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Quantum fluctuations in brane-world inflation without an inflaton on the brane
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~Received 16 April 2001; published 21 December 2001!

A Randall-Sundrum-type brane-cosmological model in which slow-roll inflation on the brane is driven
solely by a bulk scalar field was recently proposed by Himemoto and Sasaki. We analyze their model in detail
and calculate the quantum fluctuations of the bulk scalar fieldf with m25V9(f). We decompose the bulk
scalar field into the infinite mass spectrum of four-dimensional fields; the field with the smallest mass square,
called the zero mode, and the Kaluza-Klein modes above it with a mass gap. We find the zero-mode dominance

of the classical solution holds ifum2u l̄ 2!1, where l̄ is the curvature radius of the effectively anti–de Sitter

bulk, but it is violated ifum2u l̄ 2@1, though the violation is very small. Then we evaluate the vacuum expec-

tation value^df2& on the brane. We find the zero-mode contribution completely dominates ifum2u l̄ 2!1,
similar to the case of classical background. In contrast, we find the Kaluza-Klein contribution is small but

non-negligible if the value ofum2u l̄ 2 is large.

DOI: 10.1103/PhysRevD.65.024014 PACS number~s!: 04.50.1h, 98.80.Cq
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I. INTRODUCTION

Recent progress in string theory suggests that our sp
time is not four-dimensional but higher dimensional. Hora
and Witten showed that a desirable gauge theory appear
the 10-dimensional boundaries of the 11-dimensional sp
time M103S1/Z2 @1,2#. This opened up the possibility tha
we may live on a brane embedded in a higher-dimensio
spacetime. Arkani-Hamedet al. @3# investigated such a pos
sibility and showed that the size of the extra dimensions m
be as large as 1 mm. But gravity was not fully taken in
account in their work. Then taking the gravity into accou
Randall and Sundrum showed the existence of fi
dimensional models that realize the Horava-Witten theor
the five-dimensional cosmological constant is negative@4,5#.

In their first paper@4#, Randall and Sundrum found tha
two flat four-dimensional Minkowski branes can be natura
embedded in five-dimensional anti–de Sitter (AdS5) space
for appropriately tuned values of the brane tension:s5
6A26L5/k5

2 where L5(,0) is the five-dimensional cos
mological constant andk5

2 is the five-dimensional gravita
tional constant. They argued that the mass-hierarchy prob
may be solved if we live on the negative tension brane. Ho
ever, it was shown that there exists the so-called radion m
that describes the relative motion between the two bra
and this mode causes an unacceptable modification of
effective gravity on the negative tension brane@6,7# unless
the radion is somehow stabilized@8#.

In their second paper@5#, they investigated the case of
single positive tension brane in the AdS5 bulk and showed
that gravity is confined within the curvature radiusl
5A6/(2L5) of the AdS5 and the four-dimensional Einstei
gravity is recovered on the brane on scales greater thl
despite the fact that the extra dimension is infinite. T
raised an intriguing possibility that our universe is indee
brane world in a higher-dimensional spacetime, and a lo
attention has been paid to the cosmology of a Rand
Sundrum-type brane world@9–35#. Among these studies o
brane-world cosmology, Himemoto and Sasaki recently
0556-2821/2001/65~2!/024014~9!/$20.00 65 0240
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vestigated the possibility of brane-world inflation induced
a dynamical bulk scalar field without introducing an inflato
field on the brane@35#. The reheating after inflation based o
this scenario has been discussed by Yokoyama and H
moto@32#. Possible realizations of such brane-world inflati
models have been discussed in@21,26,27#.

In @35#, Himemoto and Sasaki found a perturbative so
tion of the bulk scalar field in the effective AdS5 background

~with a modified curvature radiusl̄ larger than the originall )
and showed that slow-roll inflation is realized on the brane
um2u!H2, wherem is the mass of the bulk scalar field andH
is the Hubble parameter on the brane, irrespective of

value ofm2 l̄ 2. This result is interesting in that the dynamic
of inflation on the brane is unaffected by the curvature sc

of the bulk. Naively one would expect otherwise ifum2u l̄ 2

@1, since this impliesH2 l̄ 2@1 for um2u!H2, which is the
case when the gravity on the brane on the Hubble hori
scale is significantly affected.

