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We present a systematic studyMf 1 supersymmetric gauge theories which are in the Coulomb phase. We
show how to find all such theories based on a simple gauge group and no tree-level superpotential. We find the
low-energy solution for the new theories in terms of a hyperelliptic Seiberg-Witten curve. This work completes
the study of allN=1 supersymmetric gauge theories where the Dynkin index of the matter fields equals the
index of the adjoint = G) and, consequently, all theories for whigh< G. [S0556-282(98)06414-5

PACS numbgs): 11.30.Pb, 11.15.Tk, 12.60.Jv

[. INTRODUCTION simple gauge groups and no tree-level superpotential. For
these theories we determine the Seiberg-Witten curves, pro-
The past four years have witnessed tremendous progregigding the solution for the low-energy effective gauge kinetic
in our understanding of strongly coupled supersymmetriccouplings by flowing to theories for which the curve is al-
gauge theories. The number of theories for which exact reready known.
sults have been established is ever growing since the initial This work completes the study of theories satisfying the
breakthrough by Seiberg and Witt¢h], who gave a com- index conditionu=G. It has been known for a while that
plete solution of theN=2 SU?2) theory, and by Seiberg, confining theories with a quantum-deformed moduli space
who described the low-energy dynamicshof 1 supersym-  have to satisfy this index conditidi3,4]. All such confining
metric QCD with varying number of flavofg]. theories have been systematically analyzed in Ré&sH].
From these solutions the following basic picture emergesWe find that if the matter content is in a faithful representa-
There are six known phases of supersymmetric gauge thetion of the gauge group, then @a=G theory is confining
ries: Higgs, confining, Abelian Coulomb, non-Abelian Cou-with a quantum-deformed moduli space. However, if the
lomb, free magnetic, and infrared free phases. The actudhatter content is not in a faithful representation of the gauge
phase of a given theory usually depends on the size of itgroup, then the theory is in the Coulomb phase and the low-
matter content. This size can be characterized by the relativgnergy solution can be given in terms of a Seiberg-Witten
value of the Dynkin indexu of the chiral superfields com- curve. Therefore, the low-energy dynamics of all theories
pared to the value of the Dynkin indeX of the vector su- Wwith w=G has now been determined. Since all theories with
perfields. u<G can be obtained from the=G theories by adding
In this paper we will focus on thél=1 theories, which mass terms for fields in vectorlike representations, it is a
are in the Abelian Coulomb phase everywhere on theistraightforward task to determine the low-energy behavior of
moduli spaces. We examine theories based on simple gaugdl © <G theories as well.
groups and no tree-level superpotential. We will argue thatin The paper is organized as follows. In Sec. Il we review
order for such a theory to be in the Coulomb phase, théhe basic properties of the Seiberg-Witten solutions and their
theory has to satisfy the index conditipn=G. The essence applications tdN=1 theories. In Sec. Il we give our general
of the argument can be summarized in the following: onearguments which help us classify &dl=1 Seiberg-Witten
expects the low-energy solutions of such a theory to be givetheories based on simple groups and no tree-level superpo-
in terms of an auxiliary Riemann surface, defined by a curvéential. In Sec. IV we give the actual low-energy solutions of
(which in most cases is hyperellipticThe classical curve is these theories, and we conclude in Sec. V. The derivation of
smoothed out by quantum corrections, which are proporthe curves for the new theories is explained in Appendixes A
tional to the dynamical scal& of the theory. We will show and B.
that in the absence of a tree-level superpotential the condi-
tion for A to appear in the curve ig=G. Theories with an
adjoint chiral superfieldthe pureN=2 theorie$ satisfy this
condition, and we will give a complete list of other theories
which do so as well. After restricting ourselves to these theo- Seiberg and Witten showed how to employ electric-
ries, it is easy to actually find all of those which are in themagnetic duality to obtain exact solutions to the low-energy
Coulomb phase by checking the unbroken gauge group ondynamics of N=2 theories[1]. The original example of
generic point of the moduli space. This way we obtain aSU(2) theory was subsequently generalized to other classical
complete list of N=1 Seiberg-Witten theories based on groups in Refs[7-17. An alternative derivation of these

