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Two-loop analysis of axial vector current propagators in chiral perturbation theory
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We perform a calculation of the isospin and hypercharge axial vector current propagefg(s) and
A%2(q)] to two loops inSU(3)x SU(3) chiral perturbation theory. A large number 6Kp®) divergent
counterterms are fixed, and complete two-loop renormalized expressions for the pion and eta masses and decay
constants are obtained. The calculated isospin and hypercharge axial vector polarization functions are used as
input in new chiral sum rules, valid to second order in the light quark masses. Some phenomenological
implications of these sum rules are considef&0556-282(198)06015-9

PACS numbgs): 11.55.Hx, 11.30.Rd, 12.39.Fe

I. INTRODUCTION new axial vector spectral function sum rulés) a new con-
tribution [20] to the Das-Mathur-Okubo sum ruj21], and
Although low energy quantum chromodynamics remaing6) a complete two-loop renormalization of the masses and
analytically intractable, the calculational scheme of chiraldecay constants of the pion and eta mesons.
perturbation theory1] (ChPT) has led to many valuable con- ~ The presentation begins in Sec. Il with a summary of
tributions. Following the seminal papers of Gasser andesults for the tree-level and one-loop sectors as well as an
Leutwyler [2,3], numerous studies conducted in the follow- Overview of the corresponding procedure in the two-loop
ing decade convincingly demonstrated the power of ChPTS€ctor, including a discussion of m@(pe). counterterms.
The state of the art up to 1994 is summarized in severa] N€ construction of a proper renormalization procedure

reviews e.g[4,5] (see alsd6,7]). The exploration of ChPT fﬁrms the slub{;eé:'t of Sec. ”I'dlt prq\t/)idctiag thSe fralr\n/ewo(;kl fo:j
continues to this day, and two-loop studies represent an a ne removal ot divergences, described in Sec. 1V, and leads
finite renormalized expressions for the isospin polarization

ive frontier ar fr rch. Th incl r whi . ) : . :
tive frontier area of researc ese include processes unctions given in Sec. V. Section VI deals with the deter-

have leading contributions in the chiral expansion at opfer mination of spectral functions, and the subject of chiral sum

6 . .
[8-13] or evenp® [14], as well as systems for which preci- rules is discussed in Sec. VII. Our conclusions are presented

sion tests will soon be available, e.g. the low-energy behavi, gec i1, Technical details regarding sunset integrals are

ior of mm scattering[15-17. While the case ofSU(2) presented in the Appendix. At several points in the paper we
X SU(2) ChPT to two-loop order has been relatively well | din the<ub o
explored(in particular sed17]), works in SU(3)X SU(3) compare results as expressed in the-subtraction” renor-

’ malization used here with a variant of the modified minimal

ChPT are still few in numbel9,11,13,18,19 b L == h £ th its of th ial
Recently, we performed a calculation of the isospin and®! traction ¥S) scheme. Some of the results of the axia
vector study described herge.g. two-loop renormalized

hypercharge vector current propagatofa{;(q) and : .

: - masses and decay constantscur in exceedingly cumber-
A{g(q)] to two-loop order inSU(3)x SU(3) chiral pertur- .
bation theory[9]. A partial motivation for working in the some form. They have been collected in Re].

three-flavor sector stems from its inherently richer phenom-
enology. In particular, it becomes possible to derive new
chiral sum rules which explicitly probe tH&U(3)-breaking
sector. With the aid of improved experimental information The one-loop chiral analysis of the isospin axial vector
on spectral functions with strangeness content, it should besurrent propagator was first carried out by Gasser and
come possible to evaluate and test these sum rules. Leutwyler who used the background-field formalism and
We have completed this program of calculation by deterworked in anSU(2) basis of field§2]. We shall describe a
mining the corresponding isospin and hypercharge axial veae-calculation of the isospin axial vector propagator through
tor current propagatofa\45(q) andA4g(q)]. Determination  one-loop order, but now done within the context of a Feyn-
of axial vector propagators is much more technically de-man diagram calculation and using 8J(3) basis of fields.
manding than for the vector propagators, but at the sam&hen we present an overview of the two-loop sector.
time yields an extended set of results, among which(hra
large number of constraints on the set @{p®) counter-
terms, (2) predictions for the threshold behavior of ther,3 A. Basic definitions and calculational procedure

KK#, KK, nmm, etc. axial vector spectral function§) In this paper, we shall deal with the axial vector current
an extensive analysis of the so-called “sunset” diagrai#s, propagators

Il. TREE-LEVEL AND ONE-LOOP ANALYSES
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. ANAANBANANAN WAV —y Y
A;;a(q)—rj d*x€e9 (0| T(A%(x)A%(0))|0)
(a) (6)

(a=3,8 not summeyd (1) FIG. 1. Lowest-order graphs for the axial vector propagator.
where our normalization for th8U(3) octet of axial vector nonetheless worthwhile to briefly point out two of its fea-
currents is standard, tures. First, as follows from unitarity there is an imaginary

N part corresponding to the pion single-particle intermediate
Ai=d - Y'7s0 (a=18). (2 stte
Im M %9 = 7F38(0%—mZ)q,,4, - (8)

The propagators of Eq1) have the spectral content
L However, there is also a non-pole contribution\t{%s. Its
Zim AR P 1) 5D (2) + g pQ(g2), presence is needed to ensure the proper behavior in the chiral
Aa(0)= (00"~ %9")paa(d) +4"9"phal(a") limit (d,A4=0), whereReM (') is required to obtain a

() purely spin-oneor transverse) form This is indeed the

. . 2 . .
as expressed in terms of the spin-one and spin-zero spect/@S€: as we find by taking—0 in Eq. (7):
functionsp{L) andp{Y) . This motivates the following tenso- 2
rial decomposition usually adopted in the literature: M 2:}859|m77:0: — _g(q,uqv_nguv)' (9)

ARY(@)=(9*q”—q?g*") I (a%) +q g IR (0?), (4)

wherell(Y) andI1{?) are the spin-one and spin-zero polariza-
tion functions. The low-energy behavior of the spin-zero
spectral functlorp(o) is dominated by the pole contribution

associated with propagation of a Goldstone mode:

C. Results through one-loop order

At the one-loop level, the axial vector current propagators
are also determined from th@(p?) chiral Lagrangian and
correspond to the Feynman diagrams appearing in Fig. 2.
The loop correction to the lowest-order contact amplitude
appears in Fig. @) and Figs. #), 2(c) depict corrections to
the pion-pole amplitude. There are also sevéXgh*) coun-
terterm diagrams, a contact terfRig. 2(d)] and contribu-
tions to the pion pole terrfiFigs. 2e), 2(f)]. The complete
expression for the isospin axial vector current propagator
through one-loop order is thus given by

p'(s)=F25(s—M2)+ p(s). (5)

In the chiral limit, one hasl,—0 andp2)(s)—0 as well.
Adopting the approach carried out in RE®], we make
use of external axial vector sourcEa3] to determine the
axial vector propagators. The procedure is simply to compute
the S-matrix element connecting initial and final states of an — Aq (tre” (tadpolg (o))
axial vector source. Analogousgtlo the analysis of R&.the Aaurs= Mg+ Mg 5 My (19
invariant amplitude is then guaranteed to be the axial vector |nclusion of@(p4) counterterm contributions is necessary
current propagator, say of flavar, to absorb the singular dependence.it {29P°®) associated

uv3
Ly with the loop integral
(a5(a’ \")|S=1faq(a0) P9

—i(2m)* Q' ~ ) el (@’ N )AL D e (aN).  (6) A(mz)zjdrm

We shall typically use the invariant amplitude symbe, ,,

2 2
to denote various individual contributiorfgree, tadpole, _ oimiie ™
,u, IM°A— —— 00| —= ey
counterterm, one-particle irreducib{éPl), etc] to the full 167 o
propagator. (11)
B. Tree-level analysis wheredk=d%/(27)9, u is the mass scale associated with

For definiteness, the analysis in the remainder of this seéhe use of dimensional regularization ands the singular
tion will refer to the isospin flavor. Given th@(p?) chiral  quantity:
Lagrangian, it is straightforward to determine the lowest-

order propagator contributions: \AQW ( ) ( )
(a) () (e)

(tree _ =2 Fé
M Fog,uv_ Q;LQV (7)

pr3 g’—mi+ie
The two terms represent respectively contributions from a @ © o
contact interactior{Fig. 1(a)] and a pion-pole ternjFig.
1(b)]. Although M Srfg?) has an exceedingly simple form, it is FIG. 2. One-loop graphs.
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— 1 1 1 .
)\ZW d_—4—§(log4ﬂ-—y+1) . (12
_ (a)
The (’)_(p“) counterte_rms_ are théi_i} (! =1,... ,10)_ and
Gosser and Lovtui@]. Each & oxpressibie se an expan @ @— @~
sion inr, e.g. )