In this paper, taking up the brane-inflation scenario p
posed in@35#, we discuss them2 dependence of the classic
background more carefully and investigate the effect
quantum fluctuations of the bulk scalar field on the dynam
of the brane. In particular, we are interested in whether th
appears a significant effect on the brane ifum2u l̄ 2@1. Re-
cently Kobayashi, Koyama, and Soda@33# have considered
the quantum fluctuations of a massless bulk scalar fieldf in
the AdS5 background. The bulk fieldf may be decomposed
into the zero mode and the Kaluza-Klein modes. The form
corresponds to a massless four-dimensional field and the
ter to massive four-dimensional fields. They evaluated
contribution of the Kaluza-Klein modes tôf2& on the de
Sitter ~inflating! brane. They found that the Kaluza-Klei
contribution is small relative to the zero-mode contributi
even in the caseH2l 2@1. Technically, our analysis is a
extension of theirs to a bulk scalar field of arbitrary ma
The effect of quantum corrections in the brane-world s
nario has also been discussed by Gilkey, Kirsten, and Va
levich @34#.
©2001 The American Physical Society14-1



g
n
fie
th
-
n

bu

la
n

n-
y

e

ro

a
im

e
a

ds
on

ita

i-
ant,
-

sor
sor.
e
o in
und

ge-
s

ce
-
e:

f

ities
ce.

e

de-
be

NORICHIKA SAGO, YOSHIAKI HIMEMOTO, AND MISAO SASAKI PHYSICAL REVIEW D 65 024014
The paper is organized as follows. In Sec. II, followin
@9,35#, we formulate the effective gravitational equations a
the Friedmann equation on the brane when a bulk scalar
is present. In Sec. III, we discuss in depth the features of
brane-inflation model of@35# which we use as the back
ground. We find an indication that the quantum fluctuatio
of the bulk scalar field may cause a non-negligible contri
tion to the dynamics of the brane whenum2u l̄ 2@1. In Sec.
IV, we calculate the quantum fluctuations of the bulk sca
field and evaluate the extra-dimensional effect on the bra
We find the Kaluza-Klein contribution is indeed no
negligible if um2u l̄ 2@1. Section V is denoted to summar
and discussions.

II. FORMULATION

We write the bulk metric in the (411) form as

ds25gab dxa dxb5nanb dxa dxb1qab dxa dxb, ~2.1!

wherena is the unit normal to the four-dimensional timelik
hypersurfaces, one of which is the brane, andqab5gab
2nanb is the induced metric on the hypersurfaces. We int
duce the coordinates$x,xm% (m50,1,2,3) such thatnadxa

5dx and assume the brane is located atx5x0.
Following the spirit of the Horava-Witten theory@1,2#, we

assume theZ2 symmetry with respect to the brane and th
the gravitational equations in the five-dimensional spacet
take the following form:

Gab1L5gab5k5
2@Tab1Sabd~x2x0!#, ~2.2!

whereGab is the five-dimensional Einstein tensor andTab is
the effective energy momentum tensor in the fiv
dimensional bulk which may consist of higher-order curv
ture terms as well as dilatonlike gravitational scalar fiel
and Sab is the energy-momentum tensor of the matter c
fined on the brane.

As in the Randall-Sundrum model@4,5#, we considerSab
of the form

Sab52sqab1tab ; tabn
a50, ~2.3!

where s is the brane tension andtab describes the four-
dimensional matter excitations. Then the effective grav
tional equations on the brane are found as@9#

(4)Gmn1L4qmn5k4
2~Tmn

(b)1tmn!1k5
4pmn2Emn .

~2.4!

Here

L45
1

2 S L51
1

6
k5

4s2D , ~2.5!

k4
25

1

6
k5

4s, ~2.6!
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pmn52
1

4
tmatn

a1
1

12
ttmn1

1

8
qmntabtab2

1

24
qmnt2,

~2.7!

Tmn
(b)5

4

sk5
2 FTcdqm

c qn
d1S Tcdn

cnd2
1

4
TDqmnG , ~2.8!

Emn5 (5)Cabcdn
ancqm

b qn
d , ~2.9!

whereL4 andk4
2 describe the four-dimensional cosmolog

cal constant and the four-dimensional gravitational const
respectively, and(5)Cabcd is the five-dimensional Weyl ten
sor. Note that the projected Weyl tensorEmn is traceless by
definition. Note also that the bulk energy momentum ten
contributes to a four-dimensional energy-momentum ten
Here and in what followsqmn denotes the metric on th
brane unless otherwise noted. We consider a scenari
which the Randall-Sundrum brane is recovered in the gro
state. Thus we assume the brane tension as

s5scª
A26L5

k5
2

5
6

k5
2l

, ~2.10!

which givesL450.
For the brane cosmology, we assume the spatial homo

neity and isotropy and express the metric on the brane a

ds2ubrane5qmn dxm dxn52dt21a~ t !2g i j dxi dxj ,
~2.11!

whereg i j is the three metric of a constant curvature spa
with unit or zero curvature,K561,0. The matter energy
momentum tensor takes a perfect fluid form on this bran

tmn5~r (m)1P(m)!tmtn1P(m)qmn , ~2.12!

wheretmdxm52dt. With these, the time-time component o
Eq. ~2.4! gives the Friedmann equation on the brane:

3F S ȧ

a
D 2

1
K

a2G5k4
2r (m)1

k5
4

12
r (m)21k4

2Ttt
(b)2Ett ,

~2.13!

where the dot denotes the derivative with respect tot, and the
trace of the space-space components gives

2F2
ä

a
1S ȧ

a
D 2

1
K

a2G5k4
2P(m)1

k5
4

12
r (m)~r (m)12P(m)!

