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Gravitational wave production: A strong constraint on primordial magnetic fields
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We compute the gravity waves induced by anisotropic stresses of stochastic primordial magnetic fields. The
nucleosynthesis bound on gravity waves is then used to derive a limit on the magnetic field amplitude as a
function of the spectral index. The obtained limits are extraordinarily strong: If the primordial magnetic field
is produced by a causal process, leading to a spectral ingeX on superhorizon scales, galactic magnetic
fields produced at the electroweak phase transition or earlier have to be weakBy thaf 2" G. If they are
induced during an inflationary phagesheating temperaturé~10'® GeV) with a spectral index~0, the
magnetic field has to be weaker thBRr=<10 3% G. Only very red magnetic field spectna;-—3, are not
strongly constrained. We also find that a considerable amount of the magnetic field energy is converted into
gravity waves. The gravity wave limit derived in this work rules out most of the proposed processes for
primordial seeds for the large scale magnetic fields observed in galaxies and clusters.
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I. INTRODUCTION CMB anisotropies cannot constrain primordial magnetic
fields to better than a few tenths of this amplitude.

Our galaxy, like most other spiral galaxies, is permeated In this work we constrain magnetic fields by the gravity
by a magnetic field of the order d~10° G. Recently, waves which they induce classically, via the anisotropic
similar magnetic fields have also been observed in clusters Gfiresses in their energy momentum tensor. These gravity
galaxies on scales of up ©~0.1 Mpc[1,2]. There is an  waves lead to much stronger constraints than CMB anisotro-
ongoing debate whether such fields can be produced byies, especially for spectral indicas> — 3. This comes from
charge separation processes during galaxy and cluster formgye fact that the spectrum of the gravity wave energy density

tion [3] or whether primordial seed fields are needed, whichpqyced by stochastic magnetic fields is always Hescept
have then been amplified by simple adiabatic contraction o

. ) . for n=—3 where it is scale invariantand thus leads to
bylgigyréamo mechagwam. I?l_lthe .flrstthcase, seeg f'el‘EOf stronger constraints on small scales than on the large scales
~10 % G [g]r%r stn iO 3c\’NGI ?n amuniveerseS (\a/\(/:i?hnlowcr?]ass probed by CMB anisotropies.

. ) X The effects of a constant magnetic field on gravity wave
density[4] suffice. Several mechanisms have been proposegv

= . . ) . olution and production have been studiedllif]. Here we
for the origin of such seed fields, ranging from Inﬂ"’monaryconcentrate on the production of gravity waves, but consider
production of magnetic fields5—7] to cosmological phase P 9 y '

transitions{8]. a stochastic magnetic field.

Primordial magnetic fields have been constrained in the The remaln'der of t,h'_s_ paper 1s prggnlzed as follows: .In
past in various ways mainly by using their effect on anisotro-S€c¢. Il we define the initial magnetic field spectrum and its
pies in the cosmic microwave backgrouf@-15|. In these evolution in time, and we determine the magnetic stress ten-
works constant magnetic fields and stochastic fields with re§Or which sources gravity waves. In Sec. lll we calculate the
spectran~ — 3 [14] have been considered and the limits ob-induced gravity wave spectrum and estimate the effect of
tained were of the order of a few10~° G. A simple order backreaction. In Sec. IV we derive limits on the primordial
of magnitude estimate shows that, from the cosmic micromagnetic field using the nucleosynthesis limit on gravity
wave backgroundCMB) alone, one cannot expect much Waves and discuss our conclusions. In order not to lose the

stronger constraints for magnetic fields: The energy densitflow of the arguments, several technical derivations are de-

in a magnetic field is ferred to three Appendixes.
We use conformal time which we denote by the scale
2 factor isa(#). Derivatives with respect to conformal time
QB:BWP =10"°0,(B/107% G)?, (1)  are denoted by an overdada/dy=a. We normalize the
C

scale factor today t@a(7y)=1. The index 0 on a time-
dependent variable always indicates today. We assume a spa-
where (), is the density parameter in photons. We naivelytially flat universe with a vanishing cosmological constant
expect a magnetic field of I8 G to induce perturbations in throughout. Neglecting a possible cosmological constant
the CMB on the order of 1, which are just on the level of modifies the evolution of the scale factor only at very late

the observed CMB anisotropies. It is thus expected thatimes,z<2 and is therefore irrelevant for the results of this
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paper. We set the speed of light 1 so that times and length tropic random field. The transversal natureBothen leads to
scales can be given in units of seconds, centemeters or ma-

gaparsecs, whatever is convenient. With our conventions, the (B'(k)B*I(q))=8°%(k—q)(8' —K'K)B?(k). (5
scale factor is given by
We use the Fourier transform conventions

—y | Ho7
a(”)_H°”< . Qfad)’ @ Bi(k)=fd3xeXQix~k)Bg(x),

whereH,=(3.086x 10'" sec) *h, is the Hubble parameter,

0.5<hy<0.8 andQ,=4.2x 10 °h, ? is the radiation den- BL(x)= ! 3] d3k exp( —ix-k)BI(k),
sity parametefphotons and three types of massless neutri- (2m)
nos.