—o0

B — FIG. 3. Generic corrections to the axial vector propagator.
Li=u' 4)21 L{" ()N

. . The hypercharge propagatafy; is found analogously. Both
= IV +LO (@) + LY (N L the isospin and hypercharge amplitudes contain the regular-
13 ization dependent constaht” , and are therefore unphysi-
cal. A physically observable quantity is obtained from the

This leads to renormalizations of the pion’s mass and deglfference

cay constant. A detailed account of the renormalization pro-

2 2
cedure is deferred to Sec. Ill. However, we note here that the ABE ABY= (F2 F2)ghv— qrg? Fo _ F .
renormalized masses and decay constants have the expan-#3 A8 "7 "7 q*-M%  g’-M7
sions (17)

2_ 2(0) 2(2) 2(4)
FE=RTmARToH R D. Overview of two-loop amplitudes
M2=M22 + M2H 4 26 4 (14) The general structure of propagator corrections to arbi-
trary order is displayed in Fig. 3, the one-particle irreducible
where the flavor notation is temporarily suppressed and thetP) diagrams of Fig. @) and the one-particle reducible
superscript indice$(i)} denote quantities evaluated at chiral (1PR diagrams of Fig. &). The latter consists of both ver-
order {p'}. To one loop[3], the explicit expressions are € and self-energy corrections.

given by The 1PI diagrams are displayed in Fig. 4 and Fig. 5. The
processes in Fig. 4 are analogous to two-loop contributions
F2=F2481(m2 +2m2)L© + m2L© occurring for the vector current propagatdi®], but the
= Fot8L(m; Kba abs'] graph of Fig. 5(the so-called “sunset graph’has no coun-
2m727 me mﬁ mﬁ terpart in the vector system. For convenience, we compile
_Wln ?_Wln ;z definitions and explicit representations for sunset-related

functions in the Appendix. The 1PR two-loop verteX?)

4 2 2. 2 2 and the two-loop self-energglge) are the sum of amplitudes
m ms m-m: m . . S A,
M2=m2+ —| =5In — " In — depicted respectively in Figs(&—-6(e) and in Figs. {a)—
Fol32m®  u® 967 " 7(e). The vertex amplitudd () is the product of the four-
i i i 2.
_Bmi[(m727+2mi)(L£‘0)_2Lg0)) momentumg* and an invariant functiom' ,(q°):
ra(@)=iq“Ta(g%). (18)

+m2(LY-2L)]|. (15)

Upon combining the information gathered in Eq%0),

(15) as well as the divergent part of the one-loop functional
given in Ref.[3], one obtains, for the renormalized isospin MQ
propagator through one-loop order,

ARS=F2g*"+2(L{g —2H{”)(a*q" ~ 4%g"")

F2 {a) () (c) (d)
- ———>q“q". 16
q2_ M ° asq ( )
Isee also the discussion surrounding E§) of Ref.[9]. (€)
2At one-loop order, our countertermd (%} and {H} are FIG. 4. Two-loop 1Pl non-sunset graphs.

equivalent to thgL{} and{H{} of Ref.[3].
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bM
FIG. 5. The two-loop 1PI sunset graph.

Sunset contributions for the vertex and self-energy functions
correspond to Figs.(6), 7(e).

Rather than giving the exceedingly cumbersome expres-
sions for these quantities here, it suffices to note the follow-
ing features:

3

(1) The leading singularities in both the 1Pl and 1PR sectors

A@ o @) Q@
3] ~— ~—
=

go as\?. ()
(2) All the non-sunset vertex quantitids, areindependent FIG. 6. Two-loop 1PI vertex graphs.
of the propagator momentur?.
(3) All the non-sunset self-energies are at mostar in the Fz(qz)
propagator momenturm?. ARY(Q)=MEY(Q)—g*q” > (a=3,8).

g’ —m3+34(9%)
To construct the counterterm amplitudes needed to sub- (20

tract off divergences and scale dependence contained in the :
1PI and 1PR two-loop graphs, we refer to collect{@)} of In the above, the)(p ) counterterms are understood to be

O(p®) counterterms due to Fearing and Schd&f]. The already included inM £”, in the self-energy , and also in

2
{B,} are expressed in dimensional regularizatioh as I'a(9°). The renormahzed masd, and decay constarft,
are defined as parameters occurring in the meson pole term
Bi=p™0 3 BN (u\" rae? :
=2 0“0’ 7= 5 7 =9"0"| 72 +Ra(6?) ],
o . g —ma+2a(9%) a°—M;
= 2@ B N+ BV (N +BO () + .. ]. @

(199  whereR,(g?) is a remainder term having no poles.

This representation, as with E(L3) for the O(p*) counter-

terms{L,}, is an expansion in the singular quantiy Our
two-loop analysis reveals that 23 Fearing-Scherer counter- From Egs(20),(21), it follows thatM? is a solution of the
terms ultimately contribute to the axial vector propagatorsimplicit relation
Of these, only five are explicitly present in the isospin and

b / : MZ=m2—3 (M2 (22)
hypercharge polarization functions; the rest occur in the a~ a <alVla/-
renormalization of masses and decay constants at two-lo
order.

A. Identification of the meson mass

o
gince we have already calculatddm?) (in the following,
we temporarily omit flavor indicés it makes sense to ex-
pand the self-energy(M?) as

IIl. RENORMALIZATION PROCEDURE

. . 2y — 2 ' 2 2 2
The result of calculating all relevant Feynman diagrams I(MH=X(M)+X'(MH)(M°=—m )+ .... (23
through two-loop order is to obtain an expression for the_l_h h d wrb |

axial vector propagatodf; having contributions from both en, expressing the squared-mass perturbatively,

the 1PI partM £ and the 1PR pole term: M2=M@24 M@®2 4\ ©®24 (24)

and similarly for the self-energy, we obtain the perturbative

3The dependence df(" () and B{"(u) upon the scaleu is  chain

determined from the renormalization group equations and has been
explicitly given in Ref.[9]. M(22=m?, (25)

036004-4
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B. Identification of the meson decay constant
With the aid of Eq.(22), it is straightforward to write the

meson pole term in the foragain temporarily suspending
flavor indices
" r(g?)  T%g®) 1
g*-m’-3(0%)  9*~M? 1,52
(a)
(¢)

CTAQ)[1-3(g)+3%eD)+ .. ]

(b
& (31
(@

Wherei(qz) is the divided difference:

C

3 3(g%)-3(M?)
Q Z i ST 2

From the definition in Eq(21) of the squared decay constant
(e) () F2, we have

FIG. 7. Two-loop 1PI self- hs. S S
wo-loop selt-energy graphs F2= lim [T2@®){1-3(g®)+[2(gD)]?+...}].

2_pM2
M#2= -3 (m?), (26) = (33
M©2= _3O)(m2) + 3@ (m2)3 @ (m?), Let us analyze this relation perturbatively.
(27) We begin by writing the vertex quantify(q?) (evaluated
atg?=M?) as

where we have noted that
[(MY)=TO+T@+T® M2+ ..., (34
M2—m?=0(gH=—-SHm?)+ ... . 28
(@ (m) @9 where both'(® andT'(?) are independent af?. Expanding
We exhibit this procedure at the one-loop level for thel “(M?) as

ion mass, beginning with the fourth-order self-ener ,

g ginning ¥ M2 =T®Hm?)+T? (m?)(M?-m?)+ ...,
2_4q? m2 — g2 m? (35

w ko

[
S$(9) = | —=—A(m)+ AK)+—A
3 (@) F(Z) 6 (m) 3 (K) 6 (m) we see from chiral counting that to the order at which we are
8 working, one is justified in replacingl¥(M?) by
+ =3 [(M2 +2mg) (g°Ls—2mZLe) I'®(m?). As for the self-energy dependence in E28g), we
Fo first observe that
+m2(g?Ls—2mALg)], 29 = =
n(@Ls2mle)) 29 S(MY)= lim 3(g)=3'(M?). (36)
where A is defined in Eq.(11). We then obtain, from Eq. o*=m?
(26),

Recalling that>*)(g?) is linear ing?, we have the pertur-
i [3A(m)—A(7) bative expression

i m)—A(7y

(42 _ - - - 7 ' ’
" Eg[ 6 } 3/(M2)=3@' +30"(M2)+ . ..

