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This work describes cosmic microwave backgro@@d1B) data analysis algorithms and their implementa-
tions, developed to produce a pixelized map of the sky and a corresponding pixel-pixel noise correlation matrix
from time ordered data for a CMB mapping experiment. We discuss in turn algorithms for estimating noise
properties from the time ordered data, techniques for manipulating the time ordered data, and a number of
variants of the maximum likelihood map-making procedure. We pay particular attention to issues pertinent to
real CMB data, and present ways of incorporating them within the framework of maximum likelihood map
making. Making a map of the sky is shown to be not only an intermediate step rendering an image of the sky,
but also an important diagnostic stage, when tests for and/or removal of systematic effects can efficiently be
performed. The case under study is tvxiMA-1 data set. However, the methods discussed are expected to be
applicable to the analysis of other current and forthcoming CMB experiments.
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I. INTRODUCTION The structure of this work is as follows: in Sec. Il we deal
with the data in the time domain, focusing on data pre-
This paper presents a comprehensive set of data analygisocessing and noise estimation, including an outline of the
methods aiming at the production of a map of the sky and amasic features of theaxiMA-1 data set, and of the simulation
accurate estimate of map uncertainty in a case of cosmitmols used to test our map-making pipeline. Section Il is
microwave backgroundCMB) mapping experiments. We devoted to the description and comparison of a suite of dif-
describe a variety of maximum-likelihood-based map-ferent map-making methods. Those simultaneously produce
making methods, and discuss their performance in the analysoth a map and a corresponding pixel-pixel noise correlation
sis of themAXIMA-I data set. matrix. Although the algorithms are all based on the maxi-
MAXIMA is a balloon-borne experimefi] built primarily ~ mum likelihood approach, they differ in the way they attempt
in Berkeley[2] and designed to make a number of short-to optimize the balance between accuracy and speed. We
duration flights. To date theaxivA team has published the demonstrate their performance in analyzingxiva -like
results of the first flight of the instrumef8,4|, consisting of  simulations as well as the actuahxiMA-1 data set. In Sec.
a high-resolution map of almost 100 square degrees of thB/ we discuss ways of handling systematic effects within the
microwave sky, together with a power spectrum of the CMBgeneral framework of maximum likelihood map making. Al-
anisotropies observed in the map covering a broad range inthough such systematics are inevitable in real CMB data sets,
space froml~35 up to ~1235, corresponding to angular they are rarely considered in more theoretical accounts of
scales from 5° down to 5 arcmin. Such products are finaCMB data analysige.g.,[7—15). In Sec. V we combine
results of an involved data analysis pipeline described in thithese elements, and consider some practical aspects of
paper. The complexity and size of this data set have proverecently-proposed iterative algorithms for time-domain noise
to be a significant challenge for data analysis methods, seestimation[11,16. In Sec. VI, we complete our presentation
ting demanding requirements for both their precision andwvith a description of the numerical tests we have developed
speed, a challenge which our methods and tools are designéal check consistency of our analysis.
to meet. With other complex and advanced CMB experi- The inter-dependencies of different sections of this paper
ments in progress and anticipatgucluding the satellite are depicted in Fig. 1.
missions, the Microwave Anisotropy Prof®IAP) [5] and In this paper we do not consider issues related to the
Planck[6]], these tools and methods can be expected to be ;fubsequent statistical investigation of these maps, such as
wider interest and applicability. Describing the details of thetests for Gaussianity or power spectrum estimation. Our
MAXIMA-l data analysis is another goal of this paper. map-making methods are intended to be as general as pos-
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TABLE I. A summary of the notation used in this paper.

_| Pointing info: Symbol Description Section
[l Section ITa,b
| -— Time ordered A data sampling interval A
| v data strean: d(t) time stream data Il B
| Noise stream Secionih de(t) time stream data convolved with filt&r B
estimation: . .
| Section Ilc, V F instrumental filterqall tqge.the} 1B
v Flow ac low-pass electronic filter B
| : + Processed time Fhign ac high-pass electronic filter 1B
| | |Noisepower | | | stream data: Foolo bolometer low-pass filter B
spectrum estimation: Section Ilc )
| Section Tc,d - Loy sky signal 1B
| X( @) a-synchronous signal IIB
- = - - = - - = — — — — - . .
[ N time stream noise 1B
P(f) time domain noise power spectrum IIB
Noise comelation Pw(f) prewhitened tlmej do.malr.1 noise spectrum Ic
matrix in pixel Map: W ‘ prevyhltenlng ﬂ.lter. . Inc
domain: Section III, IV N noise correlation length in time domain IIc
Section 11T, IV S(f) spectrum smoothing window function 1D
¢ [\ time domain noise correlation matrix 1D
Consistency tests of map—making products: Net circulant part ofN, WD
Section VL. Nst sparse part oN, nc
A pointing matrix of the experiment A
FIG. 1. Aflow chart showing the layout and inter-dependenciesm, pixelized sky= map A
of the sections of this paper, as well as mutual relations of differenjy noise correlation matrix in pixel domain A
stages of the data analysis pipeline as described in the text. Nep circulant part ofN,, e
Nsp sparse part oN, nc
sible, and because they provide both a map and a pixehpx number of pixels in a mam, A
domain noise correlation matrix, they do not restrict the subng length of the time stream segment 1A
sequent choice of statistical tool. Methods for obtaining ars, B8 pointing matrices of synchronous effects VA
angular power spectrum from, or for searching for non-x, extra fictitious pixels VA
Gaussianity in, such maps have been described in a numbgr generalized pointing matrix VA
of recent paperse.g.,[17-23 and[24-27, respectively. generalized map VA
Th.e power Spgctra shct)wn. |n(’;h|s paper Pave bzentlcom?ute generalized noise correlation matrix VA
using a generic uncustomized version of a quadratic es 'mai time domain template VB
tor as implemented in the publicly-availabl&bcap pack- K
age[28,29 S Kronecker delta IVB
T . . . u vector of ones IvVC
A comprehensive discussion of the maps and power spec? inaular bixel domain ei ‘ VC IVD
tra produced by th&AXIMA-I experiment can be found else- \é’ Sé:/?; ar P'Xte omain e'genvtec of v C’ VE
where[3,4,30; their cosmological implications are discussed - > anisotropy power spectrum '
in [26,31,32. M, total signatt-noise correlation matrix IVC, IVF
Hereafter, we denote vectors and scalars with bold and(©) CMB signal correlation matrix VC IVF
non-bold lower case lettefgither Roman or Gregkespec- Np Cholesky factor of matriN, D, Vi
tively, while matrices and operators are denoted with eithei decorrelated map Vi

bold or caligraphic upper case letters. Vector and matrix
components are indexed in parentheses, rather than by sub-
script; subscripts and superscripts are used to distinguish be-
tween different variants of a given quantity, e.p.andt
denote a pixel and a time domain quantity respectively. A
tilde over a quantity denotes its Fourier transform, i.e.,

II. TIME ORDERED DATA

A. The MAXIMA-I data set

ThemaXxiMA-I data and instrument have been described in
[1,3,4. The MAXIMA-I data set consists of approximately
2300000 measurements for each of 16 photometers and 4
dark channels used to monitor the experiment. To date only
data from six of the detectors have been analyzed. These
include four photometers sensitive to CMB photdBswith
frequency bandwidths centered on 150 GHz and 1 on 240
Occasional failures of these good intentions are also acsHz), one photometer monitoring atmosphere and fore-
knowledged. A summary of the most frequently used sym-grounds at 410 GHz, and one “dark” bolomet@creened
bols is given in Table 1. from incident photonsused to search for systematic prob-

El(f)EJ’ dtg(t)exp(2m.ft).
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MAXIMA—I aln bot?servat:on in Lhe _tir(]jwe domaiincluding gap$ by a
single detector data global sample-number index. . . .
The MAXIMA scanning strategy includes an azimuthal pri-
/\ mary mirror chop with a frequency0.45 Hz superimposed
‘ CMB1 scan ‘ ‘ CMRD sean ‘ on a slow azimuthal balloon gondola oscillation with a char-

acteristic frequency of-0.01 Hz. Both the position of the
primary mirror with respect to the gondola and the azimuthal

|
E t)hosi;[ionk(_)f thefgondola were reco(rjt;led duri(;1g| flight, ﬁnabling
e tracking of primary mirror and/or gondola synchronous
@ @ @ systematicgeffe(?ts. g ’ g
|

L Time stream segments The MAXIMA pointing is reconstructed using the observa-
tions of guide stars made throughout the flight. With an rms
FIG. 2. A structure of theraxiva data set. accuracy better thar-1’, pointing uncertainty is neglected
during the map-making stage, although it can, and indeed

lems. Each of the data streams for each of these detectors3§0uld, be included as a systematic uncertainty of the final
divided into two parts, hereafter called the CMB1 and CMB2PoWer spectrunte.g.,[4]). _ . .
scans respectivelysee Fig. 2 These scans were taken at  |he time stream data are assigned to pixels prior to map-
different elevations and were separated in time-by.5 h.  Making. The relatively small angular size of the sky patch
Projected on the sky, they largely overlap one another, cre@bserved bwaxiMa- allows us to use simple square pixels
ating a well-crosslinked map. Each of the two scans is fur®n & grid whose rows are at constant declination. Because of
ther subdivided into 11CMB1 scan and 10(CMB2 scan ~ Computational constraints, most of the tests discussed in this
data subsets whose lengths range from 30000 to 250000 tinR&Per have been performed using 8 arcmin pixels, although
samples. These disjoint stretches of contiguous data—the highest resolutiomaxiMa-i results have been computed
hereafter referred to as time stream segments—are defint$ing 3 arcmin pixel$4]. _ _ _ -
by the requirement that the noise within a segment be ap- 1he independence of a pixel's size from its sky position
proximately stationary. The noise correlations between th&€nables us to account for the extra smoothing due to the
segments are guaranteed to be negligible by discarding gxehzauop by using 'aSImple,'albe.lt approximate, pixel win-
sufficiently long section of the time stream data betweerflow function[33]. This approximation usually breaks down
neighboring segments. In addition, each of the segments h&$ the smallest angular scales, due to the lack of uniformity
an overall offset and gradient subtracted independently. ~ ©f the sky sampling on these scales. Ways of alleviating this
Not all measurements within a segment are to be include@roblem are discussed elsewhpé¢ The methods discussed
in the further analysis. Measurements compromised b)below are independent of the assumed pixelization scheme.

glitches—cosmic rays hits, telemetry drop-outs, or other

short transients—are flagged as “bad” and constitute gaps in B. Time stream modeling and simulations
a segment. We usually determine about 2—-3 % of the time Drawing from theMAXIMA- experience, we now explic-
samples as gaps. itly list all the features of the time stream data which we have

_The signal an_d nois_e are subjected_to several filters beforg),nd to be important in the data analysis. We also briefly
being recorded, including a low-pass filter due to the detectOéXp|ain how we incorporate these features into our simula-

time constant and subsequent ac low- and high-pass filters {f,ns which are then used for tests of our data analysis tools.
the readout electronics. These filters are phase-shiftiag

their Fourier space representation is by complex numbers 1. Time stream model

and they define the temporal frequency response of the in- We d h . . ¢ inale d
strument to a band betwede=0.01 Hz andf<20 Hz. This e denote the entire raw time stream from a single detec-

frequency response together with the scan strategy giv@r’ including th? eﬁect of.the mgtrumental filters, ds AS
MAXIMA-I_sensitivity to the sky features in the range of an-"°ted above, this is subdivided into a nunmbrlage@ of dis-
gular scales from-5° down to~5 arcmin. The instrumental Joint segments, so that we can wrile= U, =% .

filters must be deconvolved from the time ordered data in the Every measurement contains contributions from both the
course of the data analysis. The functional form of the elecsky and the instrument, and is modeled as,

tronic filters is accurately measured in the laboratory. The

detector time constant is measured using the in-flight re- iy — - : ; ;

sponse of the detectors to a known source—in the case of o) ; P Dy (D + (@il + ). (D)
MAXIMA-I , Jupiter. For our purposes here it is assumed that

the instrumental filters are known to a negligible uncertaintyF denotes the effect of all of the instrumental filters, and for
in the range of frequencies of interest, i.e50 Hz. (Note  MAXIMA is therefore a convolution of three filterd—
that the bolometer time constant has an uncertainty 0&Fpgn*Fiouw* Fpog—Ccorresponding to the ac high-pass, ac
~0.5-1.0 ms. This error is included in the analysis of thelow-pass, and bolometer low-pass filtetg.(y(i)) is the
MAXIMA-I data[3,4,30, but we neglect it for the purpose of temperature of the sky in the directiafi) observed at time
this pape). The data sampling interval is fixed throughouti. x is any extra systematic &-synchronous” effect(e.g.,
the entire observation @ =0.0048 s. Hereafter, we identify primary mirror chop synchronous nojsghich only depends
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on a known parametex (e.g., the mirror position The de- C. Time stream processing and noise estimation
pendence ok(a) on time is, therefore, exclusively a result ~ We now describe the procedure for simultaneously esti-
of the time dependence of the parameten,(i) denotes the Mating the time-domain noise power spectrum and restoring
total (Gaussian, correlat¢ihstrument noise in observation  the stationarity of time stream noise by re-filling the flagged-
In fact, independent noise components are introduced intgata gaps in the time stream.