Note that the scale factor has no units, but conformal tim@Ndk=k/k, k=yZi(k')% k is the wave vector today which
and comoving distance do. The normalizationaofmplies 1S also the co-moving wave vector. Its unit is inverse length
that comoving distance becomes physical distance today. TH#hich we will express in .se.cl. _ _
conformal time is the comoving size of the horizon. The _ We want to derive a limit on the amplitude of magnetic

relation between; and redshift or temperature is simply ~ fields on the scal&~0.1 Mpc generated by a prignordial
process which took place before=0.1 Mpc~10" sec

corresponding td~1 keV. Hence we are mainly interested

2(n)=—-1, in magnetic fields generated on superhorizon scales. As we
a(mn) e .
shall see, our limits only apply for fields generated before
T(9)=2(7)To=2(7)2.4x10°% eV. 3) nucleosynthesisT>T,,~0.1 MeV. The main examples

we have in mind are an inflationary generation of magnetic

The comoving time of equal matter and radiation, defined byfi€!ds [5,6], magnetic fields generated in string cosmology

a( q)’3=Q Al q)74 orz.+1=0-1 is 7] and magnetic fields generated during the electroweak
e radfit 7e €q rad phase transitiofig].

=221V H-1~1.7% 10 sec. 4 In the first two examples, a simple power law magnetic
Meq=2(N2~ 1)V Qado @ field spectrum with upper cutof,= 7;.* is generated. The

Greek indices run from 0 to 3, Latin ones from 1 to 3.conformal times;, marks the end of inflation or the string

Spatial(3 dim) vectors are denoted in bold. scale, respectively. o _
Electroweak magnetic field production is causal, leading

mainly to fields on scales smaller than the size of the horizon
at the phase transitiong.,~=4x10* sec=10"° cm=3

In this section we closely follow Ref14]. During the X 10™* pc. These sub-horizon fields, which cannot propa-
evolution of the universe, the conductivity of the inter- gate into larger scales during the linear evolution discussed
galactic medium is effectively infinite. We can decouple thein this paper, and which are essentially damped by viscosity,
time evolution of the magnetic field from its spatial structure:will be neglected in this paper. Motivated by inflation, we
B scales likeB?( 7,x) =B3(x)/a* on sufficiently large scales. Simply impose an initial cutoff scale,(7i,) = 1/7;, . Allow-
(In our coordinate basiB;>1/a andB'xa 2 as can be de- Ing for more small scale power, as it is certainly present
rived easily from Maxwell’s equations in curved spacetimeinitially in causal mechanisms, only strengthens our result
with vanishing electric field, see, e.d.17].) On smaller ~Which actually comes from the smallest scales not affected
scales, the interaction of the magnetic field with the cosmidy damping. But we consider only the uncorrelated superho-
plasma becomes important, leading mainly to two effects: ofiizon fields generated during the electroweak phase transi-
intermediate scales, the field oscillates like ogk(), where ~ tion.
va=B2/[4m(p+p)]¥? is the Alfven velocity, and on very If B is generated by @ausalmechanism, it is uncorre-
small scales, the field is exponentially damped due to shea@ted on superhorizon scales,
viscosity [18—20. We will take into account the time- i o _ ,
depent?(/ant damping scale as a time-dependent cki6#f) (B'(x,mBI(X',7))=0 for |x=x'[>27. ®)
in the spectrum oB. As we shall see, our constraints come Here it is important that the universe is in a stage of standard
from small scales where the spectrum is exponentiallf-riedman expansion, so that the comoving causal horizon
damped and oscillations can be ignored. We therefore disr%'ize is aboutn_ During an inﬂationary phase’ the causal ho-
gard them in what follows. The expressions fQi(#») are  rizon diverges and our subsequent argument does not apply.
derived in Appendix A. The only result of this appendix rel- |n this somewhat misleading sense, one calls inflationary
evant here is that the damping scalé&gl#;) grows like a  perturbations “a-causal.”
positive powera>0 of 7 and is always smaller than the = According to Eq.(6), (B'(x,7)BI(x’,7)) is a function

horizon scaleky(7)>=1/7“ andky(#7)>1/n. The reader not with compact support and hence its Fourier transform is ana-
interested in the details of damping and confident with thigytic. The function

relatively obvious result, can skip Appendix A. _ _ o
We modelBy(x) as a statistically homogeneous and iso- (B'(k)B*I(k))=(8"—k'k)B?(k) (7)

Il. PRIMORDIAL STOCHASTIC MAGNETIC FIELDS
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is analytic ink. If we assume also th&?(k) can be approxi- is substantially smallef21], k.(7in)>1/7i,, Which would
mated by a simple power law, we must conclude thatstrengthen our limit as we shall see. Since it is unphysical to
B?(k)=<k", wheren=2 is a even integer(A white noise  assumek.(7;,)<1/7;,, our assumption is conservative. We
spectrumn=0 does not work because of the transversalityset

condition which has led to the non-analytic pre-fac&r

—k'kl.) By causality, there can be no deviations from this Ke(77) =min[ L/min Ka(2)].
law on scales larger than the horizon size at formatigp,

; . It is important to keep in mind that this cutoff scale is always
As explained above, we neglect fields on smaller scales by P P Y

Smaller than the horizon scale.

simple cutoff. o2
We assume thaB, is a Gaussian random field. Although We now can parametriz8* by
this is not the most general case, it greatly simplifies calcu- (2)5 ()\/\/E)Ms
lations and gives us a good idea of what to expect in more f n for k<k
general situations. B2(k)= E or ¢ (12)
Using Wick’s theorem for Gaussian fields we can calcu- 2
late the correlator of the tensor contribution to the aniso- 0 otherwise.
tropic stresses induced by the magnetic field, which we de-
note byIl;; . One finds(see Appendix B The normalization is such that