Il. REVIEW OF THE SEIBERG-WITTEN SOLUTION
AND ITS APPLICATION TO N=1 THEORIES
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solutions using the confining phase superpotential methotheory. Therefore, finding the exact low-energy action is
has been given in Ref18], while the connection to inte- equivalent to finding the polynomid®. From the curve de-
grable systems has been describefil®,14. The dynamics scribed byP, one can extract information about the dynam-
of the low-energy theory following from these solutions hasics of the theory. In particular, the effective gauge coupling,
been analyzed in Ref§19,20. Below, we review the basic the metric on the moduli space, and the spectrum of the
features of these solutions of tiNe=2 theories and the ap- Bogomol'nyi-Prasad-SommerfielPS states can be calcu-
plication of the Seiberg-Witten methods =1 theories lated.
[21]. For example, the simplest theory in the Abelian Coulomb
Since N=2 theories contain scalar fields in the adjoint phase isN=2 SU2) with no hypermultiplets. In that case,
representation, their classical moduli space has a submani-
fold with unbroken W1) gauge symmetries. In general, in y2=(x*—u)*—4A%,
addition to the Coulomb submanifold, there is usually a sub- N ) ) o ) )
space where the gauge group is completely broken. Thé/hereu=5_Tr<D and® is th_e a(_JIjomt superfield. This equa-
Higgs branch does not receive perturbative or nonperturbdlon describes a torus, which is a surface of genus 1. Any
tive quantum corrections iN= 2, while the Coulomb branch VEV of an adjoint field can be rotated into the Cartan sub-
is affected by both perturbative and nonperturbative effectsalgebra, which for S(2) means tha{®) = diag(a,—a). One
The low-energy Lagrangian &f=2 theories can be char- needs also to |ntr.oduce'e'1 dual scala; fialg. The above
acterized in terms of a single holomorphic function, the precurve has three singularities, far=* A< andu=o. From
potential 7. In the more interesting case of the Coulombthe curve one can calculate the monodromies of e, &)
branch, the prepotential can be computed in terms of th¥ector around th(_a smgularme_s. The monodromies are ele-
original “electric” fields and their dual “magnetic” degrees Ments of the duality group, which acts on the vects (a).
of freedom. It turns out that both kinds of variables are nec-The singularity at infinity is the perturbative singularity,
essary for a consistent description of the theory. while the two singularities a= J—“AZ. occur at strong cou-
The C|assica| pattern Of Symmetry breaking by a f|e|d inp“ng. The nonperturbatlve_Slngu|arltles arise beca-use Of a
the adjoint representatio®— U(1)", wherer is the rank of monopole or a dyon becoming massless at th(_ase points of the
the gauge group, persists in the quantum theory everywheﬂéOdU|' space. The charges.of the massless flelqs are the left
on the Coulomb branch. Classically, there are points with £igenvectors of the respective monodromy matrices.
larger unbroken subgroup, when the vacuum expectation val- From the curve one can also compat@ndap as func-
ues(VEVs) of the adjoint field happen to coincide. Becausetions of the parameter of the moduli spage These are
of quantum effects, there are no points of enhanced gaugéetermined as integrals over the periogs, of the torus:
symmetry; however, some states become massless on certd@in=%,,\. a=$, \, where\ is the so-called Seiberg-Witten
submanifolds of the moduli space. These additional masslesfifferential. In the case of S@), Axx2dx/y. The gauge
states are indicated by singularities in the effective descripeoupling
tion. Since these massless particles carry magnetic charges,
magnetic variables are more suitable for a description of the _dap/du_ #*F
theory near singularities. " daldu 93’
Another indication that there are singularities on the
moduli space is the presence of nontrivial monodromies. Afrom which one can also establish the metric on the moduli
large expectation values, the monodromy can be calculatespace ¢.F/ da.
using perturbation theory. The remaining strong-coupling Many features of the Seiberg-Witten solution Nf=2
monodromies are guessed using symmetry arguments amideories persist iN=1 theories in the Coulomb phase. In-
the requirement that the product of strong-coupling monotriligator and Seiberg pointed out that the1l) gauge cou-
dromies has to equal the monodromy at infinity. Knowledgepling, which is a holomorphic quantity, can be described by
of all monodromies, that is, the singularity structure and thethe methods used iIN=2 [21]. The dependence of the gauge
behavior at infinity, is sufficient to determine the full form of coupling on the parameters of the moduli space can be found
a holomorphic quantity, in this case the prepotential once a curve describing the theory is established. The gauge-
The low-energy solution is obtained by introducing ankinetic term is
auxiliary Riemann surface of genus usually equal to the rank
of the gauge group. All holomorphic quantities can be com-
puted as line integrals over this surface. This surface will
also encode the singularity structure of the theory. In most
cases, this surface turns out to be a hyperelliptic surfacavhere 7;; is the effective gauge coupling matrix, whose ei-
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which can be defined by an equation of the form genvalues are related to the effective gauge coupling and
theta parameter of théth U(1) factor by r=i4m/g?
y?=P(x,u; ,A), + 6 /2m. The effective gauge coupling function; is not

