained as described wgm ular momentum here. so in the static limit these barvonic
the text. The continuous lines are to guide the eye. 9 ’ y

states can be described by giving the light quark spin and

an issue of direct physical interest since potential model®21LY- Th‘; I'_ig::teSt Sk“Ch state is hgxr?ected to be the
indicate that the long range spin-orbit interaction can, inoa&ryon with light quarks o&”=0" which can be created by
principle, yield aP, state lying lighter than th@_ as the the local operator with Dirac index
light quark mass decreases to zero. Our larger volume results

; . X . ialib(C¥s)ikdyc - 26
do not support this scenario and we find e state to lie €abcQiallip( C75)jkie (26)

lower thanP . with a significance of 1. To explore this in  \ye treat the two light quarks as different, even if they have

more detail, we need to establish the effect of the finite sizg,o same mass on the lattice. Experimentally, these states
effects. This is especially relevant for excited states, sincg ), be the A, and E '

E for ud andgs light quarks respec-
they would be expected to be more extended spatially. Th'ﬁvely b asfightd P

b died by d ining th functi f th whereq meansu or d.
can_ e studie y determining the wave functions of the In the static limit for theb quark, there will be only one
various states.

We can determine the Bethe-Salpeter wave function%ther baryonic combinatiofLé] with no orbital angular mo-
= o ly th ¥ owith li
w(R) of the B meson states directly by fitting the ground entum, namely the, and degenerate;, with light quarks

P_q+
state contributiofof the formw(R;)w(R,)exp(—mf)] to a of S"=1" created by
hadronic correlator where the operators at sink and source
are of spatial siz&,; andR, respectively. Thus we measure
correlations for a range of spatial exterRsof the lattice
operators used to create and destroy the meson. We expl
this at our larger lattice volume. In practice, followipg0],

FIG. 5. The Bethe Salpeter wave function of e mesonic

eachiaujb(C')’r)jkdkc- (27)

In this case we average over the three spatial compoments
] Lo}

0 : ;
I';&penmentally these states will be thg, 3¢, 2/, Ef,

" ) .
we use straight fuzzed superlinks of lengthwe keep the and<y, 2, for qg, gs andsslight quarks respectively.

number of iterations of fuzzing fixed at 4 hgrafter fitting, There are some computational issues. As two light quarks
we extract the wave functions which are plotted for light &€ involved, we need to use different stochastic samples for

quark mass corresponding &g in Fig. 5. This clearly shows each. These can be obtained variance improved fieidsR

the expected behavior of higher orbital excitations being@"dR’ buta little care is needed when both light quarks have

more spatially extended. Moreover, it shows evidence thaf’® S@8me mass. One way to grasp the subtlety is to imagine
the P, state is fatter than th®_ which could explain the that there are two quarks with different flavors. Then one has

mass difference dependence on volume noted above-0 SPIit the sum over samples=1, ... N into subsets for
namely that theP, state has a modified mass ht=8. each flavor. If these subsets are independent, one obtains

Changing the light quark mass fromy, to x; results in no propaga?ors o_f each flavor_with no bias. In practice if the

change in the wavefunctions within errors. stochastic estimatoré“ are independent a&, one can cal-
Another comforting conclusion is that there is evidenceCUlate the required propagators from

that the excited S-wave state has a node at radiud.5a

which correspond_s to Org This implies thgt the me;on_has GﬁG"B’i’: E (Qikvtky)*(Qi’k’vf')*vqu'ﬁr _ (28)

a nodal surface with a diameter of approximatejywhich is ' a7 !
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50 ; — TABLE Ill. A, andX, effective masses.
i ) Baryon t range K am
20 Ay h
. Ay 4-9 11 1.43837)
AT - S 5-9 11 1.51452)
£ 5 ] Ay 4-9 12 1.47635)
% sk 1 S 5-9 12 1.4985)
£ i | Ay 4-9 22 1.51431)
= | Sh 5-9 22 1.62127)
SR .
\ Bg
1 — Il that the mass in lattice units is 0.037 heavier when a light
- 1 quark with «, replaces one withe;. The exception is that
0.5 : o the result for3, with mixed hopping parameters seems
20 50 . 100 =00 anomalously light—this appears to be a statistical fluctuation
S

caused by our limited number of gauge samples.