the time stream at four different stages in the instrument and, Typically, map-making methodologies assume that the

more precisely, the total noise is represented as time-domain noise power spectrum is precisely known, even
though in practice it has to be estimated from the time stream

@) data its_elf. The error in this estimation is thergfore not in-
cluded in general in the end-to-end data analysis error budget
] ) (although seél1] for a possible way of tackling this issue
Hereny, ny, nig andny, denote the independent noise com- This fact clearly highlights the need for a high level of pre-
ponents added to the signal prior to the bolometer low-passision at this stage.
ac high-pass, ac low-pass filtering, and signal digitization, The time stream model described by Et).is quite com-
respectivelyn,; andn, components together are expected toplex. Some of its features are of less importance for this
dominate the total instrumental noise with omly compo-  section so, for simplicity, we start by assuming that the time
nent displaying a ¥/behavior at low frequencies attributable stream data contains only Gaussian ndise., no sky or
to temperature fluctuations of the detector. Though all suclystematic signalgyy, x<<ny) and focus on resolving prob-
features are of importance for proper forecasting and simuems in the noise estimation arising from the presence of
lations of a performance of an experiment, none of thesgaps in the time stream and of noise correlations on time
needs to be assumed in the noise estimation described in Seggles comparable to the length of an entire data segment.
[I C, which directly estimates the total noigg, The instru- The presence of discontinuitiégaps in the time stream
mental noise is assumed to be Gaussian and stationary Withﬂbses a two-fold problem. It is an obstacle both to estimating
each segment, and is described bysagment-dependent the time stream noise spectrum and to devising a fast and
noise power spectrunP(f). Each segment is assumed to efficient map making algorithrtsee Sec. Il It is therefore
consist of measurements evenly spaced in time. Howevegesirable to restore time stream continuity without compro-
the data constituting gaps are not to be included in a finahising the stationarity of the noise or sacrificing too much of
map. the data. These two goals, estimating the noise power spec-
trum and restoring the continuity of the time stream, are
2. Simulations achieved by a procedure described bel@ee Fig. 3 for its

In order to test our data analysis pipeline we want to be®YNOPSi$.
able to simulate the time stream ofvaXximMA-1 like experi-
ment. The simulation is designed to incorporate all the im-
portant features of the actual data set listed above, including The initial input at this stage consists of the time stream
the gap and segment structure, scanning strategy, and an afata with the instrumental filters convolved;. The filters

Nt= Frighl Fiowl Fboidta T Nio] + Nig] + Nia..

1. A pure noise time stream

proximate(symmetrig beam[33]. can be deconvolved in the frequency domain,
The simulated time stream is described by EL. The
sky signal ) is generated by applying the known pointing _ j ~ o nE-1 _
solution to a simulated CMB sky, generated as a high- ot df de(F 2 (fexp(—2m.ft). @

resolution Gaussian realization given some fiducial cosmo-_ . _ . _
logical parameters. We also include a primary mirror chop!his deconvolution could be done immediately, prior to any
synchronous systematic effect(a), in our simulations, further time stream manipulation, but this is not recom-
varying both its functional dependence on the primary mirrormended due to the high-frequency noise it adds to the time
position and its amplitude. The instrumental filters are therptream(see Figs. 4 and)SAlthough this noise would not be
applied to the simulated time stream as described by(Hg. & Problem for our formalism in theory, it can be a source of
Their functional form follows that of actuataxiva filters. ~ Significant numerical error in any practical implementation,
Finally we add Gaussian correlated noise to each tim®ossibly biasing the final results. This numerical error is usu-
sample. This is modeled according to E8) assuming that ally incurred while Fourier transforming the noise power

by power at the highest frequencies to dominate the total power

of the time stream noise by many orders of magnitude, and
¢ consequently a small error in the total noise power estimate
Paimd f)= Ugimg( 1+ k”ee)_ (3)  translates into a substantial error in the noise power estimate
f in the lower range of frequencies of most interest. The rem-
edy is either to leave the instrumental filter deconvolution
This approach means that our simulations mimic the range ofntil after the noise estimation stage, or to perform the de-
floating point operations required in analyzing the real datagonvolution at the beginning but concurrently convolving an
giving us some insight into possible numerical error accumuextra (real) filter, X,.(f), to suppress the high frequency
lation in our data analysis pipeline. noise, i.e.,
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@W samples, see Fig.),4ref|ec_tin_g our ignorance abo_ut the origin
P W B O of some of the gaps. Similarly, we always widen gaps on
(\sky map: mp/}— both sides by an effective filter width wheéde)convolving
T any filter from the raw time stream.

. - The noise estimation algorithm described here is applied

[
y

noise stream: ng(t) r<

to each time stream segment separately and consists of the

} following steps:
e b (1) R_educing the noise cor_relation Iengﬂn@_: _
stream: npw(® | ¥ The time stream segment is convolved with a prewhiten-
_ ing filter,
noise power
spectrum: Py (f) Gew(F)=W(H) (), )
A

and simultaneously the gaps are widened to account for the

width of this filter. The prewhitening filterly) is usually a
l half-differencing real filtef9]:

continues noise stream (gaps filled)

noise power spectrum: Py (f) W) =sir(/2), @

with a phasep=wfA and a sampling intervak. The pre-
filter deconvolution —* whitening index,3, reflects the expected low frequency be-
havior of a noise power spectrum, i.@(f)~f~2# for f
—0. It is adjusted for each segment separatélg. 4), so
that the prewhitened power spectrufy,(f)~const for f

A

“noise power spectrum: / d ti tream: . WA . .
(\ p P(ff ) ( processe dl(ltlf seam /) — 0. The functional form of the prewhitening filter is tested
\J/ T e in the subsequent stages of the data analysis, and, if neces-

sary, it may be refined and the entire procedure repeated.
FIG. 3. Aflow chart of the noise estimation procedure outlined  (2) Estimating the noise power spectrum of the prewhit-
in Sec. Il C. Objects inscribed in ovals are either input or outputened time stream, Ru(f):
products of the procedure. This procedure can be incorporated as a Sections of the time stream segment are located that have
part of the iterative noise estimation as described in Sec. V. In thig,q gaps, are longer than the expected noise correlation
case, its productgnoise power spectrum and_a processed _timelength, and are separated from each other by at least this
stream are used to generate a sky map, which is one of iNPuljistance. These are used to compute a series of statistically
objects as shown in this chart. independent estimates of the noise power spectra using stan-
dard fast-Fourier-transform{FFT)-based methods(e.qg.,
_ ~ 3 ~_1 _ [34]). These estimates are then checked for stationarity and,
d(t)_f df de(F)Xre(F 7 (Fexp(—2mft). (5) if consistent with one another, averaged. If they do not ex-
hibit stationarity then the original time stream segments have
In this case, a conventional choice is to apply a real filteto be redefined and made appropriately shorter. The final—
given in the frequency domain as the amplitude of the totahverage—power spectrum of the stationary noise in a seg-
instrumental filter, i.e X,o(f)=|F(f)|. In some map-making ment can be additionally smoothed and efitr@n)polated to
algorithms this filter can be deconvolved from the timethe frequencies corresponding to the full segment.
stream data once the noise power has been estimated and the(3) Restoring time stream continuity:
noise stationarity restored so that effectively no filtering has The gaps are filled with a constrained realization of the
been applied to the time stream data due the course of daf@ise[35] which is assumed to be Gaussian with a power
analysis. This is the case when the noise correlation matrix ispectrum,Pg,(f), as determined on the previous step and
the time domain does not have to be computed explicitly, asorresponding noise correlation matfigee Eq.(10)], de-
in, e.g., the approximate map-making algorithms discussedoted as\; below. The noise within each gap is constrained
below. In these cases the precise shape of the extra filter gnly by good data samples in its vicinity, i.e., those which
not important. If, however, a full noise correlation matrix in are within the noise correlation lengtk,, of the gap edges,
time domain is needed, as in exact map-making algorithms,
such a deconvolution should be avoided. In this case thed
precise form of the extra filter is very important, and should "

(i)=§<i>+m2n N(i,m)N; ~X(m,n)[ dgyw(m) — &m)].

be designed to suppress the high frequency noise power suf- (8
ficiently, while leaving the widest possible range of lower
frequencies unaffected. Here,N/ is a 2\.X 2\, matrix describing noise correlations

In the following we set the initial width of all the gaps to between the time samples just outside of a given gdp,a
be no less than twice the effective width of the instrumentalvector of Gaussian, correlatgtdut unconstrainedrandom
filters (which we conservatively choose to be 100 timevariables, and indexes the time samples within a gap. The
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1 T T i) T a T T T T T T T
10 0.25 Instrumental filters 1.0 Prewhitening filter
. 100 -1 020 0871
< !w
2 0.15 0.6f !
= 107} H
g 0.10 0.4r !
o \ Iy
s 1077} ! i
Q8 I 0.05 0.2 i
= | !
= -3 I i
10 ',‘ 0.00 0.0f e j | ==+
A\ ._l
ottt MU 008 b 302 A
107°107%0.1 1.0 10 100 —-20-10 O 10 20 30 -10 -5 0 5 10
frequency [Hz] time [in sampling rate units (x 4.8 us)]

FIG. 4. Filters used in the analysis mhxiMA-1 data. Left panel shows a frequency domain representation of the filters. Thin solid and
dashed lines show th@bsolute values dfreal and imaginary parts of the total instrumental filfe¢f), and the thick line its complex
amplitude,|l~:(f)|. The dot-dashed line depicts the real prewhitening fil®(f), as defined in Eq(7) (28=1.0). The time domain
representation of these filters shown in middle panel: solid line—total instrumental filter and dashed line its amplitude; right panel—the
prewhitening filter. The effective time domain widths of these filters assumed in the analysis are 100 time samples for both instrumental
filters and 50 time samples for the prewhitening filter.

sum is overm andn, both of which index the time samples found to be significantly non-fldi.e., non-white, or to dif-
outside of a given gap which are being used to constrain théer from the spectrum estimated at sta@e then the pre-
noise realization within the gap. Due to required inversion ofwhitening filters used at the stag®) must be adjusted and
the matrix N{ the computational cost of the procedure isthe entire sequence repeated.

O(\?) per gap, and it is therefore crucial theg is suffi- (5) Deconvolving the filters:
ciently short. Once the noise power spectrum has been estimated, and
(4) Re-estimating the noise power spectrum: the gaps filled with the constrained noise realization, the in-

The entire time stream segment, with gaps filled, is nowstrumental and prewhitening filters can be deconvolved from
used to re-estimate the noise power spectrum. At this stagoth the time stream and the noise power spectrum. In gen-
the low frequency behavior of the noise can be tested; if it ieeral, this applies to both the instrumental | X,.(f)|) and

11 11 8
10 T T T T 10 T T T 10 T T
— simulations | MAXIMA-I MAXIMA-I
E: 1010_ _1010_
g
g 109} 1 109}
5
3} 8 d
a8 .8 8N\ 7
o 107 - {1 107 710 1
=~
£
5 107} 1107}
a,
0
7] 6 6
2 10%} 1 10%}
=]
105 vl il 1 il 105 il il Il vl 106 1 1 1
10% 0.1 1.0 10 100 107* 0.1 1.0 10 100 0.1 1.0 10.0 100.0
frequency [Hz] frequency [Hz] frequency [Hz]

FIG. 5. Estimated noise power spectra for simulated and real data. In left panel, the dashed line shows an effective noise power spectrum
with 28= 1.0 used for a simulatiofits amplitude is scaled down by a factor of 5 to avoid overlapping with solid.|®elid and dotted lines
show noise power spectra recovered from this simulation using a prewhitening filter as given @ ®ith 28=1.0—solid line; 28
=1.25(top) and 28=0.75(bottom dotted lines. Middle panel shows noise power spectra for a single segment of thevactwal-1 data.
Again the recovery has been made using various prewhitening filters as in the left panel. In all the results displayed in these panels aggressive
smoothing have been applied to facilitate better comparison. For actual calculations, such an approach does not have to be the best option.
Right panel shows a noise spectrum obtained just as a result of averaging at the second step of the noise estimation procedure, prior to any
smoothing. Two small spikes at0.45 Hz and 0.9 Hz correspond to a primary mirror chop frequency and its first harmonic. The overplotted
dash line is a smoothed version of this spectrum as shown in the middle panel with a solid line. Shaded areas in both left and middle panels
show a region of frequencies we marginalize over to avoid either spurious high frequency noise or a noise estimation uncertainty at the low
frequency end.
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prewhitening filters. As mentioned above, the deconvolution Generating constrained noise realizations to fill the gaps is
of the instrumental filters is not always advisable since itthe most time consuming part of this procedure. How impor-

may introduce numerical errors. The deconvolution of thetant this is for the consistency and accuracy of the entire data
prewhitening filter is also sometimes postponed, and acanalysis pipeline depends on the frequency, size, and regu-
counted for only in the algebra of the map-making algorithmlarity of the gaps in a time stream segment. In the case of a
[9]. Such an approach attempts to make use of the shortené@ndful of narrow, randomly scattered, gaps, an uncon-

correlation length of the prewhitened noise to cut the numbegtrained, uncorrelated, random noise realization with an rms
of floating point operations required to make the map. indetermined from the rest of the time stream may serve as a

practice we find that it is difficult to take advantage of this in COnvenient first approximation for the analysis.

