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Quantum fluctuations in brane-world inflation without an inflaton on the brane
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A Randall-Sundrum-type brane-cosmological model in which slow-roll inflation on the brane is driven
solely by a bulk scalar field was recently proposed by Himemoto and Sasaki. We analyze their model in detail
and calculate the quantum fluctuations of the bulk scalar fieldith m>=V"(¢). We decompose the bulk
scalar field into the infinite mass spectrum of four-dimensional fields; the field with the smallest mass square,
called the zero mode, and the Kaluza-Klein modes above it with a mass gap. We find the zero-mode dominance
of the classical solution holds [m?/12<1, wherel is the curvature radius of the effectively anti—de Sitter

bulk, but it is violated iflm?|12>1, though the violation is very small. Then we evaluate the vacuum expec-
tation value(5¢?) on the brane. We find the zero-mode contribution completely dominaths?jf?<1,
similar to the case of classical background. In contrast, we find the Kaluza-Klein contribution is small but

non-negligible if the value ofm?[12 is large.
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I. INTRODUCTION vestigated the possibility of brane-world inflation induced by
a dynamical bulk scalar field without introducing an inflaton
Recent progress in string theory suggests that our spacéeld on the brang35]. The reheating after inflation based on
time is not four-dimensional but higher dimensional. Horavathis scenario has been discussed by Yokoyama and Hime-
and Witten showed that a desirable gauge theory appears omoto[32]. Possible realizations of such brane-world inflation
the 10-dimensional boundaries of the 11-dimensional spacenodels have been discussed #1,26,27.
time M1°x S'/Z, [1,2]. This opened up the possibility that In [35], Himemoto and Sasaki found a perturbative solu-
we may live on a brane embedded in a higher-dimensiondion of the bulk scalar field in the effective Ag®ackground

spacetime. Arkani-Hameet al. [3] investigated such a pos- (with a modified curvature radidslarger than the origindl)
sibility and showed that the size of the extra dimensions maynd showed that slow-roll inflation is realized on the brane if
be as large as 1 mm. But gravity was not fully taken into|m2|<H2, wheremis the mass of the bulk scalar field aHd

account in their work. Then taking the gravity into account,is the Hubble parameter on the brane, irrespective of the

Randall and Sundrum showed the existence of five-

212 Thi o P ;
dimensional models that realize the Horava-Witten theory ifvalue ofm®I . This result is interesting in that the dynamics

the five-dimensional cosmological constant is negati|. of inflation on the brane is unaffected by the curvature_scale

In their first papef4], Randall and Sundrum found that ©of the bulk. Naively one would expect otherwise] ifi*|I
two flat four-dimensional Minkowski branes can be naturallys>1, since this impliedH?1?>1 for |m?|<H?, which is the
embedded in five-dimensional anti—de Sitter (AfSpace case when the gravity on the brane on the Hubble horizon
for appropriately tuned values of the brane tensior: scale is significantly affected.
* \/—6A5/K§ where A5(<0) is the five-dimensional cos- In this paper, taking up the brane-inflation scenario pro-
mological constant ana? is the five-dimensional gravita- posed in35], we discuss then” dependence of the classical
tional constant. They argued that the mass-hierarchy problefackground more carefully and investigate the effect of
may be solved if we live on the negative tension brane. Howguantum fluctuations of the bulk scalar field on the dynamics
ever, it was shown that there exists the so-called radion modef the brane. In particular, we are interested in whether there
that describes the relative motion between the two braneappears a significant effect on the branenif|I?>1. Re-
and this mode causes an unacceptable modification of theently Kobayashi, Koyama, and Sofz3] have considered
effective gravity on the negative tension brdi6e7] unless  the quantum fluctuations of a massless bulk scalar fieid
the radion is somehow stabiliz¢d]. the AdS background. The bulk field may be decomposed