FIG. 6. Relative error as a function of the stochastic sample size We_ may also explore the Bethe Saltpeter wave functions
N,. For the S-wave B meson containing only one light quark theln @ Similar way as for the B mesons. The additional feature
decrease is consistent witk; Y2, while for the A, baryon the for these baryons is that there are two light quarks and so a
decrease is consistent with; 1. The results are from one gauge definition of radius is not unambiguous. We use two types of
configuration at8=5.7 with clover fermions ak=0.13843 on a  Operator,(i) with one light quark fuzzed by a superlink of
12°x 24 lattice for the correlation of local hadronic operatorg at radiusl and the other at 0, an() with both light quarks at
=7. radiusl. We then varied the fuzzing radilsand extracted
the ground state coupling. One feature is the same as that
found for light baryong10}l—namely the distributions of the
two cases are similar if the radius in the double fuzzed case
is increased by a factor af2 which is a simple way to take

wherek,k’ e R andj,j’ e R’. The A, correlator is then eas-
ily constructed by multiplying two light quark propagators
from Eq. (28) by the gauge links corresponding to a heavy. . .
quark propagatr i the spproprsenatns convacions. 110 260U (e e saared radus of e free dimen
Note that since we save the stochastic samples and their var : P ’

ance reduced fields, we need very little extra computation té?ltﬁgoiithne?br ?rrleéncluded inFig. 5. We find a very similar
study this area. In order to be sure that there is full indepen- stribution for they, . . . .
We also evaluated the baryonic correlations on spatial lat-

dence of thax and 8 samples we chose:— 5| >3 with our ices withL=8. They are similar to those found far=12

stochastic Monte Carlo parameters described previousl)gut because of the more limited statistics and time extent, it
This reduces the statistics very little while increasing the” ’

number of sweeps between samples is difficult to extract a stable signal from the fit so we are

Note that because approximateNﬁ samples are used, the unable to quantify the finite size effects on the mass.

error on the stochastic method decreases faster Mgtfor
baryons. This is illustrated in Fig. 6 for one gauge configu-
ration. Here the local operators are used for S-wave B meson Since we are using a quenched Wilson actioBat5.7,
and A, respectively and the correlator from 1 gauge configufor quantities defined in terms of gauge links, there will be
ration att=7 with N stochastic samples of mass is plot-  ordera? effects in mass ratios from this discretization. For
ted with errors coming from a jackknife analysis. the 0" * glueball, the dimensionless product witly has
For our study of the spectrum we use, as previously, been extensively studied and substantial oafeeffects are
=24 from 20 gauge configurations. For each of the lightobserved17]. Indeed this ratio a8=>5.7 is only 65% of the
quarks we use either a local coupling or a sum of straightontinuum value. It is commonly thought that thé 0glue-
fuzzed links of length =1 where 2 iterations of our fuzzing ball has especially large ordaf effects, so that other quan-
were used. This gives three hadron operatoether, one tities may well have smaller departures@t 5.7 from their
and both light quarks fuzzedvhich we employ at source continuum values.
and sink. Using both available hopping parameters for the Discretization effects arising from the fermionic compo-
light quark gives the results shown in Table IIl. Note that thenent are of ordem for a Wilson fermion action. A SW-
results with mixed hopping parametefigbelled 12 have clover improvement term reduces this and a full non-
higher statistics since the full set of stochastic samples argerturbative choic€12] of the coefficientg,,would remove
used(i.e. Ng). The mass values in Table Ill come from 2 this ordera discretization error. As discussed above,Bat
state fits to the matrix of correlators in theange shown. We =5.7, the non-perturbative improvement scheme cannot be
choset,,,x<12 in the fit because the signal was too noisy atimplemented because of exceptional configurations. A more
largert. heuristic tadpole-improvement scheme can give estimates in
The dependence of these baryon masses on the light quattkis region and that is what we have employed here. From a
content appears consistent with the mesonic results in Tabkorough study of the light quark spectrum in this scheme in

E. Comparison with earlier results and experiments
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Ref. [13] with the parameters we use here, we can establiskiector B mesons. There will be an overall scale error which
the region that we are exploring. may be significant and is expected to be at least 20% on
Because of the significant discretization effects in the reenergy differences. We also provide results extrapolated to
gion of parameters we are using, a definitive study wouldnassless light quarks assuming that the B meson masses are
require results at large so that extrapolation to the con- linear in md—where in the tables and q refer to strange
tinuum limit would be possible. In this exploratory study, we light quarks and massless light quarks respectively. As dis-
present results at the coarse lattice spacing to show the powe¢ssed above there will be significant systematic errors from
of the stochastic inversion method in extracting signals fothis chiral extrapolation if it is not purely linear, as well as
hadrons. Since the study of light quark hadrons at this latticéh€ Statistical errors from bootstrap shown in the table. The