related by supersymmetry to the ldar potential. Hence no
whereP is a polynomial inx, u;, andA. The variables and  information about the Kiaer potential is provided by thi
y are auxiliary parameters, while the's are the coordinates =1 solution. Likewise, there is no central extension of the
on the moduli space and is the dynamical scale of the N=1 supersymmetry algebra which would incorporate BPS
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particles. However, one can learn about the charges of masBynkin index of theith fermion! This means that the dy-
less states associated with singularities. The monodromgamical scale
around a singularity still encodes the information about the
charge. These methods have been used in Refs-23 to AP= g8 (m) +i0
obtain solutions to severdll=1 theories in the Coulomb
phase or to Coulomb branches =1 theories with tree- of the theory has chargg; u;q; under the anomalous ()
level superpotential terms. symmetry, whereb is the coefficient of the one-loop beta
function. In the case of the U(})symmetry defined above,
the fermions from the chiral superfield have chargd,
ll. NECESSARY CRITERIA FOR SEIBERG-WITTEN while the gauginos have chargel; thus, the charge of”
THEORIES is G— u, whereG is the Dynkin index of the adjoint repre-
] ] ] ) ] sentation angk= 2=, u; is the sum of the Dynkin indices of
In this section we will show how to systematically find all the matter fields. After assigning this charGe- x to the
N=1 supersymmetric theories based on a simple gauggynamical scale, one can require that the Seiberg-Witten
group and no tree-level superpotential, which are in the Coucurve be invariantor at least covariahtunder this anoma-
lomb phase. We will call such theories tine=1 Seiberg-  lous U(1); symmetry as well.
Witten theories. First, we show that such theories have to Let us now consider th& — 0 limit again. In this limit we
satisfy the index conditiom =G mentioned in the Introduc- obtain the classical curvBy(y,x,u;)=0. Since we expect
tion and, then, decide which=G theories are actually in that the full curve defined by andy describes a Riemann
the Coulomb phase. surface, we expect th&t, is not a homogeneous polynomial
in x andy (which is true for every known solutiognHow-
ever, this implies that andy have to have zerR charge as
A. Index condition well. But now considering the full curv®(y,x,u; ,A)=0,
Qone can see thah can appear in a nontrivial way in the
curve only if itsR charge is zero as well, implying that
=G. Note that all pureN=2 theories without matter fields
satisfy this condition; however, thd=2 theories with hy-

We have seen in the previous section that the effectiv
gauge kinetic functiorr;; can be identified with the period
matrix of an auxiliary Riemann surface, usually a hyperellip-

j'\c cgr_vey N T(x,u, ,A).hThe cutrr\]/e obtda|r|1_ed in the flllm'tt. ermultiplets do not. The way these theories evade this con-
— Y IS singuiar everywnere on the moduli Space, relieCtingyy»int is thatN=2 supersymmetry automatically requires a

the fact that turning off the gauge coupling will result in yoe jovel superpotential coupling between the hypermulti-
additional massless gauge bosons independently of the VEVSie(s and the adijoint from the=2 vector superfield, which
of the scalars, since there is no Higgs mechanism inkhe gypjicitly breaks the U(L) symmetry used above.
—0 limit. This singularity must be smoothed out by effects  The ;,=G condition is exactly the same as one gets for
proportional toA, except at a submanifold where the singu-theories with a quantum-deformed moduli space. The coin-
larity persists, indicating the existence of additional masslesgidence of these two conditions is not very surprising, since
states. The lesson which should be learned from this is thaf both cases we are requiring th&tappear in an equation
the dynamical scald has to appear as a parameter of the fullinvolving the moduli in a nontrivial way. In the case of the
Seiberg-Witten curve to smooth out the classical singulariquantum-deformed moduli space, we require that a term pro-
ties. In the absence of a tree-level superpotential couplingortional to A appear on the right-hand side of a classical
this requirement will severely restrict the matter content ofconstraint, while in the case of Seiberg-Witten theory we
the theory. require thatA appear as a nontrivial modification of the clas-
We now discuss the constraint which arises from requirsical Seiberg-Witten curve.
ing that the dynamical scalé appear in the Seiberg-Witten ~ One can argue for the necessity of #he- G condition in
curve. This curve must respect all symmetries of the originap different way as well. We are requiring that a Seiberg-
theory. In particular, one can consider a U§lgymmetry ~ Witten the_ory have u_nbroken(tl))’s on the generic point in
under which all fieldsb; carry zero charge. This symmetry the moduli space. It is, however, knof25] that for u>G
is anomalous under the gauge grdipthat is, theG2U(1), e gauge group is completely broken; thus, e G theo-
anomaly is nonvanishing. One can, however, restore thi§©S C?‘””O‘ be in the Coulomb ph_ase everywhere on the
symmetry by promoting the dynamical scaleto a back- moduli space. lfu<G, then a dynamically generated super-