In their second papdi5], they investigated the case of a into the zero mode and the Kaluza-Klein modes. The former
single positive tension brane in the AgBulk and showed corresponds to a massless four-dimensional field and the lat-
that gravity is confined within the curvature radids ter to massive four-dimensional fields. They evaluated the
=\/6/(— As) of the AdS; and the four-dimensional Einstein contribution of the Kaluza-Klein modes tap?) on the de
gravity is recovered on the brane on scales greater thanSitter (inflating) brane. They found that the Kaluza-Klein
despite the fact that the extra dimension is infinite. Thiscontribution is small relative to the zero-mode contribution
raised an intriguing possibility that our universe is indeed aeven in the caséi?l?>1. Technically, our analysis is an
brane world in a higher-dimensional spacetime, and a lot oéxtension of theirs to a bulk scalar field of arbitrary mass.
attention has been paid to the cosmology of a RandallThe effect of quantum corrections in the brane-world sce-
Sundrum-type brane worlB—35. Among these studies of nario has also been discussed by Gilkey, Kirsten, and Vassi-
brane-world cosmology, Himemoto and Sasaki recently indevich [34].
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The paper is organized as follows. In Sec. Il, following 1 1 )
[9,35], we formulate the effective gravitational equations and  7,,= T2 na” 12 S5TTuw T g 3 2 Tap™” “h— 4QWT .
the Friedmann equation on the brane when a bulk scalar field 2.7

is present. In Sec. lll, we discuss in depth the features of the

brane-inflation model of35] which we use as the back- 4

ground. We find an indication that the quantum fluctuations T(b)_ [ qu q +
of the bulk scalar field may cause a non-negligible contribu- 5

tion to the dynamics of the brane whém?|12>1. In Sec.

IV, we calculate the quantum fluctuations of the bulk scalar E.,= BIC,pen®naqs, 2.9

field and evaluate the extra-dimensional effect on the brane.

We find the Kaluza-Klein contribution is indeed non- WhereA, and 3 describe the four-dimensional cosmologi-

negligible if |m2|I2>1. Section V is denoted to summary cal con_stant and ;?e four_ dlmen_5|ona_1l grav_ltatlonal constant,

and discussions. respectively, and®C,q is the five-dimensional Weyl ten-
sor. Note that the projected Weyl tendgy,,, is traceless by
definition. Note also that the bulk energy momentum tensor

Il. FORMULATION contributes to a four-dimensional energy-momentum tensor.

Here and in what followsy,, denotes the metric on the

brane unless otherwise noted. We consider a scenario in

which the Randall-Sundrum brane is recovered in the ground

state. Thus we assume the brane tension as

; (2.9

T.4nn%— ET
Cd 4 q,u.l/

We write the bulk metric in the (#1) form as

ds?=g,, DX dXP=n,n, dx@ dxP+ qa, dX@ dxP, (2.1)

wheren, is the unit normal to the four-dimensional timelike J=6A: 6
hypersurfaces, one of which is the brane, amg=0.p o=0gi= 5 > _ —, (2.10
—n,ny is the induced metric on the hypersurfaces. We intro- Ks |
duce the coordinatesy,x*} (©=0,1,2,3) such than,dx®
=dy and assume the brane is locatedyat xo. which givesA,=0.
Following the spirit of the Horava-Witten theof,2], we For the brane cosmology, we assume the spatial homoge-

assume th&, symmetry with respect to the brane and thatneity and isotropy and express the metric on the brane as
the gravitational equations in the five-dimensional spacetime

take the following form: d°|brane= 0,.r X* dX"= —dt*+a(t)y;; dX dX,

(2.19

Gap+ AsGab= K&l Tab+ Sapd(X— x0)1, 22 where yij is the three metric of a constant curvature space
with unit or zero curvatureK=*=1,0. The matter energy-
whereGg,,, is the five-dimensional Einstein tensor afigh is  momentum tensor takes a perfect fluid form on this brane:
the effective energy momentum tensor in the five-
dimensional bulk which may consist of higher-order curva- 7= (pM+PM)t t,+PMq,,, (2.12
ture terms as well as dilatonlike gravitational scalar fields,
and S,;, is the energy-momentum tensor of the matter conwheret ,dx*= —dt. With these, the time-time component of

fined on the brane. Eq. (2.4) gives the Friedmann equation on the brane:
As in the Randall-Sundrum modg4,5], we considerS,, s
of the form a K (m) 4 (M2, . 27(b)
3 2 +7 —K4p +1—2p + k5T’ —Eg,
Sab=~00apT Tap;  TapN*=0, (2.3 (2.13

where o is the brane tension and,, describes the four- where the dot denotes the derivative with respett émd the
dimensional matter excitations. Then the effective gravitairace of the space-space components gives
tional equations on the brane are found @k