spacing[13] does show qualitatively the features of the con-chiral extrapolation for higher lying states may also be ef-
tinuum limit, we present our results in way that allows com-fected by finite size effects too. A further issue is the residual

parison with experimental data effect in heavy quark effective theory from treating the
The extrapolation to the chiral limit is uncertain in the quark as static—this has been estimated to be around 40

guenched approximation because of effects from exception%ﬂev for the A,—B mass differenc¢16] and around 30-50

configurations and because of possible chiral logs. Thus, asev for the S.'P sphttmg in B me;or{QO] which gives an
order of magnitude estimate of this source of error.

well as (i;tlvmgththet ch![rally Iefétraptolateo! dr(t:ﬁ utlts, we pr]?sent Comparing our results, remembering that only the statis-
our results without extrapofation to avold that SOUrce ot SySyic| errors are included in Table IV, with experiment

tematic error. This can be a_chieved by interp_olating to th€f22,21,23, we see several discrepancies. Note, however, that
strange quark mass for the light quark. Following F{QB]’_ . some assignments of excited states experimentally are rather
we define the strange quark mass by requiring,,certain, for instance the excited strange B meson seen at
my(ss)/mp(ss)=1.5, and assuming that the quark mass is5853 MeV has no definita®.
proportional to the squared pseudoscalar mass, which gives One feature is that the dependence of the B meson mass
k1 as 0.91(2)ns and«; as 1.77(4)ns. Hence we can extract on the light quark mass is smaller than experiment. To com-
results for strange light quarks by interpolati¢as 90%  pare with different lattice groups, we evaluate the dimension-
those withx; and 10% those witfx,). less quantity which is the slope afig versus the squared
Equating my(ss) to the ¢ meson gives the scala  light-quark pseudoscalar meson mass, where a common light
=0.82 GeV'l. This can be compared with the scale ob-quark is used in the heavy-light and light mesons,
tained from wusing ro, (see below which gives a
=0.91 GeV''. The scale obtained from different observ-
ables is likely to be different because of the coarse lattice
spacing, and indeed differences of order 10% are seen in Ref.
[13] when comparing with known continuum results. From our two« values, we findJ,=0.048(13). Previous
Another issue is the possibility of finite size effects. Thelattice determinations in the static linjit8,19,24 show con-
study of the light quark spectrufd3] shows no sign of any Ssistency with a linear dependence and give valued,dfe-
significant difference going from spatial size=12 to L  tween 0.05 and 0.08. The results of REf8] with Wilson
=16. This encourages us to expect that some of our resulfight quarks show some evidence for an increasé,dfrom
for L=12 may be close to those for infinite spatial volume.B="5.7 to 6.1. The experimental value of tBg to By mass
We can check this by comparing with-8 and by looking  difference is 90 MeV and, using the string tensiogK(
at the Bethe-Salpeter wave functions for the different statest0.44 GeV) to set the scale of,, givesJ,=0.074. The
as discussed above. mass difference dD4 to Dy, taking the center of gravity of
We first compare our results, usimg/a(5.7)=2.94, to  the vector and pseudoscalar states, is about 103 MeV and
lattice results obtained using usual inversion techniques. Igince the corrections to the heavy quark effective theory
Fig. 7(a,p we have plotted results which several other(HQET) limit are expected to behave likeri, the change
groups[18,19,1] have obtained in the static limit using from theb quark to static quarks should be very small for
much more computing resources. Note that some of theséis quantity—of order 2%. In summary, our quenched lat-
earlier works[11,18 only use un-improved Wilson fermi- tice result for J, appears to be low compared to
ons. Our results are clearly consistent with earlier lattice reexperiment—as also found by R¢R4].
sults, within the errors quoted. However, we have smaller This is reminiscent of the case for light quark mesons,
error bars and are able to obtain reliably several excitedvhere in the quenched approximation, a similar property is
states, which is not generally true for the earlier work in thefound—summarizef25] by theJ parametefproportional to
static limit. slope ofm,, versusmﬁ,) which is typically 0.37 rather than
We also present, in Table IV and in Figc7d), our results  the experimental value of 0.48. This is equivalent to “the
in MeV by assuming that the scale is set hy  strange quark problem” of quenched QCD where a consis-
=2.68 GeV . To avoid self energy effects from the static tent way to set the strange quark mass is not possible. This
quark, mass differences are evaluated and we choose as inm#ems to carry over, in our work, to the heavy-light spec-
the ground state S-wave B mesons with strange light quarkstum. As well as in theB spectrum as described above, we
In the heavy quark limit, this S-wave B meson should bealso see the same effect in the light quark mass dependence
identified with the center of gravity of the pseudoscalar andbf the A, baryon—as discussed previously.

