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Black hole binary formation in the expanding universe: Three body problem approximation
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We study black hole MACHO binary formation through three-body interactions in the early universe at
~105 s. The probability distribution functions of the eccentricity and the semimajor axis of binaries as well
as of the coalescence time are obtained assuming that the black holes are randomly formed in space. We
confirm that the previous order-of-magnitude estimate for the binary parameters is valid wBbBi¥b error.
We find that the coalescence rate of the black hole MACHO binariesGx 10~ 2x 21 events/yr/galaxy,
taking into consideration several possible factors which may affect this estimate. This suggests that the event
rate of coalescing binary black holes will be at least several events per year within 15 Mpc. The first LIGO-
VIRGO interferometers in 2001 will be able to verify whether or not the MACHOs are black holes.
[S0556-282(198)06018-4

PACS numbe(s): 97.60.Lf, 04.30-w, 95.35+d, 98.80.Bp

[. INTRODUCTION be large enough to explain the MACHOSs, then star formation

theory should explain why the IMF has a peak-é@2M, . If
The analysis of the first 2.1 years of photometry of 8.5it is not, we must consider other possibilities such that
X 10° stars in the Large Magellanic CloudlMC) by the ~ MACHOSs are primordial black holes or boson stars. If
MACHO Collaboration [1] suggests that the fraction MACHOs are black holes, however, it seems difficult to
06283 of the halo consists of MACHO@nassive compact verify observationally whether the MACHOs are black holes

halo objects of mass 0. 83,\4@ in the standard spherical OF not. In fact, electromagnetic radiation from gas accreting
flat rotation halo model. The preliminary analysis of four 0 @ black hole MACHO(BHMACHO) is too dim to be

years of data suggests the existence of at least four additiongpserved unless the velocity of the BHMACHO is excep-

: . : N . . tionally small[14].
microlensing events withy,,~90 days in the direction of Recently, however, Nakamuea al.[15] proposed the de-
the LMC [2]. At present, we do not know what MACHOs - o
ok : tectability of the gravitational wave from coalescence of
are. This is especially because there are strong degenerac BMACHO binaries which are formed through a three body
in any microlensing measurements: the mass, velocity an

) . : o teraction in the early universe &t 107° s. The event rate
distance of a lens object. The inferred mass is just the massy coalescing BHMACHO binaries was estimated a$

of red dwarfg. However, a tight constraint i_s obtained from., 10-2 eventslyrigalaxy, which suggests that we can expect
the observation3-5]. The red dwarfs contribute at most a ge\eral events per year within 15 Mpc. If this estimate is
few percent to the mass of the halo. true, not only can we confirm whether the MACHOs are

The brown dwarfs are also restricted by tHebble Space pjack holes or not, but also we have plenty of sources of
Telescopesearch. Extrapolating the mass function, the congravitational waves. However, in Rdfl5] they made only
tribution of the brown dwarfs to the mass of the halo is lessorder-of-magnitude arguments and there are uncertainties in
than a few percenf5]. However, the possibility of brown the estimate of the event rate. Especially, the estimate of the
dwarfs cannot be rejected if the mass function has a peak gemimajor and semiminor axes of the binary formed through
the brown dwarfs since they are so dim. The possibility thathe three body interaction is not based on accurate numerical
the MACHOs are neutron stars is ruled out by the observaealculations. In this paper we investigate up to what extent
tional constraints on the metal and helium abunddB¢e the order-of-magnitude arguments in REE5] are valid by

As for white dwarfs, assuming the Salpeter initial masscalculating numerically the three body problem in an ex-
function (IMF) with an upper and a lower mass cutoff, the panding universe.
mass fraction of the white dwarfs in the halo should be less In Sec. Il we will review the formation scenario of the
than 10% from the number count of the higlyalaxies[7]. BHMACHO binaries in Ref[15]. In Sec. Il we will derive
The observation of the chemical yield does not favor thethe basic equations of a multi-particle system in the expand-
MACHOs being white dwarf§8,9]. However, if the IMF has ing universe. In Sec. IV we will show the results of the
a peak around-2M , MACHOSs can be white dwarfslO—  numerical calculations of the binary formation through the
12]. Future observations of high-velocity white dwarfs in our three body interaction in the expanding universe. In Sec. V
solar neighborhood will make clear whether or not whitewe will obtain the probability distribution functions of the
dwarf MACHOs exist. Of course, it is still possible that an eccentricity and the semimajor axis of binaries as well as the
overdense clump of MACHOs exists toward the LNIC3]. coalescence time assuming that the black holes are randomly

If the number of high-velocity white dwarfs turns out to formed in space. We will estimate the event rate of coalesc-
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ing binaries using this probability distribution function. In more realistic to assume that the BHMACHOs are formed
Sec. VI we will consider several possible factors which mayrandomlyrather than uniformly. We will consider the effect
affect the estimate of the event rate, and we will concludeof the initial peculiar velocity in Sec. VI D.

that the event rate is not reduced considerably. In Sec. VIl Consider a pair of black holes with the same miaks,

we will consider how BHMACHO binaries evolve after the and a Comoving Separation({ These holes’ masses pro-

binéig/_ formation. Section VIIl will be devoted to a summary gyce a mean energy density over a sphere with the radius of
and discussion. : : PO Vi: FRO: =i N
. I the size of their separation @g=px°/(X°R”). pgny be-
We use units olG=c=1 in this paper. comes larger than the radiation energy dengity peq/R4 if

Il. REVIEW OF THE BHMACHO BINARY FORMATION [x)\3
SCENARIO R>Rp= = 2.3

We briefly review the BHMACHO binary formation sce-
nario in Ref.[15] to introduce our notations.

For simplicity, we assume that black holes dominate dar
matter, i.e.QQ=Qgyy. The extension to the case where
black holes do not dominate dark matter is not difficult. Fur-
ther we assume that all black holes have the same mass afift
we describe it adlgy . (The extension to the unequal mass
case is straightforward and is given in the AppendRci-
mordial black holes are formed when the horizon scale is
equal to the Schwarzschild radius of a black hole. There are a=axR,=a=, (2.9
some theories about the formation mechanism of primordial

black holes[16-18. At present, however, we cannot sa : . .
[ 8 P y where « is a constant of orde®(1). To estimate the tidal

definitely whether or not the black holes will form in the hat the tidal f ‘s domi d by th
early universe. Ultimately, only by observational techniquel©'due, we assume that the tidal force is dominated by the

may the existence of a population of primordial black holes_bIaCk hole r_learest to the bmary._ We d_enoteyhyle comov-

be established. It is therefore important to establish the opNd Separation of the nearest neighboring black hole from the
servational signatures of primordial black holes. Our standgfanter of mass.of. the bmgry. Th?n’ from d|men§|onal analy-
point is that we are quite ignorant of whether or not Iarges'_s’ the - semiminor QX'S? W'”_ b_e proportional  to
numbers of primordial black holes will form in the early (fidal force(free fall time”and is given by

After R=R,, the binary decouples from the cosmic expan-
ksion and becomes a bound system. The tidal force from
neighboring black holes gives the binary sufficiently large
angular momentum to keep the holes from colliding with
ch other unless is exceptionally small.