any realistic map-making algorithigsee Sec. I, while, as

we argue below, performing the deconvolution at the outset

of the noise estimation procedure helps to alleviate a number If the sky signal present in the time stream data is not

of problems. negligible, but still sub-dominant, then the noise estimation
This procedure attempts to estimate the ensemble avera§j@s to be performed iteratively, following an algorithm pro-

noise power spectrum using just one realization of the tim@0sed by Ferreira and Jaffél]. In this case we distinguish

stream segment. This is clearly not enough, especially in thBetween the fullnoise + signa) time stream and the noise-

presence of correlations on time scales comparable with th@ly time stream, where the latter is the noise in the time

length of the segment. Prewhitening helps to alleviate thi _tkrelahm gata. Al ﬁacfl ztep tohf the |Ferat|0{1, a ma;;mu:n;j
problem, yet it requires some extra knowledge about th [kelinood map estimated on he previous step Is subtracte

functional form of the prewhitening filter. In this approach, fom the time stream giving the current best estimate of the

an educated guess, followed by iterative refinement, is thepo'>¢ streantsee Sec. Y. The above noise power spectrum

- N i rocedure is applied in full only to the noise time stream;
testeda posteriori For a prewhitening filter of the form P PP y

: . ) ) only the instrumental filters deconvolution and related gap-
given in Eq.(7), we usually find that the power-law ind¢X \idening are performed on the actual time stretee Fig.

can be uniquely determined with an error not bigger tharg) "once the noise estimation has been accomplished, only
|AB|=0.1 by comparing the power spectra computed at thene noise stream continuity is restored. Therefore the gap
2nd and 4th stages of the procedisee Fig. 5. time samples from the noise time stream data are used to

Computing and averaging the noise power spectra of thgeplace their analogues in the f@linprocessedime stream.
independent, gap-free, sections of a segrigep(2) abovd  This avoids unnecessarily wasting or biasing good data
helps to recover a better ensemble average spectrum at intgfamples which happen to be in a vicinity of a gap.
mediate and high frequencies. Smoothing in the frequency A simple extension of this iterative approach also allows
domain can also be applied to get even closer to the erus to account for problems related to presence of synchro-
semble average. However, in both cases we need to assumeus systematic signals in the data. We discuss the appropri-
that the real noise power spectrum does not display any sigate algorithms and related issues in some detail in Sec. V.
nificant variation on scales smaller than the smoothing or
frequency re-sampling scale.

The result of this procedure is an estimate of the ensemble _ o ) _
average noise power spectrum in the time domain which is Formally, maximum likelihood map making requires the
reliable at sufficiently high frequencigfor maxima-1 for f  full time-time noise correlation matrix, rather than just a
=0.1 Hz), but sample-error dominated at the low frequency0iS€ power spectrum. For an idealized time stream the
end (f<0.1 Hz). To minimize the effect of the low fre- former is just the Fourier transform of the latter,
guency uncertainty, in the subsequent analysis we marginal-
ize over the low frequency part of the spectrysee Sec. NCt(i,j)Ef df P(f)exp(—2muf(i—j)A). (9)

IV B).

The entire procedure restores the continuity of the tim o . . .
stream segments: the noise is stationary over an entire se ora finite time stream this EXpression leads to a qrculant
ment, including gaps, and the sky signal in gaps is zero. Thi atrix .denote'd by the sgbscrlm [36]. If the correlatlon
is important in the subsequent stages of the data analysis; V@ngth in the time stream Is less tha_m half of the time stream
might worry that adding a randofalbeit constrainexsignal ength, then an alternative approximate correlation matrix,
to the data introduces an extra degree freedom and undet:
mines the uniqueness of the result. Although this is true, . IR
while different realizations of the random component may N(ij 2['\'“("”’ ifli=jl<Ac,
indeed lead to slightly different results, all of these results R 0, otherwise.
are necessarily statistically equivalent, with no bias intro-
duced. Moreover, the impact of the extra randomness is sign practice, numerical error in the estimati¢and Fourier
nificantly reduced by the gap pixel marginalization describedransform of the noise power spectrum means thatom-
in Secs. IVA and IV B. Consequently, we find that, for puted in this way may not even be positive definite. Such
MAXIMA-I , the final maps and their power spectra are robusproblems can be alleviated by the introduction of an extra
and not affected by the random element of this procedure. power spectrum smoothing windo(f), designed to trun-

2. A time stream with non-negligible sky signal

D. The time domain noise correlation matrix

is given by

(10
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cate smoothly the correlations once their amplitude reaches Nt_l' then Eqs(14) and (15) give minimum variance es-

the limits of numerical accuracy. Again, itis prudent to apply timates ofm, andN,,. Other choices trade a larger variance

the window function prior to deconvolving the prewhitening for increased computational speed. In particular Tegrf@fk
filter. Equation(9) then assumes a somewhat more compli-proposed the choice fovl of the circulant part of theN,

cated form, matrix. We discuss this option in Sec. Il C below.
In the following we present some different approaches
N ,j):f df|\7\/(f)|*2 exp(—2mif(i—j)A) and their application to a realistieaxiMA -like data set.
> f df S F—f'])Pu(f"), (11) B. Minimum variance approaches

1. Exact methods

whereW(f) is given by Eq.(7). In the following, we make With M=N,”*, we get the minimum variance estimates,
use of this expression whenever computhig. Its inverse

is approximated by an analogous form{&s, m = (ATN,”*A)~ATN, d (16)
p— t t ts

N X.0) = [ afin 2 exp—2mef - )a) N .
p— t '

xfdf’S(|f—f’|)PV;,1(f’). (12) _ _ _
The exact implementation of these equations seems a daunt-

) _ _ ) _ing task. The time stream length may easily reach many tens
Our usual choice foS(f) is a Gaussian with an appropri- ang hundreds of million of samples, making exact inversion
ately tuned width(typically of 1000—-5000 time samples for of the time domain noise correlation matrix prohibitive.
MAXIMA-1 ). However, for amAxIMA-l like experiment with segments
lengths reaching onl¢)(10°) samples an exact implementa-
1. MAP MAKING: FORMALISM tion is feasible on a moderately powerful workstation.
At the core of the implementation lies the observation that
for a gap-free time stream of the length with stationary
The procedure described above provides the input for th@oise the time domain noise correlation matrix is Toeplitz,
map makingper se here, we take as given the time streamwith Ny(i ,i)=N(|i—jl,0). The inversion of a Toeplitz ma-
data with instrumental filters deconvolved and gaps ﬁ”ed,trix can be performed in as few ﬁni) operations_dear]y
and the corresponding noise power spectrum for each segeasible for O(10°) time samples—and even faster algo-

ment. _ _ ~ rithms are possiblée.g.,[36]) bringing that number down to
time stream, leaving a discussion of the fully realistic case tQjuced if the noise correlation length is shorter than the time

Sec. IV. We consider a time stream consisting of a singl&tream segment length and the noise correlation matrix is
segment, neglect most of the systematic contributions, but dgyerefore band-diagonal.

A. The basic framework

admit the presence ¢how filled) gaps in the data. The sim- |t gaps are present in the time stream then, in principle,
plified Eq. (1) reads now the Toeplitz(stationary character of the time domain noise
d=Am+ n,. (13) correlation matrix is lost. However the gap-filling procedure

described above is explicitly designed to restore the station-

HereA is a pointing matrix assigning each time sample to arPity of the noise in the time stream. Since the gap samples

appropriate pixelor a set of pixels in a case of differencing contain no sky signdby constructionthey can be treated as

experimentson the sky(as observed at the given tijnaith data taken while observing a fictitious signal-free pixel in the
the sky signal given by a pixelized mam,. n, is the sky mapm,. Once the map and its noise matrix are esti-

(Gaussiah noise time stream with correlations given by the ”?ated' th's. extra gap pixel IS rejected from the map'and the
power spectrum estimated as in the previous section. _pl_xel doma_un noise correlau_on mat_r(>ef_fect|vely margmal_-

In this case we can write a closed form solution for the'2'"9 OVer iv. This IS a spe(_:lal application of the extra pixel
map[7.9] (but segf42]). The maximum likelihood estimates method discussed in detail beloigee Sec. IV A and also

. : . . > [37)).

f the mapm,, and the pixel-pixel noi rrllnmnx[ . .

l?l t tehenaféa&’ and the pixel-pixel noise correlation matrix, The computational effort then scales with a number of
pl

pixels ny; and a number of time sampleg as:

mp:(ATMA)—lATMdt' (14) noise inverse in time domain:

N,—N,"': O(n?);

N,=(ATMA) ~1(ATMNMA)(ATMA) L. (15) Rk (ns)
noise inverse in pixel domain:

Here,M is a positive-definite symmetric matrix, amy the . — )

time domain noise correlation matrifEq. (10)]. If M Ny - A—=A'N; “A O(ng);
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(o))

MADCAP o AP W FIG. 6. Inverse time-domain
noise correlation matrices com-
puted using MADCAP (middle
pane) and circulant (right) ap-
proximations and compared with
the exact resulfleft). For visual-
ization purposes the time-stream
segment length assumed here is
only 5000 samples and the corre-

0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5 i ~
time—sample number [x 103] time—sample number|[x 103] time—sample number|x 103] lation length')\c 1000.

0N w -

time—sample number [x 103]

o

the noise correlation matrikeq. (11)]. Apart from this ap-

noise weighted map: proximation, the remaining steps follow precisely as before.

N, LA, d—ATN, 1di: O(nd); Hereafter we refer to this approach as thepcap approxi-
mation.
noise matrix in pixel domain: Inversion of a circulant matrix can be accomplished using

FFTs [Eq. (12)] in only O(nglogny) operations. This ap-

-1 . 3 .
Np "—=Np: O(npi); proach is therefore designed to reap the benefits of fast Fou-

final map: rier methods, while at the same time providing a good ap-
proximation to the exact solution. ff;>4\ . the fraction of
Np, ATN, *di—Ny(ATN, 'd): O(n};,). N, ! matrix elements seriously misestimatéc., affected

: . _ i by the segment “edge” effects, see Fig.l8 this procedure

For the first three items substantial savings caln be made i,,u1d only be(9(4)\§/n§), and its performance in the large
the inverse time-time noise correlation matrhk, *, is 8- jimjt should be satisfactory. However, because the inverse
sumed to be band-diagonal—an approximation usually welht 5 Toeplitz matrix is Teoplitz only when it is also circulant
fqu|II§ad for t.he' inverse of a ban_d—dlag_o'nal noise correla‘uo_nthiS is the only case when this approach is exact. We dem-
matrix. If this is the case, and, in addition, the time domaingnsirate how well this approximation fares in reproducing
correlation length is SE‘OTt' then the inverse pixel-pixel nois§pe pixel domain map and noise correlation matrix in realis-
correlation matrix N, -, is often rather sparse. In this case tjc cases belowSec. Il D).
additional savings can be made by using the sparse maitrix The operation count changes only for the two items in the
algorithms, e.g., Sherman-Morrison-Woodbury form@a.,  |ist, which now read,
[34]) to calculate both the map and the noise correlation npoise inverse in time domain:
matrix in the pixel domain.

The memory requirements are also reduced by consider- N—N,"*: O(nglogny);
ing the various matrices’ structure. Since we only need to
keep the first row of the Toeplitkl, matrix and we do not
needNt_1 explicitly, the major memory requirements are set
by the size of the!\TNt‘1 matrix, which isO(npixns), and of
the noise correlation for the map)(ng;,). Note that the first _The scaling of the noise weighted map operation count above
of these limits can be reduced at the expense of the operatiqssymes the use of FFTs for the Toeplitz matrix
counts, since there is no need to savengllns elements of - myjiplication—a trick explained iff36]. The memory re-
this matrix provided we are prepared to re-calculate them agyjrement is set either by the larger of the size of the noise
needed. matrix in the pixel domaim?, or the time stream length.
If an efficient, fast—O(n,log? n)—implementation of the
Toeplitz matrix inversion is viable then, at least in the com-

One way to speed up map making, while at the same timenon case of an approximately band-diagonal inverse noise
providing a good approximation to the optimal minimum correlation matrixN,”*, the major computational advantage
variance map was proposed by Ferreira and Jdffé and  of the approximate method over the exact one would vanish,

incorporated into themADCAP package by Borrill[29].  and the memory requirement would remain as its only asset.
Rather than explicitly inverting thil; matrix we instead use

the approximation,

noise weighted map:

N, 1A d—ATN, *d;: O(nglogny).

