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Renormalization in self-consistent approximation schemes at finite temperature: Theory
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Within finite temperature field theory, we show that truncated nonperturbative self-consistent Dyson resum-
mation schemes can be renormalized with local counterterms defined at the vacuum level. The requirements
are that the underlying theory is renormalizable and that the self-consistent scheme follows Baym’s
d-derivable concept. The scheme generates both the renormalized self-consistent equations of motion and the
closed equations for the infinite set of counterterms. At the same time the corresponding two-particle irreduc-
ible generating functional and the thermodynamical potential can be renormalized, consistent with the equa-
tions of motion. This guarantees that the standbrderivable properties such as thermodynamic consistency
and exact conservation laws hold also for the renormalized approximation schemes. The proof uses the tech-
nigues of Bogoliubov-Parasiuk-Hepp-Zimmermann renormalization to cope with the explicit and the hidden
overlapping vacuum divergences.
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[. INTRODUCTION to a finite damping width, imply a new level of complexity.
Various new conceptual problems, such as leaving the qua-
In recent years the question of how to appropriately treasiparticle picture or the issue of renormalization, come in
particles in a hot and dense medium has gained growingith considerable complications for the numerical solutions
interest in many areas of physics ranging from plasma physsf such problems. In the pioneering work of Bielajew and
ics and condensed matter physics to nuclear and particl8erot [10] for the first time the renormalization of self-
physics. Within a Green’s function formalism a consistentconsistent two-point self-energy loops was investigated at
treatment of such phenomena frequently leads one to corzero temperature but finite matter density.
sider dressed propagators, which follow from nonperturba- In recent years with the special interest in dense hadronic
tive Dyson resummation schemes, rather than perturbativeatter problems thé-derivable schemes with higher order
ones, in particular, if damping width effects play a significantself-energy terms were used to derive transport equations
role. [11-14 from the corresponding Kadanoff-Baym equations
As early as the 1960s, based on a functional formulatiod15] for the consistent and also conserviftg] transport
of Luttinger and Ward1] and Lee and Yan{2], Baym and treatment of particles with finite spectral width beyond the
Kadanoff[3] considered a class of self-consistent Dyson ap-quasiparticle approximation. Finite mass width effects on
proximations. Baym reformulated this in terms of a varia-vector mesons were also investigated within a self-consistent
tional principle, defining the so-called-derivable approxi- Dyson resummation schenjé7]. In most of these cases,
mations [4]. Since in principle the truncation of the however, the question of renormalization was circumvented
diagrammatic series of the functionhlcan be at an arbitrary by taking into account the imaginary part of the self-energy
level it gives rise to a variety of approximations including only, while the real part was neglected, or cutoff recipes—
Hartree and Hartree-Fock schemes as the simplest schemasostly symmetry violating—were employed, or the counter-
The main virtue of this concept is that the resulting equationgerms were even chosen to be temperature dependent. Yet,
of motion are conserving and the corresponding equilibriummespecially in the study of phase transitions, e.g., within chiral
limit is thermodynamically consistent. This functional treat- hadronic models of QCD, or for nonperturbative corrections
ment constitutes the basis for the two-particle irreducibleof hard thermal loop approaches to QCD, e.g., within a
(2PI) diagram technique, where the functionblgenerates ®-derivable schem§l8,19, it is important to consistently
the driving terms for the equations of motion, like the self-take into account both real and imaginary parts of the self-
energy. Later the concept was extended to the relativistienergies.
case and formulated within the path integral approach by Therefore in this paper we address the more formal ques-
Cornwall, Jackiw, and Tomboulig5]. There is no formal tion of renormalizability of such nonperturbative approxima-
problem in extending the formalism to the Schwinger-tions. We essentially concentrate on the thermodynamic
Keldysh real-time path methdd,7] applicable to the gen- equilibrium case and show how to obtain finite self-
eral case of nonequilibrium many-body theory. consistent dynamical quantities like the in-medium equations
Despite such early conceptual formulations most applicaef motion and the self-energy of the particles and thermody-
tions of self-consistent approximations were pursued on theamic quantities like the pressure and the entropy. For defi-
Hartree or Hartree-Fock level, sometimes supplemented bgiteness and clarity of the presentation we useghéheory
random phase approximatigRPA) resummationgsee, e.g., as the simplest example to study the related questions. The
[8,9]) or perturbative estimates of higher order correctionsresults and techniques can easily be transferred to other theo-
Thus, essentially mean field corrections to the self-energieses.
were considered. Genuine two-point or even multipoint con- The paper is organized as follows. In Sec. Il we briefly
tributions to the self-consistent self-energy, which give risesummarize Baym'sb functional using the combined real-
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Im ¢ over all fields fulfilling the periodic boundary condition
A d(ti—iB)=¢(t;), which leads to the Kubo-Martin-
Schwinger(KMS) condition for the Green’s function27].
Since the equilibrium state is invariant in time one can take
t | t t;— —o andt;— +o0, which is convenient when formulat-
| ing the theory in energy-momentum space via a Fourier
transformation.
In addition to the usually introducedne-point auxiliary