1 dmg

® rodm2’
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FIG. 7. (a), (b) Comparison of our results to earlier lattice results in the static [itrfit18,19 where we have plotted the mass splittings
between excited states and ground state at a given light quark mass in ugitsToe horizontal scale is proportional to the light quark mass
(the average light quark mass for baryprihe strange quark mass is also shoteh.(d) Comparison of our results to experim¢dg,21,23
where the center of gravity of states degenerate in the static limit is plotted where available. The origin is s&.hBthenass. The mass
scale of our lattice results is evaluated as described in the text a¢hg)=0.91 GeV..

The spectrum of mesonic excited states can be comparatifferent which leads to the much lower mass value in the
with experimental data which has been interpreted as showehiral limit from Ref.[19].
ing evidence for the assignments givied1—23. Our result As well as lattice results in the static limit, studies have
for the radial excitation appears to agree well while the P-been undertaken with propagating quarks. The conventional
wave results agree qualitatively too. We give our predictionsmethod implies a significant extrapolation in heavy quark
for the higher orbital excitations too. The finite size effectsmass to reach thb quark—and even more so to compare
on these excited states should be more significant than on theth static quarks. More relevant to our work is the NRQCD
ground state and, thus, this source of systematic error mayethod which allows heavy quarks to be used explicitly on a
only be removed by exploring even larger spatial volumedattice. This NRQCD method has also been used to study this

than here. area and has report¢#0] preliminary mass values fdrq S
Our I’esu|tS fOI’Ab are Signiﬁcantly |al’ge|’ than eXperi- and P-wave mesons and fmqq baryons with ||ght and
ment. We have checked that there do not appear to be sigtrange quarks in qualitative agreement with experiment.

nificant systematic errors from extracting the ground staternejr results suggest a level ordering with tRe state
signal. Our results for the baryonic correlations frofspa-  gpove theP by about 200 MeV with a significance ofr4

tial lattices do not suggest any very strong finite size effectsheir results for the baryonic levels are lower than ours, in
either. Moreover, as seen in Fig. 4, we agree with other latpetter agreement with experiment.

tice determinations in the static limit although the statistical
significance of these earlier studies is quite low. The discrep-
ancy in conclusion compared with Rg19] is in the extrapo-
lation to the chiral limit. The lattice results agree within er-
rors but the slope of the\, mass versusn3 is rather

V. NON-STATIC SYSTEMS

The simplest such situation is the spectrum of mesons
made from 2 light quarks. To test our approach, we have
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TABLE IV. Heavy-light spectrum in MeV. TABLE V. Pseudoscalar and vector meson masses.

State JP latt (s) expt(s) latt(q) expt(@Q) Meson K t range am Ref.[13]
B(S) 0, 1 input 5404 5356L6) 5313 P 11 3-12 0.52®&0) 0.5292)
B(S') 0, 1~ 583512 - 581940) 585915) \% 11 3-12 0.73@87) 0.8155)
B(P.) 0+, 1* 5784500 585315 5655113 577814) P 22 3-12 0.74(B6) 0.7362)
B(P.) 1+, 2" 5838500 585315 5679130 577814) \% 22 3-12 0.97#8) 0.9383)
B(D.) 17,2 600125 - 593443) -
B(D,) 27,3 634960 - 6392120 - _ _ _
B(F) 2%, 3%, 4% 647550 . 640983) } fields. We intend to explore this area more completely else-
Ay 1+ 602341 - 502189) 564150  Where. , o
s 1+2 s 611357) 597560) 585150 One of the problems, in the quenched approximation, with

b 2.2 ) the conventional approach to light quark propagators is that

exceptional configurations cause huge fluctuations in the cor-
relation of hadrons, especially of pions, at hopping param-
eters close to the chiral limit. These exceptional configura-
Compared the I’eSU|tS from StOChaStiC maXimal Variance rq—ion problems are associated W|th regions of non-zero
duction with conventional method43]. topological charge. Using all-to-all propagators may
As a cross check, we have measured pseudoscalar agehoothen these fluctuations somewhat in that the average
vector meson masses for clover fermions oAX24 lattices  gver the spatial volume will fluctuate less than the propaga-
at the same parameters as Rdf3]. We use superlinks of tor from one site. Eventually, however, this problem of ex-

lengthl =3 made from links with 5 fuzzing iterations as well ceptional configurations can only be solved unambiguously
as local observables and a two state fit with the excited statgy using dynamical quark configurations.