2. Approximate methods

C. Circulant approaches

L1 Neo XiL0), if [i—j|<min(ng2\,), If we takeM =N, * then the noise correlation matrix in
N, “(i,))= 0 else the pixel domain can be expressed @k
(18 No=Nep+ Nsp,
Hereng and \. are the time stream and correlation lengths T
respectively, and the subscriptdenotes the circulant part of Nep=(A'Ng; "A) 7, (19
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Nsp= NCp(ATNCt_lNStNCt_ lA)NCp! D. Comparison and assessment
Although the various map-making methods outlined
where the time domain noise correlation matrix has bee@bove are algebraically similar, being derived from the same

decomposed into its circulanNg) and sparseNsg,) parts, underlying equations, their implementations and generalized
extensions to fully realistic time streams differ considerably.
N{=Nc¢i+ Ng;. (20 The approximate methods are of particular interest, be-

cause they achieve the speed of fast Fourier transforms. If
The sparse term compensates for the off-diagonal corners dfat is attained without sacrificing the necessary precision is
the circulant matrix. As in the case of theADCAP approxi-  to be tested and may depend on the particular case at hand.
mation, the only inversion required in the time domain is thatThe important parameters are the noise correlation length
of a circulant matrix. Hence it has been argued that, becausg ) and the time stream lengtmy). If these numbers are
the Ng; matrix should be very sparse, the operation count incomparable the differences between the methods can be sig-
this approach should be significantly lower than in the exachificant. but they should disappear whenever<n, and
m|n|rr:1um'var|ance appr?aﬁ]ﬂ.@]. h o “edge” effects are unimportant. Given the presence of a so-

_The dlsad_vantage 0 trE ![S app“;?ac tIhS TOt mft € NONtalled 1f noise component in the time stream, the assump-

minimum-variance map that resulisince the 10ss of preci-— 4, , that \. is independent of the time stream length may
sion 1S usua_lly insignificantbut rather in m_1p|e_ment|ng Its eem to be plainly wrong. Instead the correlations should be
more c_omphce_mted algebra. If no assumption s made abou[Satresent on time scales comparable with the time stream
band-diagonality, then the computational costs scale as: .

length. However, a low frequency cutag#.g., ac high pass-

noise inverse in time domain: . . : ) 7
ing filter in the MAXIMA experimenk usually limits the cor-
Ne—Ne b O(nglogny); relation length independent of the time stream length.

Here we address and illustrate those issues using the
MAXIMA-1 experiment as an example. For this experiment the
average length of the time stream segments is around 50000

Ne 1 A—ATNg *Ar O(nd); samples, with some segments as short as 35000 samples. _The
sparse part: very gradual decgy of the corre_latlons with tlm_e makes it
difficult to determine the correlation length precisely. How-

Ngt,Ne H A—ATNg "NgNg "A: O(npin?); ever, we have found that the dependence of the resulting map
on the value of\; assumed vanishes befoie, reaches
10000 samples, and have therefore uage- 10000 in all

noise inverse in pixel domain:
circulant part:

noise weighted map:

N 5 A, d—ATNg di: O(nglogny); computations. Hence, fanAxivA-1, A is less than but not
negligible tong, and prior to taking advantage of the speed
noise matrix in pixel domain: of the approximate methods we need to demonstrate their
applicability.

-1 . 3
Np "= Np: O(npie)- Note that comparing the different methods is not entirely

, , . straightforward. Assumptions about the band-diagonality of
~ Note that the operation count is dominated by the sparsgjther the time domain noise correlation matrix or its inverse,
inverse computationn>nyy). The operation count can be a5 required by the different methods, are clearly not equiva-
reduced ifN; andNc, are assumed to be band diagonal. How-jent. The relation between the assumed bandwidths of these
ever, even then, for experiments likexivMa the operation  matrices is also not obvious. It may seem that a fair compari-
count remaingd(nZ), usually with a large prefactor. Hence son would be to take the bandwidths to be as large as pos-
this approach is far from competitive with those discussedsiple in all methods. However, we then run into the problem
above, although it can be comparable for very short correlagf numerical inaccuracies unavoidably present in the calcu-
tion length data. The memory required again scales agtion of the noise correlation matrifor its inverse, espe-
O(NpixNs) .- cially at large time lags, which can result in a non-positive

A possible approximation, which we advocate hereafter, igjefinite (unphysical noise correlation matrix in pixel do-
to neglect the sparse correction completely in the expressiomain. Although power spectrum windowilgee Eqs(11),
for the pixel-pixel noise correlation matrix. Clearly the op- (12)] can be used to alleviate numerical problems of this sort,
eration count drops tad(nZ) or O(n%,)—whichever is this may also have different consequences for each of the
larger—and is usuallyo(n3;,) especially if Ne, * is as-  methods.
sumed to be band diagonal. In this case the method’s com- This point is particularly conspicuous when comparisons
putational requirements are comparable with those of thare made with the exact circulant method. We find that this
MADCAP algorithm [29]. In the following we refer to this approach is very sensitive to both the choicengfand the
approach as the circulant approximati@ap). This approxi-  windowing technique. For this reason we do not quote pre-
mation is clearly very similar to thADCAP approach dis- cise numbers for the comparison of this method with the
cussed above, although it is strictly exact for a diagonal noisethers. By adjusting the free parameters of the method we
correlation matrix as well as for an infinitely long time can reproduce other methods’ results quite accurately, and
stream. within the expected statistical uncertainty of the maps.
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FIG. 7. An example of pixel domain noise correlations estimated for a single segmenxnfa-1 data set. In this figure, we show
correlations of a single selected pixel with its neighbors. This pixel is marked in left panel with an arrow. The color scale shows the
correlation level relative to the rms value of the noise in the selected pixel. The scanning direction was from the left bottom corner to the top
right, leaving a smudge of strong correlations in pixel domain. Pixels are numbered row by row from the left to the right and from the bottom
to the top as shown in the left panel. Note a strongly distorted aspect ratio of the figure due to a scan elongation in a declination direction.
These correlations as a function of a pixel number are also displayed in the middle and right panels. They show the relative correlations of
the selected pixel with its closémiddle) and more distant neighbofsight panel. The chosen pixel has a number 210. Different lines
correspond to different map-making methods used for the correlation estimations. Filled circles show results of the exact minimum variance,
solid line shows approximate circula¢@ar), dashed line shows approximasepcapr and dot-dashed line shows exact circulant methods.

In the case of the other comparisons we have applied between results from the different methods is generally quite
Gaussian window functiofEgs.(11),(12)] while computing good. More quantitatively,~98% of the matrix elements
the noise power spectrum and kept similar correlationshow relative differences less than 20% when computed us-
lengths for all three methods. In any case, the numberig the exact minimum variance approach and Ma®CAP
guoted below should be looked at as indicative rather than aspproximation, and~50% show differences less than 5%.
the best case possible. Similar numbers are found for the comparison of this exact

We choose to compare maps and noise correlation matrmethod and thecap approximation. Usually, both approxi-
ces directly in pixel domain, notwithstanding the fact that themate methods tend to overestimate high positive correla-
approximations are really applied when the inverse of theions. ThemADCAP approach also seems to underestimate the
noise correlation matrix in the time domain is computege  amplitude of negative correlations, yet frequently recovers
Fig. 6). It is the quality of the estimate of the map and its weak correlations more precisely than the other approxima-
noise correlation matrix which matter for any subsequention. The relative differences of the maps are of the order of
analysis. Such an approach also seems to be more genef@% (Fig. 8), which, on average, amounts to no more than
than assessing the quality of a map through the application df0% of the rms noise level predicted for a given pigeig.

a specific statistical tool. 9).

A sample of results is shown in Fig. 7. The middle and To test if the discrepancies are due to numerical errors,
right panels show two regimes of pixel-domain noise corretather than differences in the algorithms, we use the exact
lations as estimated using different methods. The left panahethod with an explicitly circulant noise correlation matrix,
shows the correlations of a selected pixel with all the otherand compare the result with that calculated using the ap-
as projected on the sky. These were computed for a singlproximate circulant approach. In the absence of numerical
~40000-sample segment of the CMB1 scan covering an areaaccuracies both results should be identical. We find that the
of ~6 square degrees on the sky, corresponding-#00  differences are predominantly at the 2—3 % level. We obtain
square 8 arcmin pixels. Neither filtering nor marginalizationsimilar error estimates when analyzing a diagonal noise cor-
has been applied to the time ordered data. The agreemerdlation matrix using all three methods.

FIG. 8. SimulatedMAXIMA-I -
like maps of the CMB anisotropy.
Left panel shows the simulated
map used for creating the time
stream data of a single detector of
a MAXIMA -like experiment. The
time stream was subsequently
used to recover the map of the sky
applying the approximatecap
(middle) andmAaDCcAP algorithms.
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FIG. 9. Comparison of two map-making algorithms applied to the meaimAa-1 data of a single photometer. The left panel shows the
map computed using the approximate circul@r) approach. The middle panel shows the map recovered wgsingap approach. The
difference of both divided by an estimated rms of the pixel noise is shown in the right panel. Note that the color stretch limits are from
—0.25 to 0.25 in the right panel.

We can also ask if there is any systematic error incurredime domain noise correlations. More to the point, the result
as a consequence of the approximations which bias the ref any statistical test applied to the map, which depends on
sults of a particular approach. One way to address this issube choice of the approximate method used during map-
with simulated maps is to check whether the actual noise imaking, should be treated with suspicion. We have demon-
an estimated map is properly described by a concurrentlgtrated that for th&1axiMA-I data analysis and, in particular,
estimated noise correlation matrix. This is clearly the casdor power spectrum estimation, the differences between the
for the exact methods, which are derived to obey such anethods are negligible.
requirement. To test the approximate approaches we define In summary, all four map-making methods are broadly
Mg, as the true noiseless map of the sky used for a simulasonsistent at the noise level of theaxiMA-1 maps. This
tion. m;, N, andm,,, N, are maps and pixel-pixel noise concordance is only expected to improve if longer time
correlation matrices as estimated by ther and MADCAP  stream segments are considered. Numerical errors can
approximate methods respectively. For each of the noise maeadily be kept under control even with as many(dd0°

trices we introduce a matrix N, Y2 such that —10°) time samples, at least foraxiva -like data sets, al-
N~ Y4(N;"Y)T=N,"!. Consequently the variablg, de- though further tests may be needed for low noise cases. Both
fined as approximate methods are easy to implement, with their speed
being limited by the pixel domain noise correlation matrix
Yi=Ni"YAmi—mgy), i=cm, (21)  inversion. The exact minimum variance method provides a

) i . useful cross-check on both the validity of the approximations
should be a vector of uncorrelated, Gaussian variables with a

dispersion equal to unity if no systematic problem is intro-
duced by an approximation. This can be tested using, e.g.lo
the Kolmogorov-Smirnov tegsee also Sec. VI Such a test
is comfortably passed by both methods for noise in the pixel
domain ranging from~100 uK per 8 arcmin pixel(the L
MAXIMA- single channel leveéldown to ~60 uK (the 6000
MAXIMA-1 4-channel combined level

The differences between the results of the various meth- 4000

000 — — T — T 1
o CAP approx.

8000 & MADCAP approx. |

T T
|

ods, as summarized above, are found to be rather small, an % % 1
indicate that all the methods may be equivalent in practice. 2000 - } % T —
Although the problem is difficult to tackle in a more quanti- % %

tative and general way, it can be addressed from the pointo o[ ]

view of specific statistics derived from the maps. An ex- [
ample of such a test, comparing the power spectrum statistic2o00 . . . ., . . ., o . . .
is shown in Fig. 10. In this case the power spectra of the 0 200 400 600 800
MAXIMA-I maps computed using both map-making methods ’

show very good agreement. FIG. 10. Comparison of power spectra computed for the maps

In practice, the approximate methods have an advantagfade with two different map-making algorithms as shown in two
over the exact methods of being easily implementable. Ineft panels of Fig. 9. The data are those of a singl@iMA-1 detec-
fact, both can be straightforwardly applied using ¥CAP  tor. Circles show the results for the map made using approximate
package[28]. The differences in the results provide somecirculant (cap) algorithm, and diamonds show the results for the
insight into the sensitivity of the results to the treatment ofmap made using th@abcap approximation.
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and numerical error propagation, and, with further improve-
ments may be able to achieve the computational speed of the di=[A,B]
approximate approaches.