y
&

| Crn CmC e external sourcea two-point auxiliary external sourcis also
S thHem included. Variations of the latter generate contour-ordered
& —if o expectation values of the forf¥-¢(x;) ¢(x,) ) whereC de-

notes the extended Schwinger-Keldysh time contour, Bnd
stands for the ordering of the operators due to the ordering of

FIG. 1. The Schwinger-Keldysh real-time contour modified for the time arguments along this contour.
the application to thermal equilibrium of quantum field theory. The corresponding generating functional is defined within

the path integral formalism of quantum field theory as

and imaginary-time contour appropriate for thermal equilib-
rium within the path integral formalisiib]. . .

In Sec. Il we derive the general formalism for the renor- 2[J.B]= Nf D¢ ex+8[ Pt Ld(l)‘]“ﬁl
malization of the self-consistent self-energy at finite tem-
perature and the in-matter generating functidnaWith the [
help of Weinberg's convergence theoref20] and the + 2 fcd(12)512¢1¢2
Bogoliubov-Parasiuk-Hepp-ZimmermantBPHZ) formal-
ism of renormalization theorj21,22 we show that, in close whereN is a normalization constant chosen below. Here and
analogy to perturbative renormalizati¢see, e.9.[23-25),  in the following the shorthand notation
any ®d-derivable self-consistent approximation scheme can
be rendered finite by subtracting pure vacuum counterterms B d d
given by closed recursive equations. Indeed, the main com- Ld(lz M o= LXR.Hd SUACEUCSTRIRY
plication arises from the fact that the self-consistent propa- (2)
gator is involved in divergent loops, which gives rise to
“hidden” divergences that have to be resolved. This leads tdor integrations ind-dimensional space is uséih the sense
a Bethe-Salpeter equation for the divergent vacuum piecesf dimensional regularizatidh The time integration has to
with a kernel compatible with the functiondl, which needs be performed along the time contour introduced above. It is
to be renormalized. The renormalized equations of motiortlear that the action function&also has to be defined as the
for the self-consistent propagator are shown to be consiste@x R9~! integral of the Lagrangian.
with the renormalized 2Pl generating functional, which The generating functionalW for connected diagrams
proves the consistency of counterterms at both levels. Theeads
diagrammatical interpretation shows that in strict analogy to
perturbative renormalization of thermal quantum field theory W[J,B]=—iIn(NZ[J,B]). ()
this procedure can be interpreted as renormalization of the ) )
wave functions, the mass, and the coupling constantie 'I_'he mean fieldand theconnected Green’s functiorsse de-
vacuum We also give a closed expression for the renormalfined by
ized self-consistent thermodynamical potential.

Numerical solutions for the renormalized self-consistent :ﬂ Gi=— ﬂ:ﬂ: E( +iG

. . . 1 ) 12 P12 12)-

Dyson equations beyond the standard Hartree approximation 6J1 63163, 6By, 2

, @

up to the self-consistent sunset-diagram level could be (4)
achieved; the results are discussed in the second paper of thi _ . —
series[26] pap hllﬁe last formula immediately follows from the definition of

the partition sun{1) and(3) using the Feynman-Kac formula

Il. ®-DERIVABLE APPROXIMATIONS <TC¢(X1)¢(X“)>ZJ D d(xy) - (X)) expliS[ ¢]).