2
T

=3@' 30" (m2y+ ., (37)

=2~ [(M7+2my) (Ly—2Le) + M7 (Ls—2Lg)].
° where the error in replacing(®’(M2) by ) (m?) appears

B0 in higher order. Thus, the perturbative content of E3p)
: : . . reduces to
Expanding theA-integrals in a Laurent series aroude-4
and rewriting thgL;} in terms of the renormalized quantities F2=[I @4+ T@ 4+ @ (m?2)]2
{LOO% we readily obtain the result cited earlier in Hd5). , , ,
The analysis at two-loop level proceeds analogously. X[1-3® ' =3O®" (M) +(Z®H2]+.... (39

036004-5
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Upon organizing terms in ascending chiral powers, we obtain
the following expression, valid through two-loop order, for

the decay constant:

F=TO4+|p@_ %1“(0)2(4)' +

I‘(4)(m2) _ %[‘(2)2(4)’

+...,

1 , 3 ,

PHYSICAL REVIEW D58 036004

D. Polarization amplitudes I1® and I1(®

From the tree-level and one-loop results, we anticipate
that the two-loop 1PI amplituda1 Ef,} will contain an addi-
tive term involving the meson decay constant, and can thus
be written

(4= PNCONRYY

M/.LV_g/.LV(F )( +M/.LV7 (43)
where/\A/lW denotes the residual part of the 1PI amplitude. It
turns out that much of the rather complicated content in the

where terms of a given order have been collected together1PI amplitudes is attributable to the two-loop squared decay
As an example, Eq:39) readily provides a determination constant E2)(*), as can be verified from decay constant re-
of the isospin decay constant through one-loop order. Theults derived earlier in this section. First, we re-express the

corresponding vertex quantity is

N
I=Fo- 52 [2A(m) + A(K)]

+£[(m2+2m2)L +m2Lg]+ (40)
FO T K/%-4 =5 e
Upon inferringS{Y" from Eg. (29), we obtain
i

FO4F2=F — Z—FO[ZA(WH—A(K)]

i 2 2 2
+ S [(mZ+2my)Ls+miLs]. (41

0

The one-loop expression for the pion decay congtppear-

ing in Eq. (15)] follows from the above relation. The two-

loop isospin corrections are found analogously,
corrections to the eta decay constant.

C. Remainder term

as are thSap

expansion of Eq(38) as

F2=(F?) O+ (F)@+(F3HW+ ., (44)
with (F?)@=F3 (F?)@=2F,F® and
(F2) @ =(F@)24+2F F@, (45)

One then compares tfg,, part of M () with (F2)®). The
residual amplitude(/lw is simply the difference of these.

It is convenient to replace the residual amplitudié*”
and the remainder term q*“q”R(q?) (which arises from the
meson pole term but itself contains no pgleyg the equiva-

lent quantitiedT® andT1(©):
M*"(q)—q*q*R(g?)
= (99"~ g%g*") IV (q?) +g“*TTO(q?). (46)

We shall employlT® and [T throughout the rest of the
er.

IV. REMOVAL OF DIVERGENCES

Thus far, we have derived lengthy expressions for the

The preceding work allows the extraction of the remain-yarioys two-loop components of the axial vector propagators

der termR(g?) defined earlier in Eq(21). Making use of
Egs. (24)-(27) as well as Eq(39), a straightforward calcu-
lation yields the expression

I (g?)-r“ms?
R(g?)=2F, = m?

30 (g?) -3 O (m?)— (q?-m?) 3O (m?)
(g°—m?)? '

(42

_|:(2)

It is manifest thatR(q?) has no pole atj?=m?. Moreover,
since the non-sunset vertex functidi4), (a)—(d), of Fig. 6
are constant im?, they do not contribute tR(g?). Nor do
the non-sunset self-energi&s®), (a)—(d), since they are at
most linear ing?. Thus, the only contributors tR(g?) are

and then determined the renormalization structure of the
masses and decay constants. At this stage of the calculation,
there are many terms which divergedas-4 and which must
therefore be removed from the description. Below, we carry
out the subtraction procedure by expanding the relevant

quantities in powers of the paramet&r and then using
O(p®) andO(p* counterterms to cancel the singular contri-
butions. In particular, this process will determine a subset of
the so-callegs-functions of the complet@(p®) Lagrangian.
This is of special interest because the divergence structure of
the generating functional to two-loop level can be obtained
in closed form[25], and our results derived in the following
can be used as checks of such future calculations.

A. Removal of A2 dependence

It will simplify the following discussion to define the

sunset amplitudes, and it is Straightfor\Nard to obtain thq:ounterterm combinations
isospin and hypercharge remainder functions directly from

Eq. (42).

A=2B1,—B;7, B=BjstBig,

036004-6
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C=Bi5— By, D=Bi9tBy, B{?=B{3=0, BY%=2B%,
E=B,—B,;, F=3B;+2B,. (47)
19~ B2 1 2 B(Z%)—B%E— ' B(zg)_ZB%):_T- (50)
16F2 8FZ

Consider first the decay constant sector. Upon demanding

that all A dependence vanish, we obtain six equations con-
taining five variables. There argix equations because the

pion and eta constants each have an explicit dependence onIn a similar manner, we obtain constraints for "}
m*, m2m2 andm factors and the singular behavior must counterterms. We list these below without further comment,

be subtracted for each of these. We find the equation set #@€ginning with those following from decay constants,
be degenerate, and one obtains just the following four con-

B. Removal of the\ dependence

. . 1 175 28 34 25
ditions: A —3ED= F2| o216 3 - 3'-(20)_ 3'—50)
A _3g@=_ . B@—_2E@=— , 26 8
24F2 72F2 +§Lg°>—§Lg°>—1ng°>+ 12091,
13 73 1 19 32 8 8
(2) (2) = (2) =
CY+E 1872 D 1442 (48 B(l)—ZE(1)=F—5L536772—§L(1°)—§L(2°)—§L(3°>
The information contained in the above set is unique and any " 1_O6L(0)_ 2_2L(0)_20L(0)
other way of expressing the solution must be equivalent. 9 4 973 6
In the mass sector, we find subtraction at iMfelevel to
yield sevenequations in 11 variables. The number of equa- 3, ) 1| 691 28 . 34 , 39
tions follows from the dependence of each massndh, CT+ET= F2 g20az2 T gt Tgla Tygha

m*mZ andm?2mj;, factors(this implies six equationsalong o6

. 6 i (6)2 i 0 0 0 0
with the fact'tharnK dependence'ls absent fravh;>’<. ThIS' _ 3'—51 ) +3LO+aL@—6LL|,
latter fact arises because there ismp counterterm contri-
bution in M{®? and thus there must be a cancellation be-

tween sunset and nonsunset numerical terms. Such a cancel- DW= i 43 n &‘L«M §L(°)+ 6_1L(o>
lation occurs and constitutes an important check on our Fgl30727 9 "1 972 1873
determination of the sunset contribution. The equation set for
the M(®)2 masses is found to be degenerate and just five _ %L(°)+L(°)—4L(°)—2L<°)} (51)
constraints can be obtained, e.g. 9 4 7 6 8
2) 1 I 2 then masses,
BY= ———- -F?@-ByY-BY-3BY,
2mFy 6 w_ 1] 5 20 23 ., 40
R _L(O)_ _L(0)+ _L(O)
6 1 L 1 8 F§l216m® 374 375 " 3°°
B@— _ + o F@1 2@y 2@ 4R
6 81Fg 18 34 '35 7 +40L(7°)+ ?Lgm}_ %F(l)_BE‘l)_B(Sl)_sB(l),
B = 2 377+7ZBE12)+728552)+216B(72) , 11/ 5 o 0 o
48| F; Bg>:678[F—g(—?—316ag>—24Lg>+633ag>
B2 = 307 1|:(2) B2 _oR2 _3Rp(2 (0) (0) (1) (1)
15_%5_5 - 4 - 5 - 7 _9792_7 _3216‘8 +36F +21$4
91 1 +2168<1)+64$<1>},
BZ=— 72Fg+5F<2>+2Bgz>+8g2>+3832>. ° !
(49 1[ 167 62
_ 5= 22~ zapmen 8L -6~ T1)
Finally, removal of thex?-dependence for the polariza- 0
tion functionsI1(®) andII") yields a final set of constraints N §B(l)+ B4 2 g
at this order: 24 5 [
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1] 371 16
19210 (04 721 (04 24 0
W= FO[2073627 2L¢ -3 —L 72L 241 g
1 W p®_op@_ap®
1 9 152 62
1O _ 225 0 2% (0)
Bt FO[ 52,2 5 3 b7 3l }
1w (1, g (1
+5F +2By~’+ B’ + 3B}, (52

and finally from the polarizations(® andTT®),

49 1 173 1

Bl—_ B —
1 57616m%F5" B 518416m°F’

_1[ 17 1

_ (0)
961672 ' 1 }

(53

This completes the subtraction part of the calculation.