We note again that all of this assumes a continuous time
stream with stationary noise resulting from application of thewe find that it is formally identical to Eq(13). Here, we
gap filling algorithm; the restoration of the Toeplitz characterhave introduced a generalized pointing maix,and a gen-
of the noise correlations is crucial for the feasibility of the eralized mapm,. Those correspond to an “ordinary” map
exact minimum variance approach, as well for as the accuand a pointing matrix, but now extended to incorporate also
racy of the approximate methods. the extra pixels. The map-making methods discussed above
can all be applied in the present case, with all their caveats
and strengths. The appropriate equations preserve the form
of Egs. (14) and (15) but the pointing matrixA, the map,
So far we have been assuming an “optimistic” model for m,, and the pixel domain noise correlation matiik,, need

the signal in the time streand [Eq. (13)]. Commonly, un- o be replaced by their generalized counterparts,.He./m,
Wanted co_ntribution$e.g., the overall average temperature,ande respectively. As a result, the map-making procedure
primary mirror- or gondola- synchronous noisge present nroyvides an estimate of a generalized map and a generalized
in the data[Eq. (1)] and have to be dealt with if a reliable pgise correlation matrix in pixel domain.
result is to be obtained. In addition to the minimum-variance considerations de-
Let us consider a case of an arbitrary time domain contrixcriped above, the formalism so far described can also be
bution of known temporal behavior. We take these to banought of as describing the likelihood function for the data:
given by a set ofn template vectors{’, of unknown am-  the distribution of the underlyingigeneralizell map is
plitudes,x(", so the resulting time stream equation is Gaussian with mean and variance as given by Etg).and
(17) (or approximations to thegeThus, the generalized map
noo is a simultaneous estimate of both the real map and the “ex-
di=Am,+ nt+21 xW 4D (22 tra” pixels. Knowledge of the amplitudes of these extra pix-
o els are often useful for diagnostic purposes. However, we are
in the end interested in the real map itself; hence we wish to
marginalize over the,. With a uniform prior, we find the
dJsuaI Gaussian results:

mp
X

+n=Am,+n,, (26)
q

IV. MAP MAKING: AMENDMENTS

The additional numbex() can be formally treated as an
extra (fictitious) pixel “observed” with a “pointing matrix”
as given bya{'). These additional numbers can be estimate the marginalized map is just the generalized map with the
during the course of a map-making procedure and then mag, 4 pixels removed:; and
ginalized over. Alternatively, the entire extra terE’]x(')a{')., the marginalized noise matrix is just the generalized noise
can be thought of as a part of the noise term and directlyyatix with the rows and columns corresponding to the extra
marginalized over in the course of map making. Clearlypix(:ﬂS removed.
these two approaches are just different implementations of Clearly, only well-understood features of the time stream,
the same idea, yet, depending on the partiCL_JIar problem &, \which the pointing operatoB is known, can be ac-
hand, one or the other may be more appropriate. In the foleoynted for using this approach. Moreover, if the extra com-
lowing, we refer to them as thextra pixelsand marginal-  yonent is indistinguishable from the CMB temperature map,
ization methods, respectively, and discuss them and some Qfs | js sky stationary, then the clean separation of the map
their applications. into CMB and non-CMB components is impossible. That is
manifested as a singularity of thé "M .4 [see Eqs(14) and

A. Extra pixels (15)] matrix. In some cases, if such a singular pixel-domain
mode is determined, it can be accounted for on subsequent
stages of the analysisee Sec. IV € In general the dis-
xq =[x®, ... x(M1], (23)  cussed framework is quite universal and can be applied suc-

cessfully in a variety of circumstances of practical interest.

Specific examples of its applications are time stream gaps,
relative offsets between separate segments of the map, and
primary mirror synchronous effects. All those were found of

Let us define a vectox, as

and a matrixB such that

— 1 m
Bz[’{ o ’{ 1. (24 importance for thewaxiMA-I data analysis and we discuss
] them in detail below.
We can now rewrite E(22) as a. Time-stream gaps, offsets and temporal frequencies
Perhaps the most straightforward applications of this method
di=Amg+BXy+ ;. (25  are to time stream gaps, time-stream segments offsets, and

unwanted temporal frequencies.
From this it is clear that the extra time stream contribution The direct application of the extra pixel method to the
can be thought of as a set of extiféctitious) pixels (x) unprocessed raw time stream in order to properly marginal-
“observed” with a pointing matrix given byB. If we, fur-  ize over the unknown content of the gaps would require in-
thermore, recast this equation as troducing as many extra pixelparameters; in Eq. (25)] as
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time samples in the gaps. Not only is this a computationallyof the primary mirror synchronous signal. However, the ef-
significant extension, but also a source of a multitude offective, total, phase shift, caused by the instrumental filters,
possible numerical problems and singularities. With the gapis strongly dominated by the ac low pass filter, leading,
filling procedure as described earlier, one extnparameter therefore, to only two significantly different choices for the
(the gap pixel and a single template;, such as combined pointing matrix of this synchronous effeSt,We
choose those to be
1, iegaps,

w(h)= 0, otherwise, B=B,

: : or
suffices to account for all of the gaps of a single segment.

That is precisely th ixel roach briefly menti i - -1 -1 -1

Sef.[ ITIpB.eC sely the gap pixel approach briefly mentioned in B=Fono Fow Frign 'B.

If a map of more than a single segment is to be producegiere we useB to denote the discretized mirror position and
from a single map-making procedufan approach adopted denote instrumental filters as in Sec. Il B. The first choice
in MADCAP), care must be taken with regard to unknown ahove corresponds to the case in which the synchronous sig-
relative offsets between different segments. In total poweha| is added prior to ac low pass filtering, e.g., a mirror

experiments the actual offsets are spurious and contain nelated modulation, and the second one to the case in which
information about the sky. In the parlance of the extra pixelhe extra contribution arises later on.

method, the offsets can be considered as amplitudts of A number of extra pixels depends on a particular problem
a set of time-domain templatesi”, defined for each seg- at hand. In theiaxiMA- case we use a separate set of extra
mentl as pixels, consisting of 20 to 50 discretized mirror positions, for
) each of the segments. The relative offset of the primary mir-
()= 1, iel, ror signal and the CMB map is arbitrary, therefore we con-

t 0, otherwise, strain the value assigned to the first extra piéarrespond-

ing to the leftmost position of the mirrbto be zero. That
and therefore they can be straightforwardly incorporatedreaks the degeneracy between absolute offsets for both
within the framework of the extra pixel method and the map-components and avoids a singularity in the generalized noise
making formalism[29]. correlation matrix in pixel domain.

Similarly unwanted temporal frequencies can be de- For MAXIMA-1 we find no other singularity caused by the
scribed with one extra parameter, their common amplitude, ifnclusion of extra pixels describing the primary mirror syn-
they are first filtered out from the time stream, and thenchronous signal in the map-making problem. This is due to
replaced by a pure Gaussian noise realization with the noistine carefully designedAxiMA-1 scanning strategy; the typi-
power spectrum as estimated earlier. cal time scale for variation of the extra contribution is sig-

b. Primary mirror synchronous signaPeriodic motion of  nificantly longer than the time needed for the instrument an-
the primary mirror and the gondola can potentially become denna to cross the pixel on the sky, and the majority of real
source of an extra parasitic contribution to the total signakky pixels are revisited many times, with the primary mirror
measured by aMAXIMA -like experiment. Due to its origin, position different at each visit.
such a contribution is likely be a single-valued function of By using a single set of extra pixels per segment, we
the position of either the primary mirror or the gondola andmake an implicit assumption about the stationarity of the
therefore can be modeled using the extra pixel method disanderlying synchronous signal on the time scale of the length
cussed above. of the segment. Such an assumption needs to be tested

Only the primary mirror synchronous effect has beenposteriori Recovered primary-mirror-synchronous signals
found to be important for the actusiaxiMA-1 data and re- are shown in Fig. 11. These results are for simulations with
quired this treatment. Below we describe this case in soméhe synchronous signal explicitly assumed to be strictly sta-
detail as an example. tionary, and for the actuahaxivA-I data. In the latter case,

Assuming that the primary mirror synchronous contribu-the results for different, but adjacent, segments of the same
tion is a slowly varying function of the mirror position, we detector are indeed consistent within the error bars, suggest-
can characterize it using a discrete set of amplitydes an  ing that the assumption of stationarity is satisfied.
extra pixel “map”), each of which describes the magnitude The differences between recovered signals can be the re-
of the parasitic signal corresponding to a narrow range o$ult of actual differences of the instrumental signal, or of the
mirror positions(i.e., an extra pixel The extra pointing ma- sky signal, which can have a component synchronous with
trix B assigns then the time samples to these discretized prihe mirror position, or because of instrumental noise. We find
mary mirror positions. The presence of the instrumental filthat for themAXIMA-1 experiment, a part of the dipole signal
ters introduces an additional complication. They induceis subtracted from the sky map together with the primary
phase shifts in the time stream and therefore modify themirror synchronous signal. This effect is mainly due to the
pointing matrix in a way depending on the precise locationmonotonic gradient-like morphology of the dipole within the
that the synchronous signal appeared in the on-board eleboundaries of the-10°x10° patch observed byAXIMA-I .
tronics chain(which we do not knowa priori). In principle,  For all multipole modes which vary significantly across that
there are four possible choices for the correct pointing matriypatch, i.e., fol =20, such an effect is expected to be unim-
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FIG. 11. The primary mirror synchronous signal recovered from the simulégfinpane) and the reaMaxiMA-I data as a function of
the discretized position of the primary mirror with respect to the gondola. In each of the panels, the recovered signal for each of the six
segments of the CMB1 scan is shown with thin solid line. In the left panel, the thick dashed line shows the primary mirror synchronous
signal as used for the simulation. The apparent asymmetry of the recovered signal in contrast with the symmetry of the function used for
simulation is due to a residual CMB dipole contribution shown with a thin dot-dashed line. A very similar, slightly asymmetric, shape of the
functional dependence is found for the signal recovered from the real data as shown in the middle panel. That panel shows the estimated
amplitude of the signal synchronous with the mirror position, which was added to the time stream data prior to the ac low-pass filtering and
therefore also includes the sky signal, such as the CMB dipole. The rightmost panel shows the estimated primary mirror synchronous signal
added to the time stream after ac low pass filtering, and therefore originating in the instrumental electronics. Note the very good stability of
that contribution with time and its negligible amplitude, as compared to the signal shown in the middle panel, as well as to the expected
CMB anisotropy. The noise level corresponding to different mirror positions is strongly correlated and for that reason not show in the figure.
A typical level is~40 uK and ~1 uK for the middle and left panel.

portant. We show effects of the subtraction of the primaryover the amplitudex, while taking the limit 02—, is
mirror synchronous signal on a power spectrum estimation irquivalent to marginalization with a uniform prior, as con-

Fig. 12. sidered abov§l8]. This is tractable because we can simplify
the calculation of N/ ! using the Sherman-Morrison-
B. Marginalization Woodbury formulg34], in this context given by
In the extra pixel method, we first determine the general- -1 —1_\T
. ) s L _ ;. (Nf"m)®(Ny "7)
ized map and noise matrix, and then marginalize over the N; “1=N, 1_ e —
unwanted pixels. In the case of the marginalization approach, oyt Ny TR
we first marginalize over the unwanted temporal modes, and
then pass directly to the marginalized map and noise matrix. o3 (N, )@ (N ta)T
It is based on the idea that the undetermined amplitude can N, - — ot t W (29)

be treated as a random variable with a prior probability with

dispersiono? [18]. Again, we start with the more compli-

cated time stream of Eq22), but for compactness allow AS expected we have

only for a single templater;. Now, we assign the unknown N “1r=0 29

amplitude,x, a prior probability density with variancex?) o (29)

rTgﬁ .a\T/-vz()a/n,bgirgﬁqusgzgg\ﬁgghI\/SVeu?fler?vl\’lgcg\TerlI{Elugies Finally, note that the usual map-making formulas in a mini-
' ' mum variance cas€Egs. (16) and (17)] require only the

tribution for the time stream in the form of a Gaussian with; tEas. (16 (7] req y

S . o inverse noise correlation matrixi,”*, and remain un-
an effective time stream noise matrix given (hereafter® 1 1 .
changed ifN, ~ is replaced byN/ ~ . Because the correction
denotes a tensor produict

to N, ! is additive, we can also think of this as a correction
N/ =N+ U)%,-t(g) 7-tT_ (27 to the inverse pixel noise:

Thy —1
N\

That is, we can consider both the Gaussian naigegnd the (ATN )@ (ATN )T
template &) together as a noise-like term with this corre- '
lation matrix. The more complicated equati@22) can be
then recast in the familiar form of Eq13). Solving for the One might suspect that a weakness of the marginalization
maximum likelihood map gives expressions in the pixel do-method would be the computational overhead involved in
main mirroring that of Eq(14), with the noise correlation computations of the extra term in E(8). However, the

matrix in time domain replaced now Ky, . Marginalizing  products oth‘l matrix and a template vector, requires

N[;71—>N -1

) (30

Thy —1
7 Ny 7
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FIG. 12. Power spectra of the CMB anisotropies recovered from the simulééfingane) and themaximA-I single detector mafright).
In the left panel all shown spectra are computed assuming the same CMB sky and noise realizatiomand-a like observation. We
demonstrate here the performance of the extra pixel method in a case of primary synchronous signal. The displayed points correspond to four
cases: with a primary synchronous signal absent in the time stream data and either not accounted for during mariarakiesy or
accounted foXopen circleg using the extra pixel method on the map-making stage. The remaining two cases, with a primary mirror signal
present in the data are shown with open diamdndsextra pixel method applieénd filled diamonds computed for the map produced with
the extra pixel method. Right panel shows results of tests of the extra pixels method applied directly to the data. Spectra shown with open
symbols have been computed using different definitions of the extra pixels: diamonds are for the standard case with synchronous signal
depending only on the position of the antenna, and triangles are for the case when also a dependence on a direction of the primary mirror
motion (left or right) is allowed. Filled circles depict the spectrum computed for a map with no extra pixel method applied during map
making. Clearly, only the power in the bin centered~at50 has been affected by the primary mirror synchronous signal.

only O(nglogny) operation if Nfl is Toeplitz, or maximum-likelihood estimate. That can be useful dopos-

O(Nhpand if it is (approximately band-diagonal with a teriori tests, if some prior assumptions have been made to
bandwidth,\, 4. Als0, recalling that what we need in Eq. extract the effect.