fixed atam=1.75 to stabilize the fit. We obtain fromg
=24 samples on 20 gauge configurations the results shown
in Table V. The values from conventional inversions on 500
gauge configurationEl3] clearly have much smaller errors ~ We have established a method to study hadronic correla-
than our method using 20 gauge configurations. By increasors using stochastic propagators which can be evaluated
ing our sample siz&lg, we could improve our signal/CPU, from nearly all sources to nearly all sinks and which allow
since the noise decreases adlJ/ but the conventional the correlations to be obtained with relative errors which do
method works very well here. In principle, one gains by in-not increase too much at large time separation. In this ex-
creasingNg only until the noise from finite sample size is ploratory study, we have considered light quark propagators
comparably small to the inherent fluctuations from gauge&rom about 1 million sources for eachvalue. The amount
configuration to gauge configuration. This limit o, will of resources we have used is minimal. The total CPU time is
depend on the observable under study and other parametarmughly 10 Mflops yr, and the total disk space needed for all
and, after exploring values dfi; up to 96, we find that in our results is 17 Gbytes.
general it is greater than 96. We find that for hadrons involving one static quark, our
The main reason that the stochastic maximal variance reapproach is very promising. We have been able to explore
duction is so noisy is that our variance reduction is in termghe spectrum of excited B mesons and heavy quark baryons
of the number of linkgin the time directiopfrom the source in detail, albeit at a rather coarse lattice spacing. The results
planes. The zero-momentum meson correlator involves go beyond previous lattice work, in particular in exploring
sum over the whole of the source and sink time-planes. Thaigher orbital angular momentum excitations. We find evi-
noise from each term in this sum is similar even though thalence for a linear dependence of mass on orbital angular
signal is small at large spatial separation differences. Thummomentum for heavy-light mesons up to F-waves.
we get noise from the whole spatial volume whereas the For the light quark mass dependence we find that the
signal is predominantly from a part of the volume. This sameslopes of the heavy-light meson and baryon masses versus
problem also plagues large spatial volume studies of gluethe squared pseudoscalar mass with that light quark are both
balls and the solutioi26] in that case is to evaluate the significantly less than experiment. A similar feature has been
non-zero momentum correlators since they are related to thieund for light-light vector mesons and baryons with a simi-
well measured part at relatively small spatial separation. Thiar reduction of slope of about 70%. A common explanation
approach should help equally with our stochastic maximalvould be that the quenched approximation is mainly defi-
variance reduction method. cient in providing light-light pseudoscalar masses. This is not
Even though the meson mass spectrum is rather noisynreasonable since both the effect of disconnected diagrams
compared to conventional inversions, there is a substantidthe 7 splitting from the w) and the effect of exceptional
gain from using our all-to-all techniques when exploring ma-configurations are expected to be most important for pseudo-
trix elements of mesons. In this case three or more lighscalar mesons.
quark propagators will be needed and they must be from We determine the heavy-light baryon to meson mass dif-
more than one source point. This is straightforward to evaluferences which we find to be significantly larger than experi-
ate using our stochastic techniques with our stored samplment. This may arise from discretization effects at our rather

VI. CONCLUSIONS
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coarse lattice spacing, a non-linear extrapolation to the chirats excited states. This will enable us to study also the orbit-
limit or enhanced finite size effects. Note that for light bary- ally excited mesons. The operatf®rwe use to create such a
ons, recent precise dafa7] show significant non-linearity Qg meson on the lattice is defined on a timeslicas

for the JP=1" states which has the effect of reducing the

lattice mass prediction in the chiral limit compared to a lin- —

ear extrapolation. This effect, if present for heavy-light bary- Bi= > Q(Xa,1)Py(Xq, X)Tq(X,1). (A1)
ons, would go some way to explain our discrepancy. 2

To establish our results more fully, we need to study they andq are the heavy and light quark fields respectively, the
approach to the continuum limit and to check on finite sizeg, s are over all space at a given timeP, is a linear

effects. An increase in the number of gauge configurationg nination of products of gauge links at timet along

would also allow a more thorough aqalysis of errors. Tr?uspathsP from x; to x,, I" defines the spin structure of the
we WOUld nge_d to gxplore Iarggr Iat_tlcgs at smgller Iattlceoperator. The Dirac spin indices and the color indices are
spacing. This is straightforward in principle, but involves a

2 N - . implicit.
non-trivial re-organization of the logistics of creating and Fl)n this work we choose path®, which are specific com-
storing the stochastic samples. !