ground chiral superfiel@24]. The reason for this is that an Potential of the formWy,= 1/(IT;®;)*©~#) is allowed by
anomalous (1) rotation by an angler acts like a shift all symmetries of the theory, and such a superpotential is
presumably generated either by instantons or by gaugino
0_>0+2 - condensation. This superpotential pushes the fields to large
i Mibie expectation values and the theory has no stable vacuum.

on the § parameter of the theory, whetg is the charge of  IThe Dynkin index is defined by TF2T?= 1 6%°, where theT’s
theith fermion under the (@) transformation angy; is the  are the generators of the gauge group in a given representation.
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TABLE |. SU theories satisfying the index constrajat=G. TABLE lll. SO theories satisfyingu=G. The first column
The first column gives the gauge group, the second column the fieldives the gauge group, the second one the field content, and the
content, and the third column gives the phase of the low-energyhird one the phase of the low-energy theory. The last column gives
theory. The last column gives a reference to where the low-energg reference to where the low-energy solution of the given theory is

solution of the given theory can be found. described. We use the following notation for the field content: for
an SOWN) group forN odd (s,v) denotes the number of spinors and
Gauge group Field content Phase Reference the number of vectors, while fod even &,s',v) denotes the num-
ber of the two inequivalent spinor representations and the number
SU(N) N@O +0) Confining [2] of vectors. We do not distinguish between ${)(and its covering
SU(N) H+(N-1)3+30  Confining [27] group SpinQ).
SUN) H +H +2(0+0) Confining (3] Gauge group Field content Phase Reference
SU(N) Adj Coulomb phase [1,7,8
SU4) 3H +(@+0) Confining [3.4] SO(N) H:Adj Coulomb phase [10,11,14
SU@4) 4H Coulomb phase  [26] SO(N) (ON—-2) Coulomb phase [26]
SUG) [ +0+30 Confining [3] SQ) (1.4 Confining [31]
SUs) H+f+0 Confining 3] SQa7) 23 Confining [32]
0 2H +48 Confining 3] SA) .2 Confining (3]
SU®) Confinin 3] SQ7) 4,1 Confining [3]
= ini
@ +30+0) g SQ7) 5.0 Confining [3]
SUe) SQ8) (3,2,) Confining [3]
ﬂ +[ +20 Confining [4] e ) 222 Confining [3]
SU(6) - ZH Coulomb phase Appendix B SO(8) (4,2,0 Confining [3]
SU®) a 40 +20 Confining [4] SQ®) 4,19 Confining [32]
SQ(8) (3,3,0 Confining [3]
SQ8) (5,1,0 Confining [32]
Thus we expect the:<G theories to be generically in the SO 19 Conff”fng [32]
Higgs phase or, at least, to have a Higgs branch with a runSQ(9) 2.3 Confining [3]
away vacuum. Thus we again conclude that the only possisQ(9) (3,9 Confining [3]
bility for a theory to be in the Coulomb phase everywhere ongo(10) (1,0,6 Confining [32]
?hzmoduli space is when the index conditier G is satis- SO(10) 2,2,0 Confining [3]
ied. -
. L. 1 1,1 f
We have established that a necessary condition fo‘?’o( 9 .14 con fn!ng (3]
Seiberg-Witten theories is that the index conditior G be SO0 212 COnf!n?ng (3]
satisfied. This restricts the number of candidate theories corf(10) (3,10 Confining [3]
siderably. In the next subsection we show how to find theoSQ(10) (2,0,9 Confining [3]
ries which are actually in the Coulomb phase. SQ(10) (3,0,2 Confining [3]
SQO(10) (4,0,0 Confining [3]
TABLE II. Sp theories satisfying the index constrajg=G.  SQ(11) 2,1 Confining (3]
The first column gives the gauge group, the second column the fieldo(11) (1,5 Confining [3]
content, and the third column gives the phase of the low-energ -
theory. The last column gives a reference to where the Iow-energyo(lz) (4.1.2 Conffn!ng (3]
solution of the given theory can be found. SA(12) (2,0,2 Confining [3]
SQ12) (1,0,6 Confining [3]
Gauge group Field content Phase Reference SQ(13) 1,3 Confining [3]
Sp(2N) (2N+2)0 Confining [28] SQ14) (1,04 Confining 3]
Sp(2N) H+40 Confining [29]
Sp(2N) M =Adj Coulomb phase  [12,14 B. Flows
Sp(4) 2H+20 Confining [4]
Sp4) 3 Coulomb phase [26] We have seen in the previous section that a necessary
Sp6) Coulomb bh A dix A condition for a theory to be in the Coulomb phase is that it
o ZH oulomb phase ppendix satisfies the index conditiop=G. This requirement alone