1k4
2 T(b)

i
i

3
2

Ett

3
. ~2.14!

The second equation is not necessary if the Bianchi ident
are taken into account. We give it here for later convenien
The Friedmann equation~2.13! is not closed on the bran
because of the contributionsTtt

(b) and Ett which depend on
the bulk dynamics. However, under certain situations as
scribed below, the scalar field dynamics in the bulk may
4-2
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QUANTUM FLUCTUATIONS IN BRANE-WORLD . . . PHYSICAL REVIEW D65 024014
solved perturbatively andEtt may be expressed in terms o
the scalar field relatively easily.

As noted before, the bulk energy-momentum tensor m
contain the contributions from higher-order curvature ter
as well as dilatonlike fields. However, lacking the detail
knowledge of their explicit forms, we choose the simple
case of a minimally coupled scalar field,

Tab5]af]bf2gabF1

2
gcd]cf]df1V~f!G . ~2.15!

As discussed in Ref. @35#, the assumption of the
Z2-symmetry and the energy-momentum conservation
the matter field on the brane,Dmtmn50, implies@36#

]xfubrane50. ~2.16!

Hence together with the spatial homogeneity off on the
brane,Tmn

(b) reduces to

Tmn
(b)5~r (b)1P(b)!tmtn1P(b)qmn , ~2.17!

where

r (b)5Ttt
(b)5

3

k5
2sc

F1

2
ḟ21V~f!G5

l

2 F1

2
ḟ21V~f!G ,

~2.18!

P(b)5
1

3
T(b)

i
i5

3

k5
2sc

F5

6
ḟ22V~f!G5

l

2 F5

6
ḟ22V~f!G .

~2.19!

The form of the projected Weyl tensor on the brane
determined from its traceless nature,

Emn5S 4

3
tmtn1

1

3
qmnDEtt . ~2.20!

Then, from the four-dimensional Bianchi identities and t
spatial homogeneity of the brane, we obtain@9#

DnEmn5k4
2DnTmn

(b) , ~2.21!

which gives

1

a4
] t~a4Ett!52

k5
2

6
@f̈24]x

2f1V8~f!#ḟ. ~2.22!

Further, using the scalar field equation at the location of
brane,

]x
2f2

1

A2q
]m~A2qqmn]nf!50, ~2.23!

and Eq.~2.22! may be rewritten as

1

a4
] t~a4Ett!5

k5
2

2
S ]x

2f1
ȧ

a
ḟ D ḟ. ~2.24!
02401
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Formally integrating the above, we obtain

Ett5
k5

2

2a4E t

a4ḟS ]x
2f1

ȧ

a
ḟ D dt. ~2.25!

ThusEtt is expressed in terms off apart from the integra-
tion constant which gives a term}a24 and which should be
determined by the initial condition of the five-dimension
universe.

III. MODEL

Himemoto and Sasaki proposed a model for brane-wo
inflation induced by a bulk scalar field@35#. Here we adopt
their model. Namely, we assume the potential of the form

V~f!5V01
1

2
m2f2, ~3.1!

and consider the regionum2uf2/2!V0. In @35#, it was further
assumed thatm2,0 in order for a regular solution in the
separable form to exist. Here we basically follow@35# and
assumem2,0 for the moment. However, one can argue th
the singularity may not harm the brane if the action is s
finite @12#. There is yet another argument that supports
admissibility of the casem2.0 @37#. Hence, we relax this
assumption in the end and extend our analysis to posi
values ofm2.

AssumingTab is dominated byV0 at the lowest order of
approximation,

Tab.2V0gab , ~3.2!

the effective five-dimensional cosmological constant b
comes

L5,eff5L51k5
2V0 . ~3.3!

Here we assume thatuL5u.k5
2V0 so that the background

space-time is still effectively AdS5. Then the bulk metric
may be written as@12#

ds25dr21~H l̄ !2 sinh2~r / l̄ !dsdS
2 , ~3.4!

where dsdS
2 is the metric of the four-dimensional de Sitte

space with radiusH21 given by

H215 l̄ sinh~r 0 / l̄ !; l̄ 5U 6

L5,eff
U1/2

. ~3.5!

Note that we have replaced the coordinatex in the previous
section byr in accordance with the standard convention, a
the value ofr 0 ~equivalently ofH) is arbitrary for the mo-
ment.