In the case of thermal equilibrium the real- and (5)
imaginary-time formalism can be combined by extending the
Schwinger-Keldysh contout, running fromt; to t; and back  Since the real-time part of this contour is closed by itself it
to t;, by appending a vertical paéy, running fromt; to  can be shown that the functiondl) factorizes into the real-
—iB (see Fig. L One uses the fact that the factor
exp(=pBH) in the canonical density operator can be formally
treated as a time evolution in the imaginary-time direction. we use this notation for convenient regularization only, in order
The functional integral for bosonic fields has to be takento write down sensible nonrenormalized functionals.
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time part and the imaginary-time part. Thus the Feynmamumber of loops® as a functional ot consists of all closed
rules for the calculation of connected Green'’s functions apdiagrams with at least two loops. The lines within the dia-
ply separately to the real and the imaginary parts of the congrams stand for dressed Green'’s functi@while the verti-
tour [28], since the functiona(3) splits into a sum of the ces are the bare vertices of the classical action with the pres-
contributions from the vertical and the real-time part of theence of the background field, which can be immediately
contour, respectively: reasd off fromS[ ¢+ ¢'] around¢’ =0 beginning at order
@'
Z[J,B]=2[J,B]Z+[J,B], The equations of motion are now given by the fact that we
) wish to study the theory with vanishing auxiliary sourges
W[J,B]=W[J,B]+Wr{J,B]=iInN. (®)  andB. From Eqs.(4) and(7) we obtain

Within the real-time part the effect of the heat bath is )
completely taken into account by means of the analytical osr ¢ 0 o i B b 0 10
properties of the Green’s function. It is uniquely determined o, 11TV sG,T  2°1T (10
by the KMS condition which itself is a consequence of the
above mentioned periodic boundary conditions for boson&Jsing Eq.(8) the equations of motion read

within the path integralsee the Appendix for details of the .

analytic properties of Green'’s functions and self-enejgies S i 6D /5 )
By a functional Legendre transformation grandG one S 3 f d(1'2") — =Gz = 5 -
obtains theeffective quantum action #1 ¢ #1 #1
-1 1 9P
I'le,G]=W[J,B]- f d(1)e1dy 21p=D1; =Gy =2 . (11
c 6G4s

) _ The first line is of the form of a Klein-Gordon equation with
~3 fcd(lz)(<p1go2+|G12)Bl2_' INN. (7)) the guantum corrections to the classical theory on the right
hand side. The second equation is gson equatiorand
Now, as is well known from the usual functional formalism shows that the variation of th functional with respect t&
of quantum field theory, a formal saddle point expansion ofis the self-energy defined with respect to the classical field
the effective quantum action is an expansion in orders of dependent propagatd®). This shows that thé functional

around the classical solution, whe@is considered as an Mmust betwo-particle irreducible No propagator line must
independent quantity, which gives contain a self-energy insertion. In other words the closed

diagrams representing contributions®omust not split into
i S disconnected pieces when cutting two lines. Diagrammati-
ITe.Gl=S ]+ 5 Trin(M?G ) cally the derivative of a functional with respect @corre-
_ sponds to opening one line of the diagrams representing it. In
I 1 that sensed is the generating functional faskeleton dia-
+§Ld(12)D12 (G12= Do)+ ®[,G]. (8) grams for the self-energwhere the lines represent fully
dressed propagators. Thus the functional formalism avoids
Herein the free propagator in the presence of a mean field idouble counting in a natural way by omitting all nonskeleton

given by diagrams from the Dyson-resummed equations of motion.
Altogether theP-functional formalism provides a closed sys-
1 5 ¢] tem of exact equations of motion for the full two-point func-

127 50,605 ©) tion and the full mean field. Solving these equations would

be equivalent to finding the full propagator of the quantum

The arbitrary constan¥1? accounts for the overall normal- field theory, which of course is impossible in practice.
ization and cancels out for any physical quantity as we shall One obtains approximations by truncating the seriesbfor
see below. at a certain vertex or loop ordéwhich corresponds to the