The semimajor axisa will be proportional toxR,.
Hence, we have

x
I

x

universe, and it is very important to confirm the existence of MgXxR (XR.)3 x\3
primordial black holes observationally. Whether or not the b:aBM = (-) , (2.5
results of the observation confirm the extistence of primor- (YRn)® Mgy y

dial black holes, it will add very much to our understanding
of the universe.
The scale factor at the time of the formation is given by

1/2 . _ i
Rf=\/MBH/Heq1=1.1><108(%> (Qh?), (2.1) e=y1 ﬁz(y)- (2.6

o}

where B8 is a constant of orde©(1). Hence, the binary’s
eccentricitye is given by

In Ref.[15], = B=1 is assumed. Howevet, and 8 will be
: -1_ _ 1, 2\—2 H ’
whereHq with Heq= \3/8mpeq=1.2X 10°%(Qh?) ~CMIS  (different from unity so that calculations of the distribution
the Hubble parameter at the time of matter-radiation equalynctions based on an accurate estimate:@ind 8 are nec-

ity. We normalize the scale factor such tiiat 1 at the time essary. This is the prime subject of the present paper.
of matter-radiation equality.

The mean separatipn_of black _hoEtwi_th massMgy at Il. MULTI-PARTICLE SYSTEM
the time of matter-radiation equality is given by IN THE EXPANDING UNIVERSE
;:(MBH/peq)lB:l-Zx 10" Mg /M) Qh%) =43 cm. Although our main interest is in the three body problem,

(2.20  we formulate the problem as generally as possible.

As a foundation for computing the distribution function of A. Basic equations
BHMACHO binaries with respect to the binary parameters,
in Ref. [15] it was assumed thai) the BHMACHOSs are
created with a distribution of comoving separationthat is
uniform over the range from an initial physical separation

equal to the black hole size to a maximum separakierx ds?=—(1+2¢)dt?+(1—2¢)R(t)%dx?, (3.
and that(ii) the BHMACHOS' initial peculiar velocity is
negligible compared to the Hubble flow. Obviously, it is where ¢ is the Newtonian potential determined by

We treat the motion of a black hole as that of a test par-
ticle within the Newtonian approximatidrd9-21. We first
assume that the line element is given by
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R 2A¢p=4mpgy, (3.2 Therefore we have to choose the initial scale factor for the
numerical calculations so that the conditih11) is satis-
with pgy being the energy density of black holes. For thefied.
multi-particle system, the potential is readily solved as
$(x)=—=;m;/R|x—x|, wherex; is the position of thgth
black hole. The action of the particle is given by IV. THREE BODY PROBLEM AND FORMATION
OF BINARY BLACK HOLES

We solve Eq.(3.6) numerically for three body systems
using the fifth-order Runge-Kutta method with the adaptive

- 1 ..
f ds:f 1+2¢—R2x2dt=f (1—§R2x2+¢ dt

(3-3 step size contrdl22]. Considering the conditions for the va-
Then the equation of motion is derived as lidity of the Newtonian approximation derived in the previ-
_ ous section, we set the initial conditions xx= 7(0.1<7%
(R?X) =—V¢. (B4  <1) andx=0 at R=10"37(Mgn/0.5M)*® so that Eq.
, 3.17) is satisfied, wh I ir of black hol I
For the potentialg(x) = J¢.mJ/R|X. x|, of the multi (3.11) is satisfied, where we place a pair of black holes along

the x-axis. Note that, using the scaling law of E8.7), we
see that these initial conditions are the samg/as-\ » and

Z (Xi—X)) x=0 at R=10"3(\7)(Mgn/0.5A "®M )3, Therefore we

R Z |X| X1|3 ' (3.5 can obtain the results for differem g, from a single nu-
merical result. We then numerically estimateand 8 for x

We introducez;=x;/x and use the scale fact® as an inde- andy in the ranges 0&x/x<1 and Z<y/x<7. The total

pendent variable. Then for the equal-mass black hole casaumber of the parameters we examined is 100 for each di-

particle system, the above equation is expressed as

(R2>'<i>-=—

Eq. (3.5 can be written as rection of the third body. In this section we show the main
results in relation tax and B first. We will discuss the de-
Sy Ez-’ _ My (z-z) 3 (zi—7) pendence ofr and B on the initial direction of the third body
TR OBHIRS 7 |z—z]° 8wR{F [z—z[*  inSec. VIA in more detail. We will also show in Sec. VID
(3.6) that Itlhe dependence of the results on the initial conditions is
small.
where a prime denotes the derivative with respedktand In Fig. 1, the trajectories of the second bodle thick

we have used Eq2.2) in the last equality. Note that Eq. curve) and the third bodythe dotted curverelative to the
(3.6) does not depend ol g\, . Moreover, there is a scaling first hody are shown fota) x/x=0.3, y/x=2.0 and(b) x/x
law: i.e., Eq.(3.6) is invariant under the transformation de- —¢ 3, y/x=4.0. 0 is chosen asr/4, where ¢ denotes the

fined by angle between the-direction and the direction of the third
z—\z, R-\°R, (3.7)  body. The coordinate is normalized By We see that the
binary is formed through the three body interaction while the
where\ is a constant. third body goes away. To see the accuracy of the numerical
calculations, we checked the time reversal of the problem.
B. Validity of the Newtonian approximation That is, we have re-started the numerical integration from the

final time backward to the initial time. We have found that
the differences from the true values of coordinates and ve-
locities are very small: the relative error in the coordinate
position, |z, — z(time reversed)i|/|ziil, is less than 107
and the “velocity” componentz (time reversed), deviates
from zero by at most 10°.
Mgy<a(l—e). (3.9 Figure 2 shows the semimajor axés as a function of
initial separationx/x. The solid triangles are numerical re-
sults. The solid line is the approximate equaticarx
y/x<5.8% 1(XX/;)2/3(MBH/M@)_llg(th)_Z/g, (3.9 = (x/x)*. We performed a_least squares fitting of the numeri-
cal results assuming thatx= a(x/x)". It is found thata is
where we used Eq(2.4), Eq. (2.6) for a=p=1 and the well fitted by the following function:
relation of (1—e)=(1—e?)/2. The condition(2) is written

as 3.9
& 0412 4.1)
Rx<H R, (3.10 X % @.

Then we have

The cosmological Newtonian approximation is valid1j
|¢|<1 and (2) the scale of inhomogeneitly satisfies the
relation|<H ™! [20,21]. Since the minimum separation be-
tween the binary black holes & 1—¢€), the condition(1) is
satisfied if

Then in terms of the initial comoving separation we have

o irrespective of the direction of the third body as far as we
R>1.0< 10" 5(x/x)(Mgn/Mo)Y3(Qh?)?2 (3.11)  have examinedd= w/6,7/4,7/3). The power index is in
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(a) R(t) x log x/X
Fig.2
0.001 T | T I T T T T | T T T | T T T | T
[ { x/%=0.3 y/x=4.0 | FIG. 2. The semimajor axia as a function of initial separation
- 1 x/x. The solid triangles are numerical data. The solid line is the
0.0005 |- . approximate equatioa/x= (x/x)%.
. I ] We see a-dependence g8, which will be discussed in Sec.
-~ oL — ] VI A. However, as for the power indem, it is almost con-
= - . stant so that we will not discuss the small deviationnof
i ] from 3 from now on.
L . The important conclusion is that we have verified that the
—0.0005 - 7 power dependence is in good agreement with the previous
L - analytic order-of-magnitude estimate of E¢2.4) and (2.5
i ] and that the numerical coefficientsand 8 are actually of
0001 bl o Lo Lo 11 1 order unity. In the next section we will assume thaand 8

0 0002 0004 0006 0.008 are constants. For simplicity we will adopt=0.4 and 3

() R(t) x =0.8.
FIG. 1. The trajectories of the second bdthyick curve and thf
third body (dotted curve relative to the first body for(a) x/x V. PROBABILITY DISTRIBUTION FUNCTION
=0.3, y/x=2.0 and(b) x/x=0.3, y/x=4.0. = w/4. The coordi- OF BINARIES
nate is normalized by. A. Distribution function and binary fraction

If we assume that black holes are distributed randomly,
then the probability distribution functioR(x,y) for the ini-
tial comoving separation of the binaryand the initial co-
moving separation of the nearest neighboring black hole
from the center of mass of the binayyis

good agreement with the analytical estimate in E44) so
that we will not discuss the small deviationmofrom 4 from
now on.