(30) is ATN; A rather thanN; ! itself, we can cut the Note also that we have constructed a matrix we gafl*.
number of necessary operations by performing the productdowever, in the limite—c, N/ itself no longer exists: by
from outside inwards. That can be done in eitiin,) or construction it has an infinite eigenvalue corresponding to
O(n};,) floating point operations, whichever is larger. So thethe e|gen\1/ectora-t. (There are also pathological cases

. . . . . . r— H H

final scaling for any single template is given either bywhereN/{ = can be inverted because of numerical effects.

O(nglogny) or (f)(nZ. ). Nonetheless, the pixel-domain noise matrix
pIx . . M= (ATN/—1a)-1 ; ; i
If more than one template is required than E2B) needs N [=(A'N; ""A) "] may still exist due to mixing of the
to be generalized and reads modes via the operatdk. In fact the resulting\lr’,’l is sin-

gular only if 7= Av,, wherev, is a pixel domain template.
N, ~*=N, (N, 'B)[B'N, *B] %N, 'B)T (31)  Then from Eq.(30) it follows that[cf. Eq. (29)]

whereB is as defined in the previous sectiig. (24)], and N, 'v,=0. (34)

the expression in the square brackets is a square matrix of the

size given by a total number of time-domain templates. Wdn cases wherN", exists the “extra pixel” approach will
have assumed that the template amplitudes are uncorrelateglork as well. However, the marginalization procedure would

ie., (xXOxW)=0 if i#]. In this case agaifcf., Eq.(29)], work even ifATN; ~*A is singular as we discuss that in Sec.
IV C.
N, 'B=0, (32 Below we elaborate on a particular application of the mar-
ginalization method to the removal of specific frequency
and, hence, also for each templatf, [cf. Eq. (24)], modes from the time stream. .
Frequency band marginalizatiorHere we will use the
N/ 140 =0 (33) method of the explicit marginalization, outlined above, to
t t .

derive a useful concise formula marginalizing over unwanted
frequency bands. In such a case a required set of templates is

This approach is fully general and can be used in all th iven in the time domain as

cases already mentioned in the context of the extra pixe
method—both methods give identical results. The advantage
of the extra pixel method is that it not only marginalizes over Tomy ] )ECO5<

2mig(j+ m)) 35
the unwanted effect, but also computes its individual '

Ns
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Here, i, corresponds to the frequenéy=iy/nsA, which is  and zero otherwise. The eigenvectord\gf * are not in fact

to be marginalized overj is a time variable, andm identical with those oN¢,~* and, therefore, the former will
=0, ... [ns/io] determines the overall phase shift and alsonot usually have the eigenvalues equal precisely to zero any-
numbers the template. As usua stands for the length of more. The removal of unwanted modes from the map in this
the time stream segment under consideration anis the  case is therefore only approximate. Again, this is an effect
sampling rate. We can now insert these templates into Egve have found to be negligible in practice.

(31 to obtain a fully general formula for the inverse noise  One may wish to marginalize over frequency bands which
correlation matrix with a frequency modé,;, marginalized are compromised by a periodic parasitic sigialg., syn-
over. As explained above, a numerical implementation othronous effects However, in this case this method is less
such a strict marginalization is feasible within a frameworkdiscriminating than the extra pixel method, making no use of
of the minimum variance methods. This expression simplithe phase information usually available. Marginalization is
fies significantly ifN, ! is a circulant matrixN, *=N., *.  also useful to minimize the significance of sampling uncer-
Then N; 1 is also circulant,N; “1=N¢, "%, and both are tainty present at low frequency and leading to errors in the
uniquely defined by their power specfief., Eqg.(9)]. Here, noise estimation procedurgsee Sec. Il ¢ It can also be

we denote these &8’ (f) andP(f). From Eq.(31) we then  applied at the high frequency end, where the precise shape of
have the instrumental filters is not well known. In fact, in the

MAXIMA-I case we have applied marginalization to deal with
P (i)=P>)—Pig)("(i,ig)+ 8(i,—iy)). (36)  the lowest,<0.1 Hz, and the highest frequencies30 Hz,
for the reasons just mentioned. We have found no strong
Here s is the Kronecker delta, and we have made use of thelependence of our results on the specific choice of bounds,
fact that in Fourier space the templatg, is represented as obtaining nearly identical results if these values are set to be
0.2 Hz and 20 Hz respectively.
7T| Om

~ 2
T(m)(J')ECOS( )[5K(i,io)+ 8(j,=i0)]

s C. Singularities and pixel templates

miom S —i)— SK(i i Having accounted for these time stream “templates,”
[6%(1,=10) (1.1o)], we can produce the map and tinwersepixel-domain noise
matrix. As mentioned above, we may not be able to obtain
(37) the noise matrix itself, due to zero eigenvalues in the inverse,
corresponding to “infinite noise” in some modes.
However, just as the mapmaking procedper seonly

.(2
+ ¢ sin
S

with « denoting an imaginary unit. From E¢36), we have

P'(io) =P"(~i0) =0, and therefore, in the case of circulant requiresN; ~%, subsequent manipulations of the map often

noise matrices, the extra marginalization term in B4) just can be cast in terms of matrix inversés another language
zeros the power of the frequency mode which is to be mar: guage,

gnlzed ove. I fact, such an answer coud have beeff 1S 00 Catesbonds 02 weigRer xanpie e
guessed, by noting that the single-frequency modes arJé ) 9

eigen-modes of the inverse of the circulant matag well as nal is
the circulant matrix itsejfand that to introduce a Sherman- 1 1
Morrison-Woodbury-like correction with respect to any of L£(C))= —ex;{— “m™ 1mp}, (39
those modes it is sufficient to set their corresponding eigen- |277Mp| 12 2P P
values to zerdEq. (33)].

This observation suggests a simple prescription for fre-

quency marginalization in the case of the circulant approxi\VN€reé m, is the pixelized map as before, and, is the

mate map-making algorithm discussed before. Because thériance corresponding to the uncorrelated sum of the CMB
power spectrum related to the mathi,, * is the inverse of S|gngl, S.p(c')' and the pixel-domain noise correlagon
the noise power spectrufef. Eq. (12)], it is possible to matrix, '_'e",MPES,ch')JFNP' I, .due to time domalr?
marginalize over the amplitude of a frequency motig,by marglnallz_anon,Np _ has zero eigenvalue corresponding
setting the inverse of the noise power spectrum correspond® a /_pi|xe_l—1dona/1|_nl template [cf. Eq. (34)], v,
ing to that frequency to zero prior to calculating, * via ~ — (A Nt "A) "A'N; "z, then we computd\, as
Eqg. (12).
The impact of such a procedure on the final map is clear _ -1 TN-1_ -1 T
from Eq. (14): the frequency modes with zeroed power are Np=(Np “+ evp@ vy ) GG (40
removed from the map but that is self-consistently accounted
for in the corresponding noise correlations matrix. wheree is a small positive number and the inversion on the
Similarly, the mADCAP approach can be modified by right-hand sidgRHS) is to be performed directly. This pro-
adopting the following approximation to the inverse noisécedure replaces an infinite eigenvalue of Myg(correspond-

correlation matrix in time domaifcf. Eq. (18)], ing to the eigenmode,) with zero, leaving all other eigen-
g D S values unaffected. The total inverse correlation matrix is now
N30, ))=Ng (i.j), if [i=j[<nd2,  (38)  to be understood as
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Mp—lz lim (S,(C)+Ny+ aﬁvp®vg)‘1 Bond, Jaffe and Knox18] and, e.g., implemented imAD-
o2 oo CAP. However, it is still advisable to first determine the sin-
’ gular modes prior to applying such a method.
V.V T We also note in passing that this same formalism can be
=(S(CP+Np = - TAp : (41)  used to “marginalize over” other sorts of template ampli-
Vo Vo tudes at the map stage, rather than the time stream templates

R considered earlier. An important example of this are tem-
where va(Sp(C,)Jer)*lvp and the last term is a usual plates corresponding to known sources of foreground emis-
Sherman-Morrison-Woodbury term. This expression assumesion, such as galactic dust, whose spatial morphology is
that S;(Cy) + N, is invertible. However, any zero eigenvalue well-known from studies at other wavelengths, and are sub-
modes, additional te,,, can be treated in the same way asdominant but potentially important contaminants at CMB
Vp, once a singular mode has been determined. wavelengthq18].

Even if we have not explicitly accounted for effects that  For other easily identifiable singularities see the next sec-
may leave us with a singula,, we can use a similar tech- tion.
nique, if we know the pixel-domain pattern of the respon-

sible modes. In this case, in analogy with the time stream D. Combining maps of time-stream segments
case[Eq. (25], we can write the map as The map-making formalism as presented so far can be
) applied to a number of statistically independent segments
M=+ avp+ny=8,+n,. (42 simultaneously. However, it may be advantageous to analyze

each of these separately. In this case one needs to combine

Here, s, is the signal,n, is the noise, andj, describes the the separate segments together at the end. For Gaussian noise
shape of the unknown mode, with unknown amplitie this would be quite straightforward, were it not for arbitrari-
over which we will marginalize. Once again we can make amess in the offset of each segment. The latter introduces pos-
use of Eq.(41), with N, this time computed in the standard sible relative offset shifts between the segments. This can be
way. resolved for partially overlapping segments if we require

As an example, the total offset of the map is spurious andhem to display, within the noise uncertainty, the same un-
undeterminedand it is often numerically convenient to set it derlying pattern in the common region. This introduces an
to zerg. That is, the detectors are only sensitive to temperaextra complication to the well-known formula.g.,[37]) for
ture variations, rather than absolute temperatures. In the cafiee optimal co-addition of two maps. The maximum-
of a lack of correlation between the noise and the underlyindikelihood problem can be solved in a standard manner or
map(as we have assumed all algnthe inverse of the noise using an approach analogous to that of Sec. IV B. In conse-
correlation matrix computed for such a map should be singuence, on defining, for each time-stream segmegt, as a
gular by construction. The eigenvector corresponding to thejxel-domain vector of ones a,{q)(l)ENp(l)—lup(l) . and in-
zero eigenvalue s just a constant function of a pixel numberroducing a corrected inverse noise correlation matrix,
i.e., v, =[1, ‘o I : Krpwmg that, it is str_alghtfor\{vard to N,{,g)_l. such agcf. Egs.(28),(41)],
perform the “inversion” as in Eq(40). In this specific case

such information can be included while computing the power Clp(l)@ ap(l)T
spectra using th&ADCAP packagd29]. An analogous prob- oy =Npy e, (43)
lem has been addressed by the Cosmic Background Explorer Up(1) Up(i)

(COBE) Differential Microwave Radiomete(DMR) team . . .

[38]. This equation can be straightforwardly generalized forl/e can express a final fuI_I_map and a corresponding noise
cases with more complicated eigenvectors as discussed b%grrelatlon matrix in a familiar manner,
low. -1

Equation(40) simply sets to zero an infinite eigenvalue of Ng’t: [ > N")(l)‘l} , (44
an inverse matrix. That formal procedure does not “solve” !
the problem of singularity; rather it gives a compact expres-
sion for the noise correlation matrix, which together with the tot_  (tot ro-1
knowledge of the singular modes provides complete infor- Mp =Ny E| Nocy "My 43
mation needed for statistically sound exploitation of the map.