In the case of an ideal gas it is sufficient to subtract theespective order in the couplingor %), while preserving the
pure vacuum part to render this functional finite, which leadsorms (10) and (11) of the self-consistent equations of mo-
to the well known result. AfT=0 this subtraction corre- tion. Approximations of this kind respect the conservation
sponds to the renormalization of the total ground-state entaws for the expectation values of Noether currents for sym-
ergy to zero. metries that are linearly operating on the field operafors

As we shall discuss below in the case of interacting par<luding space-time symmetries and the corresponding con-
ticles this description is not sufficient to render the effectiveserved quantities such as energy, momentum, and angular
action and thus the pressure finite, since we need additionaiomentum [4,11].
subtractions of vacuum subdivergences to renormalize it. In the case of thermal equilibrium, setting the mean field

In the above sense the functiomlin Eq. (8) contains the and the propagator to the solution of the self-consistent equa-
parts of ordeiO(%2) and higher. Since simple power count- tions the effective action gives the grand canonical potential
ing shows theh order of diagrams to be identical with the Q=—TI'[¢,G];k-o=—TInZ(B) [27]. Since the real-time
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part of the contour in Fig. 1 is closed it vanishes for the The second step is an expansion of the regularized un-
solution of the equations of motion. A short summary of therenormalized self-consistent self-energy around the self-
analytic continuation from the real- to the imaginary-time consistent vacuum propagator, which shows that the

formalism is given in the Appendix. asymptotic behavior of the diagrams and subdiagrams is
Thus the formalism leads to a well defined treatment forruled by their pure vacuum parts.

bulk thermodynamical quantities of the systé¢iike energy, Then an equation of motion for the temperature-

pressure, entropy, ejc. dependent “infinite part” of the regularized self-energy is

All these quantities can be calculated either with real-timederived and it is shown that it can be renormalized by a
Green'’s functions or with the corresponding imaginary-timetemperature-independent subtraction procedure.
functions, because as summarized in the Appendix real- and
imaginary-time propagators are connected by the analytic
properties of the Green’s functions originating from the A. BPHZ scheme for the vacuum
KMS condition. For our purpose the real-time formalism is  we first apply the BPHZ renormalization theorem
preferred, because of its simplicity with respect to the anaf21 22 3Q for the vacuum. The only difference from the per-
lytic structure of Green’s functions, which easily permits onetyrbative case is that we apply it to diagrams with self-
to deal with the mixture of finite temperature and vacuumconsistent propagator lines. This is justified since Weinberg’s
pieces occurring in the subtraction scheme. This also aVOiq§ower Counting theorem is independent of the Specia| form

the necessity of performing an analytic continuation fromof the propagators but only needs their asymptotic behavior
imaginary-time to real-time Green’s functions, which is com-stated above.

plicated to obtain for numerical results. We summarize the BPHZ scheme as follows. A subdia-

In order to exemplify the method we apply the formalism gram y of a diagramI" is defined as any set of lines and

to ¢* theory with the Lagrangian vertices contained " which itself builds a proper vertex
1 2 , N, diagram:yCTI'. A subdiagramy is called arenormalization
L=5(0,9)(0" d) = o "= 7 o™ (12 partif its superficial degree of divergencer its dimensioh

' is greater than or equal to 0. In our case this means it has at

Ill. RENORMALIZABILITY OF  ®-DERIVABLE most four external legs. Two subdiagranyg and y, are
APPROXIMATIONS called nestedy,C vy, if v, is a subdiagram ofy,. If they

. . . have no line or vertex in commony;Ny,=J, they are
In this section we show that, in close analogy to the renore4eq disjoined If they are neither nested nor disjoined they
mallz_atlon of pertprbqtlve diagrams, ari]—derlve_lble se]f— are calledoverlapping 7,0 v, .
consistent approximation can also be renormalized with the g, any diagraml” we denote the integrand following

help of local temperature-inde_pendent counterterms. from the Feynman rules by-. For a set of pairwise dis-
The proof uses the same line of argument as in the pet-

bati “Th ‘< that th lization th ézined subdiagrams/4,y-,...,y, we write the integrand in
turbative case: The reason is t ,att e renormalization theory, -« ¢ the integrands of the subdiagrahsand the re-
rests completely on Weinberg's power counting theorem J