Figure 3 show®/a as a function ok/y for 6 equal to(a)
76, (b) /4 and(c) w/3. The solid triangles are numerical
results. The solid line is the approximate equatiofa
=(x/y)3. We see that the numerical results are parallel to P(x,y)dxdy=
the approximate estimate in a previous papdy]. We per-
formed a least squares fitting of the numerical results assum-
ing thatb/a= B(x/y)". The results are given as where 0<x<y< so thatfdx/,dyP(x,y)=1. Changing

the variables< andy in Eqg. (5.1) to a ande with Egs.(2.4)

2y2 3,73
——e) dxdy, (5.2
X

b 3.2 and (2.6), we obtain the probability distribution function of
—:0_74( —) (6= 7/6) the eccentricity and the semimajor axis of binaries as
a y
f( )d g 3 ,3 a1/2e
3. a,e)dade= - —
~=0 77(5) l(9= /4) 4.2 4 (ax)¥2 (1-€9%
B a 3/4
b a1 XEX[{—mQ(a—Y) dade
x| 3
5=0.62(§) (6=/3). 5.2
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FIG. 3. b(semiminor axis)a(semimajor axis) as a function of
xly for (@) 8=/6, (b) w/4 and(c) w/3. The solid triangles are
numerical data. The solid line is the approximate equatiba

=(xly)>.

where J1-p%<e<1, O<a<ex SO that
fgdaff,ﬁzdef(a,e)zl. For 0<e<\1-p? f(a,e)=0:
i.e., no such binary is formed.

Integrating f(a,e) with respect toe in the range
J1-p?<e<1, we obtain the distribution function of the
semimajor axis as

PHYSICAL REVIEW D 58 063003

( a |34 a
et
aX ax
From Eg. (5.3, it is found that if =1, the fraction of
BHMACHOs that are in binaries witlai~2x 10 cm and
Mgy=0.5Mg is ~4% and~0.4% for Qh?=1 and 0.1,
respectively. On the other hand, if we adopt our numerical
estimate ofx given in the previous sectiom;,= 0.4, the frac-
tion becomes-7% and~0.8% for(0h?=1 and 0.1, respec-
tively. This estimated fraction of 10 AU size BHMACHO
binaries can be compared with the observed rate of binary
MACHO events(one binary event in eight observed MA-
CHOs [23] although the small number statistics prevents us
from stating something definite.

3/4 da

a (5.3

B. Gravitational waves from coalescing BHMACHO binaries

We consider here short period BHMACHO binaries.
Their coalescence time due to the emission of gravitational
waves is approximately given 44|

a 4
t=t0(—) (1—-e?)77?, (5.4
Qo
M 3/4
a,=2.0x10" 22| cm (5.5
Mg

wherety,=10' yr and a, is the semimajor axis of a binary
with circular orbit which coalesces iy. Note that Eq(5.4)

is an approximation foe~ 1 in Ref.[24]. However, it is also
a good approximation even fa~0. Equation(5.4) can be
written in terms ofx andy using Eqs.(2.4) and(2.5) as

37 -21
Y e
4
t= ,37(@ t (5.7)
ao 0. .

Integrating Eq.5.1) for a givent with the aid of Eq.(5.6),
we obtain the probability distribution function of the coales-
cence timef (t). We should take the range of the integration

as 0<x<x, x<y<o, The first conditionx<x is necessary
for binary formation. The second condition turns out to be

(t/t) Y <y<(t/t) " Y2 for a givent. Performing the in-
tegration, we have

3 (t)"‘m{ (58 (t)3/16) (58 (t)_mﬂ dt
fu(t)dt=—1|— 'N—. = -I'l—=.| = —
37\t 37\ t 37 \ ¢ t

3 [\ ¥ (58) dt
=—\= Tl —
3717 37/ t

wherel'(x,a) is the incomplete gamma function defined by

(5.9

©

s le~sgs, (5.9

F(x,a)=J

a
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The second equality is valid when we consitletty because L I N

to/t<<1 for typical values of parameters, that itg/t~2
X 10”2 for Qh?=0.1, Mgu=0.5M, a=0.4 andB3=0.8.

If the halo of our galaxy consists of BHMACHOSs of mass
~0.5M, about 162 BHMACHOSs exist out to the LMC.
The number of coalescing binary BHMACHOs with-t,
then becomes-1x 10° for 0h?=0.1, «=0.4 andB=0.8 so
that the event rate of coalescing binaries becomebk
x 10" events/yr/galaxy. This rate is slightly larger than the
estimate of Ref{15]. On the other hand, if the BHMACHOs
extend up halfway to M31, the number of coalescing binary
BHMACHOSs with t~t, can be~6x 10° and the event rate
becomes~6x 10! events/yr/galaxy. Both of these esti-
mates are much larger than the best estimate of the event rate
of coalescing neutron stars based on the statistics of binary
pulsar searches in our Galaxy,1x 10 ° events/yr/galaxy
[25—27]. Because the first LIGO-VIRGO interferometers in , , . —.
2001 should be able to detect BHMACHO coalescence oult;q.F(ISiS' aTnZi,/rig?r(]iVlezgajfacg‘e?;kiﬁdlzrgé? ig?ig&xiﬁg .rtxglign
to about 15 Mpc distance, i.e., out to the Virgo Clugtes], that corresponds to g<t<10t,. The horizontal axis is scaled as

the e.ve_nt. ra"te W”.l be S.e velr/ilogvents p/er /yelar eyen i t\]N?x/YP and the vertical axis is scaled as [ax;@y/?f] so that the area
pessimistically estimate ¢~ events/yrigalaxy in eac in the figure is directly proportional to the probability. We can see

galaxy Iik_e_ our own. » o . that almost the entire region we are interested in is within the range
In deriving the probability distribution function for the h4t we have checked numerically for §Z t<10t,.
coalescence time in Eq5.8), we have neglected various

effects, such as the angle dependencg,@-body collision, . . ) — . —,
the effect of the fourth body, the effect of the mean fluctua-2Xis and the vertical axis arex/)” and exp—(y/x)°], re-
tion field, the initial condition dependence and the radiationspectively. The dashed lines show=0.1x and y/x=i (i

exp[—(y/%)?]

