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Gravitational wave production: A strong constraint on primordial magnetic fields
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We compute the gravity waves induced by anisotropic stresses of stochastic primordial magnetic fields. The
nucleosynthesis bound on gravity waves is then used to derive a limit on the magnetic field amplitude as a
function of the spectral index. The obtained limits are extraordinarily strong: If the primordial magnetic field
is produced by a causal process, leading to a spectral indexn>2 on superhorizon scales, galactic magnetic
fields produced at the electroweak phase transition or earlier have to be weaker thanBl<10227 G. If they are
induced during an inflationary phase~reheating temperatureT;1015 GeV) with a spectral indexn;0, the
magnetic field has to be weaker thanBl<10239 G. Only very red magnetic field spectra,n;23, are not
strongly constrained. We also find that a considerable amount of the magnetic field energy is converted into
gravity waves. The gravity wave limit derived in this work rules out most of the proposed processes for
primordial seeds for the large scale magnetic fields observed in galaxies and clusters.
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I. INTRODUCTION

Our galaxy, like most other spiral galaxies, is permea
by a magnetic field of the order ofB;1026 G. Recently,
similar magnetic fields have also been observed in cluster
galaxies on scales of up tol;0.1 Mpc @1,2#. There is an
ongoing debate whether such fields can be produced
charge separation processes during galaxy and cluster fo
tion @3# or whether primordial seed fields are needed, wh
have then been amplified by simple adiabatic contraction
by a dynamo mechanism. In the first case, seed fields oB
;1029 G are needed while in the second caseB
;10220 G @3# or even 10230 G in a universe with low mass
density@4# suffice. Several mechanisms have been propo
for the origin of such seed fields, ranging from inflationa
production of magnetic fields@5–7# to cosmological phase
transitions@8#.

Primordial magnetic fields have been constrained in
past in various ways mainly by using their effect on anisot
pies in the cosmic microwave background@9–15#. In these
works constant magnetic fields and stochastic fields with
spectran;23 @14# have been considered and the limits o
tained were of the order of a few31029 G. A simple order
of magnitude estimate shows that, from the cosmic mic
wave background~CMB! alone, one cannot expect muc
stronger constraints for magnetic fields: The energy den
in a magnetic field is

VB5
B2

8prc
.1025Vg~B/1028 G!2, ~1!

whereVg is the density parameter in photons. We naive
expect a magnetic field of 1028 G to induce perturbations in
the CMB on the order of 1025, which are just on the level o
the observed CMB anisotropies. It is thus expected t
0556-2821/2001/65~2!/023517~11!/$20.00 65 0235
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CMB anisotropies cannot constrain primordial magne
fields to better than a few tenths of this amplitude.

In this work we constrain magnetic fields by the grav
waves which they induce classically, via the anisotro
stresses in their energy momentum tensor. These gra
waves lead to much stronger constraints than CMB aniso
pies, especially for spectral indicesn.23. This comes from
the fact that the spectrum of the gravity wave energy den
induced by stochastic magnetic fields is always blue~except
for n523 where it is scale invariant! and thus leads to
stronger constraints on small scales than on the large sc
probed by CMB anisotropies.

The effects of a constant magnetic field on gravity wa
evolution and production have been studied in@16#. Here we
concentrate on the production of gravity waves, but consi
a stochastic magnetic field.

The remainder of this paper is organized as follows:
Sec. II we define the initial magnetic field spectrum and
evolution in time, and we determine the magnetic stress
sor which sources gravity waves. In Sec. III we calculate
induced gravity wave spectrum and estimate the effect
backreaction. In Sec. IV we derive limits on the primord
magnetic field using the nucleosynthesis limit on grav
waves and discuss our conclusions. In order not to lose
flow of the arguments, several technical derivations are
ferred to three Appendixes.

We use conformal time which we denote byh; the scale
factor is a(h). Derivatives with respect to conformal tim
are denoted by an overdot,da/dh5ȧ. We normalize the
scale factor today toa(h0)51. The index 0 on a time-
dependent variable always indicates today. We assume a
tially flat universe with a vanishing cosmological consta
throughout. Neglecting a possible cosmological const
modifies the evolution of the scale factor only at very la
times,z,2 and is therefore irrelevant for the results of th
©2001 The American Physical Society17-1
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CHIARA CAPRINI AND RUTH DURRER PHYSICAL REVIEW D65 023517
paper. We set the speed of lightc51 so that times and lengt
scales can be given in units of seconds, centemeters or
gaparsecs, whatever is convenient. With our conventions
scale factor is given by

a~h!5H0hS H0h

4
1AV radD , ~2!

whereH05(3.08631017 sec)21h0 is the Hubble parameter
0.5,h0,0.8 andV rad54.231025h0

22 is the radiation den-
sity parameter~photons and three types of massless neu
nos!.

Note that the scale factor has no units, but conformal ti
and comoving distance do. The normalization ofa implies
that comoving distance becomes physical distance today.
conformal timeh is the comoving size of the horizon. Th
relation betweenh and redshift or temperature is simply

z~h!5
1

a~h!
21,

T~h!5z~h!T0.z~h!2.431024 eV. ~3!

The comoving time of equal matter and radiation, defined
a(heq)

235V rada(heq)
24 or zeq115V rad

21 , is

heq52~A221!AV radH0
21;1.731015 sec. ~4!

Greek indices run from 0 to 3, Latin ones from 1 to
Spatial~3 dim! vectors are denoted in bold.

II. PRIMORDIAL STOCHASTIC MAGNETIC FIELDS

In this section we closely follow Ref.@14#. During the
evolution of the universe, the conductivity of the inte
galactic medium is effectively infinite. We can decouple t
time evolution of the magnetic field from its spatial structu
B scales likeB2(h,x)5B0

2(x)/a4 on sufficiently large scales
~In our coordinate basisBi}1/a andBi}a23 as can be de-
rived easily from Maxwell’s equations in curved spacetim
with vanishing electric field, see, e.g.,@17#.! On smaller
scales, the interaction of the magnetic field with the cosm
plasma becomes important, leading mainly to two effects:
intermediate scales, the field oscillates like cos(vAkh), where
vA5B2/@4p(r1p)#1/2 is the Alfvén velocity, and on very
small scales, the field is exponentially damped due to sh
viscosity @18–20#. We will take into account the time
dependent damping scale as a time-dependent cutoffkd(h)
in the spectrum ofB. As we shall see, our constraints com
from small scales where the spectrum is exponenti
damped and oscillations can be ignored. We therefore di
gard them in what follows. The expressions forkd(h) are
derived in Appendix A. The only result of this appendix re
evant here is that the damping scale 1/kd(h) grows like a
positive powera.0 of h and is always smaller than th
horizon scale,kd(h)}1/ha andkd(h).1/h. The reader not
interested in the details of damping and confident with t
relatively obvious result, can skip Appendix A.