Sp(6) @Jrgﬂ Confining (4] reduces the number of candidate theories to a finite set. In
order to decide which of these theories is in the Coulomb
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phase, we have to check whether there are unbrok@lisJ 56's, we get an g theory with 2x (27+27). Giving an ex-

on the generic point of the moduli space. pectation value to th7 breaks E to F,, with the remaining
However, in order to exclude a given candidate theoryfield content being three 26-dimensional representations.

from being in the Coulomb phase, one does not always haveurther breaking FFby a VEV of 26 will give SO(9) with

to consider the most generic point on the moduli space. It iswo spinors and three vectorsx26+ 3% 9. However, this

enough to find a flow which leads to a theory which is SQ(9) theory is known to be confining with a quantum-

known not to be in the Coulomb phase. For example, conmodified constrainf3] and is therefore not in the Coulomb

sider the theory based on the exceptional groywith three  phase. This argument implies that the whole chain of theo-

56-dimensional representations. This theory satisfiesuthe ries, with matter content such that=G, given below is

=G constraint. However, by giving a VEV to one of the excluded from being in the Coulomb phase:

(56) (2 (26)
E;:[3X56] —— Eg:[2X27+2X27] ——— F4:[3X26] ——— SQ(9)[2X 16+ 3X9]. (3.0

Similarly, one could consider angBheory withnX27+(4  version of the classical constrairitse SU, Sp, and SO theo-
—n)X 27, wheren=0,1,2,3,4. All of these theories will also 'ies in this class have been analyzed in Rigs:5], while the
flow to F, with 3X 26, and so they are not in the Coulomb theories based on exceptional groups in Re§s6]). This
phase either. Indeed, it has been shown recently in Ref§_olut|on is valid everywhere on the moduli space, and there

[5,6] that all of the above theories based on exceptional® NO Phase boundary between the Higgs and confining
groups satisfyingu=G are confining with a quantum- phases. This is possible because the massless fields are in a

s LR bi
In Tables I-1V we list all theories that satisfy the=G Y

. . . . _explicitly check that everyu=G theory with chiral super-
constraint and give the phase of the given theory. The f|rs§elds in a faithful representation breaks the gauge group

column gives the gauge group, the second column the f|e! ompletely at generic points on the moduli space. Since at
content, and the third column the phase of the theory. Fifyrge expectation values the theory can be described entirely
nally, the fourth column contains a reference to where the, jerms of gauge singlet fields and there is no invariant
actual low-energy solution of the given theory can be found yistinction between the Higgs and confining phases, one in-
One can see from Tables |-IV that finding the Seiberg-geed expects confinement at strong coupling. On the con-
Witten curves for the remainin=1 theories in the Cou- trary, if the chiral superfields are not in a faithful represen-
lomb phase completes the study of al=G theories. tation of the gauge group, some external sources cannot be
There are only two possibilities for the phase of fhe screened by the massless quarks and there can be points on
=G theories: confining phase or Coulomb phase. The conthe moduli space where additional massless fields appear.
fining theories all have a low-energy description in terms ofindeed, we find that in every case where the matter fields are
composite gauge invariants satisfying a quantum-modifieghot in a faithful representation, at large expectation values,
there are unbroken @) gauge factors and that the low-
TABLE IV. Theories based on exceptional groups satisfying theenergy theory is in the Coulomb phase. One can see from
index constrain.=G. The first column gives the gauge group, the Taples |-IV that the only theories which are in the Coulomb
second column the field content, and the third column gives th‘?:)hase besides the puke=2 theorieswhich areN=1 theo-

phase of the low-energy theory. The last column gives a referenCﬁeS with a chiral superfield in the adjoint representatiare
to where the low-energy solution of the given theory can be found. . . .
SO(N) with N—2 vectors, S(B) with ZH, and Si6) with