0 0.01 0.02 0.03 0.04 0.05

(x/%)

drag. We will consider these effects in the next section. =2,3,4,5,6,7), respectively. Solid lines shay=0.1t, and
t,=10t for Qh?=0.1, Mgy=0.5M, «=0.4 and3=0.8
C. Region checked numerically in Eq. (5.12. Since the area in Fig. 4 is directly proportional

to the probability P(x,y)=d((x/x)3)d(e” %) from Eq.
(5.1), almost the entire region we are interested in {p.1
<t=<10Q,) is checked numerically. So the probability distri-

ution function fi(t) in Eqg. (5.8 is valid for 0.%,=t
<10ty though in derivingf(t) we used Eqgs(2.4) and (2.5
for the region ofx andy beyond our calculations.

Since we have solved three body problem only for a re
stricted parameter range of and y, one may wonder
whether our computations may not be complete. Thus w
need to show that the parameter range of our calculations
sufficiently large.

We have verified Eqs(2.4) and (2.5 numerically forx
andy in the range 0.4<x<x, which means

5 VI. CONSIDERATIONS OF VARIOUS EFFECTS
i <1 (5.10 We shall consider several possible factors which may af-
X fect the estimate of the event rate of coalescence.

10 3<

and 2<y/x<7, which corresponds to

X3
= <

X

A. Angle dependence
3

8 Y 3 X So far, we have treate@ as a constant. In reality, how-
X

= <343<; . (5.1 ever, 8 has an angle dependence. In this subsection we in-
vestigate whether the angle dependencg afffects the es-

On the other handy is expressed by andt from Eq. (5.6). timate of the event rate. In the analytical estimate of Eq.
Therefore if we are interested in the coalescing binaries witt§2-9. b is proportional to the tidal force. Since the tidal force

the coalescence timg<t<t,, the range of is expressed IS proportional to sin(&), we expect thajg is also propor-
tional to sin(®). In Fig. 5 we show the result of humerical

by calculations for the angle dependenceg3aiveraged for vari-
(t2> —1/7[ ( x) 373721 y 3 t, ST\ 3187 ous values ok andy/x for the exponenh= 3. We find that
— - <(:) <(:> [(;) } the angle dependence gBfcan be approximated by
t X X t X
(5.12 B=0.8 sin280). (6.1
This range ofy determines the probability distribution func- In the previous section we have used the maximum value

tion f,(t) in Eq. (5.8 for t;<t<t,. In Fig. 4 the horizontal of B8 so that if we take this angle dependence into account the
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1 T T T T | T T T T | T T T T
——0.8sin(20)

numerically with respect t@ for a givent. For example, if

we taket=ty, Mgy=0.5My, Qh?=0.1, «=0.4 and g
=0.8, then f2"9(ty)=1.8x103/t, while f(to)=1.0

X 10 3/ty. For 0.1o<t<10t,, we can show that 2"%(t,)
>f.(ty). Therefore the event rate of coalescing binaries may
be doubled if we take into account the angle dependence of

B.

0.8
0.6

0.4 B. Three-body collision

In deriving Eq.(5.8), we take the range of the integration
as 0<x<x, x<y<oo, Here we consider the range ptare-

fully. If y<x, the third body may be bound by the binary in
the radiation dominated era. If the bound third body collides
with the binary, a complicated 3-body interaction occurs. It
is a difficult problem to estimate how many binaries whose
coalescence time ist, are left after the complicated 3-body
FIG. 5. The angle dependence®hssuming that the functional interaction. So we shall exclude such a case and estimate the
form of b is as in Eq(2.5) is shown.8 has an angle dependence as minimum event rate. Namely, we shall restrict the range of

Bsin(26). #is the angle between the line that connects the binangpe integration to EX<X. ;<y<oo_1 This range turns out
and the line that connects the third body and the center of th? ’

0.2

binar 0 bex<y<(t/t) Y2 for a givent. Integrating Eq.(5.1)

Y. . . .

for a givent with the aid of Eq.(5.6), we have

effective 8 will decrease. The probability distribution func-

tion f,(t) is proportional to B8 237 since f(t)oct 337

« B~ 237in Egs.(5.8) and(5.7). Hence qualitatively the ef-

fect of the angle dependence is to increase the event rate.
If we consider the initial direction of the third body, the

distribution functionP(x,y, 8) for x, y and 4 is given by

P(x,y,0)dxdydd=P(x,y)dxdy sin d6
9x%y?

X

~¥*I4xdy sin 6d6,
(6.2
where 0< §<7/2 and we assumed thBi(x,y) does not de-

pend oné. Integrating Eq(6.2) for a givent with the aid of
Eq. (5.6), we obtain
( ) 3/37

ol
A2

37
aX 4
t(0)=4" sin7(20)(;) to=t sin’(26),
0

v
()

f ang _ i (1/2)arcsiﬂt/?)1’7
S(t)dt= _
37 J mi2—(12)arcsirit/t) 17
58
37

t
X

t dt

sin 0d0T’ (6.3

()

(6.9

where B is replaced withg sin(26). The Io_vver and upper
limits of the @ integral are determined biyt(6)=1 where
the integrand in Eq(6.3) becomes O; i.e., no binary which
survives up tad~tg, is produced. We can integrate H§.3

3/3 -1/7
3t 58 58 [t dt
f3 Lo t)dt=— | = F(—,l)—F —,|= —
3711 37 37\ 1 t
3 [t 3/37r(581 dt 65
ATy 377t '

The second equality is valid when we considerty. Its
ratio to f,(t) in Eq. (5.8 is

f7 PoMt)  T(58/37,9

f(t)  I'(58/39 =0.60.

(6.6

That is, the ratio of the binary formation probability without
the third body being bound by the binary to the total binary
formation probability is about 60% far~ty,. Hence the 3-
body collision reduces the event rate at most 40%.

If we consider the fourth body, the bound third body may
not collide directly with the binary due to the tidal force of
the fourth body to the third body. The third body may only
act as a satellite of the binary. If this fact is taken into ac-
count, the minimum probability distribution function
£2 PoIt) in Eq. (6.5) increases. The semimajor axi$ and
the semiminor axi®’ of the orbit of the third body will be
determined by the initial comoving separation of the fourth
bodyz as

The factor in front ofx in the conditionx<y may be more than
unity for the third body not to be bound in this case, since the
binary is more massive than a single black hole. However, we set it
unity from now on, since the factor is of ordé(1) and the con-
clusion that the event rate of coalescing binaries is not reduced so
much is not changed. This statement also applies to&d2.
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y4 The third inequality is almost an equality because the case
a'=a' = (6.7 with a’>b’ is considered. The distribution function of four
X bodies is given by
and 7
_53/,3
e leyyz(x,y,z)dxdydz_tﬁe ZIx2dxy?dy Zdz.
b =B E a (68) (6.10

respectively. In deriving these values, we treat the binary ago calculate the probability that the third body does not col-
a point mass and assume that the analytical estimates of Edile with the binary but is bound to it, the above distribution

(2.4) and (2.9 are valid for this systema’ and 8’ will be  function, Eq.(6.10), should be integrated with the constraints
different from « and B respectively in this case, since the

mass ratio of the total mass of the binary to the third body’s X<Y<X, (6.1
mass is not unity. However, we set =« and B’ = from
now on for simplicity since we are making an order estimate
of the effect.