a |[a K K
—[ 22+ 2] + = |=x2PM 4 =2 ;M) (M) 4 2p(m)
(4)G A, = K4(T(b)+7 )+K‘517TMV— E.o 2a+ a * a’ KaPTE 12P (p™+2PT0)
(2.9 .
+K2T(b)‘l _Ew (2.14
Here 4 3 .
1 The second equation is not necessary if the Bianchi identities
A4:§ As+ gKéG‘Z), (2.5 are taken into account. We give it here for later convenience.
The Friedmann equatiof2.13 is not closed on the brane
because of the contribution&® and E,, which depend on
Kz:EK4(r (2.6) the bulk dynamics. However, under certain situations as de-
46 5T ' scribed below, the scalar field dynamics in the bulk may be
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solved perturbatively ané;; may be expressed in terms of Formally integrating the above, we obtain
the scalar field relatively easily.

As noted before, the bulk energy-momentum tensor may K2t
contain the contributions from higher-order curvature terms Ett:_f a‘¢
as well as dilatonlike fields. However, lacking the detailed
knowledge of their explicit forms, we choose the simples
case of a minimally coupled scalar field,

, A
A dt (2.29

LI'hus E;; is expressed in terms @b apart from the integra-

tion constant which gives a terma~* and which should be
1 determined by the initial condition of the five-dimensional

Tap=0apdpd— Gab §g°dc9c¢8d¢+V(¢) . (219 universe.

As discussed in Ref.[35], the assumption of the ll. MODEL
Z,-symmetry and the energy-momentum conservation for

the matter field on the bran,, 7“"=0, implies[36] Himemoto and Sasaki proposed a model for brane-world

inflation induced by a bulk scalar fie[®5]. Here we adopt

9 bran= (2.16 their model. Namely, we assume the potential of the form
Hence together with the spatial homogeneity dfon the V() =Vt =m2¢?, 3.1)
brane, T reduces to
TO=(p®+ POt t,+PP)q,,, (2.170  and consider thze reg.idlm2| $?12<V,. In[35], it was further
assumed tham“<0 in order for a regular solution in the
where separable form to exist. Here we basically foll¢@6] and

assuman?<0 for the moment. However, one can argue that

() _ () _ 3 o _ 111, the singularity may not harm the brane if the action is still
P =Ty T 2o §¢ V()| = 2 §¢ +V(e)|, finite [12]. There is yet another argument that supports the
se (2.18 admissibility of the casen?>0 [37]. Hence, we relax this
' assumption in the end and extend our analysis to positive
1 |75 values ofm?.
PO =_T®) = —_ ¢2 V(¢)} = _[_¢2_v(¢)}_ AssumingT,, is dominated by at the lowest order of
3 KsUc 6 2|6 approximation,
(2.19
Tab="—Vo9ap: (3.2
The form of the projected Weyl tensor on the brane is ° 0%
determined from its traceless nature, the effective five-dimensional cosmological constant be-
comes
E 4t t,+ ! E (2.20
| gl g [Eu ' A5veﬁ=A5+K§V0. (3.3

Then, from the four-dimensional Bianchi identities and the

Here we assume thdt\s|>«2V, so that the background
spatial homogeneity of the brane, we obtEdn Alhe| > x5V d

space-time is still effectively AdS Then the bulk metric
may be written a$12]

D"E,,=«3D"T4), (2.2
which gives ds?=dr?+(H1)2sint?(r/1)ds3g, (3.9
1 . KE . 5 ) where dss is the metric of the four-dimensional de Sitter
gﬁt(a Ew)=— 5 lo—49\¢+V'(d)]d. (222  space with radiusi ~* given by
. . . . . - - 6 1/2
Further, using the scalar field equation at the location of the H 1=Isinhrq/l); 1= (3.5
brane, As eff
Note that we have replaced the coordingte the previous
7 P~ d,(N—99""d,4¢)=0, (2.23  section byr in accordance with the standard convention, and
A the value ofr, (equivalently ofH) is arbitrary for the mo-
ment.

and Eq.(2.22 may be rewritten as As noted in the previous section, we assume the brane

tension to be that of the Randall-Sundrum value, given by
. (2.24  Ed.(2.10. Then choosing =r, to be the location of the
brane, we have the de Sitter brane with the metric,

1 K5
_3t(a Ew) =7
a

, a.
Fd+ ¢
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1
dsie= —dt?>+ mez'“dxz, (3.6)

where we have adopted the spatially flat slicing for simplic-
ity. Neglecting the matter field excitations on the brane, the