As noted in the previous section, we assume the br
tension to be that of the Randall-Sundrum value, given
Eq. ~2.10!. Then choosingr 5r 0 to be the location of the
brane, we have the de Sitter brane with the metric,
4-3
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dsdS
2 52dt21

1

H2
e2Ht dx2, ~3.6!

where we have adopted the spatially flat slicing for simp
ity. Neglecting the matter field excitations on the brane,
Friedmann equation at the lowest order determinesH as

H25
k5

2V0

6
, ~3.7!

which in turn determines the location of the braner 0.
The next order correction is determined by solving t

scalar field equation in the bulk,

e23Ht

~ l̄ H !2sinh2~r / l̄ !
] t@e3Ht] tf#2

1

sinh4~r / l̄ !
] r@sinh4~r / l̄ !] rf#

2
e22Ht

l̄ 2sinh2~r / l̄ !
(3)Df1m2f50, ~3.8!

where (3)D is the flat Laplacian with respect tox. Assuming
that our background solution is in the separable form,

f~ t,r !5c~ t !u~r !, ~3.9!

the equations forc(t) andu(r ) become

F d2

dt2
13H

d

dt
1l2H2Gc50,

~3.10!

F d2

dr2 1
4

l̄
cothS r

l̄
D d

dr
2S m22

l2

l̄ 2 sinh2~r / l̄ !
D Gu50,

~3.11!

wherel is a separation constant@38#.
Equation~3.11! is the eigenvalue equation forl2. TheZ2

symmetry implies the boundary condition at the brane,

d

dr
uU

r 5r 0

50. ~3.12!

As for the boundary condition at the originr 50, we impose
the regularity ofu as in @35#,

uur 5050. ~3.13!

Under these conditions, the solution is found as

u5ul0
~r !5

Pn21/2
2m0 @cosh~r / l̄ !#

sinh3/2~r / l̄ !
, ~3.14!

where m0ªA9/42l0
2 and nªAm2 l̄ 214 with the eigen-

valuel5l0 determined by

~n12!z0Pn21/2
2m0 ~z0!5~n1m011/2!Pn11/2

2m0 ~z0!;

z0ªcosh~r 0 / l̄ !. ~3.15!
02401
-
e

Providedum2u/H2!1, l0
2 is approximately given by@35#

l0
25H m2

2H2 for um2u l̄ 2!1,

3m2

5H2 for um2u l̄ 2@1.

~3.16!

Then the corresponding solution forc is given by

c5cl0
~ t !5C expF S m02

3

2DHtG1D expF S 2m02
3

2DHtG ,
~3.17!

which behaves as}e2l0
2Ht/3 at late times. Thus slow-rol

inflation is realized on the brane forum2u/H2!1, irrespective
of the magnitude ofum2u l̄ 2.

Note that the regularity condition~3.13! implies thatl2

must be nonpositive. This was the reason why only the c
m2,0 was considered in@35#. However, as mentioned ea
lier, the singularity atr 50 may be harmless as long asul0

is

square integrable@12,37#. As we shall see in Sec. IV,ul0
is

indeed square integrable even form2.0 and it turns out to
be the unique bound-state solution, i.e., the zero-mode s
tion. Therefore we relax the assumptionm2,0 and consider
both signs ofm2 in the following. The eigenvaluel0

2 gives
the effective four-dimensional mass of the zero mode,

meff
2 5l0

2H25H m2

2
for um2u l̄ 2!1,

3m2

5
for um2u l̄ 2@1.

~3.18!

With the above perturbative solution for the scalar fie
let us now consider the correction to the Friedmann equa
on the brane. To see the effect on the dynamics of the br
we evaluate the effective energy density and pressure on
brane. In the present case, Eqs.~2.13! and ~2.14! become

3S ȧ

a
D 2

5k4
2~ r̄1V0!,

2F2
ä

a
1S ȧ

a
D 2G5k4

2~ P̄2V0!, ~3.19!

where

r̄5
l

2 F1

2
ḟ21

1

2
m2f2G2

1

k4
2

Ett , ~3.20!

P̄5
l

2 F5

6
ḟ22

1

2
m2f2G2

1

3k4
2

Ett . ~3.21!
4-4



sc

fi-
he
bb
o

on
or

b
si

r
na

he

ane
n at

tum

ble
ric-
, it
se-
ario
t.

on
em

he
is-

bulk

e
.

lar
-
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Using our solution for the scalar field given by Eqs.~3.14!
and ~3.17!, the integral expression~2.25! for Ett can evalu-
ated as

Ett5
k5

2

2

m023/2

2m011 Fm22l0
2H21S m02

3

2DH2Gf2

~3.22!

.2
3k5

2

8l0
2H2 S m22

4

3
l0

2H2D ḟ2, ~3.23!

where we have taken the asymptotic limitHt@1 and used
the approximationm0.3/22l0

2/3. Inserting the above to
Eqs.~3.20! and ~3.21!, we find

r̄.
l

2 F S 3m2

4l0
2H2

2
1

2D ḟ21
1

2
m2f2G , ~3.24!

P̄.
l

2 F S m2

4l0
2H2

1
1

2D ḟ22
1

2
m2f2G . ~3.25!