If such a singularity is identified, it usually can be dealt Here the sum is over maps of all segments to be combined.
with efficiently, producing a statistically valid result. There- As discussed above the undetermined absolute offsets of
fore, determination of singular modes present in the map hagach of the segments separately are reflected in the singular-
to be a part of a robust map-making procedure. Numericalty of each of the redefined inverse noise correlation matri-
inaccuracies often obscure singularities, making them diffices,NF’J(l)*l. The final inversion in Eq(44) again has to be
cult to find. The presence of such an undiscovered singulaunderstood as in Eq40) and the singularity needs to be
mode does not necessarily invalidate the outcome. In fact, iaccounted for in subsequent stages of the data analysis, as,
some applications, the final result can be still correct, whilefor instance, shown in Eq41).
such a computation may accidentally duplicate (#agproxi- A MAXIMA-1 based example of an application of this pro-
mate numerical marginalization technique discussed bycedure is shown in Fig. 13. As in the case of a single con-
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FIG. 13. Pixel domain correlations of the noise projected on the sky. All three panels show a level of the correlations relative to the rms
value of the noise for the same pixel, which is marked with &ri Color coding is shown in left panel. This pixel has been observed twice
during themaxiva-1 flight. The noise correlations for the first observation are shown in the left panel, and these for the second one in the
middle panel. Right panel shows the final co-added noise correldsersEq(44)]. Clearly, due to thesaxiMA-I scanning strategy and the
presence of the noise correlations in the time domain, the noise correlation pattern in pixel domain is highly anisotropic and strongly
correlated as a result of any single observation of a pixel. The combined noise, for all pixels which were observed twice, is however
significantly less correlated and more isotropic.

tinuous time stream segmef®], re-observing the same tor. For that reason we have rejected all the disconnected
patch of the sky along the different scanning direction notsegments from theiaxiMA-I maps while computing their
only suppresses the level of the noise per pixel but alspower spectra. In that way the number of segments used for
weakens and isotropizes the correlation pattern in pixel dothe final analysis decreased to 14 per detel@¢t].
main.

Note that the expression in the curly brackets of &d) E. Combining maps of different photometers
becomes singular also, if not every segment map is con-

nected (directly or through the number of intermediaies vious section is introduced by the possible relative calibra-

with the others. If no such link exists the relative offset of tion difference between mans produced for different detec-
such a segment map with respect to the rest of the ma PSP

remains unknown giving rise to a singular mode in addition®"s: Calibration uncertainty is generically difficult to be

to the one related to the absolute offset. However, E4%. Ir:fjlll':idﬁga![?\}g é"hg:ng[re'}urgolr”ftﬁgi?(?'\;j;ra&n;ggg SVLézehg)vletS
and (45) can still be applied if the inversion of the singular P X -

matrix is interpreted as in E@40). The singular eigenvector founo] that the relat_lve call_bratlon b_e_tween dn‘fergnt photom
. eters’ maps are with a high precision correct if the mean
V, has to now be appropriately replaced. : TR
: ; . oo dipole based calibration is adopted for each of the nhapk
For instance, in a case of a single disjoint segment the tw . :
. ) herefore rather than seeking a general solution to the prob-
singular modes emerging as a result of the unknown tota]

offset of the full map and a relative offset of the disjoint part °m, we comblned maps as given by the_ E‘tﬁ) and used_
. . . the largest single detector error for the calibration uncertainty
can be chosen as having ones for every pixel belonging to .
o ) . of the combined map.
one disjoint part and zeros elsewhédoe vice versa With
the inversion now described by the straightforward generali-
zation of Eq.(40) for the case of multiple singular eigenvec-
tors, the final product of the operation given by E4p) can A potential bias of the final anisotropy power spectrum
be a map composed of many disconnected regions with th@ut also for other statistics, see, e[27]) resulting from
uncertainty due to our ignorance of their relative offsets in-this kind of the data analysis is due to an incompl@ted
corporated into the total noise correlation matﬂhi{,"t, as modest in a case of all balloon-borne experimenks/ cov-
given by Eq.(44). erage. That induces the correlation between otherwise uncor-
Numerically one may encounter nearly singular caseselated(for a statistically isotropic skyl modes. As a con-
whenever the overlapping region between two segments isequence, power contained in the lbwnodes beyond the
too limited or the noise per pixel in the overlapping area toodetection capability can leak to the highenodes which are
high to provide any useful constraint on the free offset. Ato be estimated. Because the amplitude of the anisotropy
practical and safe way of dealing with such a problem is togpower spectrum usually decays with increaslrgand is
reject a(small by assumptionnumber of common pixels to many orders of magnitude higher in monopole and dipole
make a given part genuinely disconnected and to account ithan in any other mode—there is a potential for biasing of
a mathematically strict manner for the arising singularity ofthe lowd end of the estimated power spectrum.
the noise correlation matrix. One possible approach is to consider the unwanted modes
A power spectrum of such an unconnected map can beas pixel-space templates as discussed at®ex. |V O:
subsequently computed as explained in Sec. IV C. Howevey(i,) =Y y(i,) for all the (,m) modes to be marginalized
that requires more involved algebra than that currentlyover. (i, is here a pixel numberWe then explicitly margin-
implemented in the1ADCAP version of the quadratic estima- alize over them, while estimating, e.g., the anisotropy power

The additional difficulty here in comparison with the pre-

F. Low-I aliasing
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spectrum[Eqg. (41)]. This is closely analogous to the time HereK changes the basis from that of spherical harmonics,
stream frequency marginalization of Sec. IV B. {y}, to{#}. L transforms the pixel basi§p}, to the orthogo-
Another, approximate, way to deal with the problem alsonal basis made of basis vectors either parallel or perpendicu-
can be applied directly on the power spectrum estimatioriar to{«} and retains only the latter subsgg}. These func-
stage is implemented in theapcAP packagg 29,39 as de-  tions complement{ss} and both sets together form an

scribed at the end of this section. orthonormal and complete badig, & on the map, such as
An alternative exact solution is based on r&ld’s idea
[40]. In this approach the unwanted Idwmodes are re- (yl§=0. (50

moved from the map prior to further statistical analysis and_l_h d of all th ibution f he |
the corresponding noise correlation matrix in pixel domain is e map purged of all the contribution from the lowe{)

appropriately corrected to account for the additional uncer—Order spherical harmonics is then given as
tainty. Unlike the other just-mentioned options this method
produces a “cleaned” version of the sky map to be used ml’,zz (mol&p) &y » (51
henceforth. !
Let us start by defining a scalar product of two functions

 andg defined at each pixe, of our mapm, as (hereafter and is therefore uniquely represented by a ventpdefined

* stands for a complex conjugate as
1 mg(i)=(my|&s). (52
(flg= Npix Zp F(ip)g(ip). (46) The total(signal plus noisgcorrelation matrix form, is then
given as
Also we denote by{y} a subset of thelf+1)? spherical T -
harmonics of the order not higher thaég which are to be (meemg ) =[L(S+Ny)L '], (53

removed form the map. In generff} is neither a linearly

independent nor a comple%te bﬁs's on tlh? mgp However, signal and noise correlation matrices computed for the com-
we can construct a set of orthonormal functidng span- plete map,my, prior to any mode removal, i.eS,+ N,

ning the space of the spherical harmonics includedyin ~ _ T ; ; et
The construction can be performed by using Singular Value (mp@m, ). If the sky signal contains only CMB anisot

or Cholesky decomposition of the Kowalewski-Gram deter- °PY then the signal tern%,, is given by

minant of{y} functions(as, e.g.[40]) and rejecting all the 1

singular modes. The resulting set of functions though ortho- Sp=4— 2 P (21+1)C,, (54
normal is clearly not complete. To achieve completeness we ™

can supplement it with the funcno_ns from _the another ortho-Where C, is the power spectrum of the CMB fluctuations,
normal (and completgset of functions defined on the map

. . and P, denote matrices of the Legendre polynomials com-
and retain from the latter—through a standard Gram-Schmidf ! , . . . :
orthonormalization procedure—only those functidostheir buted for all the pairs of the pixels in the given map, i.e.,

linear combinationwhich are orthogonal to all thig4} func- P(i. . i)=P/lcodvi.) - i-NI. 55)
tions. Practically, that part of the procedure can be encoded (p.)p)=Pilcotrip) - #(]p))] (

using singular value decomposition. A convenient choice oHere (i p) is @ unit vector pointing at the center of the pixel

where(---) denotes an ensemble averas.and N, are

the extra complete functional basis is just a pixel bggh, i, andP; a standard Legendre polynomial of an ortler
The correlation matrix of the map without lolwmodes,
p(i)(jp)zé'((i,jp), wherei,j,=1,... Nyix. (47)  as defined in Eq(53), can also be rewritten as a sum of a

noise-like,Ng, and signal-likeS,, term,
On the successful completion of the entire procedure we end
up with the set of then,;, orthonormal functions. By con-
struction, all the{ ¢} functions are included in the final basis
and they span all the spherical harmonics of the orgleyon
the mapm,. Hence all the remaining functions of the final
basis (denoted hereaftef&}), which are orthogonal to the
functions ¢ by construction, are also orthogonal to the all 1
spherical harmonics of that order. Se=4- > LPLT(21+1)C
Algebraically the described procedure consists of a pair of !
linear transformations, which in a pixel representation can be 1
written down as 1

L[Sp+NplLT=Sg+ N, (56)

' Furthermore, on introducing the redefined Legendre polyno-
mials matrice®® =LP|L" and using Eq(54), we can rewrite
the signal part of Eq(56) as

Z P/(21+1)C,. (57)

J=Ky, (48) The last equation shows that the signal correlation matrix of
the “cleaned” map is related to the angular power spectrum
&=Lp. (49 of the CMB anisotropiesC,, in a way which is formally
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FIG. 14. Estimated noise power spectra for simulated and real data using the iterative approach of Ferreira [dddl Jaffeft panel,
dashed line shows a noise power spectrum computed as in Sec. Il C without iterative corrections. The dotted line depicts the noise spectrum
used for a simulation, that almost perfectly overlaps with a solid line corresponding to a noise power spectrum calculated using 4 iterative
steps and a map with 8 arcmin pixels. The dash-dotted line shows a result after 4 iteration but using a map with 3 arcmin pixels. That
demonstrates the bias as described in the text. Middle panel shows noise power spectra for a single segment oftkanasiudhata. The
power spectrum has been recovered using various approaches as in the left panel: the solid line shows the spectrum computed with 4 iterative
steps and 8 arcmin pixels, dashed line shows the uniterated estimate, and dash-dotted line shows a result of 4 iterative steps with 3 arcmin
pixels. The right panel shows noise spectra obtained just as a result of averaging on the second step of the noise estimation procedure, prior
to any smoothingsee Sec. Il C and the rightmost panel of Fig. Bashed line corresponds to a spectrum obtained with no iteration,
displaying characteristic two small spikes-a0.45 Hz and 0.9 Hz corresponding to a primary mirror chop frequency and its first harmonic.
The overplotted solid line is a spectrum after 4 iteration using 8 arcmin pixels. Clearly in the latter spectrum the spikes are corrected as a
result of iterations.

identical to that for the complete map, cf. E§4). Therefore the rejected modes, we found no difference between the re-
we can use usual quadratic estimator algorithms and, in pasults of both methods. Therefore, we conclude that the
ticular, the MADCAP package[29,39 to estimate the CMB MAXIMA-I final anisotropy power spectrum, in the published
power spectrum having at disposition only the njapd the to date range of multipoles, 33 <1235, is not affected by
corresponding noise correlation matrix, E§6)] with low-| any appreciable contribution due to aliasing of the low-
modes removed. To use that package in this case one justode power.
needs to replace matric® (which constitute an intermedi-
ate output ofMADCAP) with matricesP, and use the cleaned
map in the& representationm,, and the noise correlation V. ITERATIVE NOISE ESTIMATION
matrix, Ng, as an input, instead of usual, andN,. To datemAXIMA is one of the most sensitive experiments
Though the matriceK andL can be chosen to be sparse in terms of the noise level per measurement achieving the
(nearly triangular the entire procedure is quite involved and level of ~1500 uK, i.e., 100 xK /s, for some of the detec-
the computational cost scales mngix). The same scaling tors. In spite of that the expected CMB and foreground signal
applies to the computations of productslodndP, matrices.  for the observed patch of sky is still expected to be a sub-
However, while only the lowl part of the angular power dominant part of a single measuremert10% of the total
spectrum is likely to be affected by that kind of aliasing, thepowep. The sky-related contribution to the power confined
results of such a test applied to a map with relatively largewithin some of the frequency bands can be, however, much
pixels can provide a useful estimate of the size of the exhigher (s10%). Similarly, the non-stationary effects, though
pected effect. In thelaxiMA-I case we applied this test to the they may appear to be quite small, can be limited to a num-
map with 10 ft pixelg(i.e., less than 4000 pixels in totalnd  ber of narrow frequency bands, dominating the power in
compared it with the simple approximate template proceduréhere. For instance, in th@eaxiMA-I case the primary mirror
of [18] as implemented in theADCAP package of weighing synchronous signal with its amplitude of 2K dominates
out the monopole and dipole from the map, and introducingccasionally the power in the narrow frequency bands cen-
an extra lowt bin to the recovered anisotropy power spec-tered on the fundamental mode of primary mirror chop and
trum which isa posteriorirejected. In thevaxivA-1 case this its few lowest harmonic¢see Fig. 14
bin extended fronh=2 up tol = 34. Its rejection corresponds The important assumption behind the noise power spec-
to the marginalization over that bin power and would betrum estimation as presented in Sec. Il C, i.e., that noise
formally strict only if the likelihood for the power spectrum dominates the time stream measurements, though not clearly
bin amplitudes were precisely Gaussian. Though such an ajpreached needs to be, therefore, tested.
proach is less general, because of these approximations and To account for that effect we follow the iterative approach
because it explicitly assumes the isotropy of the sky signal irof [11]. It attempts to recover the noise component of the
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entire time stream, which is subsequently used in the noisprocedure it gives a useful criterion of its applicability. For
estimation proceduresee Sec. Il € The starting point of the practical use it is useful to consider the overall power sup-
iterative procedure is an approximation tigf’=d,. Given  pression due to the bias. Taking the trace of &) we get
this, it proceeds to the noise estimation and then to the map

making. The resultingzeroth order map is used as an esti- (n(i“)(i TGENT ))ZE Ny i)

mate of the signal in the time stream and is subtracted from < " vt t T

the time stream on the next iterative sfdfd,16. If we de-

note the noise contribution to the time stream onithestep : .
i =2 ng(i ip,ip).
as nt(l) then IEp t( p)Np( p p)
nO=d-Ami-D-Bxi-D=40-Dn (-1 (5g) (61)

(-1) oi-1) = (i-1) . Two limiting cases are evident. If each of the pixels is
wherem™ ", x"" % andm,” "’ are a map and a primary ,pqened once then the noise iteration has no meaning, as we
mirror signal and a generalized map respectively as estinaye no means to distinguish between the noise and the sky
mated on the previous step. As shown[ty] the differences gjona| and its result is fully biased, i.e., the left hand side of
between the maps and noise correlation matrices estimatgfle ahove equation is zero. If there is no correlation in the
on the subsequent steps of the iteration decrease very quickliy,o qomain then pixel noise is just proportional to the num-

and the required precision is achigved_rather rapidly. Usually,o, of times a given pixel has been observed. Inserting that
we have found that at most four iterative steps were needeﬁto Eq. (61) renders

to reach the accuracy of few percent. The iterative approac

can be significantly sped up if no explicit inversion of the 1 . ‘ (Ns—Npi)

pixel-pixel noise correlation matrix is performed on each it- — > (n{* D(ipnt (i) =22 (62)
. . . . . . Ng 5 n

erative step but the map is calculated using an iterative linear st s

system solvef14,16,41.