C. A-subtraction and MS renormalization schemes

The renormalization procedure employed originally in

Ref.[9] and adopted in this paper amounts\isubtraction;
cf. Egs.(13),(19). Alternatively, one could employ minimal

subtraction(MS):
2w
L(d)= (4) L|r(,uw) },
4o (2)MS (1)MS
_ M B (O)MS
Bl(d)_(4ﬂ_)4 (zw)2+ 20 (M (1))+

(54)

wherew=d/2— 2. Yet another approach is modified minimal

subtraction ¥1S):

c 2w r _
L.(d)z((”;T))z[z—' LNF(M,wH...}
(MC)40) BI(Z)MS Bl(l)MS
B =07 | 202 T 20
+(4m)*BIOMS(u) + . . } (55)

with the standard ChPT choice

In c=—%[1—yE+In(4w)]E—C. (56)

PHYSICAL REVIEW D58 036004

Of course, there must be only finite differences between
these three procedures, amounting to additional finite renor-
malizations.

As an illustration, we relate thg8(™} and{L{™} renor-
malization constants employed here to those defined in the
MS approach of Refl17]. In the latter scheme, one writes
further that

LMS(1,0)=LMS(1,0+ LM (n,000+ ... (57)

and sets
LY (1,00=0. (58)

The “convention” established by Eq58) is allowed be-
cause it can be showfl7] that the effect of the quantity

Lﬁ’(,u,O) is to add a local contribution at ordpP, which

can always be absorbed into the couplings of @@°®) La-
grangian. Comparison of the two approaches yields

I‘I(l):l-‘lv
L= LS (,0=Li(w)
I (477)2 e \MY)=0L (),
C —_— Ccr
(-)_ _ = | _|MS I
I‘| (471_)4 L|’r(/.L,O)+ 2 (59)
and
Bl(Z):BI(Z)MS,
1
(1) _ (1)MS
BI (4,”.)2 | ’
— C c?
(0) _RpMS _ (1)MS (2)MS
Bi7 () =B () (4 )45 +(47T)ABI .
(60)

We stress that the content of E§59),(60) is partly a reflec-
tion of the convention of Eq58). Finally, one can combine
the relations of Eq(60) to write

2
(1)

BI - (471_)4

— C
S, \_ (0 2
We shall return to the comparison between the
\-subtraction andS renormalizations at the end of Sec. V.

V. RENORMALIZED ISOSPIN POLARIZATION
FUNCTIONS

Removal of thex? and\! singular dependence from the
theory leaves tha sector, in which all quantities are finite.
Such contributions can be expressed entirely in terms of
physical quantities upon replacing the tree-level parameters
mZ,mg,m:,Fo with M2, Mg ,M? F_. Any error thereby
induced appears in higher orders.

For any observabl® (e.g. O=TI{, M, F.., etc)
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Ev?Iuated at the twct)-lo%p level, three classes of finite contri- P=4F2(-2BQ+BY)+4Ly Y,
utions are encountered:
_or2p(0) _ (-1 (1)
O=Oremt Octt Osun- (62 Q=2F:Bl7 —3(ks Mrbio ™),
o R=2F2BO)—(Ly P+L{Y), (63)

Ogew refers to the finitex® “remnants” in {A(k)A(I)} or
{A(K)L,} contributions and arises from either the product ofand thus removed all expliclt{~*) dependence. We repeat
two \° factors or the product ok® and ! factors. Ocr that procedure here by defining the axial vector quantities

denotes any term containing th@(o)} p8-counterterms pAE4F7(_Zng>+ B§°3>),

(CT9), whereasDg\ represents contributions from finite in-

tegrals[cf. Egs.(A21),(A22) of the Appendi} which occur QaA=2F2(-BY+BY)+3L{,",

solely in sunset amplitudes. Since the finite results are quite

lengthy, it will suffice to consider just the isospin polariza- Ra=F2(-BY+2B)+L{,Y,

tion functions among the full set of observables occurring in (64

this calculation.

Before proceeding, we address a technical issue related
the presence di,(_l) terms appearing in the “remnant” am-
plitudes. Such terms are always multiplied by polynomials in A. Results
the quark masses and hence can be absorbed b§(th®
counterterms, as expected from general renormalization
theoremd 17]. In the vector current analysis of R¢fl], we  The remnant parF nglgEM consists of terms proportional
defined the dimensionless quantiti@®w expressed in terms to M2 M2 andq?, each multiplied by numerical quantities

ch that the counterterm dependencﬂg(g‘g8 is identical to
at established originally fol3 g [9].

Consider first the spin-one isospin polarization amplitude.

of the{B,}) and ch|raI Iogarlthms
202 M2[ 49 C o MZ [ 1 L MZ
wlsre )= 77 | 13824 192 7'°9 17 | 576 1536 09_7

| M2 /[ 1 WZL(O) 1 Mf, 1 | |v|2
+ . —_— e —
0og w2 2 -10 09

288 76899 .7 768
MZ[ 5  17C o |v|2 17 ”2L<o> L M2
736864 3072 09 u7\3072 4 102409 ;2
+q2 283 . 3c 1 | M2 5 | M2 o
7| T 294912" 4096 3072°9 47 12288°9 47 (65

The counterterm paﬁiH(l)Tshown below is specific to the

\ renormalization. Like the remnant contribution, it consists
of terms proportional td12, MZ andqg? but now multiplied 1
by O(p®) counterterms: +5 HI9(g%,M2 ,M2)

4
BSUN(qZ)_ 9 HI(9%, M2, M2)

There are finally the terms which arise from the individual 1
3w, KK, etc. intermediate states of sunset diagrams. Since +3 ’CleZ(qziMi’Mi)—Rs,Yz(qz)-
all the renormalized polarization funct|oﬂ$(l 9 are finite,
only the finite sunset integralglefined in the Appendix as (67)
{YM1 and {z{M}) will contribute to these quantities. As a
reminder of this fact, a “YZ” suffix accompanies such con- The functionsk; , 193, Rs, are defined respectively in
tributions: Eqgs.(A15),(Al17), (A19) of the Appendix. Since all quantities
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in Eq. (67 occur in integral form, evaluation of But this is just the combination of factors appearing in Eq.

ﬂg%u,\(qz) must proceed via numerical integration; e.g., we(72 and we conclude

find, atq?=0,
2

~ J— q _
1 (VS 42y _ _ pMs
F2IT§4uN0)=1.927x 10" ® Ge~. (68) I37"(g%) = Fi[ PMS+ .. (74)

Next comes the spin-zero isospin polarization function

f[(so). The remnant and counterterm contributions have'A‘n"’IIO(‘:]Ous steps lead to the further relations

structures analogous to their spin-one counterparts, -
M4 361  4oCc 1 M2 VS—Qa+5C/32(4m)4,

277(0) 2y 7| _ _ _r
FallareM @)= 77| ~ 592912 36864 3072'°9 42

RYS=R,+17C/96(4 )",

oo Mg 1M
_ 0 — 097
12288 9216 i
; p BYS =BIY'— 49C/576(4m)*F2,
i - amtB2) ©

A BYS =B\9 +173C/5184 4m) F2.
and though we defer the complicated expressionﬂé?g)UN (75
to the Appendi{see Eq(A20)], we record here its numeri-

cal value atg?=0: _ ~(1.0) L= .
To summarize, the forms fdil ;3™ obtained in\-subtraction

F2ﬁ§°§U¢0)=—2.95®< 109 GeVt (70) convert to MS renormalization upon applying the simple
™ rule: omit all C dependence from the polarization functions

and employ théVS finite counterterms

I .- : : . Finally, we point out that for the renormalization con-

with in like manner. Explicit expressions are given in Ref. stantsP, Q and R [cf. Eq. (63)] which appeared in our

[2?]' In the SU(3) limit of eqpal .I|ght-quark mass, the iso- two-loop analysis of vector-current propagatf®$ there is
spin and hypercharge polarizations must become equal. In" "~ — ) —
the course of verifying this equality, we have found it is theN© difference between the-subtraction anaViS schemes.

. : 1
sum of remnant and sunset terms, and not the individuall NS C(f)” be traced to the fact that th(%)quanuggé), QW
contributions, which obeys th®U(3) constraint. andR* have only contributions frorhy” andLjy .