(I (k, PIT*'™(K', 7)) = f 2(k, p) /@M I™ 5(k—k') 2

széj d3r(Bo(X)Bo(x+ r))exp{ - %) (13
- 4
. *ij ’ — __f2 !
(M Ch IR ) a8 (km otk =k, ® whereV= [d® exp(-r¥2x?)=2\3(27)%? is the normaliza-
tion volume. (We have assumed that the cutoff scale is
smaller thanx.) We will finally fix A=0.1h"! Mpc, the
MM (k)= 1 M4 5m il — 51§ 4 k=2( 51 KIKM+ §mKiKd largest scale on Which_ coherent magnetic fie!ds havg been
observed; but the scaling of our results withwill remain
— 8'KkM— §™Mk'KI — S'K'k™— §IMK'KT) obvious.
o The energy density in the magnetic field at some arbitrary
kKKK, ©  scalel is o B B2(K) k3| =191 ~("*3). In order not to over-
produce long range coherent fields, we must require
—3. Forn=—3 we obtain a scale invariant magnetic field
, 1 o ) y 0 energy spectrum. _
f(k) —mgf d*qB*(q)B*(|k—a)(1+2y*+ ¥*B?), Using Egs.(12) and(10) we can calculaté. The integral
(10) cannot be computed analytically, but the following result is a
good approximation for all wave numbekg 14]

where

and

with y=K-q and 8=Kk-k—q. For this result we made use of

2n+3 _
statistical isotropy, which implies that the two spin degrees 2 - Ke(77) for n=-3/2,

; fok, ) =AX1 onis (14)
of freedom ofll;; have the same average amplitude. More k for n<-3/2.
explicitly, in a coordinate system whekeis parallel to thez _
axis, I1;; has the form with

I1, IT 0 A (277)3 (7\/\/5)2n+683
(ITjj) = I —1II, 0F; 16 2n+3
1" [
0 0 0 2
together with Eq(8), statistical isotropy then gives For n>—3/2, the gravity wave sourcél is white noise,

independent ok. Only the amplitude, which is proportional
to (\ko)2", depends on the spectral index. This is due to the
fact that the integra(10) is dominated by the contribution
from the smallest scalec’1 . The induced gravity wave spec-

To continue, we have to specif(k). For simplicity we  trum will therefore be a white noise spectrum for ali
assume a simple power law with cutddf which can depend _3/2.

on time. As all scales smaller thank3(») are damped,
clearly we have to requirk.(7)<ky(7). Motivated by in-
flationary magnetic field production we choose(7;,)
~1/%;,, the primordial magnetic field is coherent up to the We now proceed to calculate the gravity waves induced
horizon size at formation. For magnetic fields produced durby the magnetic field stress tensor. The metric element of the
ing the electroweak phase transition, the “coherence scaleperturbed Friedman universe is given by

1
<|H+|2>:<|Hx|2>:¥f2- (11)

IIl. GRAVITY WAVES FROM MAGNETIC FIELDS
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ds*=a®(n)[dn’— (& +2h;;)dxdx], dQa(k) 123 (K)2log?(xiy)

whereh!=0 andh/ki =0 for tensor perturbations. The mag- dlog(k) peQrad 2)°
netic field sources the evolution bf; through

for ns=-3/2. (20

. a
h;; +2=h;; +k?h;; =87 GII;; . (15)  Fourier transforming the expression for the magnetic field
a energypg=(B?(x))/(8), we obtain the magnetic field den-

I1;; is a random variable, but its time evolution is determin-Sty parameter at timey,

istic, it evolves in time simply by redshifting and by the d0a(k) Bf (kn)+3

evolution of the cutoff. Each component is given by = (22)
dlogk) 8 n+3\’
1 5 g( ) 7Tpc 2(n+3)/21_,
IL(k,7) = 2 f(k, p)IL(K),
- , . Qa(7)=Qg(ke(7))
where I1.(Kk) is a~t|me—2|ndependent random variable with w(ndk dg(K)
power spectrung|I1.(k)|*)=1. Therefore, also each compo- =f « dioak
nent of the induced gravity wave is given by 0 og(k)
~ 2 n+3
h.(k, 7)=h(k, p)IL(k), _BL (kM) _ 22

. . 87pe (n+5)/2p n+5
whereh(k, ) is a solution of 2 —

A 87G Note that()g may well be considerable on small scales, since

Z 20— B ,
h+22h+kh a%(7n) f(k, 7). 19 this is the magnetic field energy at very early times which

can be damped and transformed, e.g., into radiation later. But
The gravity wave power spectrum is then given by of course, for our perturbative calculation to apply, we must
- . , require dQg(k)/dlogk)<Q,,q during the radiation-
(hi(k,mh (K", 7)=4h%(k,7)8(k—k').  (17)  dominated era. Using Eq&21), (22) and the result14) for f,
o . ) we obtain from Eq(20)
In real space, the energy density in gravity waves is

. dQg(k)|?
I _—
pom (hih™) d(k)_ |dlogtk)/ - P
16qua2 dlog(k)_ Qrad 0 (Xin)
The factor 142 comes from the fact thdt denotes the de- for —3<n<-3/2, (23
rivative with respect to conformal time. Fourier transforming
this relation, we obtain, with Eq17), J'llmndk dQg(k)
G— W Alan L)
_ kadk dpg(k) 18 o k dlog(k)
P~ ] K dlog(k)” 18 T
B\ /in
= 12(n+3
with Qrad ( )
dpg(k) k3h2 for —3<n<-—-3/2. (24
-2 6
dlog(k)  a?(2m)°G In the integrated formula fdf) ¢ we have neglected the loga-
rithmic dependence I3¢x;,).
such that If n>—3/2 the result changes sinéenow depends on
3.2 time via the cutoff k(%) =min[1/%;,,kq(7)]. Clearly,
dfs(k) = dpc(k) = koh , (19 Kq(7in) > 17, by causality. We define the timg,;s. to be
dlog(k)  pcdlog(k)  a?p (2m)°G the moment when the damping scale becomes smaller than