The 3-body collision will not occur whenya<r;, is 5
satisfied, wherey is a constant which takes into account the B< 5y_’ 6.13
uncertainty of the criterion for the 3-body collision,;,, is
the minimum separation between the third body and the cen-

X<z, (6.12

ter of mass of the binary and is given by where 8= 8?2y and the last inequality comes froma
b2 <r/in- The condition(6.12) is necessary in order that the
. 0 fourth body is not bound in the radiation dominated era.
_ 12_h'2—
fmin=a’(1-€’)=a’'—ya""~b""= 2a’'’ 6.9 First, we integrate Eq6.10 with respect taz as

5 (w2 _ X3 3 73 . X3 3
f&(y/x) /(x/X) e(””?’d(ﬁ)d(z—s)d(:a) I[el—e5(ylx)5/(X/x)2]d(?)d<%), 6.14

1 X

where the range of the integral is determined by Eq§.12 and(6.13. The first term in Eq(6.14) can be integrated for a
givent with the aid of Eq.(5.6) as

3 3 3\ 2137 / 4 3/37
f e‘ldx—dy—=f1 e‘ly— dy— dE
[(x/;)37(y/;)’21:t/t_] ;3 ;3 57111/14%“[—)6/143 73 ;3 t_

3/37 348/529
:i _ 37 1— 5—174/14 t g (613
3717 |58 Y t

The upper limit of this integral is determined by E§.11), and the lower limit is determined by E.6) andx®< 8y°/x? with
Egs.(6.12 and(6.13. The second term in Ed6.14) can be integrated in the same way.

On the other hand, the probability distribution function of the binary formation without the third body being bound by the
binary is already obtained in E¢6.5). Then, by summing the case with the third body being bound by the binary and the case
without the third body being bound by the binary, the probability distribution function without the collision between the third

body and the binary is obtained as
t 348/529
1—-68~ l74/l4:< _) 1
t

EE IR 348/529 174 ) (174 “2R0T1 dt
143 143 143' T t

=f3 PO t)dt+fy(t)

3 3/37 37
f4 bOdy(t)dt f3 bOdY( )dt+ — | = R
37 58e

—F— | dt. .

( 58) t (6.16

58el’'| —
37
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The relative error in the second equality is about a few pertidal force from the third body deforms the orbit of the bi-
cent fort~t, and y~ 1. The second term is the probability nary more effectively than the gravitational wave does. Then
distribution function for the third body to be bound by the the estimate of the lifetime of the binary using E§.4) is
binary but not to collide with the binary. For simplicity, we not adequate far~t,, which results in a change of the event
set y=1, which corresponds té&=0.57 for 8=0.8. The rate estimate. Note that a little change in the eccentrieity,
ratio ff P°M(to)/fy(ty) is 82% for Mgy=0.5M, Qh?  causes a large change in the lifetime in E84) when the
=0.1, a=0.4 andB=0.8. Comparing this ratio to the ratio orbit is very eccentric, +e?<1. The effect of the orbital
in Eq. (6.6), the hierarchical three body bound system maydeformation will be discussed in Sec. VII.
be produced by about 22% of the binaries that coaleste at
~tg, during the radiation dominated era. During the radia- C. Effect of mean fluctuation field
tion dominated era, the probability of the 3-body collision is
about 18% of the binaries that coalesced-at.

Because the hierarchical structure consisting of a binar
and a satellite becomes unstable thyt, if r/,;/a is very

In this subsection, we will estimate the tidal force from
)Z]Odies other than the third body and how it affects the esti-
ate of the event rate. The tidal field from ttie BH will be

close to 1, we may have to takelarger than unity. More- given by
over, v will depend on the eccentricity of the binary, the 1
inclination of the orbital plane of the third body and so on. TimF, (6.19

Here “unstable” means that the third body crosses the bi- !

nary and the complicated three body interaction occurs. . . . .
There are some criterions for the stability of the binggyg. ~ WHerex is the comoving separation of théh BHMACHO

Ref.[28]). If we need to estimate the event rate accurately{_romfthe center of mass of the binary. The distribution func-
we will have to pay attention to the value of However, we 10N 107 X4, X5,... X 1S
do not need such an accuracy here, and so weyset a

3 3 3
constant. Fory= 10, the ratiof; *°%(t,)/f(to) is 71% for P(Xs.Xe, ... X)) =& X Xl 2. gl X
Mgp=0.5Mg, Qh?=0.1, a=0.4 andB=0.8. R x3) | x3 x3
In addition to the stability of the hierarchical system, there (6.18

may be something to be considered about the valug ¢f
the third body is not separated enough from the binary, th@hen the mean value of (&%)? for givenx; is estimated as

o 7 o . © e 3.3
< 1> fxg,;sd(Xilxs)fxi,;sd(xglxs)"-fxiail,;gd(x?/x%e XEAXP)
=)=
X.

© — % p— o — —3—
i fxg/;e'd(X/‘g‘/xs)fxi,;gd(Xg/XS)' . 'fxffl/;f*d(xig/xs)e X7IX

1 © © 0 0 dUi - ¢
::6 dU4 dl}5"‘ dvi—l _Ze vVile f (619
X f U4 Ui,z Ui*l vi
|
where The first term is the contribution from the third object and
5 the second term is that from the other objects.
X =
f===§- (6.20 Fori=5,
X
Thus the mean value of the tidal field for giveg will be I ::effdeAJdes...fw dvi—lfx doi s
estimated as f v4 vi-2 vi—1 Uj
o) 0 00 o dv._ =} dx
1 —ff i-1 o evi-1X
2\ = =e dv4f dv5 f f Ze i-1
<T >_NI=E3 <X|6> f vy vi_o UVi-1 1 X
N o0 o0 :eff d j d ”,f _7 e—vi,zxy
=— 1+f22fdv4f dvg - ;04 o4 R PRREVAN P
X3 i=4 f Uy
d effw A ey (6.22
e *© Uj = ——a =3 . .
xf dvi,lj UT'e‘”i”] (6.21 1y ") X
Vi-2 Vi-1 i
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Thus 3/2

x\3y
b=v28|-| (=] a. (6.27
® Y/ \x
T=2 1 o . .
i=5 With this equation and Eq2.4), assuming that the form ef
. - dx in Eq. (2.4) is valid, we write Eq(5.4) in terms ofx andy as
:eff dyf 7Xy—1e_fxy x| 37/ y| 22
oot t=27/2?(:) (: . (6.28
% w X/ \X
f 1 —f
=e' | dyy dzz(z—l) e '? o
! y We take the range of the integration as0<x, x<y<o
w 1 oo 1 which means that we exclude the case that the third body is
=ef —f dz e‘fz+f dz——e 2 bound to the binary. Integrating E¢p.1) for a givent with
1 z2(z—1) 1 z—-1 . : — 134 1) - 2120
the aid of Eq.(6.28 in the range ofk<y<2Y3(t/t) %%k,
=e'Ei(—f). (6.23  we have
On the other hand, far=4, filue(t)dt
S (P 3 (1|30 95 95 (t\~27\] dt
l,:=€ —e V=g f e - —e™? _ 2 224 | =gl =9 = i
fPa v 37\ 74 749 7] t
=f 1-e'Ei(—f). (6.24 3 (1|3 (95 ) dt
=_—|=| 271 —. (6.29
Hence 37\t 4t
5[ = ” = dv; The ratio off{"“*(t) in Eq. (6.29 to f,(t) in Eq. (5.8 is
|::E J dv4J de"'j dUiflf _2|e*Ui+f e () q (1) q
i=4 Jf Ug Vi-2 vi—1 Uj ftf|LlC(t) B 2—21/741'*(95/74’]) 0.40 63
=l,+T=f"1 (6.29 f(ty  I'(5837n (6.30