When um2u l̄ 2!um2u/H2!1, we haveH2 l̄ 2!1. In this
case, using the eigenvaluel0

2 given by Eq.~3.16!, we obtain

r̄.
l

2 S ḟ21
1

2
m2f2D5

1

2
Ḟ21

1

2
meff

2 F2,

P̄.
l

2 S ḟ22
1

2
m2f2D5

1

2
Ḟ22

1

2
meff

2 F2, ~3.26!

where we have introduced the rescaled four-dimensional
lar field F defined by

FªAlf. ~3.27!

Since H2 l̄ 2!1 in this case, the extra dimension is suf
ciently compact in comparison with the Hubble radius of t
brane. Therefore the dynamics on the brane on super Hu
horizon scales is expected to be dominated by the zero-m
solution and to be essentially the same as the conventi
four-dimensional theory. The above result indeed supp
this expectation.

In contrast, when um2u l̄ 2@1, if the effective four-
dimensional mass of the scalar field should be still given
that of the zero-mode solution, the effective energy den
and pressure on the brane are given by

r̄.
l

2 S 3

4
ḟ21

1

2
m2f2D ,

P̄.
l

2 S 11

12
ḟ22

1

2
m2f2D . ~3.28!

Apparently these do not agree with those given by the ze
mode solution. If we introduce the rescaled four-dimensio
field for this case as
02401
a-

le
de
al
ts

y
ty

o-
l

FªA5l

6
f, ~3.29!

which minimizes the discrepancy, we have

r̄5
1

2
Ḟ21

1

2
meff

2 F22
1

20
Ḟ2,

P̄5
1

2
Ḟ22

1

2
meff

2 F21
1

20
Ḟ2. ~3.30!

It is worth noting that the discrepancy is small even in t
limit um2u l̄ 2→`, providedF is slowly rolling on the brane.
Nevertheless, this implies that the dynamics on the br
cannot be described by the zero-mode solution alone eve
the classical level, which in turn suggests that the quan
fluctuations on the brane may be affected significantly.

Before closing this section, we comment on the possi
generality of our brane-inflation scenario. Since the rest
tion on the sign ofm2 may be relaxed as discussed above
may be said that inflation on the brane is a natural con
quence of the Randall-Sundrum type brane-world scen
once bulk~gravitational! scalar fields are taken into accoun
The actual issue is not if inflation can occur but how inflati
can end, that is, it is the cosmological constant probl
which should be solved in the brane-world scenario.

IV. QUANTUM FLUCTUATIONS

In this section, we calculate quantum fluctuations of t
bulk scalar field. Kobayashi, Koyama, and Soda recently d
cussed the effect of quantum fluctuations of a massless
scalar field on the de Sitter brane@33#. Here we consider the
case of arbitrary mass.

On the bulk background given by the metric~3.4!, the
fluctuation of the bulk scalar field,df, can be expanded as

df~r ,t,x!5E dl ul~r !fl~ t,x!, ~4.1!

wherefl satisfies the four-dimensional field equation,

@2 (4)h1l2H2#fl50, ~4.2!

andul satisfies the eigenvalue equation,

F d2

dr21
4

l̄
cothS r

l̄
D d

dr
2S m22

l2

l̄ 2 sinh2~r / l̄ !
D Gul50.

~4.3!

The d’Alembertian (4)h is the one with respect to the d
Sitter metric ~3.6!. Note that Eq.~4.3! is the same as Eq
~3.11!.

Since fl can be regarded as a four-dimensional sca
field with masslH, it can be quantized following the stan
dard procedure as

fl~ t,x!5E d3k@aklckl~ t !eik•x1~H.c.!#, ~4.4!
4-5
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whereakl andakl
† are the annihilation and creation operato

which satisfy

@akl ,ak8l8
†

#5d~k2k8!d~l2l8!, ~4.5!

andckl is the positive frequency function satisfying

F d2

dt2
13H

d

dt
1~k2e22Ht1l2!H2Gckl50;

cklċkl* 2ċklckl* 5 iH 3e23Ht. ~4.6!

Choosing the de Sitter–invariant Euclidean vacuum as
state to be annihilated byakl , we have

ckl~ t !5
Ap

2
eipm/2H~2h!3/2Hm

(1)~2kh!, ~4.7!

whereh52e2Ht is the conformal time andm5A9/42l2.
The eigenvalue equation~4.3! for ul(r ) is solved under

the boundary condition,

d

dr
ulU

r 5r 0

50, ~4.8!

together with the normalization condition,

2~ l̄ H !2E
0

r 0
dr sinh2~r / l̄ !ulul8

* 5d~l2l8!. ~4.9!

This normalization condition ensures the correct canon
quantization ofdf in the bulk.

Solving Eqs.~4.3! under these conditions, we find the
are one bound state and an infinite number of continu
modes. The bound state has the smallest eigenvaluel0

2 and is
the same as the background solution given by Eq.~3.14!
apart from the normalization. It is given by

ul0
~r !5

1

BH l̄ sinh2~r / l̄ !
Ql021/2

n @coth~r / l̄ !#, ~4.10!