The hypercharge polarization functiod{*® are dealt

B. Isospin polarization functions andMS renormalization VI. SPECTRAL FEUNCTIONS

The discussion in Sec. IV C provides a means for convert- As remarked in Sec. II, there will generally existo

. . : P (1,0 N .

ing the isospin polarization functiond{"® from \ renor- spectral functionsp{(g?) and p)(g?) for the system of
malization toMS renormalization. As an example, consider axial vector propagators. In the following, we determine the
the relation between the renormalization constdPtsand 34 contribution to the spectral functions for the isospin case

PYS. Starting from Eq(64) and applying the relations in Eq. a=3. TheKK = andKK 7 components will have thresholds

(60), we find at higher energies.
o 2 22
PXS: Pat 7@‘(‘23(312)"‘ 5(313))_ (27;_)4 (_25(322)"‘ 5(323)), A. Three-pion contribution to isospin spectral functions
(77 Spectral functions can be determined from the imaginary

arts of polarization functionfcf. Egs.(3),(4)]:
which together with Eqs(50),(53) implies P P =t Eq |

1
gis_p 3 C - pa(0?)=— Im I (o),
A A 16 (477)4 . ( )

This result is entirely consistent with the form obtained ear- pO(q?)= 1 Im T1)(q?). 76

lier in this section fodI{". That is, from Eqs(65),(66) we a ™ é

have

2 3C In two-loop ChPT the imaginary parts arise solely from sun-
ﬂ(g,l)(qz): q_2 —Ppt gt ... (73  set graphs, and in terms of the notation established in the
Fa 4096m Appendix, the 3 component oh'Y) is
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2 1 —
pla(a))=— F2 (16792 Im{qz(ZYéf‘)— YL+ Y5

+M2(4YE) - 3YE - Yi) + 4M2 (225 - Z§)
4

M _
g (Yo' = Yo' -4z5)), (77

where the above finite functions are evaluated withn3ass

PHYSICAL REVIEW D 58 036004

(a3(a,M)[8|m%(p1) m°(p2) m°(p3))
=i(2m)* 6 (q—p1—P2—P3) €4(A,N) M b,

(as(q,\)[S| 7 (py) 7 (p2) 7o(P3))

values. There is a comparable, but rather more complicated,

(0

expression fop$?(q?) which we do not display here.

B. Unitarity determination of p{%P[3#]

Unitarity provides an alternative determination of the

three-pion component of the isospin spectral functions

p[37] andp{[37]. The first step is to relate the spectral

functions to the fourier transform of a non-time-ordered
product:

p9(9?)(g*q”— q2g"") + pi3 (a?)g~q”

1 f d*xe'9%(0|A%(x)A%(0)|0) (78)
2 3 3 .

The three-pion component is obtained by simply inserting

the 37° and 7" #°#~ intermediate states in the above inte-
gral. The relevans-matrix elements are determined from the
O(p?) chiral Lagrangian:

10 (x)=

[_

=i(2m)*8(q—p1—p2—pa) e (AN ML o, (79
where the invariant amplitudes are
Mg M
ooo—\/ngq qz—l\/lf,’
M M MMi_quO
M+_°:F_ﬂ 2py+q M2 (80)

Observe thatM % _, has two distinct contributions, a direct
coupling and a pion pole term, wheredd §,, has only a
pion pole term. In the chiral limit of massless pions, the
above amplitudes are conserveql, (M5, =0) as required
by chiral symmetry. Finally, evaluation of the phase space
integral gives

q* —
£z 00— 9M )1 (x),

P5AOP) = e (81)

wherex=M _/\/o? and1™)(x) is the dimensionless integral:

1 32 0
E(1—x)2—2x2 f d¢ sin ¢(1+cos )2
0

A similar treatment yields the three-pion component of the spin-zero isospin spectral function:

1 g2 Mm%

5127 F2 (g2~ M2)?

P(g?) =

where

32

— 1
10 =5 (1=-x)2=2x?

{1-x*— 3 (1-%)2-[3(1-x)*—~2x*]cos ¢}"
X .
{3(1-%)2+ 2 +[3(1-x)?— 2x*]cos p} 2

J'ﬂddz sin ¢(1+ cos d))llz{ —4x%+
0

A2+ {3(1—x)2+x2— 1+[ 3(1—x)%— 2x*]cosp} 22
{3(1—x)%+ 2x2+[ 3(1—x)%2—2x?]cos ¢} 2
(82
E 1500 =410 +217(x) | 6(g— IM3), (83

1
E(l—x)2+x2—1+

2+ 1/2

%(1—x)2—2x2)cos¢

(84)
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The spectral functions obtained in the unitarity approach o p(s)
agree precisely with those obtained earlier in this section g2II\(g?) — lim [qzﬂﬂf’g(qz)]zqu dsm,
. e

from the imaginary parts of the sunset amplitudes. 9?=0

(87)

VII. CHIRAL SUM RULES d
2M152(0?) — lim [q?1133(9%) 1= lim o [a*1153(0?)]

In previous sections, we have determined the isospin and 2_, 2o
q°= q°=

hypercharge axial vector propagators to two-loop order in
ChPT. Essential to the success of this program is the renor- A W)

malization procedure by which the results are rendered finite. =0 fo ds m (88)
As a consequence of the renormalization paradigm, however,

the physical results contain a number of undetermined finite

counterterms. The real parts of the polarization functionSye work with qzngo;,(l)(qz) due to the presence of=0

1153 and 1Y) (a=38) contain two such constants from yinematic poles. Moreover, the subtraction constants have
one-loop order I(§3) andH{”) and five independent combi- peen placed on the left hand side in E@),(88) in order to
nations of the{B{®)} from two-loop order. Of these, the con- equate only physically observable quantities. Dispersion re-
stantsH{” and B{)) are related to contact terms which are lations involvingSU(3)-breaking combinations have an im-
regularization dependent and thus physically unobservablgroved asymptotic behavior, such as
The remaining counterternsalled “low energy constants”
(LEC9)] must be extracted from the data. In this section, we
describe how some of th@(p®) counterterm coupling con- (MY +1Y - 11Y - 119 (g?)
stants are obtainable from chiral sum rules, and as an ex- DL O 1) O
ample we study a specific case involving brok&u(3). _ fwds (Pas+Paz—PAg — Ppg)(S)

A derivation of the chiral sum rules together with an ap- 0 s—q°—ie
plication of one of them appears in R¢R6]. We refer the
reader to that article for a general orientation. For the pur-
pose of writing dispersion relations it suffices to note that atand
low energies the polarization functions are already deter-
mined from the results obtained in previous sections, al-
though some care must be taken with the kinematic poles at  g2(I1'Y —I14Y)(g?) — lim [g?(T1Y — 11 (g?)]
q?=0 in the individual functiondI{) andI1{). As regards 0®=0
high energy behavior, the largelimit of spectral functions . 1 (1)
relevant to our analysis can be read off from the work in =qu dsw. (90)
Refs.[27,28. However, since we are calculating up to order 0 S—Q°—le
p®, terms up to and including the quadratic dependence in
the light quark masses must be included. Thus, for example, _ ) _ o
the asymptotic expansion for the isospin axial vector spectral Sum rules are obtained by evaluating arbitrary derivatives
function summed over spin-one and spin-zero reads of such relations a>=0. For the sum rules inferred from

Eqs(87),(89) it is preferable to express the left hand side in

terms of (10D

(89

gy = (1428 1412 4 o212
PA3 (S)—W +? + ?4— (ag,1/5%) .
> L nﬁ<°>(0)—fwdsﬁ’*og(s) (n=1), (91
Similar expressions hold for the other components, and we n!|dg®| A 0 s" '
summarize their collective leading asymptotic behavior by
B 1 d n-1 _ 1 d "
PR(S)~O(1), piA(s)~O(s7), (n——l)'[d_qz Hi\l;(o)_m[d_qz f190)
(Phg = Phg) ()~ O(s77). (86) Wes)
o - [Cas 2 (n=2) 92
The real parts of the polarization functions show exactly the 0 S

same asymptotic behavior as the imaginary parts; i.e., ex-

pressions analogous to E@6) hold. The Kdlén-Lehmann

spectral representation of two-point functions then implieswhere pi)(s) is defined in Eq.(5). Finally, Eq.(90) leads
the following dispersion relations for the axial vector polar- directly to the following sequence of sum rules explicitly
ization functions of a given flavaa= 3,8: involving brokenSU(3):
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1(d -
o W} (I3 + T3 — Ty ~ T158)(0) (1143~ T143)(0) - (HAs %) (0)
= (phd+pad—pag — Pag)(S) (pB— pi)
= s)
JO ds pE , (93 :f Pas —Pag)( (o4
0 S
wheren=0.
For this last sum rule, let us consider in some detail the

casen=_0. An equivalent form, better suited for phenomeno-
logical analysis, is given by Evaluation of the left hand sid&HS) of this sum rule yields

LHS 16M M2 0.001053+ 1 2 8 1| MZ 1| MZ)
—3—2—QA(M)+ EQW 09—2' 9 309—2' 309>

51 M2

11 M2 | |v|2 |
+MKog ~5 2og

87609,z

M2 M?
+128772L(0>( 2 1og ——M2 lo —””
g Mz g MZ

M2
+M2 Iogﬂ—g(

Recall from the discussion at the beginning of Sec. V thathe axial vector sector. To obtain a rough estimate, we as-
there are three distinct sources for the finite low energysume that the two resonancbg1285) andf,(1510) can be
terms: (i) O(p®) CTs{B,(O)}, (i) the “remnant” contribu- approximated by a single effective resonance with spectral
tions, and(iii) the finite sunset integralsf. Eq.(62)]. Itisa  function p(l)eﬁ(s) O, 8(5— %) Assuming furtheig, = =0a,

cal term[which is scale independent and vanishes in the[
o the RHS of Eq(94) as 0.012. Allowing for a 50% error in
SU(3) limit of equal massdsn the first line. We have dis- this estimate p?agce)s the RHS in th(ga range O-0BHS

played all chiral logarithms explicitly, an@,(u«) is the :
O(p®) counterterm defined earlier in E¢G4). Since the full =0.013 and leads finally to

expression is scale independent, this allows one to directly 0.000043<QA(M, )=<0.000130, (97)
read off the variation of the contributing counterterm combi- !
nation at renormalization scaje where the renormalization scale=M, has been adopted.