Friedmann equation at the lowest order determidess

KgVO

H2= 5 (3.7

which in turn determines the location of the brane

3
The next order correction is determined by solving the ¢= lﬂxo(t):CeXF{(Mo— E)Ht

scalar field equation in the bulk,

e73Ht

1 _
B 3Ht _ .
(TR 2Sn(r ) o[ e’ o] ST a,[sintt(r/1)d, $]

—2Ht

®GAp+m?¢p=0, (3.9

" sint(r/T)

where ®)A is the flat Laplacian with respect 10 Assuming
that our background solution is in the separable form,

¢(t,r)=yg(tu(r),
the equations for(t) andu(r) become
d2 d 242 —
[W+3H&+)\ H }l//—o,
(3.10

ool g~ e )
a2 TN T ar T\ ™ Eeinrern

where\ is a separation constajg8].
Equation(3.11) is the eigenvalue equation faf. TheZ,
symmetry implies the boundary condition at the brane,

d
au

(3.9

u=0,
(3.11

=0. (3.12

r=rg

As for the boundary condition at the origin=0, we impose
the regularity ofu as in[35],

Uul,—o=0. (3.13
Under these conditions, the solution is found as
P_”oz[cosf(rll_)]
v—1/
u=u, (r= : (3.19

sin’4(r/1)

where pg:= \/9/4—)\02 and v:=ym?l2+4 with the eigen-
value\ =\, determined by

(v+2)29P, "7 (20) = (v+ po+ 1I2)P, 7 (20);

zg:=cosh{ro/l).

(3.195

PHYSICAL REVIEW D 65 024014

Provided|m?|/H?<1, \3 is approximately given by35]

m? .
Spz for |m?|12<1,
\o= 5 (3.1

for |m?[1%>1.

Then the corresponding solution fgris given by

el o]

(3.17

which behaves asce M3 at late times. Thus slow-roll
inflation is realized on the brane fpm?|//H?< 1, irrespective
of the magnitude ofm?[12.

Note that the regularity conditiof8.13 implies that\?
must be nonpositive. This was the reason why only the case
m?<0 was considered if35]. However, as mentioned ear-
lier, the singularity at =0 may be harmless as long as, is

square integrablg12,37. As we shall see in Sec. I\, is

indeed square integrable even fof>0 and it turns out to

be the unique bound-state solution, i.e., the zero-mode solu-
tion. Therefore we relax the assumptioi<0 and consider
both signs ofm? in the following. The eigenvaluelfJ gives

the effective four-dimensional mass of the zero mode,

2

for |m?[1%2<1,

mag=AgH?= (3.18

3m?

2725
3 for |m?|1%>1.
With the above perturbative solution for the scalar field,
let us now consider the correction to the Friedmann equation
on the brane. To see the effect on the dynamics of the brane,
we evaluate the effective energy density and pressure on the
brane. In the present case, E(®.13 and(2.14 become

a 2_ ,—
3 a =k3(p+Vo),

2

a ,—
— 25+ — :K4(P_V0), (319)
where
— 1[1. 1 1 1
_ 2 242
—§_§¢ +om _—K—iEn, (3.20
— |]5. 1 ] 1
— | g2 T2 42
> 6(]5 2m ¢ | 3K421Ett. (3.2)
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Using our solution for the scalar field given by E¢3.14)
and (3.17), the integral expressio(2.25 for E,; can evalu-

ated as
2
_ K5 po— 302 , o, 3) 2] 2
T Ppotl m*—AoH"+ | o 5 H? ¢
(3.22

3k2 4 .

= o ( m?— §ASH2> #?, (3.23
0

where we have taken the asymptotic lirhiit>1 and used

the approximation,u023/2—)\(2)/3. Inserting the above to

Egs.(3.20 and(3.21), we find

— I 3m* 1). 1 _
p=3 mne 2 ¢+ 5 m7P%|, (3.29
— | ( m? ) :
=5 55t 5| #*— s m*e? (3.29
21\ a\2H? 2 2

When |m?[12<|m?|/H?<1, we haveH?I2<1. In this
case, using the eigenvalmé given by Eq.(3.16), we obtain

— |
P=35

. 1 1. 1
20 "2 02| 2 H2 — 2 2
¢+2m¢)—2<b +2meﬁ<b,

— (., 1 1., 1
| 2 T2 == 2 T mdh2
P—z(qb zmqs) 2(1) zmeﬁfb, (3.26

PHYSICAL REVIEW D65 024014

51
®:= g(ﬁ, (3.29
which minimizes the discrepancy, we have
— 1. 1 1.
T H2L _m2 2_ " ®H2
—2<I> +2meﬁ<I> 20(1),
— 1. 1 1.
T h2 T2 B2 B2
2<1> 2meffCID +20<I> ) (3.30

It is worth noting that the discrepancy is small even in the

limit |m?|12— o0, provided® is slowly rolling on the brane.
Nevertheless, this implies that the dynamics on the brane
cannot be described by the zero-mode solution alone even at
the classical level, which in turn suggests that the quantum
fluctuations on the brane may be affected significantly.