B252E
0

r 0
drS Qm021/2

n @coth~r / l̄ !#

sinh~r / l̄ !
D 2

, ~4.11!

wheren52Am2 l̄ 214, andm05A9/42l0
2 is determined by

S m2n1
1

2DQm11/2
n @coth~r 0 / l̄ !#

5S m2
3

2D coth~r 0 / l̄ !Qm21/2
n @coth~r 0 / l̄ !#, ~4.12!

which is equivalent to Eq.~3.15! @39#.
Rewriting Eq. ~4.3! in the standard Schro¨dinger form

@35#, we find the continuous mode spectrum forl.3/2. It
should be noted that the continuous mass spectrum is i
pendent of the five-dimensional mass of the field. These c
tinuous modes are called the Kaluza-Klein modes and t
02401
e
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existence is the main signature of the brane world. T
Kaluza-Klein mode solutions are given by

ul~r !5
1

NA l̄
S l2

l229/4
D 1/4

1

Hl̄ sinh2~r / l̄ !
$Pm21/2

n @coth~r / l̄ !#

2al~z0!Qm21/2
n @coth~r / l̄ !#%, ~4.13!

where

m5A9/42l25 iAl229/4, n52Am2 l̄ 214,
~4.14!

and

N25U G~m!

G~m2n1 1
2 !
U2

1U G~2m!

G~2m2n1 1
2 !

2pal~z0!enp i
G~m1n1 1

2 !

G~m11! U2

,

al~z0!5
~m2n11/2!Pm11/2

n ~z0!1~3/22m!z0Pm21/2
n ~z0!

~m2n11/2!Qm11/2
n ~z0!1~3/22m!z0Qm21/2

n ~z0!
;

z0[coth~r 0 / l̄ !. ~4.15!

Assuming the state to be the Euclidean vacuum,
vacuum expectation valuêdf2& on the brane is given by

^df2~h!&ur 5r 0
5E d3kFP0~k;h!1E

3/2

`

dl P~l,k;h!G ,
~4.16!

whereP0(k;h) and P(l,k;h) are the power spectra of th
zero mode and the Kaluza-Klein mode,

P0~k;h!5uckl0
~h!u2uul0

~r 0!u2, ~4.17!

P~l,k;h!5uckl~h!u2uul~r 0!u2. ~4.18!

As already noted, the Kaluza-Klein fieldsfl are independen
of the five-dimensional massm. Thus the difference betwee
the massless and massive bulk scalar fields appears
through the difference in the amplitudes oful on the brane.
To see the contributions of the Kaluza-Klein modes relat
to the zero mode, we plotuul(r 0)u2/uul0

(r 0)u2 for various

values ofm2 l̄ 2 in Fig. 1. There we have setum2u/H250.3 for
all the massive models. We find the continuous mode sp
trum is rather insensitive to the value ofm2 l̄ 2 as long as
um2u/H2!1.

The bare expectation value~4.16! is ultraviolet divergent,
and the divergence is cubic now in contrast to the quadr
divergence in four-dimensional theory. As far as the fo
dimensional divergence is concerned, it may be regulari
by cutting off the contributions of the physical wave num
bers larger thanH, 2kh.1, as in conventional models o
inflation. Then the regularized value may be estimated
4-6
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FIG. 1. f (l)[uul(r 0)u2/
uul0

(r 0)u2 for various values of

um2u l̄ 2. We set um2u/H250.3
except for massless cases.
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simply evaluatingP0(k;h) andP(l,k;h) at 2kh51. How-
ever, the expectation value would still diverge because of
infinite contribution of the Kaluza-Klein modes. In the lim
l→`,

P~l,k;h!}
1

l
, ~4.19!

so the Kaluza-Klein correction diverges logarithmically.
Lacking the relation of̂df2& to physical observables, w

have no principle for how it should be regularized. Furth
more, the divergencies of the bulk five-dimensional the
would require not only local counterterms in the bulk b
also surface counterterms on the brane, and the latter
generally be nonlocal functionals of the brane metric a
matter fields that may not be absorbed by the renormaliza
of four-dimensional observables. It is hoped that there e
physically significant observables that are calculable with
fully renormalizing the theory.

Discussions on these issues are, however, out of scop
this paper. We therefore adopt a simple cutoff regularizat
by introducing a cutoff parameterlc and define the regular
ized power spectrum,

Plc
~k!ªP0~k!F11E

3/2

lc
dl

P~l,k!

P0~k! G , ~4.20!
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whereP0(k) andP(l,k) areP0(k;h) andP(l,k;h) evalu-
ated at2h51/k, respectively. Then, in the limitlc→`, we
have

Dlc
ª

Plc
~k!

P0~k!
21→a1b ln lc . ~4.21!