We can use the sum rule of E(5) to numerically esti-
mateQa(u). One needs to evaluate the spectral integral o
the right hand sidéRHS) of Eq. (94). For our purposes, it is
sufficient to approximate the contribution of the isospin

This is clearly to be taken as just a rough estimate. Only
rexperimental determination of the missing coupling con-
stants can provide a more reliable estimate. In addition, a
T . more thorough phenomenological analysis will involve use
spectral function in terms 0{1}2?1 resonance taﬁe” N N of the entire spectrum. However, this example serves to il-
row width approximation,pxy"*(s)=ga,8(s—Mj ). EM- | trate the general procedure.
ploying resonance parameters as obtained from the fit in Ref. We have not touched on chiral sum rules involvingth
[30], we obtain vector and axial vector spectral functions. The most promi-
1 nent example of this type is the Das-Mathur-OkyBdvO)
- )res . . .
J dSPAS ~0.0189 (96) sum rule[21] which, in modern terminology, has been em-
' ' ployed to determine the LEC(Y [3,29]. In Ref. [26] we
have shown how the DMO sum rule must be modified to be
Although consistency with QCD dictates that we also in-valid to second order in the light quark masses. Recently,
clude the larges continuum[31], the leading-order contribu- ~decay data have renewed interest in this sum rule from the
tions would cancel in Eq94) and the remaining mass cor- experimental sid¢32]. Our phenomenological study of the
rections are small. As regards the hypercharge spectr@MO sum rule using the two-loop results of polarization
function pgls), little is presently known. The lowest lying functions obtained both here and in RE3] is reported in
resonances which contribute drg1285) andf,(1510) but  Ref.[20].
the couplings of these resonances to the axial vector current Finally, there are also those sum rules involvingO(p®)
have not been determined. Since the corresponding sum rut®@unterterm coupling constants, i.e. those obtained by taking
for vector current spectral functiofi44] exhibits large can- appropriately many derivatives of the dispersion relations
cellations between the contributions frgif¥70), o(782 and  Egs.(87)—(90). From experience with the corresponding in-
®(1020, we expect a similar cancellation to be at work in verse moment sum rules of vector current spectral functions
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[14], we expect these sum rules in general not to be verifiedyhere P, ,Q, ,R, are defined in Eq(64) and the{B,} in
This is because the relevant physfagich involves the low-  Egs. (B10), (B20) of Ref.[22]. We have made preliminary
lying resonancesenters the relations only in higher order of h,merical estimates fo@, in this papercf. Eq. (97)] and
the chiral expansion. A quantitative study of such sum rule%r P, in Ref.[26]. The counterterrrB(lol) is related to a

is deferred to a forthcoming publication. contact term and is regularization dependent, much the same
as the constarlt-l(lo) appearing in Eq(98). However, these
terms always drop out when physical observable quantities
Our analysis of axial vector current propagators in two-are considered. The constdy is seen to contribute equally
loop ChPT has led to a complete two-loop renormalization oto all flavor components of the axial vector polarization func-
the pion and eta masses and decay constants as well as tins. It cannot therefore be accessed by the chiral sum rules
real-valued parts of the isospin and hypercharge polarizatioimvolving brokenSU(3) considered in the previous section.
functions. It has yielded predictions for axial vector spectralHowever, by combining the results obtained here with the
functions and has allowed the derivation of spectral functionwo-loop analysis of the vector current two-point functions,
sum rules. the combinatiorR— R, is seen to constitute a mass correc-
Despite the complexity of many of the individual stepstjon to the Das-Mathur-Okubo sum rJi20]. Finally, little is

and results, the sum of tree, one-loop and two-loop Cont”bul'(nown about the nine constar{,} (1=1, .. . ,9) which de-

gﬁﬂitlt;?ethe axial vector propagator yields a simple c)Vera”termine(together with the calculated loop contributigrike

p® corrections to masses and decay constants. We have not
R = attempted to estimate these constaetg. by the resonance
Ap (02 =[F?+11(0%)19,,,— 2—729,0, saturation hypothesissince as far as the axial vector two-
qQ°-M point function is concerned, their contribution is implicit.
) 11a(0) L Tr(1)r 2 o However, the explicit expressioiigiven in Ref.[22]) can be
+[2L10 —4H "+ 7(99)1(a,8, =979 ), used in further ChPT studies when expressing bare masses
(98 and decay constants in terms of fully renormalized physical
quantities.
where flavor labelling is suppressed. Comparing this to the In view of the length and difficulty of the calculation, it is
general decomposition of E(4) yields reassuring that a broad range of independent checks was
available to gauge the correctness of the results. We list the
2+ﬁ5«0)(q2) most important of them here:

VIIl. CONCLUSIONS

(602U~ aH O+ 1 (7 — A,

q (1) Because the calculation involvétependentietermina-
tions of isospin and hypercharge channels at each stage,
ﬁ(AO)(qz) F2M 2 the SU(3) limit of equal masses provided numerous
19(g?) = L (99 tests among the set of isospin and hypercharge decay

constants, masses and polarization functions. As a by-
product, it also revealed the presence of previously un-
noticed identities among the sunset amplitupEs Eqgs.
(A40)—(A42)].

As noted earlier, there are kinematic polesjat0 in both
the spin-one and spin-zero polarization functions, but the
sumIIM+ 118 is free of such singularities. ; _ _ .
A Ia/?ge nlfmber ofO(p®) counterterms entered the axial (2) As shown n Se(_:. VI, it was possible to determlne_ spec-
vector calculation, and many constraints among them were tral _functlons directly _fro_m the two-loop_ analysis or
obtained from the subtraction procedure. Thus given the total €duivalently from a unitarity approach which employed
of 23 O(p®) counterterms which appeared by employing the o.n_e—loop amplltudes as input. In this way, both thg spe-
basis of Ref[24], each of then2 and h_ subtractions were cific sunset integrals as well as the structural relations of
found to yield 14 constraints. The analysis of vector propa- 3 Fq' (99) dwere ‘::ble tlohbe tESted SU?C?]SSE{HV'
gators in Ref[9] yielded another 3 conditions for each of the (3) It tulgneb OUtbt attadt oug m_?r?t 0 tte t'Verge{‘; terms
\? and\ subtractions. This total of 17 conditions constrain- g(ljlrjs noriﬁsgourr?t(;reterr?wvﬁ%t\;\ili)utig?]uirl:ﬂe(g)gmjrso, avgirc? oc
ing the{B{?)} and{B{*)} counterterms is of course universal K ™o

. disaster, there must thus be a cancellation between sun-
and can be used together with results of other two-loop stud- . .
) . e . ! 6 set and non-sunset numerical terms. Such a cancellation
ies. We can summarize the remaining nine fini¥p®)

counterterms as indeed .occ.urs and constitutes a r_10n—_tr|V|aI check on our
determination of the sunset contribution.

polarization amplitudes: Pn,Qa,Ra,B{Y,BY; (4) Given thatlT)(q?) can be shown to vanish in the limit
of zero quark mass, it follows that our final result in Eq.
decay constants: {~B|} (I=1,...,4; (100 (98) has the correct chiral limit.

(5) Last, we have explicitly verified iMS renormalization

masses: {~B|} (I=1,....9, that the constant is absent, as must be the case.