We modelB0(x) as a statistically homogeneous and is
02351
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tropic random field. The transversal nature ofB then leads to

^Bi~k!B* j~q!&5d3~k2q!~d i j 2 k̂i k̂ j !B2~k!. ~5!

We use the Fourier transform conventions

Bj~k!5E d3x exp~ ix•k!B0
j ~x!,

B0
j ~x!5

1

~2p!3E d3k exp~2 ix•k!Bj~k!,

and k̂5k/k, k5A( i(k
i)2; k is the wave vector today which

is also the co-moving wave vector. Its unit is inverse leng
which we will express in sec21.

We want to derive a limit on the amplitude of magne
fields on the scalel;0.1 Mpc generated by a primordia
process which took place beforeh50.1 Mpc;1013 sec
corresponding toT;1 keV. Hence we are mainly intereste
in magnetic fields generated on superhorizon scales. As
shall see, our limits only apply for fields generated befo
nucleosynthesis,T.Tnuc.0.1 MeV. The main examples
we have in mind are an inflationary generation of magne
fields @5,6#, magnetic fields generated in string cosmolo
@7# and magnetic fields generated during the electrow
phase transition@8#.

In the first two examples, a simple power law magne
field spectrum with upper cutoffkc.h in

21 is generated. The
conformal timeh in marks the end of inflation or the strin
scale, respectively.

Electroweak magnetic field production is causal, lead
mainly to fields on scales smaller than the size of the hori
at the phase transition,hew.43104 sec.1015 cm.3
31024 pc. These sub-horizon fields, which cannot prop
gate into larger scales during the linear evolution discus
in this paper, and which are essentially damped by viscos
will be neglected in this paper. Motivated by inflation, w
simply impose an initial cutoff scalekc(h in)51/h in . Allow-
ing for more small scale power, as it is certainly prese
initially in causal mechanisms, only strengthens our res
which actually comes from the smallest scales not affec
by damping. But we consider only the uncorrelated super
rizon fields generated during the electroweak phase tra
tion.

If B is generated by acausalmechanism, it is uncorre
lated on superhorizon scales,

^Bi~x,h!Bj~x8,h!&50 for ux2x8u.2h. ~6!

Here it is important that the universe is in a stage of stand
Friedman expansion, so that the comoving causal hori
size is abouth. During an inflationary phase, the causal h
rizon diverges and our subsequent argument does not a
In this somewhat misleading sense, one calls inflation
perturbations ‘‘a-causal.’’

According to Eq.~6!, ^Bi(x,h)Bj (x8,h)& is a function
with compact support and hence its Fourier transform is a
lytic. The function

^Bi~k!B* j~k!&[~d i j 2 k̂i k̂ j !B2~k! ~7!
7-2
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GRAVITATIONAL WAVE PRODUCTION: A STRONG . . . PHYSICAL REVIEW D65 023517
is analytic ink. If we assume also thatB2(k) can be approxi-
mated by a simple power law, we must conclude t
B2(k)}kn, where n>2 is a even integer.~A white noise
spectrum,n50 does not work because of the transversa
condition which has led to the non-analytic pre-factord i j

2 k̂i k̂ j .! By causality, there can be no deviations from th
law on scales larger than the horizon size at formation,h in .
As explained above, we neglect fields on smaller scales
simple cutoff.

We assume thatB0 is a Gaussian random field. Althoug
this is not the most general case, it greatly simplifies cal
lations and gives us a good idea of what to expect in m
general situations.

Using Wick’s theorem for Gaussian fields we can calc
late the correlator of the tensor contribution to the ani
tropic stresses induced by the magnetic field, which we
note byP i j . One finds~see Appendix B!

^P i j ~k,h!P* lm~k8,h!&5 f 2~k,h!/a12M i j lmd~k2k8!

^P i j ~k,h!P* i j ~k8,h!&5
4

a8 f 2~k,h!d~k2k8!, ~8!

where

M i j lm~k![d i l d jm1d imd j l 2d i j d lm1k22~d i j klkm1d lmkikj

2d i l kjkm2d imklkj2d j l kikm2d jmklki !

1k24kikjklkm, ~9!

and

f ~k!25
1

16~2p!8E d3qB2~q!B2~ uk2qu!~112g21g2b2!,

~10!

with g5 k̂•q̂ andb5 k̂•k2q̂. For this result we made use o
statistical isotropy, which implies that the two spin degre
of freedom ofP i j have the same average amplitude. Mo
explicitly, in a coordinate system wherek is parallel to thez
axis,P i j has the form

~P i j !5S P1 P3 0

P3 2P1 0

0 0 0
D ;

together with Eq.~8!, statistical isotropy then gives

^uP1u2&5^uP3u2&5
1

a4 f 2. ~11!

To continue, we have to specifyB2(k). For simplicity we
assume a simple power law with cutoffkc which can depend
on time. As all scales smaller than 1/kd(h) are damped,
clearly we have to requirekc(h)<kd(h). Motivated by in-
flationary magnetic field production we choosekc(h in)
;1/h in , the primordial magnetic field is coherent up to t
horizon size at formation. For magnetic fields produced d
ing the electroweak phase transition, the ‘‘coherence sc
02351
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is substantially smaller@21#, kc(h in)@1/h in , which would
strengthen our limit as we shall see. Since it is unphysica
assumekc(h in),1/h in , our assumption is conservative. W
set

kc~h!5min@1/h in ,kd~h!#.

It is important to keep in mind that this cutoff scale is alwa
smaller than the horizon scale.

We now can parametrizeB2 by

B2~k!5H ~2p!5

2

~l/A2!n13

GFn13

2 G Bl
2kn

for k,kc ,

0 otherwise.

~12!