[20], which is formulated for a general class of Green's func-mainder of the integrand denoted by, ,, ;. usually
tions with a given asymptotic behavior. It does not depend or¢alled thereduced diagram
the special form of the propagators. n

The first step is a simple topological argument leading to lo=1 H | (14)
the superficial degree of divergence for a given diagnam Pl L Ty

which for the ¢* theory simply follows from the numbeE
of external lineq29]:
8(y)=4—E. (13) The original scheme by Bogoliubov and Parasjak] de-

fines the integrandRy of the renormalized diagram recur-

Due to field reflection symmetry only diagrams with an evensively. If a diagram does not contain any renormalization part

number of external lines are different from 0; the only diver-but is itself divergent it is callegrimitively divergent. In that

gent functions are those represented by diagrams where tltgase the renormalized integrand is defined Ry=(1

number of external legs is Q.e., contributions to the total —tr)I. Herety is the operator of the Taylor expansion with

mean energy and the thermodynamical potential[self- respect to the external momenta around O up to the order of

energy (Green’s functiop], and 4 (four-point vertex func- the dimensiond(vy) of the divergent diagram, which is in our

tions). case 4-E:
S(y) j
i 2 (9]|y(p1,...,pk) pl’“l..p"‘“k
=0 0! e =0 Jgp4t--appk v
tVI ‘y(pli"'vpk):: ) l’iif;kzl pl pk p1=...=p=0 (15)

0 for &(y)<O.
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If the diagram is convergent the integrand is unchanged un- n

der renormalization. le=1rgyg oy LD 1, (18)
If the diagram is not only primitively divergent but con- k=1

tains divergent subdiagrams the integrand for the diagram

with all subdivergences subtracted is calf_@;dand the renor- The forest formula then says that the integrand of the renor-
malized integrand is defined by malized diagram is given by the sum over all restricted for-

ests:

Rr if &(I')<0, 6
r= — 1 Rp= Q;. 19
(1-tp)Rp  if 8(I')=0. : 35%@) § (19

From Weinberg's power counting theorem it follows that af- It is understood that the empty set stands for the diagram
ter this recursive procedure the integral over the internal moitself, i.e., without any box around a subdiagram.
menta ofRy is finite. The definition of theountertermsby The BPHZ scheme described chooses the renormalization
the Taylor operatot,, for any renormalization pary of the  point for the divergent diagrams at external momenta set to
diagram shows that these are polynomials in the externd). It is clear that by another finite renormalization we can
momenta to the ordef(y) and thus they can be interpreted switch to any renormalization scheme appropriate for the ap-
as counterterms to the corresponding wave function normaplication considered. In our case ¢f theory we chose the
ization factors, masses, and coupling constants in the origina@in-shell scheme. We have to define the coupling constant,
Lagrangian. the mass, and the wave function normalization. This can be
Zimmermann solved Bogoliubov’'s and Parasiuk’s recur-formulated in terms of the proper self-energy and the proper
sion with hisforestformula. A forest is defined as any set of four-point vertex(the three-point vertex can be set identi-
subdiagramsincluding the empty set and the whole diagramcally to O because of symmetry under the field reflecigon
itself) that are pairwise nonoverlappingOne can depict — —¢ without destroying the renormalizability of the
these sets by drawing boxes around the subdiagrams; intheory, so that we do not have to consider terms linear or
forest these boxes are not allowed to overlap but they can beubic in the fields within the Lagrangign
nested. A forest is restricted if each of its boxes contains only

renormalization parts. To each restricted foigsine associ- 4 A ) )
ates again an integrand, namely, r4vad(g t u=0)= > 39(p?=m?) =0,
(Vad (12 — m2) —
—T@ 9p2%'%9(p=m")=0. (20
I - Heres, t andu are the usual Mandelstam variables for two-
::‘ “_’ifw(z)- ':: particle scatteringp is the external momentum of the self-

i " energy, anan? is the renormalized mass of the particles. The
I h first condition defines the coupling constant at vanishing mo-