’ N ) Nin» Ka(mvisc) =1/ni, . From that time on, the functiof
wherep=3Hg/(87G) denotes the critical density today. In gecays like a power law,

Appendix C we solve Eq.16) for n<—3/2, whenf is time

independent, and we show that for wave numbers which en- £2(k, 7) k3" 3o £2(K, i) (Mpisc! 7) 2PN,

ter the horizon in the radiation dominated era, the density

parameter in gravity waves produced by the magnetic fieldvhere « is a positive power describing the growth of the
can be expressed as viscosity damping scale. Hence, the source term of([E@).
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starts to decay faster thana?/ and additional gravity wave
production afterrn,;s. is sub-dominant. We neglect it in our
attempt to derive an upper limit for primordial magnetic
fields. Forn>—3/2, the gravity wave solution given in Ap-
pendix C, Eq.(C5) is then simply modified by—log(x,)
—log(x,isc/Xin), Since the integral of the gravity wave source
term only has to extend from, to X,isc. Taking also into
account that up ton,is. the cutoff scale ik.(7)=21/7;,,
hencef?(k, 7)«k2""3=1/72"*3 we obtain

dQg(k)

2
d |0g(k)) (knin)isizn

dQg(k) (

24 Iogz(xvisclxin)

dlog(k)_ Qrag
for n>—3/2, (25
Q&(7in)
QGZ%S(MB)ZIOQZ(WSC/%)
rad
for n>—3/2. (26

In Appendix A, we estimate;”'s¢ for the two examples of
inflation, T;,~10'® GeV, 7,,~8%10 ° sec and the elec-
troweak phase transitionT.,~200 GeV, 7%,= 7en~4
X 10* sec. For inflation

Moise! Min=10°,  7,=8x10"° sec,
and for electroweak phase transition
Myisc! Mew=3000, 7gy~4X 10" sec.

Up to logarithms, the final formula for gravity wave produc-
tion is nearly the same for all values of the spectral injdgx
Eqgs.(26) and(24)].

In these formulas back reaction, namely the decrease

magnetic field energy due to the emission of gravity wavesin

is not included. Therefore Eq&23), (24) and (25), (26) are
reasonable approximations only(f;=<Qyg. In the opposite
case, which is realized whenever

Qg(7in)=Qgs(N)
L for n<—3/2
12(n+3)
- Q
. ;ad for n>—23/2
L 8(n+3) IOg (”visc/nin)
( 3.3x10 %h;2
o 0 for n<—23/2
(n+3)
N 5x 10 5h; 2
— 0 for n>—3/2,
L (n+3) |Og (nuisclnin)
(27)
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FIG. 1. We showQgh3 and Qg(7;,)h3 as functions of the
spectral index for two different times of primordial magnetic field
creation: the electroweak transiticﬁmehg dash-dotted, blue and
Qg(7in)h3 short-dashed lirfe and inflation[ Q gh? dotted line, and
QB(nm)hé long-dashed ling for a fiducial field strengthB,
=102 G atA=0.1 Mpc. The nucleosynthesis limif),h3 is
also indicated.(The logarithmic terms have been neglected.
Clearly, the regimes witflg>1 or Qs>1 are not physical and are
just shown for illustration. We have also showy(7,,Jh?, the
magnetic field density which is simply cut off at the nucleosynthesis
damping scaldthick solid ling.

In Fig. 1 the valuef)s andQg(7;,) as functions of the
spectral index are shown for two different choices of the
creation time for the primordial magnetic field: the elec-
6foweak transitioni, = 7ew~4x 10* sec and inflation with
~8x10 % sec, for a magnetic field amplitud®,
=10 %0 G. They are compared with the nucleosynthesis
limit, which comes from the fact that an additional energy
density may not change the expansion law during nucleosyn-
thesis in a way which would spoil the agreement of the cal-
culated helium abundance with the observed value. The
maximum allowed additional energy density is given[Bg]

Qmh3=1.12x10"°. (28)

From Fig. 1 we see thdg as calculated above domi-
nates overQg(#7;,) for all spectral indicem>—2 in the
inflationary case aneh>0 for electroweak magnetic field
production, for an amplitude @&, =10"2° G. This is due to
the fact that we have neglected the back reaction which leads
to a loss of magnetic field energy. Clearly, the magnetic field
cannot convert more than all its energy into gravity waves.
However, if our formula forQ)g leads toQ¢>Qg(7;n), it
does actually convert most of its energy into gravity waves,

the magnetic field energy is fully converted into gravity before it is dissipated by plasma viscosity, since gravity wave

waves. Note, however, that the valllgs(n) is in general
not very much smaller thaf),,q, which is an intrinsic limit
on Qg for our perturbative approach.

production happens before and at horizon crossing, while
viscosity damping is active only on scales which are well
inside the horizon. We can take into account back reaction by

023517-5
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simply setting Q¢~Qg(7in) When our calculation gives gravity wave back-reaction becomes important is scale inde-

Oc>Qg(7in). We shall use this approximation fdédg in
what follows.