The normalization is such that

Bl
25

1

VE d3r ^B0~x!B0~x1r !&expS 2
r 2

2l2D , ~13!

whereV5*d3r exp(2r2/2l2)5l3(2p)3/2 is the normaliza-
tion volume. ~We have assumed that the cutoff scale
smaller thanl.! We will finally fix l50.1h21 Mpc, the
largest scale on which coherent magnetic fields have b
observed; but the scaling of our results withl will remain
obvious.

The energy density in the magnetic field at some arbitr
scalel is }Bl

2}B2(k)k3uk51/l} l 2(n13). In order not to over-
produce long range coherent fields, we must requiren>
23. For n523 we obtain a scale invariant magnetic fie
energy spectrum.

Using Eqs.~12! and ~10! we can calculatef. The integral
cannot be computed analytically, but the following result is
good approximation for all wave numbersk @14#

f 2~k,h!.A3H kc~h!2n13 for n>23/2,

k2n13 for n<23/2.
~14!

with

A5
~2p!3

16

~l/A2!2n16Bl
4

G2Fn13

2 G .

For n.23/2, the gravity wave sourceP is white noise,
independent ofk. Only the amplitude, which is proportiona
to (lkc)

2n, depends on the spectral index. This is due to
fact that the integral~10! is dominated by the contribution
from the smallest scalekc

21 . The induced gravity wave spec
trum will therefore be a white noise spectrum for alln.
23/2.

III. GRAVITY WAVES FROM MAGNETIC FIELDS

We now proceed to calculate the gravity waves induc
by the magnetic field stress tensor. The metric element of
perturbed Friedman universe is given by
7-3
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CHIARA CAPRINI AND RUTH DURRER PHYSICAL REVIEW D65 023517
ds25a2~h!@dh22~d i j 12hi j !dxidxj #,

wherehi
i50 andhi

jki50 for tensor perturbations. The mag
netic field sources the evolution ofhi j through

ḧi j 12
ȧ

a
ḣi j 1k2hi j 58pGP i j . ~15!

P i j is a random variable, but its time evolution is determ
istic, it evolves in time simply by redshifting and by th
evolution of the cutoff. Each component is given by

P •~k,h!5
1

a2 f ~k,h!P̃ •~k!,

where P̃ •(k) is a time-independent random variable wi

power spectrum̂uP̃ •(k)u2&51. Therefore, also each compo
nent of the induced gravity wave is given by

h•~k,h!5h~k,h!P̃ •~k!,

whereh(k,h) is a solution of

ḧ12
ȧ

a
ḣ1k2h5

8pG

a2~h!
f ~k,h!. ~16!

The gravity wave power spectrum is then given by

^ḣi j ~k,h!ḣi j* ~k8,h!&54ḣ2~k,h!d~k2k8!. ~17!

In real space, the energy density in gravity waves is

rG5
^ḣi j ḣ

i j &

16pGa2
.

The factor 1/a2 comes from the fact thatḣ denotes the de
rivative with respect to conformal time. Fourier transformi
this relation, we obtain, with Eq.~17!,

rG5E
0

kcdk

k

drG~k!

d log~k!
, ~18!

with

drG~k!

dlog~k!
5

k3ḣ2

a2~2p!6G

such that

dVG~k!

d log~k!
[

drG~k!

rcd log~k!
5

k3ḣ2

a2rc~2p!6G
, ~19!

whererc53H0
2/(8pG) denotes the critical density today. I

Appendix C we solve Eq.~16! for n,23/2, whenf is time
independent, and we show that for wave numbers which
ter the horizon in the radiation dominated era, the den
parameter in gravity waves produced by the magnetic fi
can be expressed as
02351
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dVG~k!

d log~k!
.

12k3f ~k!2log2~xin!

rc
2V rad~2p!5

,

for n<23/2. ~20!

Fourier transforming the expression for the magnetic fi
energyrB5^B2(x)&/(8p), we obtain the magnetic field den
sity parameter at timeh,

dVB~k!

d log~k!
5

Bl
2

8prc

~kl!n13

2(n13)/2GS n13

2 D , ~21!

VB~h!5VB~kc~h!!

5E
0

kc(h)dk

k

dVB~k!

d log~k!

5
Bl

2

8prc

~kcl!n13

2(n15)/2GS n15

2 D . ~22!

Note thatVB may well be considerable on small scales, sin
this is the magnetic field energy at very early times wh
can be damped and transformed, e.g., into radiation later.
of course, for our perturbative calculation to apply, we m
require dVB(k)/d log(k),Vrad during the radiation-
dominated era. Using Eqs.~21!, ~22! and the result~14! for f,
we obtain from Eq.~20!

dVG~k!

d log~k!
.

S dVB~k!

d log~k! D
2

V rad
24 log2~xin!

for 23,n,23/2, ~23!

VG5E
0

1/h indk

k

dVG~k!

d log~k!

.
VB

2~h in!

V rad
12~n13!

for 23,n,23/2. ~24!

In the integrated formula forVG we have neglected the loga
rithmic dependence log2(xin).

If n.23/2 the result changes sincef now depends on
time via the cutoff kc(h)5min@1/h in ,kd(h)#. Clearly,
kd(h in).1/h in by causality. We define the timehv isc to be
the moment when the damping scale becomes smaller
h in , kd(hv isc)51/h in . From that time on, the functionf
decays like a power law,

f 2~k,h!}kd
2n13} f 2~k,h in!~hv isc /h!a(2n13),

where a is a positive power describing the growth of th
viscosity damping scale. Hence, the source term of Eq.~16!
7-4
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GRAVITATIONAL WAVE PRODUCTION: A STRONG . . . PHYSICAL REVIEW D65 023517
starts to decay faster than 1/a2, and additional gravity wave
production afterhv isc is sub-dominant. We neglect it in ou
attempt to derive an upper limit for primordial magne
fields. Forn.23/2, the gravity wave solution given in Ap
pendix C, Eq.~C5! is then simply modified by2 log(xin)
→log(xvisc/xin), since the integral of the gravity wave sour
term only has to extend fromxin to xv isc . Taking also into
account that up tohv isc the cutoff scale iskc(h)51/h in ,
hencef 2(k,h)}kc

2n1351/h in
2n13 , we obtain

dVG~k!

d log~k!
.

S dVB~k!

d log~k! D
2

~kh in!2322n

V rad
24 log2~xv isc /xin!

for n.23/2, ~25!

VG.
VB

2~h in!

V rad
8~n13!2log2~hv isc /h in!

for n.23/2. ~26!