The parametersa andb are independent oflc , and they not
only describe the asymptotic behavior of the divergence
also reflect the cutoff-independent, physical properties of
regularized spectrum. Table I gives the parametersa andb,
and the Kaluza-Klein correctionDlc

for several choices of

the cutoff parameterlc , for various cases of the five
dimensional mass but with the same value ofum2u/H250.3.
Since the Hubble scaleH is the only natural scale we have o
the brane, the value oflc is taken to be not too greater tha
H.

From Table I, we see that botha and b decrease as
um2u l̄ 2 becomes small. Hence we deduce that the Kalu
Klein correction vanishes in the limitum2u l̄ 2→0. This is
consistent with our intuition that the five-dimensional theo
reduces to the conventional four-dimensional theory fol̄

!1/H. The Kaluza-Klein correction becomes large asum2u l̄ 2

increases. But instead of growing indefinitely, it seems to
saturated at a small finite value. This is the quantum vers
of the fact we found for the classical background in Sec.
4-7
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TABLE I. The Kaluza-Klein correction to the power spectrum of^df2& on the brane for various value

of m2 l̄ 2. The parameterum2u/H2 is set to 0.3 for all the entries. See Eq.~4.21! for the definitions ofa, b, and
Dlc

.

m2 l̄ 2 a b Dlc52 Dlc55 Dlc510

210.0 20.058 0.096 0.016 0.097 0.16
21.0 20.056 0.089 0.014 0.089 0.16
20.1 20.046 0.060 0.0070 0.053 0.093
21025 20.003 7.531024 1.531026 2.131025 5.931025

11025 20.003 8.531024 2.131026 2.531025 6.831025

10.1 20.051 0.071 0.0093 0.065 0.11
11.0 20.062 0.11 0.019 0.11 0.18
110.0 20.064 0.12 0.021 0.12 0.20
tio
e
le

n

he
h
he
fo

t

m
ki
f

he
e
all-
e

tion

ve
s,
uch

the
v-
or-
rv-
t

r to
um
he
ifi-
r-
ti-
ctly
-
el.

J.
p-
that is, the zero-mode dominance of the classical solu
even in the limitum2u l̄ 2→`. Nevertheless, in contrast to th
case of the classical background, the quantum Kaluza-K
correction is non-negligible, of the order of about 10%.

Before concluding this section, it may be worth mentio
ing the following observation. In the case ofm2,0, one
might expect instability of some modes to appear ifum2u l̄ 2

@1, that is, when the bulk curvature is negligible on t
Compton length scale of the field. But our result that t
Kaluza-Klein correction always remains small implies t
absence of such instability. This may be understood as
lows. If we transform the bulk metric~3.4! to a static chart
@11#,

ds252
R2

l̄ 2
dT21

l̄ 2

R2
dR21R2 dx2, ~4.22!

the location of the brane can be parametrized as (T,R)
5@T(t),R(t)# where

R~t!5
1

H
eHt, T~t!5 l̄ A11~H l̄ !2e2Ht. ~4.23!

Since the growth rate of instability would beO(umu), while
the brane radius increases exponentially at the rateH, the
slow-roll conditionum2u/H2!1 implies that the field in the
bulk is stretched so fast that the instability has no time
grow.

V. SUMMARY

Based on a brane-inflation model of a Randall-Sundru
type brane world@4,5# proposed by Himemoto and Sasa
@35#, we have investigated the quantum fluctuations o
massive bulk scalar fieldf with massm which drives slow-
B
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n
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a

roll inflation on the brane. In this model, the potential of t
scalar fieldV(f) (.0) modifies the curvature radius of th
five-dimensional anti–de Sitter space from the Rand
Sundrum valuel to l̄ (. l ), and inflation occurs on the bran
with the expansion rateH proportional toAV(f).

We have calculated the power spectrum of the expecta
value ^df2& on the brane. Providedum2u/H2!1 which en-
sures slow-roll inflation of the classical background, we ha
found that the contribution of the Kaluza-Klein mode
which features the existence of the extra dimension, is m
smaller than that of the zero mode ifum2u l̄ 2!1, whereas it is
small but non-negligible ifum2u l̄ 2@1. The Kaluza-Klein
contribution in the latter case has been found to be of
order of 10%. Althougĥdf2& does not describe any obser
able quantity in our model, our result indicates the imp
tance of the Kaluza-Klein contributions to physical obse
ables when um2u l̄ 2@1. In particular, the subsequen
cosmological evolution may be substantially affected.

In our analysis, we had to introduce a cutoff paramete
regularize the logarithmic divergence of the power spectr
which arises from integral over the infinite number of t
Kaluza-Klein modes, because of the lack of physical sign
cance in^df2& itself as mentioned above. Therefore, in o
der to verify our conclusion in a more rigorous and quan
tative manner, it is necessary to evaluate quantities dire
related to observables instead of^df2&. One such is the cos
mological density perturbations in our brane-inflation mod
This issue is left for future study.