It is important to notice that the method is only whereoy is a diagonal element dfi;. This formula, which

asymptotically—i.e., in the limit of the large number of ef- " the Whlte.no[s;e case can be allso derived .d'lrectly frqm the
aximum likelihood considerations, quantifies the intro-

fective d f freedom—unbiased a aranteed by i . )
ective degrees ol freedom—unbias > gu yi uced fractional bias as equal mg;,/ns. If the number of

maximum likelihood origin. That limit is achieved, for in- > e ; a- > i
ximum 1 g ixels is fixed then in the limit of the increasing number of

stance, when a number of time samples increases, but a num X X
ber of pixels is fixed. measurement the bias disappears as expected.

The ensuing bias can be estimated as follows. Let us ag{h If the_cqlrrelanons in the t|mbe streamst aare qﬁttgegllglbtl)e
sume that we know the noise correlation functidy,. €n a similar expression can bé concocted with the number

Though the noise estimation goal seems to have beeff PXels replaced by an “effective” number of the param-

achieved, the iteration, as given by E§8), can go on. The ©teSNerr, which is to be determined case by case,
time stream estimate on the next step will contain noise only

but composed of two components: a true time stream noise > <nt(i+1)(it)nt(i+1)(it)>zgt2w_ (63)
n=n" and a pixel domain noise,, projected back to the Ns T s
time domain via the pointing matritand therefore also non- i . .
stationary: The intuitive meaning ofg¢; is clear from the expression
n{*V=n— An =n— An,. 59 No(io i
t t p— 't p (59 ne”EZ ns(ip)M' (64)
The correlations of the latter quantity are computable and 'p Ot

iven b )
g y In the MAXIMA-I casenegy is not smaller tham,;, , and hence

, , correlations tend to increase the bias of the noise iteration
(NI D)) =N(ip.jo— 2 AlicipNylip.ip)  procedure.
LR It is important to notice that due to our assumption of
XAT(jt,jp). (60) stationarity, the bias depends only on how on average the
measurements are divided between pixels and is therefore
Here the summation is over all pairs of pixels akfgstands  robust to the presence of the poorly sampled pixels.
for the noise correlation matrix in thégeneralized pixel From Eg.(61) it is clear that the bias is a result of the
domain corresponding to the true noise correlation in timenoise presence in the pixel domain. It is therefore advanta-
domainN;. (- - -) denotes an average over the statistical engeous to use all available information to minimize the noise
semble of the noise realizations. of the estimated map, including all the time stream data dur-
Interestingly, due to existing correlations between noise iring which a given patch of the sky has been observed.
the time and pixel domain “adding” the extra noise to the In the MAXIMA-1 case we have foun¢Fig. 14 that it is
time stream as described by E§9) results in the underes- still advantageous to perform noise iterations for pixels as
timation of the actual noise power in the time domain.small as 8 arcmin. For smaller pixels, the resulting map is
Though the above formula does not really help to unbias theccasionally too noisy, and the likely bias larger than an
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expected gain. Therefore, in those cases, we either restricbrrectly (or at least consistentlythen the components of
iterative corrections to deal only with the primary mirror the vectorw, (a “prewhitened map} are uncorrelated and
synchronous signal or use noise power spectrum estimateseir variances are equal to unity. Thus the multi-dimensional
obtained for the 8 arcmin pixelgl]. The latter approach is problem reduces to the well-defined one-dimensional test.
helpful in correcting for the low-angular-scale power, which Moreover, if the noise in the pixel domain is Gaussian then
should constitute the bulk of the sky signal present in thesach of the components of, is randomly drawn from the
time stream. However, one may worry that it also introduceszayssian 1-dimensional distribution with the unit variance.
spurious correlations at the time lags corresponding to thghat is the hypothesis which we test. We apply a one dimen-
characteristic crossing time of the big pixel. In practice, Wesjonal Kolmogorov-Smirnov test. Its results give an estimate
have found that the results rendered by both these apst how often the one point distribution function such as the
proaches are in very good agreement. . one actually measured can be obtained from the Gaussian
Clearly, invoking some kind of a map-denoising methodjstribution with a unit variance. Fonaxiva- we have four

and/or applying on this stage more aggressive filtering can b§ingle—detector maps, giving us six independent difference
useful to extend the applicability of iterative noise estima—maps_ We test all of these noise maps, finding that the KS

tion. We leave this issue for future research. significance is always higher than10% and usually as high
as~50-60 %, confirming the very good consistency of our
VI. CONSISTENCY TESTS map-making products. The sample of the results is also

A number of assumptions and approximations are inshown in Fig. 15. Clearly, a histogram of the unprewhitened
volved in the computations of a map and a correspondingnap shows a significant deviation from the Gaussian curve
noise correlation matrix, so it is desirable to test the consisnear the peaklower, left panel of the figupeand in the tails
tency of the final map-making products. Clearly that is diffi- of the distribution. As anticipated, prewhitening largely re-
cult for the maps containing still-to-be-determined cosmo-solves the discrepancies, allowing us to recover nearly per-
logical contributions without any prior assumptions. fectly Gaussian curves.

However, it can be done for the maps containing just noise. Though such KS-like tests usually provide a weak diag-
Those can be either the projections on the sky of the stostic, they are powerful consistency tests when passed.
called “dark” bolometers usually incorporated in experi- Sources of possible failure are abundant. Those can be either
ments to track instrumental effects in the d&id, or just  problems of the data set like an extra photometer-dependent
differences of the maps computed for single detectors. If, aparasitic signal in the time stream leaving its imprint in the
expected, the maps recovered for a single photometer contattifference maps, or non-Gaussianity of the time domain
only the sky signal and the noise, the subtraction removes theoise, or cross correlation between maps used for the cre-
sky component leaving a map of the noise only. Under thetion of the difference maps. Moreover, the fact that one of
assumption of Gaussian time stream noise, the noise masir maps was actually made of the data obtained by the
are also Gaussian, and their correlations are given by thphotometer centered at a higher frequeney2¢0 GHz)
noise correlation matrices produced in parallel by a mapthan the others frequency~(150 GHz) also suggests the
making procedurgSec. Ill). Any failure to meet such a re- lack of a substantial frequency-dependent $kyg., fore-
quirement would suggest either a failure of the basic assumpground signal, as expected from the choice of the low con-
tions or some other problem with the data, the data analysigmination contrast patch observed during thexiMA-I
methods, or both. flight. Alternatively, the source of the problem may lay with

The noise maps, due to correlations and inhomogeneity dhe data analysis, such as noise misestimation both in the
the noise, are described by the multi-dimensional probabilittime domain and pixel domain as a result of the involved
distributions with a number of dimensions equal to a numberpproximations. In fact we have found that the results of KS
of pixels ny;, of a map under consideration. Therefore, not-tests depend on the precise map-making procedure we
withstanding the large number of pixels, a simple histogranthoose to apply to the real data. In particular, we derive
of the pixel temperatures is likely to display significant de-somewhat different numbers if, e.g., no noise iteration has
viations from the 1-dimensional Gaussian distribution everbeen performed, or no primary-mirror-synchronous signal
for the truly Gaussian case. To alleviate this problem we firshas been removed. In both cases the differences are mainly
“prewhiten” the map performing a linear transformation in due to the differences in the long wavelength modes present
order to decorrelate the measurements in the different pixel the maps, which are the most susceptible to the details of
of the map the map-making algorithm. Nevertheless, that shows that the

KS test possesses sensitivity which makes it a useful tool in

WpENp’l’zmp. (65  tracking realistic problems in the maps and/or procedure.

The KS test can be also applied to the maps with the llow-
HereNp‘l’2 is a “square root” of the noise correlation matrix multipoles removed as described in the previous section.

as estimated from the map-making, satisfying a relation  Hence the lack of an indication of the problem with the KS
test results is quite encouraging and may serve as a fairly

N, ‘=N, YN, 2. (66)  comprehensive validation of the final results.

In addition, for every pair of the noise maps we can con-

In the following we takeN,~ 12 to be a Cholesky triangular sider a two-dimensional probability distribution of two noise
matrix (e.g., [36]). If the noise correlations are estimated maps calculated as differences of two actual single detector
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FIG. 15. Probability distribution functions of the pixel amplitudes for the noise maps computed as a difference of two maps made for two
different photometers. The upper row shows the results using prewhitened maps. Their corresponding unprewhitened versions are displayed
in the lower row. Histograms show the results for the real data and smooth lines the Gaussian curves with a dispersion equaper one
panel$ or fitted to best match the actual results. The two right panels show contour plots of the histograms of joint two-dimensional
probability distributions of the pixel temperature for two “noise” maps. These were computed as a difference of the sky maps recovered for
two independent pairs of the photometers. The lower panel shows the results for the actual maps with the correlated pixel noise, and upper
panel for the maps prewhitened prior to histogramming. Concentric ellipses marked with thin solid lines show the Gaussian expectation.
Those were computed assuming no correlations between both maps and were discretized the same way as data histograms and setting th
dispersions either to unitupper panelor to the best fit valueower panel.

maps. Here we use a difference map of the first and secorttie analysis of theiAxiMA-1 data set. The successful produc-
detectormy15 , and of the third and fourthmg s, and con-  tion of the final results, as published in the recent papers
sider the probability distributio(my 12 ,Mpy34)- [3,4], required us to improve on the existing and develop and
If we assume that the signal detected by different detectest new methods and tools. Though some of them had to be
tors is uncorrelated, the correlation matrix for a pairsignificantly customized to be efficient, the others seem to be
(My(12 .My34) has a block diagonal structure with blocks of a more general character and applicability extending to
given by the correlation matrices of each of the differencedata sets as big as that of the forthcoming satellite missions
map separately. Prewhitening in such a case is simply givefg,g].
by We have focused here on time ordered data manipulation
techniques and map-making algorithms. We have presented a
Wp12| Np(12)_1/2 0 Mp(12) comprehensive, consistent approach allowing us to recover a
- 0 Npca 4)*1/2 . 67) map of the sky and to estimate its error matrix in realistic
circumstances of an actual CMB experiment. The highlights
The two dimensional  probability  distribution include:
P(Wp(12) \Wp(ag) is then bound to have a unit variance and the time stream noise estimation procedure coupled to-
the Gaussian shape unless the cross-correlation term is igether with the gap filling method through constrained noise
deed present or any of the previously mentioned reasons d¢ealization,
assumptions is not satisfied. The obtained regulght hand an exact version of the map making code;
panels of Fig. 15seem to agree well with the expectations the statistically sound methods of dealing with the time
and therefore confirming the consistency of our analysis. stream filtering of contaminated frequencies and time-
domain templates.
VII. SUMMARY The entirg suite of the methods'pr'esenteq here amounts to
a self-consistent approach to building a final map out of
Recent CMB data sets have set new challenges for themaller parts in an efficient way. The construction can be
data analysis. Problems are related to the sheer size of navalted when the largest map lending itself to the statistical
data sets and also to the quality of the analysis tools, whiclnalysis(e.g., power spectrum estimatjohas been built.
can make a full use of increasing power of data. Dealing with only subsets of an entire data set seems to be
This paper describes how those challenges were met ithe only efficient way of searching for, understanding and

Wh(34) My(34)
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