Figure 1 also shows that since the value of the magnetic
field density parameter at which conversion into gravity
waves is quasicomplete is so close to the nucleosynthesis

limit, Qgg(n)h3~1.12x10 °=Q;,h3, the two curves

Qgh3 andQg(7;,)h3 cross close td);,h3. This means that

pendent. In this case it simply reads

Q rad\/§

= .
24 |092(77uisc/77in)

Q (3D

The situation is different fon>0. Then the gravity wave
spectrum is less blue than the magnetic field spectrum and

the gravity wave limit for magnetic fields is very close to the back reaction is always important at sufficiently lewlarge

limit obtained by settind)¢=Qg(7in)-

Let us discuss the problem of back reaction in more de-

tail. Even if Qg<Qg(7i,), as soon a-dQg(k)/dlog(k)
>dQg(K)/dlog(k) for a given scalek™, we can no longer
neglect back reaction for this scale. The spectrun)gfis

k2n+6
dQg(k)
3
dlogk) | K

for n=—-3/2
for n=-3/2,

while dQg(k)/dlog(K)=k"*3. Hence for —3<n<0, the

scales.
When back reaction is important, it leads to damping of
the primordial magnetic fields on large scales and will actu-
ally damp the field down to values for which back reaction is
unimportant. This can be seen as follows: gravity wave pro-
duction takes place untill;; (k), the tensor component of the
magnetic field stress tensor, vanishes. But tfiéfk)=0
which implies, according to Eq10),

B2(q)B*(|k—q|)=0

forall O=qg=k,.

gravity wave spectrum is bluer than the magnetic field spec-
trum. Since there is no infrared cutoff, at sufficiently low Forn<0 the quadratic nature of the couplingB®to gravity

values of k we will always have dQg(k)/dlog(k)
<dQg(K)/dlog(k) and back reaction is unimportant at ldw

The valuek;,,,, below which this is the case, can be deter-

mined from Eqgs(21), (23) and (25). We find

Kim\[10G(Kijm 70) 1V

:( Qrad>1/(n+3)\/§

~[1026( 10720 G/B)\)Z]l/(n+3)\/§

for —3<n<-3/2, (29
Kiim 77in= % \/§ZQ - h
24Q,l0g°( nyisc! 7in)
2x10410°° G/B;y)?| "
| 10G(myise! min)
for —3/2<n<0, (30
where
dQg(k)
0,-B1(@m0~| G|
and

dQg(k)
dlog(k)

Qin:Q)\()\/ﬂin)nJrs:( ) )
k=17,

Bizn: B)z\()\/ﬂin)n+3-

If Kjm>1/7;,, €.0., if the term in square brackets in Eq.

waves actually damps the magnetic field energy at least on
all wave numbersg|>k;,/2.

For n>0, back  reaction reduces I1;; (k)

« [d3qB2(q)B?(|k—q|) for small enough values d¢ In the

limit k— 0, this indicates that back reaction damps the mag-
netic field onall scalesuntil it becomes unimportant. It is
difficult to decide without a detailed calculation how the
magnetic field spectrum will actually be affected, but it
seems reasonable to assume that back reaction will alter it
until n=0 and the amplitude until inequalit®l) is violated.

We can therefore assume that in late time magnetic fields
inequality (31) is always violated if the magnetic field spec-
tral index isn=0.

We find this a very important result, which can be sum-
marized as follows: Magnetic fields on superhorizon scale
with a density which is sufficiently close to the radiation
density are strongly damped into gravity waves when they
enter the horizon. Note also that “sufficiently close” can
even mean several orders of magnitude smaller since
log?(k7,,) can easily become of order 100 or more. Further-
more, primordial magnetic fields produced on superhorizon
scales have their spectral index changed by gravity wave
production ton<0 once they enter the horizon.

During the matter-dominated era gravity wave production
is somewhat less efficiefil4]; and since the scales of inter-
est for us are sub-horizon in the matter era we do not discuss
it here.

IV. LIMITS AND CONCLUSIONS

The first limit for primordial magnetic fields produced
before nucleosynthesis is simply that the energy density
which they contribute may not change the expansion law
during nucleosynthesis. As already mentioned, this condition
implies[22]

(30) is larger than unity, back reaction is never important.
Forn=0 the magnetic field and gravity wave energy den- ) s )
sities have the same spectral index and the condition that Qp(7nuc)No=<1.12<10""=Oymhg.
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X 10° sec. The production of gravity waves has prevented
the magnetic field energy from being lost by viscosity damp-
ing, since gravity waves do not interact with matter in any
substantial way.

Setting Q= Og(7i,) whenever the result of Eq$24),
(26) is larger than this limit, which is the simplest way to
account for back reaction, the condition

Qch3<1.12x10 %= Q,h3 (32)

yields the constraint for primordial magnetic fields created at
nin - For spectral indices

Qrald
n>-3+ VSQ ~—=1,

lim

log(B,/10-®Gauss)

l the value forQ) ¢ inferred from Eq.26) becomes larger than

4 Qg(7;,) at the limiting valueQ);;,, imposed from nucleosyn-

thesis[in this approximation we have neglected the factor
FIG. 2. We show the nucleosynthesis limit Bg (solid ling) as  100%(7,isc/7n), Which can be considerafjleThen the mag-

function of the spectral index together with the limit from gravity —netic field damping due to gravity wave productions is very

waves if the primordial field is produced at the electroweak transiimportant. But also for smaller values of the spectral index,

tion (short-dashed or during inflation (long-dashed for A\ n>—3, we haveQ g~ Qg(7,) for Qg~Q, and there is

=0.1 h ! Mpc=10" sec. still a considerable amount of magnetic field damping due to

gravity wave production.
Here we have disregarded the loss of magnetic field energy The results for primordial magnetic fields produced at in-
into gravity waves which will, as we shall see, strengthen thelation and at the electroweak scale are shown in Fig. 2

limit considerably. From Eq(22) we have (dashed lines As can be seen for the two examples, primor-
5 dial magnetic fields produced before nucleosynthesis are
BY  [Ke(7nuoA]""3 very strongly constrained. For all values of the spectral in-
Qa(7uc) = 87 n+5 dex, the following expression is a good approximation for
2(n9)i2p 5 the limit obtained:

B,/10720 G <7hoX 10%%( %, IN) (" 32N(n)

where M(n)=/ 2<”+5>/2r(¥) ~1. (33

B, 2 A ns This nucleosynthesis bound becomes stronger for smaller
1002 g/ | 10" se cutoff scales, largek., according to Eq(33) it scales like
(kc\) ~ (32 (Remember that we have det=1/7;,.)
If the seed field is produced during an inflationary phase
at grand unified theorfGUT) scale temperatures, where
- 3 2y conformal invariance can be broken, e.g., by the presence of
e 7uc) =201/ nudMpLracHo) =10 a dilaton, the induced fields must be smaller thag
~6x107 sec! ~10 %% G for n>—2. If seed fields are produced after in-
flation, their spectrum is constrained by causality. Deviation
(for details see Appendix A and Refd9,14,20). The den- from a power law withn=2 can only be produced on sub-
sity parametef)g( 7,40 as a function of the spectral index horizon scales>1/7;, . Therefore our limit derived by set-
is shown in Fig. 1. ting B(k)=0 on sub-horizon scale&»;,>1, is the most
Together with the above constraint, this gives already amonservative choice consistent with causality.
interesting limit on primordial magnetic fields with spectral ~ Mechanisms which still can produce significant seed
indicesn>—2, as shown in Fig. Zsolid line). For causal fields are either “ordinary” inflation, if the spectral indax
mechanisms of seed field productiors 2, it even implies =< -—2 or a late inflationary phase at the electroweak s@ale
B, <10 2?2 G. even latey where a seed field with<0 can have amplitudes
Nevertheless, the limit implied from the production of of B,~10"%° G.
gravity waves is more stringent, since the gravity waves have We also have found that magnetic fields which contribute
been produced at very early times, when the magnetic fieldn energy density close to the nucleosynthesis bound lose a
damping scale was much smaller tharkqlh,,o)~1.7 considerable amourtif not all) of their energy into gravity

4.5h;2x 107 1%5.9x 10F)"

2(n+5)/2p n+5
2

where we have inserted
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waves, which might be detectable. In fact, the space-borticle species with the highest viscosity which is still suffi-
interferometer approved by the European Space Agency araently strongly coupled to the magnetic field. Long wave
NASA, the Large Interferometer Space AntenfldSA) modes with I>v , 7 are not significantly damped. We now
which has its most sensitive regime where it can detectletermine the damping scale as a function of time. To deter-
Qgh3~10 *around 10° Hz~1/7,..c[22] will either de-  mine whether a given mode witk>ky(7) is effectively
tect or rule out all magnetic seed fields with spectral indexdamped one has to decide whether it is in the oscillatory
n=—0.5 produced around or before the electroweak phastegime, 1k<v,7, where damping really has time to occur
transition. If LISA does not detect a gravity wave back-or in the “over-damped” regime, k>v,%, where ampli-
ground, the constraint analogous to E®3) for 7,,<4  tudes remain approximatively constant. Witk this depends

x 10" sec yields on the magnetic field under consideration.
Let us now determine the damping scale. Before neutrino
B,<10 ?%° G forall indices n>—0.5 decoupling atT=1 MeV corresponding top=<10'° sec,

damping is due to both photon and neutrino viscosity. The
for all mechanisms producing seed fields before or at thgnean free path of photons is

electroweak phase transition.

We conclude that, most probably, magnetic seed fields
have to be produced relatively late, or after nucleosynthesis Neol,y™ orhe
to evade the discussed bounds. Our gravity wave bound is
not relevant for magnetic fields that are produced on subwhereo;=6.65x10 2° cn? is the cross section of Thom-
horizon scales. But fox=0.1 Mpc to enter the horizon, this son scattering. For neutrinos, we take into account scattering
requires a temperature of creatiorc1l keV. The only late  with leptons as the principle scattering process giving rise to
time mechanism found so far which could lead to seed fieldsiscosity:
is recombination, where large scale fields of the ordeB of
~102° G can be induced by magneto-hydrodynamic ef-
fects, and the difference in the viscosity of electrons and ions
[23], a charge separation mechanism. Our work strongly con-
strains processes of quantum particle productidaring, ~where o,=G2T? is the weak cross section anGg
e.g., an inflationary phases the origin for the observed =(293 GeV) ? is Fermi’s constant. Note that we Setc
magnetic fields and favors more conventional processes like-1 so that a cross section also can have the units GeV

~a%(1.5x10?° seo,

~a%(7x 10" seo,

)\col,v:
owlly,

charge separation in the late universe. Using the expression for the scale factor given in &,
one finds that photon viscosity dominates untik10° sec,
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the Swiss NSE. For »>10° sec neutrinos viscosity takes over, with cutoff
function
APPENDIX A: DAMPING OF MAGNETIC FIELDS BY ky(7)= (4% 10 Seélz) 77—5/2 (A2)
VISCOSITY

during the oscillatory regime. The comoving wave number
is given here in units of sec.

After #=10'° sec neutrinos decouple and the dominant
viscosity is again photon viscosity leading to the cutoff func-

In this appendix we determine the cutoff functikg( 7).
We use the results found [19,18 and[20].