ACKNOWLEDGMENTS

We would like to thank U. Gen, T. Tanaka, and
Yokoyama for stimulating discussions. This work was su
ported in part by the Yamada Science Foundation.
@1# P. Horava and E. Witten, Nucl. Phys.B460, 506 ~1996!.
@2# P. Horava and E. Witten, Nucl. Phys.B475, 94 ~1996!.
@3# N. Arkani-Hamed, S. Dimopoulos, and G. Dvali, Phys. Lett.

429, 263 ~1998!; I. Antoniadis, N. Arkani-Hamed, S. Di-
mopoulos, and G. Dvali,ibid. 436, 257 ~1998!.
@4# L. Randall and R. Sundrum, Phys. Rev. Lett.83, 3370~1999!.
@5# L. Randall and R. Sundrum, Phys. Rev. Lett.83, 4690~1999!.
@6# J. Garriga and T. Tanaka, Phys. Rev. Lett.84, 2778~2000!.
4-8



. D

ys

u

ys
.

ev.

ys.

s.

e in

QUANTUM FLUCTUATIONS IN BRANE-WORLD . . . PHYSICAL REVIEW D65 024014
@7# C. Charmousis, R. Gregory, and V.A. Rubakov, Phys. Rev
62, 067505~2000!.

@8# T. Tanaka and X. Montes, Nucl. Phys.B582, 259 ~2000!.
@9# T. Shiromizu, K. Maeda, and M. Sasaki, Phys. Rev. D62,

024012~2000!.
@10# S. Mukohyama, Phys. Lett. B473, 241 ~2000!.
@11# P. Kraus, J. High Energy Phys.12, 011 ~1999!.
@12# J. Garriga and M. Sasaki, Phys. Rev. D62, 043523~2000!.
@13# D. Ida, J. High Energy Phys.09, 014 ~2000!.
@14# H. Kim, J.H. Yee, and M. Park, hep-th/0006164.
@15# C. van de Bruck, M. Dorca, C.J. Martins, and M. Parry, Ph

Lett. B 495, 183 ~2000!.
@16# R. Maartens, Phys. Rev. D62, 084023~2000!.
@17# H. Kodama, A. Ishibashi, and O. Seto, Phys. Rev. D62,

064022~2000!.
@18# D. Langlois, Phys. Rev. D62, 126012~2000!.
@19# C. van de Bruck, M. Dorca, R.H. Brandenberger, and A. L

kas, Phys. Rev. D62, 123515~2000!.
@20# K. Koyama and J. Soda, Phys. Rev. D62, 123502~2000!.
@21# L. Anchordoqui, C. Nunez, and K. Olsen, J. High Energy Ph

10, 050 ~2000!; L. Anchordoqui and K. Olsen, Mod. Phys
Lett. A 16, 1157~2001!.

@22# H.A. Chamblin and H.S. Reall, Nucl. Phys.B562, 133~1999!.
@23# N. Kaloper, Phys. Rev. D60, 123506~1999!.
@24# T. Nihei, Phys. Lett. B465, 81 ~1999!.
@25# H.B. Kim and H.D. Kim, Phys. Rev. D61, 064003~2000!.
02401
.

-

.

@26# S.W. Hawking, T. Hertog, and H.S. Reall, Phys. Rev. D62,
043501~2000!.

@27# S. Nojiri and S.D. Odintsov, Phys. Lett. B484, 119 ~2000!; S.
Nojiri, S.D. Odintsov, and S. Zerbini, Phys. Rev. D62, 064006
~2000!; S. Nojiri, O. Obregon, and S.D. Odintsov,ibid. 62,
104003~2000!.

@28# R. Maartens, D. Wands, B.A. Bassett, and I. Heard, Phys. R
D 62, 041301~2000!.

@29# D. Langlois, R. Maartens, M. Sasaki, and D. Wands, Ph
Rev. D63, 084009~2001!.

@30# U. Gen and M. Sasaki, gr-qc/0011078.
@31# D. Langlois, R. Maartens, and D. Wands, Phys. Lett. B489,

259 ~2000!.
@32# J. Yokoyama and Y. Himemoto, Phys. Rev. D64, 083511

~2001!.
@33# S. Kobayashi, K. Koyama, and J. Soda, Phys. Lett. B501, 157

~2001!.
@34# P.B. Gilkey, K. Kirsten, and D.V. Vassilevich, Nucl. Phy

B601, 125 ~2001!.
@35# Y. Himemoto and M. Sasaki, Phys. Rev. D63, 044015~2001!.
@36# It is possible to introduce a coupling betweenf and the matter

field on the brane. However, we do not consider such a cas
the present paper.

@37# T. Tanaka, Y. Himemoto, and M. Sasaki~unpublished!.
@38# The separation constantlg

2 in @35# corresponds to2l2 here.
@39# H. Bateman,Higher Transcendental Functions I~Krieger,

Florida, 1981!, reprint edition.
4-9