Th h iv b ded h .binations of a product of fuzzed links in a straight line of
he approach can easily be extended to other cases 'ﬂéngthl. The appropriate symmetry for the cubic rotations on
voIvmg static q.uarks—partlcularly matrix elements and IN" 3 lattice with a state of zero momentum are given by the
t'erac.t|on energies between two B mesons..Anot.ht'er appl'carépresentations dD,,. The relationship of these representa-
tion is to study the bound states of a static adjoint SOUrC&inns to those of S() can be derived by restricting the

with light quarks. . : . . SU(2) representations to the rotations allowed by cubic sym-

One motivation for this work is that dynamical fermion metry and classifying them und@, . This processcalled

configurations are very expensive computationally to create : : ' — A\
Thus one should use fully the information contained in theSUbdumg yields the resulttabulated td. =4):

gauge configurations available. Our method works straight-

forwardly with such dynamical fermion gauge L:O A1
configurations—thus it is the method of choice to explore L=1 T
these configurations most fully by evaluating correlations L=2 ET,
from all sources. L=3 AxTiT,
One potential advantage of stochastic methods to deter- L=4 AETT,

mine propagators is that disconnected diagrams are acces-

sible. Unfor(';una_tely, ai’] we h:ave explalﬂeld, our rgaxm?]go that arl. =3 excitation can be extracted by looking at the
variance reduction technique does not help to reduce thg enresentation, for example.

noise of any component of the correlation which has a fer- “ . ¢ |attice construction, we define the sum and differ-
mion loop with common sink and source. This area of re-

h will d oth . duction techni th ence of the two such paths in directibass; andp; respec-
search witt need other varlance reduction techniques thage\y (the Jatter is in theT, representation The combina-
those we have presented here.

tions appropriate for the discrete group of cubic rotations are

then theA; symmetric sunS=s;+s,+s; and theE com-

binations ofa; which can be taken ak(a;)=a;—a, and
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APPENDIX A: CONSTRUCTION OF B MESON _
OPERATORS IN THE STATIC LIMIT P_: Qlg orQ 2, viPig

In the heavy quark limit, th€qg meson which we refer to _
as a “B” meson, will be the “hydrogen atom” of QCD. P.: QE(vipid
Since the meson is made from non-identical quarks, charge
conjugation is not a good quantum number. States can b&ith no sum oni:
labelled byL .. where the coupling of the light quark spin to
the orbital angular momentum givgs-L + 3. In the heavy D
guark limit these states will be doubly degenerate since the
heavy quark spin interaction can be neglected, soRhe Note that this operator is a mixture of bah. states.
state will have®=0%,1* while P, hasJ’=1"2", etc. In order to access higher spin states, followieg, we

We now describe lattice operators to construct thes@lso consider L-shaped patRgwhere each side of the L has
states. For the generic construction, following the conventhe same length. We take linear combinations of these in the
tions of [9], we use nonlocal operators for the B meson andT , representatioripathst; wherei is direction of normal to

QysE(s)q.

I+
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plane of pathsand in theA, representatioripathsa). This
allows us to separate th2. states since

D_: QE(yt)q
with no sum oni
D,: @ (yit)Q.
Also
Fai: 6’)’5aq

PHYSICAL REVIEW D 58 034506

tion. This gives arl.= 3,6, . . .state. This operator is a mix-
ture of bothF .. states.

In each case we use two different fuzzing/length choices
to build up the operators. F&andP_ we also have a local
operator available. We also explored additional operators
with Z;v;p; factors but they do not add anything very useful
in practice. We measure the correlations between each of the
2 (or 3) operators at sink and source so obtaining a matrix of
correlations which can be used to separate the excited states
from the ground state of that quantum number.

For off-diagonal elements there is one further subtlety.
The alternate light quark stochastic expression introduces ex-
tra y5 factors. For theP_ correlation between 1 anglp;,

wherea refers to the sum with alternating sign of paths to 8this will introduce a relative sign change as well as changing
corners of a spatial cube from the center. The paths to eadi_—H . Interchanging the operators between source and
corner are the sum of the 6 routes of shortest length along th&ink now involves taking- y,1v, instead of 1 which intro-

axes, combined by projecting to the &Jgroup after addi-

duces further minus signs in this correlation.
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