We split the magnetic field into a high frequency and a
low frequency component, separated by the Affvecale,

- , . tion (Al).
Na=va7, where the Alfve velocity Estimating the viscosity time, nameky(7,isc) = 1/7in
(B2 for inflation, z;,,~10"8 sec and the electroweak phase tran-
pi=— sition, 7, = 7ew=4x 10" sec, we find from the expressions

2=
4m(p,+py) above 77z;isc/77in|im‘|e;1tion~3>< 10° and Nyisc! Mew~3000. The

5 first result, calculated using photon viscosity, is just approxi-
depends on the  low fr(itjuency Egmponen(B,Q mative, since we do not know the relevant cross sections up
=(Boi(X) BO(X)>|>\A’ vaA~4X1077X(Ba/107" G)[14]. The {5 the scale of inflation, 0 GeV, but we certainly expect
amplitude of the high frequency component then obeys ahe value to be very large, since interactions are strong and
damped harmonic oscillator equation with damping coeffi-thus viscosity is weak. The electroweak result, calculated
cientD(#), depending on time and on the mean free path olising the neutrino viscosity, would be quite reliable in the
the diffusing particles giving rise to viscosifyl9]. In the  oscillatory regime. However, for magnetic field8
oscillatory regime, we define the damping scale at each timez10°° G, the Alfven velocity is smaller than % 10~ and

7 to be the scale at which orefold of damping has oc-  the scale”e,>va7n,isc is Still in the over-damped regime.
curred: [J(D/2)dn=1. The damping ternd is given byD The time at which the scale can then effectively be damped
=k2\¢o1/a( ), wherel ., is the mean free path of the par- depends on the value of the magnetic field.
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In this sense our result is only a lower limi,is./ 7.  Obtain the transverse traceless component we still have to
=3000. This is not very important for our final bounds, subtract the trace. Hence defining the projector
where we will even set log,./7,~1 in order to obtain
results which are independent of the time of magnetic field - 1
creation. Piy=PLPL— 3 PYP.p
As an example we also determine the damping scale at
nucleosynthesisf=0.1 MeV, z,,.~4 X 10° which we need
in Sec. IV. SettingD /2=1, we obtain we have

Ka( 7nuc) =[2a(7nuc) orne( 77nuc)/77nuc]1/2- (A3) <Hij(k,ﬂ)H*Im(k/,ﬂ»:Pngl&; Tab(k,n)T*Cd(k',n)).

Using ne=p.Qy/(m,a%), wherem, is the proton mass, as (B2)
well as our expression for the scale factor one obtains
To simplify the calculation, we note that up to a trace, which
Ka( i) =6Xx10"7 sec =10/ 5. anyway vanishes in the projectioi®2), T2°(k,7) is just
given by
This can of course also be obtained by simply uskg.
=10" sec in the above function for photon viscosity given 1
in Eq. (A1). Again, whether or not this scale is in the oscil- A2k, )= WI d3qB2(q)B(k—q). (B3)
latory regime and can be effectively damped depends on the m(2m)°a
value ofB(kq). ForB(ky)~10"% G, which satisfies the nu-
cleosynthesis bound, this is largely the case, and for maga/e therefore can write
netic fields of interest to uky( 7,0 IS the correct damping
scale.
At the end of the radiation-dominated era, photons de-
couple and viscosity acts no more. Since gravity wave pro-

duction in the matter dominated regime is not important, we ) .
do not calculate the cutoff function in this regime. To compute the two point correlator af, we use expression

(B3) and the assumption that the random magnetic field be
Gaussian, so that we can apply Wick's theorem. In other
words, products of four magnetic fields can be reduced by

(I3 (k, ) I* (K" 7)) = PP EG(ARP(K, 7) A* (K", 7).
(84)

APPENDIX B: THE GRAVITY WAVE SOURCE
OF STOCHASTIC MAGNETIC FIELDS

The Maxwell stress tensor of a magnetic field in real gi(k)B*i(q)B"(s)B*™(p))
space is given by ' . _
=(B'(k)B*)(q))(B"(5)B*"(p)) +(B'(k)B"(3))

T 7) =5~ | B (X, mBl(x,7) X (B*)(q)B*M(p))+(B'(k)B*™M(p))(B"(s)B*!(q)).
(B5)

1 .
= 59" (%, 7)Bn(X, 7)B"(x, 77) , , y
Using also the reality conditiorB*?(k)=B?(—k), and

. . . . the two point correlatof5), we obtain
In Fourier space, using the Fourier transform convention P )

adopted in this paper and the scaling of the magnetic field ab wcdi
with time, we have (A®(k, ) A* (K", 7))

—-12

a
Tii(k,n)sz d3q[Bi(q)Bj(k—q) =4(27)8f d*qd’p{a(k) 8(k")B*(q)B*(—p)

X (5%°—q?qP)(8°—p°p?) + 8(q—p)
X 8(k—q—k'+p)B3(q)B*(|k—q|)

: (B1)

1 }
— 5Bi(@)B(k-q)d"

where we have introduced the factom4to transform the

: ) c_ ~ancey\r sbd_ (7 b and
present fieldB! (k) =BI(k,7,) back to the physical field X (6= P[0 (k=q)(k—a)°]

B'(k,»)=B'(k)/a®. II'(k,») is the transverse traceless +8(q—k’'+p)s(k—q—p)B?(q)B?(|k—q|)
component off"(k, ), which sources gravity waves. Here o o
we give the details of the calculation of its correlation func- X (829—g2q?)[ 8°°— (k—q)°(k—)°]}. (B6)

tion, (IT" (k, »)IT*'™(k’ 7)) which we use to compute the

induced gravity waves. The projector onto the component Ofrhe first term only contributes an uninteresting constant and
a vector transverse t& is Pj;=&j;—kikj. Consequently can be disregarded. For the remaining two terms integration
PLPL projects onto the transverse component of a tensor. Toverdp eliminates one of the twé functions and leads to
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(A%(k, 7)A* YKk’ 7)) (I (k, ) TI*1 (K, 7))
a 12 °
=5<k—k'>4(277)8fd3q82(q>82(|k—q|> =4(2W)85<k—k>fd3qBZ(q>BZ<|k—ql>
X{(6%°- 4P *- (k—0)*(k— )] X(1+27%+ B, (812
+(829— gRgY) 8P°— (f—\q)b(k/;\q)c]}. which leads to the result fdi(k) given in Eq.(10).
(B7)