036004-14



TWO-LOOP ANALYSIS OF AXIAL VECTOR CURREN . .. PHYSICAL REVIEW D 58 036004

Yet more on this subject remains to be done. This is eseertain identities which relate various sunset integrals are
pecially true of the material composing Sec. VII, where anlisted. Additional work on sunset integrals can be found in
application ofSU(3)-breaking sum rules to determine finite Refs.[33,10,12,17for the equal mass case and in R¢81—
O(p® counterterms was discussed and additional point$6,11] for the general mass case. As a matter of notation, for
were raised. Future work will be needed to carefully analyzesunset amplitudes containing unequal masses we denote the
the axial vector sum rules, particularly the role of existingmass occurring twice a¢ and the third mass as (e.g. for
data to provide as precise a determination of the countelKk 7 amplitudesM —my andm—m.).
terms as experimental uncertainties allow. We can, of course,
combine the results of the present axial vector study with the
vector results of Ref9] to study an even wider range of sum ] ] )
rules (e.g. as with the proposed determination Rf dis- The sunset ampl_lt_udes integrals appear in e_tll sectors of
cussed aboye On an even more ambitious level, our expe_the two-loop analysigin thg 1PI amplltudes_and in the ver-
rience with such relations makes us optimistic about the poseX. self-energy 1PR amplitudesThey are singular, and so
sibility of describing a possible framework for interpreting thelr finite parts must be systematically extracted from the
chiral sum rules taarbitrary order in the chiral expansion. divergent parts.
Finally, it will be of interest to reconsider the phenomeno-
logical extraction of spectral functions suchpé@3[3w] and
to stimulate experimental efforts to extract spectral function All sunset contributions in the calculation can ultimately
information involving non-pionic particles such as kaons andoe expressed in terms of the integfalof Eq. (11) and six

etas. additional functionsS, S, S, S5, Ky andC,. The first four
of these occur via the integrals

1. Sunset integrals

a. Definitions
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whereQ=qg—t. From covariance, we have

APPENDIX: SUNSET INTEGRALS Sﬂ(qz,mz,Mz)EqMS(qzlmlez)'
This appendix compiles mathematical details related to 5 2o 5 5o
the sunset contributions. In the first section, we give integral Sur(Q%,m%,M%)=0,9,5,(q",m",M?)
representations for all sunset functions which appear in the +gMSz(q2,m2,M2). (A2)

two-loop analysis and also extract the finite sunset functions

(called {Y{} and{Zz{"}) which remain after the singular Expjicit expressions fosS, S, S;, S, and for K;, K, are
parts have been identified. The second section provides egiven respectively in Eqs(A11)—(A14) and Egs.(A15),
pressions for the sunset contribution to the isospin polarizaca16) below.

tion amplitudes. This is followed in the third section by a  We now summarize sunset integra|s which contribute to
detailed discussion of the finite-valudet("(q%,m?,M?)}  the 1Pl and 1PR amplitudes. The isospin 1P| sunset ampli-
and{Z{" (g% m? M?)} functions, and in the final subsection tude of Fig. 5 is given by

4 1 1
M ﬁ‘ﬁg‘=§ H,,(q%,m2,m2)+ 5 M, (92, M2 mg) + I8 H,,(02,m2 ,m3)+ L,,,(q%,m2 ,md), (A3)

where

~ (9-30),(9-3t), [ - 1
FSHMV(qZ,mZ,MZ)EJdt tZﬁmZ fdb (bZ_MZ)[(Q_b)Z_MZ]:q/quS_SqMSv_3qvS/L+gslw

(A4)

and

“Laboratoire de Recherche des UniversiRaris X| et Paris VI, assocal CNRS.
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: P (Q—2b),,(Q—2b),
R me = [ 6 o | 0B (b

3—(4-d
q,uqvlcl(qzimzi M 2) + gMVICZ(qZImZ’M 2) +4gMV¥A(m2)A( Mz)} : (AS)

d-1

The sunset contribution to the isospin vertex amplitude corresponding to (E)gs6

2 1
glwu(@imZimZimd) + el (% m7 my s 2(m? + mi))

1
+ 510 mzmy) |, (A6)

1 2
+ 1_2|1”( q%m2;mg ; 3 (m2—m2)
where

- (q-3t), [ ~ Q*—2q-t+2b-(Q—b)+A
|1ﬂ(q2;m2;M2;A)EqM'1(q2;m2;'\"2?A)=fdt?—m (b~ qz)[(Q b)*—~M*]

=—20,[2A%2(M?) + A(M)A(M?)]-6[q,0,S"(9%m%M?) —30"S,, (g% m?M?)]
+[0,S(0%m%;M?) - 3S,,(g%m%M?) ][2(g2+ m2 - M2) + A ] (A7)

and

~ 2b),(Q—2b),
2 = bt [ T [ 0B g
2(3+d—4)

2F2
=0, —g=g  AM)AM?)+ mqﬂ[q%(q ;Mm% M?) + Ko(g%;m%M2)]. (A8)

Finally, in the calculation of self-energies there appear along with the int&gr&Eq. (A1) the additional quantities

~ [(q—1)>~2qt+2b(Q—b)+A]?
f (b*=M*)[(Q—b)*~M?]
=A?S(g%m* M?) —4A[ - (9°+ m*~ M?)S(q*;m* M?) +30,,5"(q% m* M?) — A*(M?)
+A(M?)A(M?)]+360,9,5" (9% m* M?) + 24(M2—m? - 9%)q,,S*(q%; m* M?)
+4(g%+m?*=M?)%S(g% m? M?) + A% (M?)(4m?— 120°) + A(m*)A(M?)(8M?— 6g°— 6m?) (A9)

dt
R(qz;mz;Mz;A)Ef v —;

and

J ~ [(g+t)(2b+t—q)]?

dt
uiaEmtn= [ g [ 6B o pr

g+“'_74)A<m2>A(M2)+q2[q2/q<q2;m2;M2>+/c2<q2:m2:M2>]] (A10)

2 2
a-1 (9°+m?)

b. Identification of the finite parts

The functionsS, S, Si, Sy, K4 andK, can in turn each be written as the sum of tefmbich diverge in thed—4 limit)
proportional to gamma functions plus finite-valued functi¢®§”(g?,m?,M?)} and{z{" (g% m? M?)}. Thus, we have

w2 r?(2-d/2) \2)d—a ) m? d/2—1+ M2g L ey 4
S(0°,m M) = — T (M 5 M2 ] R U L
—YPm2+ 2y - Y ) q?, (A11)

036004-16



TWO-LOOP ANALYSIS OF AXIAL VECTOR CURREN . .. PHYSICAL REVIEW D 58 036004

— I'?(2—d/2) 1 2 4—d 4—d
2 2 2y — 2yd—4 | _ 2_ 2 2
S(@7, MM = —7 e (M d( a3 Boaa—2" T Bodydr2) @ )
+(YY —2Y§))m2+ (3YP - 2Y§)) g2+ 25, (A12)
I'?(2—d/2) 1 2 4—d 4—d
2 2 2\ — 2\d—4 _ 2_ 2 2
Sam MY =g e M gl T aeM  a—a ™ T v a-a) ¢ )
+(2YP =3P )m2+ (4YP¥ -3YP) g2+ 222, (A13)
r2(2—d/2) ( 2 m2\d92 2 2
2 2 2\ 2\d—4 _ _ 4 2n 2
Q%M M5) = — e d(d—2) (MZ ta2M T da=2@-3™M
2 1 2(4—d) d—4 )
2712 4 2.2 4
T ad—3d "M T ae-d—2 ™ TdG-d@=2 9™ T aB_d)d+2)dra) ¢ ]

1
+ 5LV = Ve m+ (2 =3Y6 + Vi) at+ (4Y6) - 3YEY - Y )m?q? - 26 m?+ (22 - Z5") 9]

(A14)
and ) 42 g
r2(2—d/2 -1 16
2 2 2\ — 2\d—4 _ 2
Kalamme M5 =— e (M9 d—2( dd-3)(5-d)(d+2) "
2 [ m?\942-2 24 , 24(4—d) )
+l -zl + m-+ q
3 M d(5—d)(7—d)(d+2) d(7—d)(5—d)(d+2)(d+4)
+(6Y -3y P -3Y0)ym?+ (4YP -9y @ +6Y V- Y\V)q2+ 22— 272V, (A15)
I'?(2—d/2) d-1 2(d—1) 4(d—1)
2 2 M2\ — 2\d—4 22 N ) g4
Kala?,m* M%) = —7 dd—2)|d-3)6B-a" M W—2@-aM
2(d—1) [ m?\92-2 d-1 . 2d [ m? d’2—2+ 2(d?>-5d—8)
3 \M?2 T G=aa-a/m" T3 \M? (5—d)(7—d)(d+2)
2(6+3d—d?) (4—d)(d?*—3d—22)
212 2\ 2 4
XM e Goadr2) M T Boa)(7—d)dr2)ds4) 9
27 15 15 9
+ =7V S Y- S YY) gt 7Y<12>—12Y<11>+§Y<10>)m2q2
3 (0) (ym?4 ! (1) (2) ] 42 3 (1) 142
+ 5 (Y =Y{)mt+| 52V =524 | g+ S 24 m?. (A16)

For the sake of simplicity, we have omitted the arguments of ¥{®} and the{z{"}. We have verified that E4A11) agrees
in the equal mass limit with the explicit expression appearing in R&f.