Before closing this section, we comment on the possible
generality of our brane-inflation scenario. Since the restric-
tion on the sign ofn? may be relaxed as discussed above, it
may be said that inflation on the brane is a natural conse-
quence of the Randall-Sundrum type brane-world scenario
once bulk(gravitationa) scalar fields are taken into account.
The actual issue is not if inflation can occur but how inflation
can end, that is, it is the cosmological constant problem
which should be solved in the brane-world scenario.

IV. QUANTUM FLUCTUATIONS

In this section, we calculate quantum fluctuations of the
bulk scalar field. Kobayashi, Koyama, and Soda recently dis-
cussed the effect of quantum fluctuations of a massless bulk

where we have introduced the rescaled four-dimensional scgcalar field on the de Sitter braf&3]. Here we consider the

lar field ® defined by

O:= 1. (3.27

Since H?l?<1 in this case, the extra dimension is suffi-
ciently compact in comparison with the Hubble radius of the
brane. Therefore the dynamics on the brane on super Hubble
horizon scales is expected to be dominated by the zero-moa¥
solution and to be essentially the same as the conventional
four-dimensional theory. The above result indeed supports

this expectation.
In contrast, when|m?|1?>1, if the effective four-

dimensional mass of the scalar field should be still given by
that of the zero-mode solution, the effective energy density

and pressure on the brane are given by
— /3. 1
~ | 23 242

— 1{11. 1
P:§(1—2¢2—§m2¢2). (3.28

case of arbitrary mass.
On the bulk background given by the metfi@.4), the
fluctuation of the bulk scalar fieldj¢, can be expanded as

5¢(r,t,x)=f d\ uy(r) @y (t,%), (4.1

here ¢, satisfies the four-dimensional field equation,

[— WO+\%H?]¢, =0, (4.2
andu, satisfies the eigenvalue equation,
d2+4 t r(r d ( , A2 o
—s 1+ =CO = M= u, =
dr I dr 12sinte(r/1)) |
4.3

The d’Alembertian®¥0 is the one with respect to the de
Sitter metric(3.6). Note that Eq.(4.3) is the same as Eq.
(3.1D).

Since ¢, can be regarded as a four-dimensional scalar
field with massAH, it can be quantized following the stan-
dard procedure as

Apparently these do not agree with those given by the zero-

mode solution. If we introduce the rescaled four-dimensional

field for this case as

0= [ a0 s (o)), @4

024014-5



NORICHIKA SAGO, YOSHIAKI HIMEMOTO, AND MISAO SASAKI PHYSICAL REVIEW D 65 024014

wherea,, andaﬁX are the annihilation and creation operatorsexistence is the main signature of the brane world. The

which satisfy Kaluza-Klein mode solutions are given by
1/4
[an,al, 1= 8(k—K')S(A—\"), (4.5 1 G 1 _
e uy(r)= 5 T {P’,_1d coth(r/1)]
and ¢, is the positive frequency function satisfying I\A*—9/4]  Hlsinir(r/l)
d? d — a\(2o)Q:_yJcoth(r/1)]}, (4.13
el 24— 2Ht 4y 2142 _n- Iz
W+3H dt+(k e +A )H l;bk}\ O,
where
Yk * _i1413,—3Ht —
oo~ Yo =1He . (4.6 w=JOIA—N2=i \N2—0/a, v=—\m?I%+4,
Choosing the de Sitter—invariant Euclidean vacuum as the (4.14
state to be annihilated bg;, , we have and
N
Yo (=" 2H (=) HD(~ky), @47 Nee| T \2+ I(—w)
P(p=vtd)| [T(—p—vtd)
where 7= —e Mt s the conformal time ang.= \/9/4— \2. 5
The eigenvalue equatio@.3) for u,(r) is solved under i F(p+v+3)
the boundary condition, —may(Zo)e T(p+l) |
d p—
ar U . =0, (4.9 o (20)= (n—=v+12)P; | 1/A20) + (32— ) ZoP;, 1A Z0)
=To aZo)= » » ;
(m=v+1/12)Q,  1A2Z0) +(3/12— 1) 25Q,, 1% Z0)
together with the normalization condition, o
zog=coth(ry/l). (4.15