Therefore(tidal force by the fourth, fifth. .. objects/(tidal  Hence the tidal force from bodies other than the third body
force by the third objegtis estimated as-f. Note that this  reduces the event rate at most 69%.
averaged value of the tidal force by the fourth, fifth.

objects can be evaluated more easily. Because the distribu- D. Initial condition dependence
tion is assumed to be random in space, the one particle dis- I . -
tribution function for the fourth, fifth. . . objects is given by S0 far we have assumed that the initial peculiar velocity is
a uniform distribution inx>x, with the averaged density of vanishing and the mmal_scale factor when the bodies begin
the BHMACHOs. Hence to interact isR=10"3(x/x)(Mgu/0.5M )3, We consider
here whether or not the results crucially depend on the initial
| 3 w1 1 conditions.
E 6T T —= _647TX2dX_ == First, we consider the initial angular momentum. We have
S\ 4mx3 Sy x x5

assumed that the angular momentum of the binary is only

Of course, this gives the same result as before. from the tidal force so that it is given by

If y>x, i.e. f>1, the tidal force by the fourth, fifth . . M3, apf X1
objects dominates the one by the third body. In deriif{g) J=b oA > M3y — (6.30
in Eq. (5.8 or 2 P°t) in Eq. (6.5, we should take the yx

Fzﬁect.of the fluctpatlon field flfntot-colngderattlonl. Iftthe t(;dal where we used Eqé2.4) and(2.5). On the other hand, if the
orce increases increases effectively; eventualy(t) an BHMACHO binary has a relative velocity; at the forma-

3 bod 3 bod +—-3/3 . L. .
fF 2°N(1) decrease becausg(t) and f; M)t tion epoch, the initial angular momentum will be evaluated
*« B2 To estimate how the minimum event rate de-gg

creases, we use
3
X
1+ =2
X
. _ . . 2In £!1U°(t), the case where the third body is bound to the binary
as the tidal force foy>x. Assuming that the analytical es- is excluded. So we will have to compare it with °°®(t) not with
timate,b=(tidal force X(free fall time?, is valid as in Eq. f,(t) to evaluate only the effect of the mean fluctuation field:
(2.5), we have filuc(t)/£3 Po(t)=0.67.

Ji=MpuR¢xvy, (6.32

(1=
X3

N2
S_
X3

3
X__3) } 6.26
X
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whereRs is given by Eqg.(2.1). We note thab ;<<1. Other- 0.0002 e
wise, the BHMACHO mass becomes comparable with the | v, dependence
radiation energy within the volume that the BHMACHO P X/R=0L

sweeps in one Hubble expansion time at the formation ep-
och. In this case the drag effect due to the radiation field will
be significant so that the BHMACHO will be decelerated [
eventually and ;<1 after all. We can now evaluate the ratio

0.00015 |-

I3
of the two angular momenta as E 0.0001 r
1/6 -4 3
J M X
ogx 10 3u BH (Qh?H)¥3 — é
Mo X X 5x10-8
W) 74 y 3
<4X1O_3<1) (1) P P T S B N
X X 0 0.0005 0.001 0.0015 0.002 0.0025
-7 x 917 -7 R
=4x103| = —| <4x1073 - , FIG. 6. This figure illustrates whether the initial peculiar veloc-
t X t ity crucially changesx or the formation epoch of the binary. The

6.33 evolution of the relative distance between the binary with different
' initial peculiar velocity atR,=10"3(x/x) is shown. The case of

where we used Egs(2.1), (2.2 and (5.6) for Mgy  vi=10"%x/x) " is the upper one. The casewf=0 is the middle
=0.5My, 0h?=0.1, =0.4 andB=0.8. Fort~ty, |J;/J|  one. The case af;=—10 ®(x/x) "* is the lower one. We can see
can be comparable to 7 for the extreme caseofl since that the dependence is weak.

to/t~2X10"%. Becausef(t)x 3 2 the event rate be-  grayitational force between BHMACHOs. There are two
comes 30% of Eq(5.8) if the initial peculiar velocity is the  inds of force received from the background radiatiok)
maximum possible value. Hence we see that the event rate {fe force from the radiation through which a BHMACHO is
not reduced so much even if the initial peculiar velocity istraveling [29] and (ii) the force from the radiation which a

extremely large. o _ _ BHMACHO deflects, namely the dynamical fricti¢80,31].
Second, we consider whether the initial peculiar velocity  First, we estimate the force from the radiation which the

considerably changes and the formation epoch of the bi- gMACHO sweeps. The force is estimated as
nary. Consider the case that the initial peculiar velocity is

comparable to unity wheR=R;~10"° in Eq. (2.1) for F.aq~ (radiation momentum density
Mgn~0.5Mp and Qh*~0.1. From Eq.(3.5), the peculiar

velocity is damped to~10"8(x/x) " by the time wherR

=10 3(x/x), since the interaction between bodies can be Peq
neglected during this period. Therefore it is sufficient to in- “RY
vestigate the two body problem assuming that the peculiar
velocity v; is smaller than 10%(x/x) ! at R=103(x/x). I
The result is shown in Fig. 6. Figure 6 shows theand the i Ei/;i{’f{‘dence
formation epoch of the binary do not crucially depend on the L

initial peculiar velocity. Whenv;=—10"%(x/x) "%, the 0.00015
event rate changes becausg) <t %37« o =127 Sincea is -
about 10% larger, the event rate is only 4% smaller. Note [ R=10-%/%

that the ratioRx/Rx~ 10~ 3v,(x/x) ~* does not depend dR. 0.0001 |-

Finally, we consider whether the initial scale factor I
changesy and the formation epoch of the binary. We calcu- -
lated the two body problem using various initial scale fac- 5x10-5 |-
tors. The results are shown in Fig. 7. As we can see from Fig. -
7, a and the formation epoch of the binary do not strongly
depend on the initial scale factor. Qualitatively the event rate T

increases if the interaction begins earlier than 107 3x/x, % " 0.0005 0.001 0.0015 0.002 0.0025
becauser decreases. R

X(cross sectionx (velocity of the BH

XM3,Xv. (6.39

0.0002|||||||||||||||||||||||||

xR/X

R=10"4x/%

R=10-%x/%

o FIG. 7. This illustrates whether the initial scale factor when the
E. Radiation drag bodies begin to interact crucially change®r the formation epoch

In this subsection we consider whether or not the forceof the binary. The cases & =103(x/x), Ri=10%(x/x) andR;
received from the background radiation is greater than the=-10"3(x/x) are shown. We can see that the dependence is weak.
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WhenR=R,,, the ratio of the force from the radiation to the
gravitational force between BHMACHOSs is

Frad _ MéHUPeq/R?n
Forav MéH/(XRm)2
M 2/3 X -4
"‘10_11 ﬂ (Qh2)4/30(:)
Mo X
x| 4
s10—13<;) (6.35
X

where we seMg,=0.5M, and Qh?=0.1. Therefore the

force from the radiation which the BHMACHO sweeps can

be neglected fox/x=10"3. Since our numerical calcula-

tions are performed fox/x>0.1, the radiation drag force is
negligible.