In Appendix A, we estimatehvisc for the two examples of
inflation, Tin;1015 GeV, h in;831029 sec and the elec
troweak phase transition,Tew;200 GeV, h in5hew;4
3104 sec. For inflation

hv isc /h in.109, h in5831029 sec,

and for electroweak phase transition

hv isc /hew*3000, hew;43104 sec.

Up to logarithms, the final formula for gravity wave produ
tion is nearly the same for all values of the spectral index@cf.
Eqs.~26! and ~24!#.

In these formulas back reaction, namely the decreas
magnetic field energy due to the emission of gravity wav
is not included. Therefore Eqs.~23!, ~24! and ~25!, ~26! are
reasonable approximations only ifVG&VB . In the opposite
case, which is realized whenever

VB~h in!*VBG~n!

[5
V rad

12~n13!
for n,23/2

V rad

8~n13!2log2~hv isc /h in!
for n.23/2

55
3.331026h0

22

~n13!
for n,23/2

531026h0
22

~n13!2log2~hv isc /h in!
for n.23/2,

~27!

the magnetic field energy is fully converted into grav
waves. Note, however, that the valueVBG(n) is in general
not very much smaller thanV rad, which is an intrinsic limit
on VB for our perturbative approach.
02351
of
s,

In Fig. 1 the valuesVG andVB(h in) as functions of the
spectral index are shown for two different choices of t
creation time for the primordial magnetic field: the ele
troweak transition,h in5hew;43104 sec and inflation with
h in;831029 sec, for a magnetic field amplitudeBl

510220 G. They are compared with the nucleosynthe
limit, which comes from the fact that an additional ener
density may not change the expansion law during nucleos
thesis in a way which would spoil the agreement of the c
culated helium abundance with the observed value. T
maximum allowed additional energy density is given by@22#

V limh0
251.1231026. ~28!

From Fig. 1 we see thatVG as calculated above dom
nates overVB(h in) for all spectral indicesn.22 in the
inflationary case andn.0 for electroweak magnetic field
production, for an amplitude ofBl510220 G. This is due to
the fact that we have neglected the back reaction which le
to a loss of magnetic field energy. Clearly, the magnetic fi
cannot convert more than all its energy into gravity wav
However, if our formula forVG leads toVG.VB(h in), it
does actually convert most of its energy into gravity wav
before it is dissipated by plasma viscosity, since gravity wa
production happens before and at horizon crossing, w
viscosity damping is active only on scales which are w
inside the horizon. We can take into account back reaction

FIG. 1. We showVGh0
2 and VB(h in)h0

2 as functions of the
spectral indexn for two different times of primordial magnetic field
creation: the electroweak transition@VGh0

2 dash-dotted, blue and
VB(h in)h0

2 short-dashed line#, and inflation@VGh2 dotted line, and
VB(h in)h0

2 long-dashed line#, for a fiducial field strengthBl

510220 G at l50.1 Mpc. The nucleosynthesis limit,V limh0
2 is

also indicated. ~The logarithmic terms have been neglecte!
Clearly, the regimes withVB.1 or VG.1 are not physical and are
just shown for illustration. We have also shownVB(hnuc)h

2, the
magnetic field density which is simply cut off at the nucleosynthe
damping scale~thick solid line!.
7-5
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CHIARA CAPRINI AND RUTH DURRER PHYSICAL REVIEW D65 023517
simply setting VG;VB(h in) when our calculation gives
VG.VB(h in). We shall use this approximation forVG in
what follows.

Figure 1 also shows that since the value of the magn
field density parameter at which conversion into grav
waves is quasicomplete is so close to the nucleosynth
limit, VBG(n)h0

2;1.1231026[V limh0
2, the two curves

VGh0
2 andVB(h in)h0

2 cross close toV limh0
2. This means that

the gravity wave limit for magnetic fields is very close to t
limit obtained by settingVG5VB(h in).

Let us discuss the problem of back reaction in more
tail. Even if VG,VB(h in), as soon asdVG(k)/d log(k)
.dVB(k)/d log(k) for a given scalek21, we can no longer
neglect back reaction for this scale. The spectrum ofVG is

dVG~k!

d log~k!
}H k2n16 for n<23/2

k3 for n>23/2,

while dVB(k)/d log(k)}kn13. Hence for 23,n,0, the
gravity wave spectrum is bluer than the magnetic field sp
trum. Since there is no infrared cutoff, at sufficiently lo
values of k we will always have dVG(k)/d log(k)
,dVB(k)/d log(k) and back reaction is unimportant at lowk.
The valueklim , below which this is the case, can be det
mined from Eqs.~21!, ~23! and ~25!. We find

kliml@ log2~klimh in!#1/(n13)

.S V rad

24Vl
D 1/(n13)

A2

;@1026~10220 G/Bl!2#1/(n13)A2

for 23,n,23/2, ~29!

klimh in.
1

2 S A8V rad

24V inlog2~hv isc /h in!
D 21/n

;F23104~1029 G/Bin!2

log2~hv isc /h in!
G21/n

for 23/2,n,0, ~30!

where

Vl5Bl
2/~8prc!.S dVB~k!

d log~k! D
k51/l

and

V in5Vl~l/h in !n13.S dVB~k!

d log~k! D
k51/h in

,

Bin
2 5Bl

2(l/h in)n13.
If klim.1/h in , e.g., if the term in square brackets in E

~30! is larger than unity, back reaction is never important
For n50 the magnetic field and gravity wave energy de

sities have the same spectral index and the condition
02351
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gravity wave back-reaction becomes important is scale in
pendent. In this case it simply reads

V in>
V radA8

24 log2~hv isc/h in!
. ~31!

The situation is different forn.0. Then the gravity wave
spectrum is less blue than the magnetic field spectrum
back reaction is always important at sufficiently lowk, large
scales.

When back reaction is important, it leads to damping
the primordial magnetic fields on large scales and will ac
ally damp the field down to values for which back reaction
unimportant. This can be seen as follows: gravity wave p
duction takes place untilP i j (k), the tensor component of th
magnetic field stress tensor, vanishes. But thenf 2(k)50
which implies, according to Eq.~10!,

B2~q!B2~ uk2qu!50 for all 0<q<kc .

For n,0 the quadratic nature of the coupling ofB to gravity
waves actually damps the magnetic field energy at leas
all wave numbersq.klim/2.