I . . .
Qp = H (—t'y)IT = [ S0r@ |n mentum transfer for t_h_e two-particle scattering to be given
YES === -': by A\, the second condition choosedo be the physical mass
: | A7) of the particles, while the third condition ensures that the
V@ ! residuum of the propagator pf=m? is 1 and thus the on-
] ' T ) )
b ] g shell wave function is normalized to 1, as it should be.
—ir® B. The finite temperature self-energy at the regularized level

In this section we want to isolate those vacuum subparts
inherent in the pure temperature part of the self-energy that
need to be renormalized at physical space-time dimension

The diagram above shows an example for a typical ladded=4. For this purpose we assume a regularization scheme,
diagram, which we shall consider in the following section.e.g., dimensional regularization, and extract those vacuum
For this cases(y)=0 for all subdiagrams and the diagram parts from the self-energy that diverge in the limhit-4. For
itself such that for each box only the subdiagram value athe sake of clarification we mark all equations with an aster-
vanishing external momenta is to be subtracted. The tildésk that diverge in the limitl— 4 and need special renormal-
over the product sign in Eq17) stands for the fact that in ization treatment. All other equations are generally valid,
the case of nested diagrams within the forest one has to appgven if all expressions are replaced by their renormalized
the Taylor operators from the innermost to the outermostuantities.

diagrams while for disjoined subdiagrams the expressions In order to extract the divergent vacuum pieces we take
are naturally independent of the order of Taylor operatorsthe self-energy as a functional of the self-consistent propa-
since then gator and expand it around the vacuum value
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S =3 (vad L 3(0) 4 5 (1) ing to standard rules. For the examples discussed in our sec-
12 12 12 12 (21) .. .
— ond papef26] we show how to do this in practical cases for
s {matier numerical solutions to the self-consistent equations of mo-

_ tion. The second and third terms in E(1) contain the
Here3 %9 is the vacuum T=0) self-energy. Its renormal- in-matter or finite temperature components of the self-
ization poses no particular problem and can be done accor@énergy. Thereby

. 5i212 matter
—lzgg) = /Cd(].,2,) (_6G1,2/ Gglz?tt )) = _11"(4) (22*)

contains the parts & linear in the mattettemperaturgpart (), and possible divergent vacuum substructures can be

G(Mat® of the full propagator directly renormalized using the BPHZ rules given above.
'  v(vac) . ~(mmatter) On the other hand the diagrams Bf®) deserve special
iG = iG + iG (23)  attention, since there the sing®™ |ine is involved in

_ + logarithmically divergeljt loops, if all vertices 61‘(1‘;)’1,2., are

_ o _ _ placed on the same side of the contour. As mentioned the
At this level it is important to recognize that all loops involv- terms with mixed vertices are finite.
ing vertices from both sides of the real-time contéefr Fig. The divergences result from the fact that the functional

1) are UV convergent due to the analytical properties of theyariation of 3, with respect toG at T=0 defines a vacuum
{—+} and {+—} propagators(A16) to (A18). Such loops vertex function

contain at least one thermal weight facttp,) which de-

cays exponentially at largp,|, since the®-function parts @) 8215 , 5D
completely drop out for large loop momenta. Therefore all —il 0= Gy T_0=_2' 8G120G1121|;_,
mixed components lik&~* or ¥~ have to be excluded - (29

from the subtraction scheme. Thus, the expansion point } )
GVa9 in Eq. (23) is defined as the contour-diagonal part of with four external Iegs4. Its diagonal pa#ill vertices on one
the propagator in the vacuum limilf(-0), i.e., with van- contour siddefinesI"(;'s5, , which is of divergence degree
ishing G~ +(@=G*~(9.20. Likewise all vacuum struc- 0. AssumingG ™" of divergence degree 4, it is involved
tures like 2@, and the four-point functiond“¥a® and in a logarithmically divergent loop. Thus, this part Bf%),
A9 defined below, are “diagonal” in the real-time contour called= (), accounts for all terms of divergence degree 0
placement. and consequently. (" is of divergence degree 2.