2. Sunset contribution to renormalized isospin polarization functions

Since the renormalized polarization functions are finite valued, their sunset-related content will consist entirely 8fthe
and{Zg”)} integrals introduced in the previous section. Thus, we employ the subscript “YZ" in the following.

For the spin-one isospin polarization function, the quarttit}® appearing in Eq(67) is defined in terms of the functions
in Eq. (A2):

HY3=Sy;—6Sy;+9S, vz (A17)
The qq superscript indicates that the contributionsHd come from theg,q, part of /,,, defined in Eq(A4).

However, the quantityR; y; is rather more complicated, and so before writing it down explicitly we first develop some
useful notation. For a quantiti(q?, . . .), wedefine the auxiliary functions
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f(q?, ...)=f(g?%...)—f(M?,...)

f(g?,..)=f(d? ...)— (2= MO f' (M2, ...), (A18)

where theM? quantities becoml’s/l,zT for the case of isospin flavor aer] for hypercharge flavor. Then we have fgg the
expression

2 2 1_
Rs(0?) = M2 [5 l1v2(% M2 M2 M2) + 36 l1v2(@%5 M2 MG 2(M2 4+ M)
1_ 2(M2—M3) _
1 Il,YZ(qz;MZ ME; 3 ts Lo z(0% M2 MY)
1 M7 . M7 . 1.
T —M22 6 Sy2(9%M% ;M2 )"’ SYZ(q MZ;M? )+ZUYZ(q M7 M)
1. 1. 1. 2(M2—-M32)
+§sz(qz;Mi:Mi:MiH7—2sz(qz;Mi:Mi;Z(MiJrMi))Jrﬂsz(qz;Mz;Mﬁ;%H.
(A19)
For the spin-zero isospin polarization function, the piece coming from the finite sunset functions is
(0) 2 2 2 3 2 2 2 1 2 2 2 1 2 2 2
35U|\(q =435, vz(q :Mwa)"‘ESz,Yz(q M5, M7)+ ESZ,YZ(q ’MW*MK)+§K2,YZ(q M7, M)
2 4 qd/ ~2 2 1 qq/ ~2 2 2
+q §HYZ(q ,M )+ H (q M M’n’)+1_8HYZ(q ’M’JT’MK)
1 2 2 2 2 2 2 .02 .pp2 pp2 1 2 2 2
+§K1,Yz(q M7 M) —Rayz(q°) | — §|1YZ(M M7 M7 Mﬂ-)+§|2,YZ(Mﬂ';Mﬂ';MK)
1 2.002 .pp2 . 2 2 1 2.002.-p0n2 . 2 _
36|1YZ(M M M 2(M7T+MK))+ 1_2|1,YZ M M M _(M )
p 1
—1—§SYZ(M2 MZ2:M SYZ(MZ M2 ;M2 )" 18 RYZ(M M2:M?2)
144RYZ(M2 M2:M2Z;2(M2+M32))— 48RYZ<M M2ME; —(M2 ﬁ))
1 2.002.
—g Ul(M7iMT M2 |. (A20)
|
3. Finite sunset integrals . 1 P 4AM 2\ V2te
n)— -
Having identified the singular parts of the sunset functions Ze = (167%)° J4M2d ( )
by expanding these quantities in a Laurent series adout L
=4(1n,)one can express the fmne—vglued functigivg™} apd xf dxxTIn(1+Ag)—Ag] (A22)
{Z¢V} which remain by means of integral representations 0
1 » do 4M?2\ Y2te where
Y= 16 22f — I\t
2
(1679) 4mM= O g m2 1 X
. Ag=|—-—0*| — (A23)
Xj dxx'In(1+Ag) (A21)
0
For convenience, we shall introduce the dimensionless vari-
and ables
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i ,  m For nonzeror?, one can obtain numerical values for the
q*= av2 and r'=zpm, (A24)  ahoveq?=0 derivatives ofY{"(g2,r2) andZ{"(q?,r?). Of
course, the integral representations of E@d1),(A22) al-
and likewise work with theeduced functions ', Z{": low also for a straightforward numerical determination of the

real part of the sunset amplitudes for arbitrgfy However,

(=2 2 1 =2 2 some care must be taken to obtain accurate valuesFor
Ye (g5,r )EWYC (q%,r9), close to or above three-particle thresholds.
2 b. Imaginary parts
({2 +2y— Z) (52 2 -
Zo (@519)= (167%)? Ze (@515, (A25) For g°<1, the finite sunset amplitudes are real valued.

However, Y(" and z{" have a branch point singularity at
One is allowed to express such finite quantities in terms OE (1+1)2 [corresponding tg?=(2M +m)?] and become
the physical meson masses, and it is understood we do so | — 2

complex valued forg=>(1+r)“. We shall be concerned

the remainder of this section. For the six flavor configura- - hd h fth
tions WhICh can contribute to the sunset amplitude, the pa- ere with determining the imaginary parts of these quantities.

rameterr? takes on the numerical values Consider first the integrak™(q?,r?) defined by
4 _ 1
0.016 (zmr) X(”)(qz,rz)EJ dxxX'In(1+Ag), (A31)
0.020 (KKr) 0
r’={ 025 (3m37) (A26)  which can be rewritten as
0.31 K]
(KK7) " @r?)
L 3.82 (mwy). ’
1 ) 1 r? 2 —
a. Behavior at #=0 and near §=0 :fo dxx Inf x“+x u_az_l_? +? +In(ug/x)
In ther?=0 limit (i.e., m*=0), analytic expressions can .
be obtained fory!” andz{" : =f dxX'[IN[ (X=X, )(x—x_)]+In(ug¥x)],  (A32)
0

0

YV(g?,0)= E

B(k+1;n+1)B(k; c+3/2)

wherex.. are given by

=1 k
(A27) N 1+r2+\/1 L\
o <2tV Ed v
—— i B(k+1:n+1)B(k—1:c+3/2) (A33)
e (4 '0)__1(:2 k ’ The imaginary part oX(™(g?,r?) will occur when the
(A28) argument of the first logarithm in the above becomes nega-
tive,

where B(m;n) denotes the Euler beta function. Observe in
the summations that the indices begirkatl for 7((:”) and at

_ 1
Im XM (g?,r? =J dxxIm In[ (x—X, ) (X—X_
k=2 for Z", i.e. that (@%r9) o [(x=x4)( )]

Y"(0,0=2"(0,0=2"""(0,0= (A29) - %(erl_xn;l), (A34)
For the more general case of nonzefobut smallg?, it is
useful to employ a power series so that
n) 922 ”)0r2+ n) 0,2 — T 1 du
(q ) ( ) ( )q Im an)(qZ,rZ):_ e F(l_u)l/Z-f—C(errl_XrlJrl),
1 n "
+5 Y'ord)gt+ ... (A35)
o where
Z0(q? 1) =201+ 20" (05)?
1 S (A36)
S Up=—— : A36
+ 5 Z:;7 (0r9)g*+ ... . (A30) (\/E_ \/r—z)z
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The lower limitug on theu-integral is simply a reflection of ingly, the identities discovered in tH8U(3) limit are typi-
the branch point occurring in the sunset amplitudegat cally not at alla priori obvious. Below, we list and indicate
=(2M +m)2. Proceeding in a like manner leads to the fol- the source of relations:

lowing formula for Imz{": (1) RelatingSto S:
— T (tdu 12 +1_ o n+l T2 w2 L2 2 2
ImZM (g2 r2)=— — | —z (1w e(x1-x""1. S(g%,m?,m%) = = S(g%,m*,m?). (A39)
¢ n+1 Jy, u 3
(A37) (2) 1PI amplitudes:
4. Identities H,, (9%, m?,m?)=3L,,(q%,m%,m?). (A40)
Given the set of sunset integral§;S,,;S,,}, it is not (3) Vertex functions:

difficult to infer the following “trace identity”:
11,(0%m%m? A)=14,(g%m?%m?0)
S(g?,m?,M?)=m?S(g%,m?*, M?) + A%(M?), (A38)
o _ _ _ 11,(0%m?m?;0) =31 ,,(g%m%m%0).
which is valid for arbitrary kinematics. (A41)
It turns out that several more identities become derivable .
in the equal mass limit 08U(3) symmetry. This is a con- (4 Self-energies:
sequence of the symmetry constraint that the isospin and R(g2;m2m2 A)=R(g%m2m?;0)+A2S(g%;m%m?)
hypercharge results agree. Indeed, their direct comparison

serves to check the correctness of the calculation. Interest- R(g%:m?;m?;0)=3U(g% m?m?). (A42)
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