For n.0, back reaction reduces P i j (k)
}*d3qB2(q)B2(uk2qu) for small enough values ofk. In the
limit k→0, this indicates that back reaction damps the m
netic field onall scalesuntil it becomes unimportant. It is
difficult to decide without a detailed calculation how th
magnetic field spectrum will actually be affected, but
seems reasonable to assume that back reaction will alt
until n.0 and the amplitude until inequality~31! is violated.
We can therefore assume that in late time magnetic fie
inequality~31! is always violated if the magnetic field spe
tral index isn*0.

We find this a very important result, which can be su
marized as follows: Magnetic fields on superhorizon sc
with a density which is sufficiently close to the radiatio
density are strongly damped into gravity waves when th
enter the horizon. Note also that ‘‘sufficiently close’’ ca
even mean several orders of magnitude smaller si
log2(khin) can easily become of order 100 or more. Furth
more, primordial magnetic fields produced on superhoriz
scales have their spectral index changed by gravity w
production ton&0 once they enter the horizon.

During the matter-dominated era gravity wave product
is somewhat less efficient@14#; and since the scales of inte
est for us are sub-horizon in the matter era we do not disc
it here.

IV. LIMITS AND CONCLUSIONS

The first limit for primordial magnetic fields produce
before nucleosynthesis is simply that the energy den
which they contribute may not change the expansion
during nucleosynthesis. As already mentioned, this condi
implies @22#

VB~hnuc!h0
2<1.12310265V limh0

2 .
7-6
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GRAVITATIONAL WAVE PRODUCTION: A STRONG . . . PHYSICAL REVIEW D65 023517
Here we have disregarded the loss of magnetic field ene
into gravity waves which will, as we shall see, strengthen
limit considerably. From Eq.~22! we have

VB~hnuc!5
Bl

2

8prc

@kc~hnuc!l#n13

2(n15)/2GS n15

2 D
.

4.5h0
22310213~5.93106!n

2(n15)/2GS n15

2 D
3S Bl

10220 G
D 2S l

1013 sec
D n13

where we have inserted

kd~hnuc!.A2sTVbrc /~hnuc
3 mpV radH0

2!.105/hnuc

.631027 sec21

~for details see Appendix A and Refs.@19,14,20#!. The den-
sity parameterVB(hnuc) as a function of the spectral indexn
is shown in Fig. 1.

Together with the above constraint, this gives already
interesting limit on primordial magnetic fields with spectr
indicesn.22, as shown in Fig. 2~solid line!. For causal
mechanisms of seed field production,n>2, it even implies
Bl,10222 G.

Nevertheless, the limit implied from the production
gravity waves is more stringent, since the gravity waves h
been produced at very early times, when the magnetic fi
damping scale was much smaller than 1/kd(hnuc);1.7

FIG. 2. We show the nucleosynthesis limit onBl ~solid line! as
function of the spectral index,n together with the limit from gravity
waves if the primordial field is produced at the electroweak tran
tion ~short-dashed! or during inflation ~long-dashed! for l
50.1 h21 Mpc.1013 sec.
02351
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3106 sec. The production of gravity waves has preven
the magnetic field energy from being lost by viscosity dam
ing, since gravity waves do not interact with matter in a
substantial way.

SettingVG5VB(h in) whenever the result of Eqs.~24!,
~26! is larger than this limit, which is the simplest way t
account for back reaction, the condition

VGh0
2,1.12310265V limh0

2 ~32!

yields the constraint for primordial magnetic fields created
h in . For spectral indices

n.231A V rad

8V lim
;21,

the value forVG inferred from Eq.~26! becomes larger than
VB(h in) at the limiting valueV lim imposed from nucleosyn
thesis @in this approximation we have neglected the fac
log2(hvisc/hin), which can be considerable#. Then the mag-
netic field damping due to gravity wave productions is ve
important. But also for smaller values of the spectral ind
n.23, we haveVG;VB(h in) for VG;V lim and there is
still a considerable amount of magnetic field damping due
gravity wave production.

The results for primordial magnetic fields produced at
flation and at the electroweak scale are shown in Fig
~dashed lines!. As can be seen for the two examples, primo
dial magnetic fields produced before nucleosynthesis
very strongly constrained. For all values of the spectral
dex, the following expression is a good approximation
the limit obtained:

Bl/10220 G ,7h031022~h in /l!(n13)/2N~n!

where N~n![A2(n15)/2GS n15

2 D;1. ~33!

This nucleosynthesis bound becomes stronger for sma
cutoff scales, largerkc , according to Eq.~33! it scales like
(kcl)2(n13)/2. ~Remember that we have setkc51/h in .)

If the seed field is produced during an inflationary pha
at grand unified theory~GUT! scale temperatures, wher
conformal invariance can be broken, e.g., by the presenc
a dilaton, the induced fields must be smaller thanBl

;10220 G for n.22. If seed fields are produced after in
flation, their spectrum is constrained by causality. Deviat
from a power law withn>2 can only be produced on sub
horizon scales,k.1/h in . Therefore our limit derived by set
ting B(k)50 on sub-horizon scales,kh in.1, is the most
conservative choice consistent with causality.

Mechanisms which still can produce significant se
fields are either ‘‘ordinary’’ inflation, if the spectral indexn
&22 or a late inflationary phase at the electroweak scale~or
even later! where a seed field withn&0 can have amplitudes
of Bl;10220 G.

We also have found that magnetic fields which contrib
an energy density close to the nucleosynthesis bound lo
considerable amount~if not all! of their energy into gravity

i-
7-7
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CHIARA CAPRINI AND RUTH DURRER PHYSICAL REVIEW D65 023517
waves, which might be detectable. In fact, the space-b
interferometer approved by the European Space Agency
NASA, the Large Interferometer Space Antenna~LISA!
which has its most sensitive regime where it can de
VGh0

2;10211 around 1023 Hz;1/hweak @22# will either de-
tect or rule out all magnetic seed fields with spectral ind
n*20.5 produced around or before the electroweak ph
transition. If LISA does not detect a gravity wave bac
ground, the constraint analogous to Eq.~33! for h in<4
3104 sec yields

Bl,10220 G for all indices n.20.5

for all mechanisms producing seed fields before or at
electroweak phase transition.