— o —
2 H * N/
2(1H) fo drsml*?(r/l)u)\uw—é()\ A 49 Assuming the state to be the Euclidean vacuum, the

vacuum expectation valugs$?) on the brane is given by
This normalization condition ensures the correct canonical
quantization of¢ in the bulk. 2 N ) * )
Solving Egs.(4.3) under these conditions, we find there (o0 (”)>|r:'0_f d k[ Po(ki )+ L,Zd)\ P(AKim)
are one bound state and an infinite number of continuous 4.16
modes. The bound state has the smallest eigenvglaed is '
the same as the background solution given by @14  WherePo(k;7) and P(\ k;7) are the power spectra of the

apart from the normalization. It is given by zero mode and the Kaluza-Klein mode,
_ Po(K; 7) =t (1) * Uy (1 o), (4.17)
Uy (N =——=——"-—=0Q ydcothr/l)], (4.10
" BHIsinfF(r/l) 0 POLKs 7) =] g (1) un(ro)|2 (4.19
o Q;O_l,z[cotr(rll_)] 2 As already noted, the Kaluza-Klein fields are independent
Bzzzf - — , (4.1) of the five-dimensional masa. Thus the difference between
0 sinh(r/1) the massless and massive bulk scalar fields appears only

— _ _ through the difference in the amplitudesgf on the brane.
wherer=—\m?1?+4, andu,= 9/4—\j is determined by  To see the contributions of the Kaluza-Klein modes relative

to the zero mode, we pldtiy(ro)|?/|uy(ro)|? for various

Q;H,Z[cotr(roll_)] values ofm?|? in Fig. 1. There we have sfn?|/H?=0.3 for
all the massive models. We find the continuous mode spec-

3 _ _ trum is rather insensitive to the value of’l? as long as

—E)cotf‘(roll)Q;_l,z[cotk(roll)], (412 |zl g
The bare expectation vali{é.16 is ultraviolet divergent,

which is equivalent to Eq(3.15 [39]. and the divergence is cubic now in contrast to the quadratic

Rewriting Eq. (4.9 in the standard Schdinger form divergence in four-dimensional theory. As far as the four-
[35], we find the continuous mode spectrum far-3/2. It  dimensional divergence is concerned, it may be regularized
should be noted that the continuous mass spectrum is indéy cutting off the contributions of the physical wave num-
pendent of the five-dimensional mass of the field. These corbers larger thad, —k»>1, as in conventional models of
tinuous modes are called the Kaluza-Klein modes and theiinflation. Then the regularized value may be estimated by

1
,u—v-i—z
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simply evaluatind?(k; ) andP(\,k; ) at —knp=1. How-  wherePy(k) andP(\,k) arePy(k;») andP(\,k; ) evalu-
ever, the expectation value would still diverge because of thated at— »= 1/, respectively. Then, in the limik ,—«, we
infinite contribution of the Kaluza-Klein modes. In the limit have

A—00,

Py (k)
MRy

1 —1-a+BIn\,. (4.22)
P(NK; ’7)“{’ (4.19

The parametera andg are independent of;., and they not
only describe the asymptotic behavior of the divergence but
: : : Iso reflect the cutoff-independent, physical properties of the
Lacking the relation of 5¢2) to physical observables, we a . ;
have no principle for how it should be regularized. Further_regulanzed spectrum. Table | gives the parameteesd §,

more, the divergencies of the bulk five-dimensional theory?"d the Kaluza-Klein correctiod, ; for several choices of
would require not only local counterterms in the bulk butthe cutoff parameten., for various cases of the five-
also surface counterterms on the brane, and the latter wiflimensional mass but with the same valugrof|/H?=0.3.
generally be nonlocal functionals of the brane metric andSince the Hubble scalé is the only natural scale we have on
matter fields that may not be absorbed by the renormalizatiothe brane, the value of; is taken to be not too greater than
of four-dimensional observables. It is hoped that there existl-
physically significant observables that are calculable without From Table I, we see that both and 8 decrease as
fully renormalizing the theory. |m2|1? becomes small. Hence we deduce that the Kaluza-
Discussions on these issues are, however, out of scope Riein correction vanishes in the limitm?/12—0. This is