Gauge group Field content Phase ReferenceZH . The other two theories in the Coulomb phase belong to
the SO() series withN— 2 vectors, since S4) with 4H is

G2 axi _ Confining [(31] equivalent to S@) with four vectors and S@) with SH is

G, 14=Adj Coulomb phase [15,14,17  gquivalent to SC5) with three vectors.

F4 3X 26 Confining [5,6]

F, 52=Adj Coulomb phase [14,16,17

Es nX27+(4—n)x27  Confining [5.6] 2In generalnonsupersymmetricheories one needs to have scalar

Es 78=Adj Coulomb phase [14,16,17 field§ |n order to havg the possibility of a Higgs phase. For the

E 3% 56 Confini 56 possibility of a screening phase, one needs to have massless fields
7 _ onfining [5.6] (either scalars or fermiopsvhich are in the faithful representation

E; 133=Ad Coulomb phase [14,1§ of the gauge group. In supersymmetric theories, the presence of

Eg 248= Adj Coulomb phase [14,16 massless chiral superfields which are in a faithful representation

satisfies both conditions.
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One can easily see that thele=1 theories are indeed in the Coulomb phase by considering the following flows:

SQN):(N-2)0—SU(2)xSU(2):2(00,0),

su«s):zﬂ —SUR)XSUQ):(0,0)+(@,0),

Sp6):2H —SU2)xSUR)xSU(2):(0,0,1) + (10,0) +(0,10). (3.2
|
In the above flows the following fields have to get expecta- B. SO(N) with (N—-2)0 [26]
tion values: in the SQN) theoriesN—4 vectors, in the The field content and the invariants are

SU(6) theory oneﬂ, and in the S(B) theory one. Such SO(N) SUNN-2) U(1)r Zon-a
product group theories have been shown to be in the CouQ - - 0 1
lomb phase in Refd.21,22. The SO() series in(3.2) has

been described in Ref26], while the remaining flows will  p =2 1 M 0 2
enable us to find the Seiberg-Witten curves for thé@ldnd : ; : ; .
Sp(6) theories. The results are summarized in the next SeG;, Note that in this example the anomaly-matching condi

i hile the detailed derivati ted in A ns at the origin are not satisfied by the meson figld
c;iC;:]e:,sWA Iaend g elaiied derivations are presented In APPENyqat The reason is that a number of monopoles become

massless exactly at the origin, and their contribution to the
anomalies has to be taken into account. For details see Refs.
[26,30. The Seiberg-Witten curve for this theory is

IV. N=1 SEIBERG-WITTEN THEORIES

In this section we give the low-energy solution of tNe
=1 Seiberg-Witten theories. Since the solutions to the theo-
ries with one adjoint(the pure N=2 theorie$ are well
known, we refer the reader interested in these theories to the C. Sp(6) with ZH
references given in the last column of Tables I-IV. Below,
we give only the solution to thl=1 theories considered in
(3.2, and do not list aIN=2 examples. For these theories,

y?=[x2—(detM —8A2N"4)]2—64A*N"8,

The field content and the invariants are
Sp6) SU2) Ul Zg

we first give the high-energy field content and the unbroker)g\l H 0O 0 1
global symmetries and then list the low-energy degrees of
freedom which satisfy the 't Hooft anomaly matching condi- S;;=Tr(JA JA)) M 0 2
tions. Finally we give the curve for every theory which pro- Tijk=Tr(JAJAJA) mEn 0 3
vides the low-energy solution for the effective ) gauge  y=TrJAJAJAIA,) 1 0 4
coupling. The Seiberg-Witten curve is given by
A. SU(6) with 2@ 1
y2=| x>+ 72A8[ (S +12U] | — 5 (TH +24U83
The field content and the invariants are 2
SU(6) SuU2) U(l)r Z1y 3 1 2
+ = UXSH)+3U(ST) + — (S°‘T2)) — 768\ %%
A ﬂ 0 0 1 2 4
- 4.2
S=A? 1 1 0 2 A detailed description of this theory is given in Appendix A.
T=A* 1 o1 0 4
The Seiberg-Witten curve is We have studiedN=1 supersymmetric gauge theories
9 11 which are in the Coulomb phase on the entire moduli space.
y2=|x3— (_ (T?)+ = S*—SU|x—27A12 We have shown that theories based on a simple gauge group
2 3 and no tree-level superpotential must satisfy the index con-
107 1 3 2 dition =G, which is exactly the same as for theories with
- ( 2BU— — Sb— Z y?2— - SZ(T2)+9(T3)” a quantum-deformed moduli space. One can find the theories
27 4 2 which are actually in the Coulomb phase by studying the
_plap24 (4.1) flows of the theory. It turns out that all=G theories are