We conclude that, most probably, magnetic seed fie
have to be produced relatively late, or after nucleosynth
to evade the discussed bounds. Our gravity wave boun
not relevant for magnetic fields that are produced on s
horizon scales. But forl*0.1 Mpc to enter the horizon, thi
requires a temperature of creationT,1 keV. The only late
time mechanism found so far which could lead to seed fie
is recombination, where large scale fields of the order oB
;10220 G can be induced by magneto-hydrodynamic
fects, and the difference in the viscosity of electrons and i
@23#, a charge separation mechanism. Our work strongly c
strains processes of quantum particle production~during,
e.g., an inflationary phase! as the origin for the observe
magnetic fields and favors more conventional processes
charge separation in the late universe.
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APPENDIX A: DAMPING OF MAGNETIC FIELDS BY
VISCOSITY

In this appendix we determine the cutoff functionkd(h).
We use the results found in@19,18# and @20#.

We split the magnetic field into a high frequency and
low frequency component, separated by the Alfve´n scale,
lA5vAh, where the Alfve´n velocity

vA
25

^B2&
4p~r r1pr !

depends on the low frequency component:^BA
2&

5^B0i(x)B0
i (x)&ulA

, vA;4310243(BA/1029 G) @14#. The
amplitude of the high frequency component then obey
damped harmonic oscillator equation with damping coe
cientD(h), depending on time and on the mean free path
the diffusing particles giving rise to viscosity@19#. In the
oscillatory regime, we define the damping scale at each t
h to be the scale at which onee-fold of damping has oc-
curred:*0

h(D/2)dh51. The damping termD is given byD
5k2lcol /a(h), wherelcol is the mean free path of the pa
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ticle species with the highest viscosity which is still suf
ciently strongly coupled to the magnetic field. Long wa
modes with 1/k.vAh are not significantly damped. We now
determine the damping scale as a function of time. To de
mine whether a given mode withk.kd(h) is effectively
damped one has to decide whether it is in the oscillat
regime, 1/k,vAh, where damping really has time to occu
or in the ‘‘over-damped’’ regime, 1/k.vAh, where ampli-
tudes remain approximatively constant. WithvA this depends
on the magnetic field under consideration.

Let us now determine the damping scale. Before neutr
decoupling atT*1 MeV corresponding toh&1010 sec,
damping is due to both photon and neutrino viscosity. T
mean free path of photons is

lcol,g.
1

sTne
.a3~1.531020 sec!,

wheresT56.65310225 cm2 is the cross section of Thom
son scattering. For neutrinos, we take into account scatte
with leptons as the principle scattering process giving rise
viscosity:

lcol,n.
1

swnn
.a5~731048 sec!,

where sw5GF
2T2 is the weak cross section andGF

5(293 GeV)22 is Fermi’s constant. Note that we set\5c
51 so that a cross section also can have the units GeV22.

Using the expression for the scale factor given in Eq.~2!,
one finds that photon viscosity dominates untilh.105 sec,
leading to

kd~h!.~231010 sec1/2!h23/2. ~A1!

For h.105 sec neutrinos viscosity takes over, with cuto
function

kd~h!5~431015 sec3/2!h25/2 ~A2!

during the oscillatory regime. The comoving wave numbek
is given here in units of sec21.

After h*1010 sec neutrinos decouple and the domina
viscosity is again photon viscosity leading to the cutoff fun
tion ~A1!.

Estimating the viscosity time, namelykd(hv isc)51/h in
for inflation, h in;1028 sec and the electroweak phase tra
sition, h in5hew.43104 sec, we find from the expression
abovehv isc /h inu inflation;33109 and hv isc /hew;3000. The
first result, calculated using photon viscosity, is just appro
mative, since we do not know the relevant cross sections
to the scale of inflation, 1015 GeV, but we certainly expec
the value to be very large, since interactions are strong
thus viscosity is weak. The electroweak result, calcula
using the neutrino viscosity, would be quite reliable in t
oscillatory regime. However, for magnetic fieldsB
,1029 G, the Alfvén velocity is smaller than 431024 and
the scalehew.vAhv isc is still in the over-damped regime
The time at which the scale can then effectively be dam
depends on the value of the magnetic field.
7-8
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GRAVITATIONAL WAVE PRODUCTION: A STRONG . . . PHYSICAL REVIEW D65 023517
In this sense our result is only a lower limit,hv isc /hew
*3000. This is not very important for our final bound
where we will even set loghvisc/hin;1 in order to obtain
results which are independent of the time of magnetic fi
creation.

As an example we also determine the damping scal
nucleosynthesis,T.0.1 MeV, znuc.43108 which we need
in Sec. IV. SettingDh/251, we obtain

kd~hnuc!5@2a~hnuc!sTne~hnuc!/hnuc#
1/2. ~A3!

Using ne5rcVb /(mpa3), wheremp is the proton mass, a
well as our expression for the scale factor one obtains

kd~hnuc!.631027 sec21.105/hnuc .

This can of course also be obtained by simply usinghnuc
.1011 sec in the above function for photon viscosity giv
in Eq. ~A1!. Again, whether or not this scale is in the osc
latory regime and can be effectively damped depends on
value ofB(kd). For B(kd);1026 G, which satisfies the nu
cleosynthesis bound, this is largely the case, and for m
netic fields of interest to uskd(hnuc) is the correct damping
scale.

At the end of the radiation-dominated era, photons
couple and viscosity acts no more. Since gravity wave p
duction in the matter dominated regime is not important,
do not calculate the cutoff function in this regime.

APPENDIX B: THE GRAVITY WAVE SOURCE
OF STOCHASTIC MAGNETIC FIELDS

The Maxwell stress tensor of a magnetic field in re
space is given by

Ti j ~x,h!5
1

4p FBi~x,h!Bj~x,h!

2
1

2
gi j ~x,h!Bn~x,h!Bn~x,h!G .

In Fourier space, using the Fourier transform convent
adopted in this paper and the scaling of the magnetic fi
with time, we have

Ti j ~k,h!5
1

4p~2p!3a6E d3qFBi~q!Bj~k2q!