The remaining self-energy pie&" in Eq. (21) contains In order to trace all subdivergences hiddenSiff, the
at least twoG ™2 |ines which therefore are never involved vacuum structure inherent @™ has to be resolved. For
in any divergent loops due to the 2PI property of fke this purpose the diagonal parts of the full propagdtae.,
functional®> Thus, there are no hidden subdivergences inG~~ andG**) need to be further decomposed

iCp = Gl +i /C d(1?) GEIs0sMel + il (25

i (matter)

—iI(4,vac)

= — + + 5000 , (26%)

2Any G™at® Jine in 3 (7 is either involved in loops with furthe® ™ lines which are finite or attached to a pure vacuum piece. Due to
the 2P| property ofb this vacuum piece has more than four external legs also leading to finite loops fGR§’ line.
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where here and below all vertices 1, 2, and 2 are placed on the same side of the contour, in this way defining the divergent
piece of2 (). The remaining par6” is of divergence degree6. '
SinceI'*Va js a pure vacuum four-point function, Eq@1) and(25) also shows,(>% as a functional linear i M3t

35 = J d(1'2’ >r<;;”52,( f (172G 0 GHa + G\, 279

and thus also linear uﬁs(l,)z,. A simple iteration argument, starting Wlm(O dV=0, shows that Eq(27*) is solved by the
ansatz

—ixp{V) — / A(1'2) AFDy Gy = [rintm 29

leading to the pure vacuum equation of motion
(vac) (4 vag (4 vac) (vac) (vac) 4 (vao
Ao =T, 1'2'+'fd(3456)F12 34 G35 Gug Ngg 1o (29%)

for the vacuum four-point functiod 29, The diagrammatic interpretation shows that this has the form of an inhomogeneous
Bethe-Salpete(BS) ladder equation

—ir(4,vac)

—iAlvac)
_jAvac) | = |—ir(4,vac)| 4 = |-ir@vac)| 4 | _jp(vac) |. (30%)

—ir(4,vac)

From the construction it is clear that this is a very particularof the ®-functional formalism to avoid double counting.

BS equation, namely, the one that complies with the self- From Eq.(28) it is obvious that on switching to the mo-
consistent Dyson resummation scheme defined through Eqentum space representation bdt'2 and A2 are not
(121). Thus these ladders, which are thannel type(for- needed in their full momentum dependence but rather only as
ward scattering are implicitly contained in the self- a function of the two momenta given by the Fourier trans-
consistent vacuum self-energy. Since Weinberg's poweformation with respect to the space-time point p&irg) and
counting theorem shows that¥° is of divergence degree 0, (1'2). Because of Eq(24) and through Eq.29*) both
like any four-point function, Eq(28) implies that3, (%9 js  T'(4vad gnd A3 obey the symmetry relations

indeed also of divergence degree 0 as assumed above. Then

GO is of divergence degree 6 and the loops in Eq28),

which closeA V29 with a G line, contain no further diver- Tiwe =TS, or T4va9(p,q)=T(4(q,p),
gences. Thus, oncé“ is renormalized, the self-energy is

renormalized too, within a temperature-independent subtrac-

tion scheme. A9 _ A (vag or A(vad — A(vao '
Since® is 2P, the variational relatio(4) defines the BS 1ar2t “mr2niz (p.c) (a.p) (31)

kernelT'{5'+9, as a proper skeleton diagram, i.e., it contains
no self-energy insertions, and cutting the diagram such that
the pairs of space time pointd2) and(1'2’) are separated
cuts more than two lines. Thus the BS kernel has the appro-
priate irreducibility properties for the resummation to the In energy-momentum representation the regularized BS

complete four-point functiorh 29, again showing the virtue equation(29*) and its equivalent “adjoint” version become

C. Renormalization of the vacuum Bethe-Salpeter equation
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d 4 — ) ) 4
AlVaS(p )= [(4¥a0 Q)“J I ravaogp ) A (p,g) =AM (p’,q) =T *¥*(p,q) —T***(p’,q)
' ' 2m)° '

) d4l
X[G(vac)(l)]ZA(vac)(Lq) (32*) _HJ (271_)4[I"(4,Vﬁ©(p’|)_l—*(4,va()(p/,l)]