APPENDIX C: GRAVITATIONAL WAVE PRODUCTION

Clearly, the correlator oA and thus also the one dl is The equation for gravity wave production due to tensor
symmetric ink andk’ and hence also under the exchange oftyP€ anisotropic stresses Is
the first and the second pair of indices. In addition it is sym-

metric in the first and the second as well as in the third and i é- o

the fourth index. The most general isotropic transverse trace- hij +2hij Kby =87 GIL; (€Y)
less fourth rank tensor which obeys these symmetries has the _

tensorial structure For each mode we therefore have an equation of the form
MM (k)= 8" 1M+ 5Mal — 51 8™+ k~2(STK'k™+ MK h+22h+k2hzs(k'n)’ (C2)

—5imkjkl—5i|kjkm— 5j|kikm— 5jmkik|)
i iem where s(k, 7)=(87wG/a?)f(k, 7). The functionf only de-
+kAkKIK'K™, (B8  pends ony for n>—3/2 via the damping cutofky(7). In
terms of the dimensionless variable-k# Eq. (C2) reduces
We could not find a straightforward derivation of this resultto
in a textbook on multi-linear algebra where it actually be-

longs, but it can be found, e.g., [24]. v n ¥ )
We can hence set h+ 22 hr+h=stk, mk ™, €3
TTH (k, ) TT*'™ (k" 7)) = (K, 7)2/at2M M §(k— Kk Whereazl'in the radiation-dominated era, and:2_ in the
(I (k. ) (K", m)=f(k, )2 M ( ) matter-dominated era. The homogeneous solutions of Eq.
. (C3) are the spherical Bessel functiopsy, in the radiation-
with dominated era, ang, /x, y;/x in the matter-dominated era,
respectively. We assume that the magnetic fields were cre-
i 4 ated in the radiation-dominated epoch, at redshift Using
L i’ — 2 ! ’ i
(ILij (k, pITB (K, 7)) Bl km?ok=k'). (B9 1o \wronskian method, the general solution of EG3)
which vanishes at;,, is given by
To determine the correlator dl it is therefore sufficient to h(X)=C1(X)g1(X) + Co(X)ga(X), (C4)

calculate its trace. WitbPijabPicjd:PabijPide=73abcd (for the
last identity we simply use that projectors are idem-potent where g,,g, are the above-mentioned homogeneous solu-

we have tions and
(T (k, T (K, 7)) = PYA (K, ) A cal(K, 7)) cy(X)=— k-ZJX S(X')go(X")W(X')dX'
(B10) Xin
. . : . X
A somewhat tedious but straightforward computation gives Co(X) = kfzj S(X")gy(x")IW(X"YdX'.
Xin

abcd c_ fanc d_ bk —m\d d_ fand
P8 - a9 67 (k=) (k= )]+ (6™~ a"a) W=g:09,— 00, is the Wronskian determinant of the homo-

X[ﬁbc_(k/_\q)b(k/_\q)c:l} geneous solution. Inside the.horizon the homog_eneous solu-
- - tions g; and g, begin to oscillate. The contribution to the
:1+[|2.(k_q)]2+(|2.{])2+(|2.a)2[12.(k_q)]% integral from times where the scale under consideration is

sub-horizon is hence negligible. Furthermore, since the grav-
ity wave energy is growing with wave numbéf is propor-

o o tional to k®f2), our limit will come from large wave num-
Settingy=k-qgq andB=k- (k—q), and using the fact that the bers, small scales, which enter the horizon before
second term transforms into the third one under the transfoidecoupling. Let us thus solve E@C3) explicitly in the
mationg— k—q, we finally obtain radiation-dominated regimey< 7.4, for a wave number

(B11)
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which enters the horizon in the radiation ekag,>1, and in
the case wheréis not time dependenin —3/2). We first
notice that the WronskiaiV(j,Yo) = 1/x?. Using the radia-
tion approximation of Eq.(2) for the scale factor,a

=Hy7y Qg We have

k™?s(x) 8wGf(k)
W(x) H3O0 g

Sincey, diverges at smalk the termc, clearly dominates.
After horizon crossing we have

] sinx
h(x)=c1(1)jo(Xx)=c4(1) x

Performing the integrat,(1), we find

87 Gf(k) sinx

h(x)=— —Ilog(x;
(0= a0~ 090m)

(CH

for x>1 and 7<7eq=QadHo. We have compared this
formula with the numerical solution and, as expected, found

that it is a very reasonable approximatiomithin less than
10% of the numerical result

PHYSICAL REVIEW D65 023517

dQg(k) dpg(k) LSS
dlog(k)  pradlogk) ™ a2, (2m)sG "
(C6)
During the radiation era, on sub-horizon scales
3 81rGf(k)I (X)C08X)
= ————og(X;,)cog X
UHgQrad "
and
, 3 [1)?
a prad_sﬂ_G ;
so that
dQg(k)  4k*f(k)%(87G)?log’(Xin) cOS(X)
dlog(k) H3Q . 3(27)°
12k3f (k)2 log?(X;
_ 12840 log (Xin) -

PeQ o 27)°

Since the ratio between the gravity wave energy density and

After horizon crossing, the gravity waves thus propagatghe radiation energy density is time independent, this formula
freely, and their energy just scales like radiation energy, sas valid also in the matter er@C=3H§/(87-rG) denotes the

that fork7.,>1, using Eq.(19)

critical density today.
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