either confining with a quantum-deformed moduli space if
A detailed description of this theory is given in Appendix B. the matter content is in the faithful representation of the
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gauge group or in the Coulomb phase if the matter fields are y2=[x2— (A‘l‘M2+A‘2‘M3+A‘3‘M1+T2— M;M,M3)]?

not in a faithful representation. The Seiberg-Witten curves

for the new theories in the Coulomb phase can be found by —4ATASAS,

studying the flows to the product group theories of R22].

This work, together with the results on confining theoriescontains two combinations of invariants. We will now write
with quantum-deformed moduli spaces, completes the solithe two combinations AJM,+A3Mz+A3M; and T2

tions to allN=1 theories withu<G. —M;M,M; in terms of Sgf) invariants, where\; is the
characteristic scale of theh SU?2) factor. With the above
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8
APPENDIX A: Sp(6) WITH 2 [ A% A

3:v4(w4— (o —w?d)’

In this appendix we outline the derivation of the Seiberg- _ o
Witten curve for the Sif) theory with 33 As we already Since a curve can depend only on the field combinations
mentioned in Sec. Ill, giving a VEV to one of antisymmetric invariant under global symmetries, we need to introduce in-

tensors breaks $@) to SU(2) with precisely the field con- variants under the global $&) symmetry, which will be the
tent that was considered in R&R2]. The curve describing variables of the full S() curve. The connection between the

the Sii6) theory must therefore reduce to the curve fordlobal SU2) invariants and the parameters of the SU(2)
SU(2) in the limit of large VEVs. It turns out that consid- CUrve are
ering this limit is sufficient for determining the complete

curve. A4ASANS= A%
. . . 1432433 27, 12 ’
Let us first describe the global symmetries of the theory v
and gauge-invariant operators parametrizing the moduli
space: AMo+ ASM g+ ASM = L A[(S?)+12U
Sp6) SU2) U(l)x Zg Mo+ AoMg+A3My = — o5 AT(S) + 1],
. : - - : T2 MyMMa= s Ly 2a0ts S uzs
S =TI(JAJA) ™0 2 MMs=giga8 | 72 (T) 2V
Tij=Tr(OAJAIA) o 0 3 1
U=Tr(JAJAJAIA,) 1 0 4 +3U(ST)+ = (33T2)>1
(A1) 4

whereJ is the two-index antisymmetric invariant tensor of Where the S2) contractions are defined as follows:
Sp. Indeed, with this choice of operators the 't Hooft P)=S . S . iligis

anomaly-matching conditions(including the discrete ( )_Sil'2 (FIPR R
anomaly-matching conditions of R€f30]) are satisfied at

the origin, once a () vector field is included in the low- (T =T, iy Thgkoka Tl
energy sp_ectrum. X e ti1gi2i2 kil ghala giskaisla

We give a VEV to A; of the form (A;) €rresre e TcerEeTs,
=iv diag(o,,wo,,0w’0,), wWhere w=exp(2ri/3). The re- X Y
maining field A, decomposes under $2JxSU(2)XSU(2) (ST)=Ti i, TiyiiaSk k€ V1€'22€/3 16132,
as

(ST =T 0. Ti0,i.Sk,S,1,Sm
Az—Qu(0,0,1)+Qx(10,0)+Qs(0 10) +51,(1,1,1). s alals T T
R .
Next, we express the invariants of the SU{2heory[22], X| etre2izeTae e zMenls
that is, M;=Q? and T=Q;Q,Q3, in terms of the S(f)
gauge invariants, keeping only leading terms in.1The
curve for SU(2¥,