2
1

2
Bl~q!Bl~k2q!d i j G , ~B1!

where we have introduced the factor 1/a6 to transform the
present fieldBi(k)5Bi(k,h0) back to the physical field
Bi(k,h)5Bi(k)/a3. P i j (k,h) is the transverse traceles
component ofTi j (k,h), which sources gravity waves. Her
we give the details of the calculation of its correlation fun
tion, ^P i j (k,h)P* lm(k8h)& which we use to compute th
induced gravity waves. The projector onto the componen
a vector transverse tok is Pi j 5d i j 2 k̂i k̂ j . Consequently
Pa

i Pb
j projects onto the transverse component of a tensor
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obtain the transverse traceless component we still hav
subtract the trace. Hence defining the projector

P ab
i j 5Pa

i Pb
j 2

1

2
Pi j Pab

we have

^P i j ~k,h!P* lm~k8,h!&5P ab
i j P cd

lm^Tab~k,h!T* cd~k8,h!&.
~B2!

To simplify the calculation, we note that up to a trace, whi
anyway vanishes in the projection~B2!, Tab(k,h) is just
given by

Dab~k,h![
1

4p~2p!3a6E d3qBa~q!Bb~kÀq!. ~B3!

We therefore can write

^P i j ~k,h!P* lm~k8,h!&5P ab
i j P cd

lm^Dab~k,h!D* cd~k8,h!&.
~B4!

To compute the two point correlator ofD, we use expression
~B3! and the assumption that the random magnetic field
Gaussian, so that we can apply Wick’s theorem. In ot
words, products of four magnetic fields can be reduced b

^Bi~k!B* j~q!Bn~s!B* m~p!&

5^Bi~k!B* j~q!&^Bn~s!B* m~p!&1^Bi~k!Bn~s!&

3^B* j~q!B* m~p!&1^Bi~k!B* m~p!&^Bn~s!B* j~q!&.

~B5!

Using also the reality condition,B* a(k)5Ba(2k), and
the two point correlator~5!, we obtain

^Dab~k,h!D* cd~k8,h!&

5
a212

4~2p!8E d3qd3p$d~k!d~k8!B2~q!B2~2p!

3~dab2q̂aq̂b!~dcd2 p̂cp̂d!1d~q2p!

3d~k2q2k81p!B2~q!B2~ uk2qu!

3~dac2q̂aq̂c!@dbd2~k2q̂!b~k2q̂!d#

1d~q2k81p!d~k2q2p!B2~q!B2~ uk2qu!

3~dad2q̂aq̂d!@dbc2~k2q̂!b~k2q̂!c#%. ~B6!

The first term only contributes an uninteresting constant
can be disregarded. For the remaining two terms integra
over d3p eliminates one of the twod functions and leads to
7-9
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CHIARA CAPRINI AND RUTH DURRER PHYSICAL REVIEW D65 023517
^Dab~k,h!D* cd~k8,h!&

5d~k2k8!
a212

4~2p!8E d3qB2~q!B2~ uk2qu!

3$~dac2q̂aq̂c!@dbd2~k2q!̂b~k2q!̂d#

1~dad2q̂aq̂d!@dbc2~k2q!̂b~k2q!̂c#%.

~B7!

Clearly, the correlator ofD and thus also the one ofP is
symmetric ink andk8 and hence also under the exchange
the first and the second pair of indices. In addition it is sy
metric in the first and the second as well as in the third a
the fourth index. The most general isotropic transverse tra
less fourth rank tensor which obeys these symmetries ha
tensorial structure

M i j lm~k!5d i l d jm1d imd j l 2d i j d lm1k22~d i j klkm1d lmkikj

2d imkjkl2d i l kjkm2d j l kikm2d jmkikl !

1k24kikjklkm. ~B8!

We could not find a straightforward derivation of this res
in a textbook on multi-linear algebra where it actually b
longs, but it can be found, e.g., in@24#.

We can hence set

^P i j ~k,h!P* lm~k8,h!&5 f ~k,h!2/a12M i j lmd~k2k8!

with

^P i j ~k,h!P* i j ~k8,h!&5
4

a8 f ~k,h!2d~k2k8!. ~B9!

To determine the correlator ofP it is therefore sufficient to
calculate its trace. WithPi jabP cd

i j 5Pabi jP cd
i j 5Pabcd ~for the

last identity we simply use that projectors are idem-pote!,
we have

^P i j ~k,h!P* i j ~k8,h!&5P abcd^Dab~k,h!D* cd~k8,h!&.
~B10!

A somewhat tedious but straightforward computation giv

P abcd$~dac2q̂aq̂c!@dbd2~k2q̂!b~k2q̂!d#1~dad2q̂aq̂d!

3@dbc2~k2q̂!b~k2q̂!c#%

511@ k̂•~k2q̂!#21~ k̂•q̂!21~ k̂•q̂!2@ k̂•~k2q̂!#2.

~B11!

Settingg5 k̂•q̂ andb5 k̂•(k2q̂), and using the fact that th
second term transforms into the third one under the trans
mationq→k2q, we finally obtain
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^P i j ~k,h!P* i j ~k8,h!&

5
a28

4~2p!8
d~k2k!E d3qB2~q!B2~ uk2qu!

3~112g21g2b2!, ~B12!

which leads to the result forf (k) given in Eq.~10!.

APPENDIX C: GRAVITATIONAL WAVE PRODUCTION

The equation for gravity wave production due to tens
type anisotropic stresses is

ḧi j 12
ȧ

a
ḣi j 1k2hi j 58pGP i j . ~C1!

For each mode we therefore have an equation of the for

ḧ12
ȧ

a
ḣ1k2h5s~k,h!, ~C2!

where s(k,h)5(8pG/a2) f (k,h). The function f only de-
pends onh for n.23/2 via the damping cutoffkd(h). In
terms of the dimensionless variablex5kh Eq. ~C2! reduces
to

h912
a

x
h81h5s~k,h!k22, ~C3!

wherea51 in the radiation-dominated era, anda52 in the
matter-dominated era. The homogeneous solutions of
~C3! are the spherical Bessel functionsj 0 ,y0 in the radiation-
dominated era, andj 1 /x, y1 /x in the matter-dominated era
respectively. We assume that the magnetic fields were
ated in the radiation-dominated epoch, at redshiftzin . Using
the Wronskian method, the general solution of Eq.~C3!
which vanishes atzin is given by

h~x!5c1~x!g1~x!1c2~x!g2~x!, ~C4!

where g1 ,g2 are the above-mentioned homogeneous so
tions and

c1~x!52k22E
xin

x

s~x8!g2~x8!/W~x8!dx8

c2~x!5k22E
xin

x

s~x8!g1~x8!/W~x8!dx8.