this paper. We therefore adopt a simple cutoff regularizationsonsistent with our intuition that the five-dimensional theory
by introducing a cutoff parametav; and define the regular- reduces to the conventional four-dimensional theory Ifor

ized power spectrum, , i —
<1/H. The Kaluza-Klein correction becomes largd ]|
e POLK) increases. But instea(_j pf growing ir}dgfinitely, it seems to .be
1+J “d\ ' (4.20 saturated at a small finite value. This is the quantum version
32 Po(k) |’ of the fact we found for the classical background in Sec. I,

so the Kaluza-Klein correction diverges logarithmically.

ch(k) =Po(k)
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TABLE I. The Kaluza-Klein correction to the power spectrum(é&2) on the brane for various values
of m?l2. The parametgim?|/H? is set to 0.3 for all the entries. See E4.21) for the definitions ofx, 3, and

Ay

m?|2 @ B Axczz Axczs A)\c:lo
-10.0 —0.058 0.096 0.016 0.097 0.16
-1.0 —0.056 0.089 0.014 0.089 0.16
-0.1 —0.046 0.060 0.0070 0.053 0.093
-107°5 —0.003 7.5¢10°* 1.5x10°6 2.1x10°° 5.9x10°°
+107°5 —0.003 8.5¢107* 2.1x10°8 2.5x10°° 6.8x10°°
+0.1 —0.051 0.071 0.0093 0.065 0.11
+1.0 —0.062 0.11 0.019 0.11 0.18
+10.0 —0.064 0.12 0.021 0.12 0.20

that is, the zero-mode dominance of the classical solutiomoll inflation on the brane. In this model, the potential of the
even in the limitm?/12— . Nevertheless, in contrast to the scalar fieldV(¢) (>0) modifies the curvature radius of the
case of the classical background, the quantum Kaluza-Kleifive-dimensional anti-de Sitter space from the Randall-
correction is non-negligible, of the order of about 10%. Sundrum valué to | (>1), and inflation occurs on the brane
Before concluding this section, it may be worth mention-with the expansion ratel proportional to\/V(¢).

ing the following observation. In the case of?<0, one We have calculated the power spectrum of the expectation
might expect instability of some modes to appeamif[12  value(d$?) on the brane. Providefin|/H?<1 which en-
>1, that is, when the bulk curvature is negligible on thesures slow-roll inflation of the classical background, we have
Compton length scale of the field. But our result that thefound that the contribution of the Kaluza-Klein modes,
Kaluza-Klein correction always remains small implies thewhich features the existence of the extra dimension, is much
absence of such instability. This may be understood as folsmaller than that of the zero moddifi?[I2<1, whereas it is
lows. If we transform the bulk metri€3.4) to a static chart  gmal but non-negligible if{m?[12>1. The Kaluza-Klein

[11], contribution in the latter case has been found to be of the
) — order of 10%. Althougi 8¢?2) does not describe any observ-

d<2=— 5_de+ I—dR2+R2 dx2 (4.22 able quantity in our model, our result indicates the impor-

|2 R? ' tance of the Kaluza-Klein contributions to physical observ-

_ _ ables when |m?12>1. In particular, the subsequent
the location of the brane can be parametrized &R]  cosmological evolution may be substantially affected.

=[T(7),R(7)] where In our analysis, we had to introduce a cutoff parameter to
1 regularize the logarithmic divergence of the power spectrum
R(7)= ﬁeHT, T(7)=I1V1+(Hl)2e "7 (4.23  which arises from integral over the infinite number of the

Kaluza-Klein modes, because of the lack of physical signifi-
cance in{ 8¢?) itself as mentioned above. Therefore, in or-
A ) der to verify our conclusion in a more rigorous and quanti-
;Tgwtj:gﬁ] i(;ﬁgi',:ijjnlmgﬁffz 1e)i(£]or|1izgt'tilg geﬂilcﬁ?lre\e tative manner, it is necessary to evaluate quantities directly
bulk is stretched so fast that th<|{aJ instability has no time torelated to observables insteadi@s™). One such is the cos-
grow, y mological density perturbations in our brane-inflation model.

This issue is left for future study.

Since the growth rate of instability would t&(|m|), while

V. SUMMARY
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