-3 el1kigialigiamgitkagiolagiama |
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Finally, we obtain the curve for $§) theory in the large 1
VEV limit by substituting the above expression into theTij=ga AflazasAflﬁZB?’A.Z”mAf 19203
SU(2) curve:
SZ
X €ay0y03818,71€Bs7275015,05 g (i €I T Eik€ji) |,

2

—|y2 1 2 8
y?=| X%+ 2o [(S)+12U]A

ajapagn B1B2B3p Y1Y2Y3 p 016263 5 £18283 A 117273
U A Al Al A, A, A,

1 1 3 -
= | T4 3. ° 1 12(2 1
5184)6( 2(T )+ 24U +2U (S9) 144
X €ayayasBy Byy) € By, v3B1 850,01 €d5Lalammymy

1 2 4
+3U(ST)+ 4 (ST?) || — 55 A* (A2) y . - .
4 2 Note the additional subtlety in the definition f HereT is
. _ a four-index symmetric tensor under the global(3}UHow-
After rescalingk—x/(72v°) andy—y/(5184°), we obtain  ever, the gauge contraction defined above does not yield an
irreducible tensor of S(2). This contraction also contains an

SU(2) singlet piece, which needs to be subtracted.
2_ |2 8 2
y"=| X+ 72AT(S) 1] We give a VEV t0A; of the form(A 1,3 = (Ays¢) =v with
1 3 zero VEVs for all other independent components. The field
_( -5 (T4 + 2403+ 5 UY(S?) A, decomposes under $8)XSU(3) as
1 ) A,—Q(0,0)+Q,(0,0)+5,4A1,1,1).
+3U(ST)+ 2 (SSTZ)” —768\*.  (A3)  The SU3)? theory has four invariantf22] B;=detQ and
Ti=Tr(Q:Q,)', i=1,2, which we now express in terms of
It is easy to check that symmetries prohibit modifications to>U(6) invariants. The S(8)XSWU3) curve is
this form of the curve. Since only SP) singlets can appear 2

=(x3— . AB_AB\2 646
in the curve, any other allowed term would be of the same O e R

order in 1) and therefore a coefficient of any such terms\yhere A, , are the scales of the two $8) gauge groups,
must be zero. Thus EqA3) is the final form of the full \\hile Uzzv%(Tz—%Tf) and u3=%(3Ble+%T2T1—%T'j‘).

Sp(6) curve. In terms of SUW6) invariants we have

APPENDIX B: SU(6) WITH 2 ﬁ U

9 11
:W E (T2)+ ? SA—SU
We now present the derivation of the curve for the(®U
theory with % Similarly to the derivation of the $6) U=
case, we give a VEV to one of the tensors, which breaks
SUE) to SU3)XSUE) with two bifundamental fields, \yhere the invariants under the global @Jare defined as
which is the theory considered in R¢R2]. The field con- follows: ¢ @
tent, global symmetries, and independent gauge invariants
are defined below: (TH=T, i, T

107

3y — —
2S°U 57

1 3
T2 2 3
s° Z U 5 S(M)+9(T) ],

640°

ii1glal2¢lsizglala

e
SU6  SU2 U1k  Zu i2isla Hal2lsls
A, H O 0 1 (Ts) - Ti1i2i3i4TJ i 2J'31'4-|—k1k2k3k46i tieldlzelshueldzelalaelete,
Using the matching relations for the 88y scaleA and
S=AA, 1 0 2. the scales of the SB) groups,A$=AS=A'%v°, we obtain
Tijk =AAAA ] 0 4 the SU6) curve in the large VEV limit:
3A3
= 1
U=Aiks 0 ® , [ s 1 (9 11S4S 2A12
(B1) V=X 1t |2 (T g S —SUx—2s
1 , 107 o1 3 .
The anomaly matching is satisfied for the low-energy spec- 5|25°U— 5= S°— - U= 5 SY(T°)
. ) ! ) 64 27 4 2
trum including the gauge invariants and twd1) vector
multiplets. The SWb6) gauge contractions for the invariants 5 2 24
S, T, andU are given by +9(T°) 4o (B2
o 1 A12203 7 P1B2Ps After rescaling x—x/(4v?) and y—y/(64v°), the curve
621 2 ajayazBiBofar takes the form
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9 11 —214A 24, (B3)
y2=|x3— (E (T?) + =3 S*—SU|x—27A™?
5 As before, this is the final form of the full 6) curve be-
oy 6123 P(T2)+9(T9) cause any modification allowed by the global symmetries is
27 4 of the same order in &/as the terms already present.
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