W5g1g282g18g2 is the Wronskian determinant of the hom
geneous solution. Inside the horizon the homogeneous s
tions g1 and g2 begin to oscillate. The contribution to th
integral from times where the scale under consideration
sub-horizon is hence negligible. Furthermore, since the g
ity wave energy is growing with wave number~it is propor-
tional to k3f 2), our limit will come from large wave num-
bers, small scales, which enter the horizon bef
decoupling. Let us thus solve Eq.~C3! explicitly in the
radiation-dominated regime,h,heq , for a wave number
7-10
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GRAVITATIONAL WAVE PRODUCTION: A STRONG . . . PHYSICAL REVIEW D65 023517
which enters the horizon in the radiation era,kheq.1, and in
the case wheref is not time dependent (n,23/2). We first
notice that the WronskianW( j 0 ,y0)51/x2. Using the radia-
tion approximation of Eq.~2! for the scale factor,a
5H0hAV rad we have

k22s~x!

W~x!
5

8pG f~k!

H0
2V rad

.

Sincey0 diverges at smallx the termc1 clearly dominates.
After horizon crossing we have

h~x!.c1~1! j 0~x!5c1~1!
sinx

x
.

Performing the integralc1(1), we find

h~x!.2
8pG f~k!

H0
2V rad

sinx

x
log~xin! ~C5!

for x.1 and h,heq.AV rad/H0. We have compared thi
formula with the numerical solution and, as expected, fou
that it is a very reasonable approximation~within less than
10% of the numerical result!.

After horizon crossing, the gravity waves thus propag
freely, and their energy just scales like radiation energy,
that for kheq.1, using Eq.~19!
e

,

ev
.

ein

02351
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dVG~k!

d log~k!
.

drG~k!

r radd log~k!
V rad5

k3ḣ2

a2r rad~2p!6G
V rad.

~C6!

During the radiation era, on sub-horizon scales

ḣ.
8pG f~k!

hH0
2V rad

log~xin!cos~x!

and

a2r rad5
3

8pG S 1

h D 2

so that

dVG~k!

d log~k!
5

4k3f ~k!2~8pG!2 log2~xin!cos2~x!

H0
4V rad3~2p!5

.
12k3f ~k!2 log2~xin!

rc
2V rad~2p!5

. ~C7!

Since the ratio between the gravity wave energy density
the radiation energy density is time independent, this form
is valid also in the matter era.rc53H0

2/(8pG) denotes the
critical density today.
4.

D

-
u-

al
,’’
@1# P.P. Kronberg, Rep. Prog. Phys.57, 57 ~1994!.
@2# J. Eilek, in Proceedings of the Ringberg Workshop, MPE R

port, astro-ph/9906485.
@3# Ya.B. Zeldovich, A.A. Ruzmaikin, and D.D. Sokoloff,Mag-

netic Fields in Astrophysics~Gordon and Breach, New York
1983!; E.N. Parker,Cosmological Magnetic Fields~Oxford
University Press, Oxford, 1979!.

@4# A. Davis, M. Lilley, and O. Tornqvist, Phys. Rev. D60,
021301~1999!.

@5# M.S. Turner and L.M. Widrow, Phys. Rev. D37, 2743~1988!;
B. Ratra, Astrophys. J. Lett.391, L1 ~1992!; W.D. Garretson,
G.B. Field, and S.M. Carroll, Phys. Rev. D46, 5346~1992!; O.
Bertolami and D.F. Mota, Phys. Lett. B455, 96 ~1999!.

@6# A. Davis, K. Dimopoulos, T. Prokopec, and O. To¨rnkvist,
Phys. Lett. B501, 165 ~2001!.

@7# M. Gasperini, M. Giovannini, and G. Veneziano, Phys. R
Lett. 75, 3796 ~1995!; D. Lemoine and M. Lemoine, Phys
Rev. D52, 1955~1995!.

@8# T.W.B. Kibble and A. Vilenkin, Phys. Rev. D52, 679 ~1995!;
J.T. Ahonen and K. Enqvist,ibid. 57, 664 ~1998!; T. Va-
chaspati, Phys. Lett. B265, 258 ~1991!; M. Joyce and M.E.
Shaposhnikov, Phys. Rev. Lett.79, 1193~1997!.

@9# J. Adams, U.H. Danielsson, D. Grasso, and H. Rubinst
Phys. Lett. B388, 253 ~1996!.

@10# A. Kosowsky and A. Loeb, Astrophys. J.469, 1 ~1996!.
@11# E. Scannapieco and P.G. Ferreira, Phys. Rev. D56, R7493

~1997!.
-

.

,

@12# R. Durrer, T. Kahniashvili, and A. Yates, Phys. Rev. D58,
123004~1998!.

@13# J. Barrow, P. Ferreira, and J. Silk, Phys. Rev. Lett.78, 3610
~1997!.

@14# R. Durrer, P. Ferreira, and T. Kahniashvili, Phys. Rev. D61,
043001~2000!.

@15# A. Mack, T. Kahniashvili, and A. Kosovsky, astro-ph/010550
@16# R. Maartens, C. Tsagas, and C. Ungarelli, Phys. Rev. D63,

123507~2001!.
@17# R. Durrer and N. Straumann, Helv. Phys. Acta61, 1027

~1988!.
@18# E. Kim, A. Olinto, and R. Rosner, Astrophys. J.468, 28

~1996!; K. Jedamzik, V. Katalinic, and A. Olinto, Phys. Rev.
57, 3264~1998!.

@19# K. Subramanian and J. Barrow, Phys. Rev. D58, 083502
~1998!.

@20# C. Caprini, ‘‘Limiti sull’intensitàdel campo magnetico primor
diale dallo spettro di onde gravitazionali indotte,’’ Tesi di La
rea in Fisica, Universita` degli Studi di Parma, 2001.

@21# O. Törnkvist, Phys. Rev. D58, 043501~1998!.
@22# M. Maggiore, Proceedings of the workshop ‘‘Gravitation

Waves: A Challenge for Theoretical Astrophysics. Trieste
gr-qc/0008027; an update of M. Maggiore, Phys. Rep.331,
283 ~2000!.

@23# C. Hogan, astro-ph/0005380.
@24# R. Durrer and M. Kunz, Phys. Rev. D57, 3199~1998!.
7-11