Next, we investigate whether the dynamical friction can
force between the®

be larger than the gravitational

PHYSICAL REVIEW D 58 063003

First, we consider a 3-body collision during the matter
dominated era. For example, let us consider a galaxy with
massMg~10M and a radiusRg~100 kpc. Then the
density of BHMACHOsn is aboutn~1/(10*° cm)3. We
estimate the time scalg,, for a BHMACHO binary with
the semimajor axisa~2x 10 cm (which corresponds to

x/x~0.4) to collide with other BHMACHOs. Note that al-

most all binaries that contribute to the event rate hate
=<0.4 as we can see in Fig. 4. If we assume the velocity of
the binary v to be the virial velocity v~ VMg/Rg
~100 km/s,t.q is given by

1
tc0|,~ﬁ~1012 yr=>101yr, (7.2

whereo~ 7a®~ 10°! cn is the cross section for the 3-body
collision. Hence the 3-body collision during the matter domi-
nated era may be small.
Next, we consider whether or not the tidal force from the
other BHMACHOs alters the coalescence time of the binary.

BHMACHOSs. When a photon passes by a BHMACHO at alf the tidal field from the other bodies deforms the orbit of

distance b, the photon is deflected by an angle,

~4Mgy/b. This deflection changes the momentum direc-
tion of the photon. The momentum of the photon in the in-

coming direction changes from to p(1—cosé,). Thus the
momentum of the BHMACHO must be changed. This mo-

mentum exchange causes the dynamical friction. The forc

that the BHMACHO receives due to the dynamical friction
can be estimated as

denzf (radiation momentum density

X (velocity of the BHX(1—cosy)27bdb.
(6.36

the binary more effectively than the gravitational wave does,
the lifetime of the binary in Eq(5.4) may be different. For
example, the binary cannot coalesce if the increase of the
binding energy by the tidal force is greater than the decrease
by the gravitational wave emission. Since the binaries that
8ontr|bute to the coalescence rate at present are highly ec-
centric, 1-e?<1, a little change in the eccentricityg,
causes a large change in the lifetime in E§.4). If the
coalescence time of the binary in E®.4) is different, the
probability distribution function for the coalescence time
fi(t) in Eq. (5.8 is different since we use E¢5.4) in deriv-

ing f(t), and the event rate of the coalescing BHMACHO
binaries may be reduced.

So let us consider the tidal field from the other bodies on
the orbit of the binary after the equality time. First, we com-
pare the energy loss rate by the gravitational wave with the
binding energy change rate by the tidal field from the other

This expression may not be precise relativistically, but thisoodies. The average energy loss rate by the gravitational

will be a good approximation when<1. Assumingéy is

small,
b
Fd zf
yn

min

e ’;;4“ 62bdb= pequHv InA, (6.39
where InA=In by,,,/bnin is called the Coulomb logarithm.
bmadBmin) is the maximum(minimum) of the impact pa-

wave[24] from a binary with the eccentricity and the semi-
major axisa is given by

1+ 3 +37 4
225" 96°
535(1_62)7/2

64M

|E(GW)|:

(7.2

On the other hand, the energy change rate by the tidal force

rameter. In the cosmological situation the horizon scale set§om the other body is at most given as
the natural maximum impact parameter. In the case we are

consideringb,,in=Mpgy . Therefore InA cannot be so large,
and Fgy, is the same order a5,,4. Hence the dynamical
friction can also be neglected.

VII. LIFE OF BHMACHO BINARIES AFTER FORMATION

Finally, we consider how BHMACHO binaries evolve af-
ter the equality time.

2a

Tg’
(7.3

o Ha
|E(d2D| ~ (tidal force)x (velocity)~ Ds X

whereTg=2ma%/2Mgy, is the period of the binary anB

is the distance between the source of the tidal force and the
center of mass of the binary. The ratio is
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3 —43 21 -11/6 2 22/3
| E(GW)ttidab| b X y Mgy (Qh
2x10% cm/ |y %) \0.5Mg 0.1
D X M U6/ (12 2213
BH
(2><1025cm (‘) (;) 0.5M¢ (0.1)
-6 —_
D 3(x/?) Mgy Zl’e(nhz)z -
1x107 cm/ \ 0.4 0.5M¢ 0.1 '

where we used Eg$2.4) and (2.6) with «=0.4, 8=0.8 ande~1 in the first equality. We used Eg5.6) in the second

equality and we set=t, in the third equality. Therefore ID>1X 10!/ cm, the coalescence time based on ) is a good

approximation for a binary with the semimajor axiss2x 10'> cm, which corresponds t/x=<0.4, since|E(GW/E(tidaD)|

>1. This condition is satisfied in our case since the mean separation of BHMACHO2%s10' cm at the equality time.
Second, we compare the angular momentum loss rate by the gravitational wave with that by the tidal field of the other body.

The average angular momentum loss rate by the gravitational {2d¥dor a binary with eccentricitye and semimajor axis
a is given by

7
322M Y2 1+ - e)
6w 8
|J |= 5a’%1-e%)2 (7.5

On the other hand, the average rate of the angular momentum change by the tidal field is at most given as

L M32,a2
|J(tidab| — (tidal force)X (length~ D3 (7.6)
Their ratio is calculated as
12 2/3 2\ 22/3
|3(Gw; ttidan)| 5 Men | 207
2><10260m X, %) \0.5Mg 0.1
t —-12/21 —90/7 MBH 2/3 th 22/3
(2><10260m (I‘) ( ) 0.5M, (0.1)
—-90/7 _
(x/;) ( Mgy 2/7 Qn2 307 -
2><102°cm 0.4 0.5M¢ 01/ '

Therefore, ifD>2x 107 cm, [J(CWJtidal| > for a bi- The ratio of the increase of the angular momentum during
nary with the semimajor axia<2x 10 cm, which corre-  teq<t<10"%q to the initial angular momentum of the bi-
sponds tox/x=<0.4. If the scale factoR becomes larger than nary at the formation is given by

~10°, the mean separation becomes larger thanl@®

and so the tidal force can be neglected. In the matter domi- MéHazteq/?' 3a° [x\° y s
nated eraR is given by ([/teq)2’3, and sot~10"%,, at R 14313~ b M -/2a = 4m 2 ; i
~10°, whereteq=\3/8mpeq= \V3x%/187Mpgy is the equality BH
time. The increase of the angular momenta during e 343 [\ 7Y x\ 5"
<t<10°%,, by the tidal force can be estimated as = - -
4mp® \ X
1092, 10%%, MBHa 58/7
|AJ|"" Jteq \]dt"" fteq —Dg—dt N(&;) MBH 5/21( th) 16/21 (7 9)
0.5 0.5M 0.1 ’ '
teg  X(t/teq)? x3 ' where we used Eqg$2.4) and (2.5 in the second equality.
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We used Eq(5.6) in the third equality and we set=0.4, account are needed to confirm this conclusion. It is possible

B=0.8 andt~t, in the last equality. Therefore, ik/x O investigate theN-body effect byN-body numerical simu-
< 0.4, which corresponds to most binaries that coalescendations. However, the dynamical range afis very large
att~ty, as can be seen from Fig. 4, the increase of thd10° cm<a<10'®cm), and so we need to perform numeri-
angular momentum durinig,<t< 10", can be neglected. cal simulations with a large dynamic range using the biggest
To conclude, the tidal force from the other bodies can besupercomputer. This is an important, challenging numerical
neglected if the binary is separated from the other bodies bfroblem.
greater than the mean separation. More detailed calculations Throughout this paper, we assumed that all BHMACHOs
taking N-body effects into account are needed to confirm théhave the same mass, although we have outlined the extension
above arguments on the effect of the tidal force of the othef0 the unequal mass case in the Appendix. This is based on
body on the evolution of the binary parameters after formathe assumption of a delta-function-type density fluctuation at
tion. The signs of the change rate of the energy and théhe formation. Even in this case of the delta-function-type
angular momentum in Eq$7.3) and(7.6) are not certain so density flgctuat[on, there is a suggestlor) that in reality the
that we argued only sufficient conditions. Moreover, if the/MF of primordial black holes may continue down to the
binding energy of the binary does not change secularly bu£ero mass limif32]. However, the IMF in this case has a
periodically under the influence of the tidal field, Bg.3  Steep rise proportional te M* at the lower mass end and an

may be an overestimate. So the effect of the tidal field mayXponential cutoff near the horizon mass. Hence the picture
be weaker. of the delta-function-like IMF seems to be valid. However,

in the case of a general spectrum of the density fluctuation,
we should consider binaries made from different mass
BHMACHOs.

In this paper we have discussed black hole binary forma- Although we have assumed that the initial distribution of
tion through three body interactions in the expanding uni-BHMACHOs is random, the high density region may have a
verse. We have confirmed that the order-of-magnitude argustrong correlation. Presumably this depends on the black
ment in Ref[15] is valid within an error of~50%. Several hole formation process or the initial density perturbation
effects have been considered. The effect of the 3-body collispectrum. If a strong correlation existed, more binary
sion and the mean fluctuation field may reduce the event rat8BHMACHOs may be formed. This is also an interesting fu-
of the coalescing BHMACHO binaries by about one-half. Onture problem.
the contrary the angle dependence of the tidal force may
ir)crease the event rate about t\_/vice. Th_e results do not cru- ACKNOWLEDGMENTS
cially depend on the initial peculiar velocity of BHMACHOs
and the initial scale factor when the BHMACHOSs begin to  We would like to thank Professor H. Sato for continuous
interact. The radiation drag does not affect the motion ofencouragement and useful discussions. We are also grateful
BHMACHOs. After all, the probability distribution function to N. Sugiyama, K. Nakao, R. Nishi, T. Tsuchiya and D. lda
for the coalescence timig(t) in Eq. (5.8) is a good estimate. for useful discussions, and S. A. Hayward for a careful read-
The error in the event rate estimate can be obtained by corirg of the manuscript. This work was supported by a Grant-
sidering the minimum event rate. The minimum event raten-Aid of the Ministry of Education, Culture, and Sports, No.
can be estimated afl x 10 Y[original estimate byf ()]}  09640351.

X[40%(3-body collision effectmean fluctuation field

effect]X[30%maximum initial peculiar  velocity )

effech]~1.2x10"? events/yr/galaxy. Then the event rate APPENDIX: EXT&ZSISOSAEOETHE UNEQUAL

will be 5x 10 2x 2=1 events/yr/galaxy including the uncer-

tainty from the various effects in a plain fashion. This sug- In this appendix, we estimate the semimajor axis and
gests that we can at least expect several events per yesemiminor axis of the BHMACHO binary with unequal
within 15 Mpc even when the event rate is minimum, 1 mass. We only give an order-of-magnitude estimate along
X 10" 2 events/yr/galaxy. This event rate of coalescing BH-the line of Ref.[15] and Sec. II.

MACHO binaries is comparable to or greater than the upper We describe the mass function of black holesFg),
limit of that of coalescing binary neutron staf®5]. The  which is normalized aggF(M)dM=1. The average mass
gravitational wave from such coalescence should be able tgf pjack holes, Mg, can be obtained asMgy

be detected by LIGO-VIRGO-TAMA-GEO network. =[5MF(M)dM. The mean separation of black holes at the

We have simplified the real situation to the three bOdytime of matter-radiation equality is given bvx
problem, so thatN-body effects have not been fully taken _ 3 q y g yX _
into account. They arél) the destruction of the formed bi- =(Men/pe) ™", where we assumed that the average in
nary by the 3-body collision between the binary and the in-SPace is equal to the ensemble average. Consider a pair of
falling body after the equal tim&?) the deformation of the ~Plack holes with massed, andM; and a comoving sepa-
orbit by the tidal field from the other body, and so on. Al- rationx. This pair will decouple from the cosmic expansion
though these effects have been estimated in Sec. VIl and thig its mean energy densitpgy=(M;+M,)/(2x°R%) be-
event rate estimate does not seem to be influenced by thesemes larger than the radiation energy dengjty peq/R4.
effects; more detailed calculations takiNgbody effects into  In terms ofR, this condition can be written as

VIlIl. SUMMARY
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Where§:2l\WBH/(Ml+ M,). The semimajor axia will be
proportional toxR,,, and is given by

2Mgy
M,+ M,

R>R,= (A1)

-~ 2Mgy xtxt A2
M) e "2

where« is a constant of orde®(1). Consider a black hole

PHYSICAL REVIEW D 58 063003

where we assumed that y do not depend on mass. Equa-
tion (5.4) can be written in terms of andy using Eqs(A2)

and(A3) as
37 =21
Ay
X y

~—1 4
:(77,3) (6 ;) to-

Integrating Eq.(A4) for a givent with the aid of Eq.(A5),

(A5)

(A6)

with massM; in the nearest neighborhood of the binary. Letwe obtain the probability distribution function of the coales-
its comoving separation from the center of mass of the bicence timef {"*{t) for the unequal mass case. We should

nary bey. Then the semiminor axis will be proportional to
(tidal forceX(free fall time? and is given by

b='&B<M3XR’“>( (XRm)® )
(YRn)? /| (M1 M)/2
2M3 _(x\3 _[x\3
i Bl el g e @

where B is a constant of orde©(1) and =2Ms/(M,
+M,). @ andB may depend on mass.

If we assume that black holes are formed randomly, then

the probability distribution functio®P(x,y,M,M,,M3) is

P(x,y,M{,M, ,M;)dxdydM,dM,dM,

YPedxdy M ;)F(M,)F(Mg)dMydM,dMs,

_9wxy?
e
(A4)

take the range of the integration as<@<& Y, x<y

<. The first conditionx< 5‘1’3)7 is necessary for binary
formation so thaR,,<1. The second condition turns out to

be (t/1)Y1&<y< & 375%t/t) " Y2k for a givent. Perform-
ing the integration, we have

f e dt
w (o (o 3 (1)337
LI L=
58 (t\319 (58 . [t\"Y]dt
el et

XF(M)F(M,)F(M3)dM;dM,dMs;. (A7)

To integrate the above equation with mass, we need accurate

values ofa and, as well as assuming the form of the mass
fuction F(M). This is left as a future problem.
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