X[GM () PAT(1,q), (39
d

dl
—r(4vag i (vag)
P20 i | e A= (p) AU’ ) — AN q7) =T (480 p )~ (430

X[GY29(1)J2r“4v29(l,q). (33%) d4l
X(p',Q')Jrif (277)4A(ren)(p’,|)[G(Va°)(|)]2
The renormalization of the BS equati®9*) is not straight- X[T#Va0 (| q)—T4va%(] q")], (35)

forward. First the BS kerndl*V29(p,q) has to be renormal-
ized following the BPHZ rules outlined in Sec. Ill. Repre- )
sentingA(p,q) as a sum of ladder diagrams, this BS kernelWhere now [ va0 stands for the renormalized Bethe-
forms the rungs in each ladder. The complication arises 1‘ron$5}1|pe"[er kerr)lel. Since the renormalized function
overlapping subdivergences: in the general case each internal ’Vao(pJ_)_F( va(0ll) is of divergence degree less than
loops involving two or more rungs. However, two observa-tions can be used to construct the renormaliAeéunction
tions help to settle this renormalization issue. using

(i) The rungs given by the BS kernel are 2P| with respect
to cuts separating the top from the bottom extremities of the
rung. This implies that there are no divergent subdiagrams Ae(0,0):=+
that cut into the inner structure of any rung, since this would
involve a cut of more than two lines and the resulting sub-
diagram would have more than four external lines. Thus di- . o
vergent subdiagrams always have complete rungs as subdid” th.e. two real-time _branché& due 1o our renormalization
grams, as shown in the valid counterterm below. cpndmon (20). .In a kind of sweep-up sweep-down scheme,
first the “half sided” A"®"(0,q) function can be constructed

by solving Eq.(35) for p’ =0. Using this half sided function

(36)

N| >

—T7) as the input for Eq(34), the full momentum dependence of
=il A"®(p,q) can be obtained. This scheme fully complies with
rb----4 - the BPHZ renormalization prescription. It has the remarkable
1= ‘,1'_,(71)‘ il feature that, although it is explicitly asymmetricprandq, it
=1 h constructs a completely symmetric renormalized four-point
it hy . - -
.: :. function which can be combined to give the complete result
| ]
] —ir@ |n
1= -l]: ==t
| '
| | d4|
A=nonl A, Q) =T () +i [ [T ()
1 3 (2)
@ ~TA¥0 ) [G(1)]2A(1,q)
+if il Ao NH[GM9(1)]?
(2m)* '
(ii) If one takes the difference of twa functions which X [T@Yva9(| ) — [ 4va9(| 0)]. (37)

differ only in one of the momenta, e.g\,(p,q)—A(p’,q),
all those counterterms cancel out that contain boxes that cut
the outerp or p’ lines, respectively, since for these counter-For numerical applications it is important to realize that only
terms the argumenp or p’ is replaced by zero. Thus, the the half sidedA 7(0,l), and not the full momentum depen-
only boxes left are those that exclude the outermost rungenceA ™" (p,q), is explicitly needed. Since the half side
attached to the lines. These boxes, however, just define thehas essentially two-point function properties it can be nu-
renormalized result of the subdiagram complementary to thisnerically constructed using similar techniques as for self-
outermost rung, which is again a ladder diagram. energies.

This permits one to establish recursive relations for the Indeed one can express the complete renormalized self-
renormalized expressions of the two possible differences: energy part linear irG ™ in the form
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d4| d4|
E“”(|0)=2<°>(|o)—2“’)(0)+2<°>(0):j (277)4[w)(p-')—T(“'Va"(O.I)]G<ma“e”(|)+f A enene )
(38)
= —ir® = _ir(4,vac) -+ _jA(ren)
ﬁ;lirte

with G™Mat and G® from Egs.(23) and (25). HereI'® is  motion in matter result from the functional variation of
the full contour valued kerndR4) including mixed contour '™ with respect toGMate,

vertices, whilel'“¥2 and A" are diagonal in the contour =~ Compared to the two-point self-energy theand® func-
vertices. Because of the 2P| propertied '8t the difference  tionals have no external points and essentially result from the
r™(,p)—-T'“va%(],0) is of divergence degree less than 0.diagrams of the self-energies by closing the extremities.
Therefore the first integral represented by the difference offherefore one has to explicitly expand the corresponding
the first two diagrams is finite, sinc@™® is of divergence  expressions up to second orderGi™"® pefore one comes
degree—4. This difference represents the most naive subto the situation where the remaining pieces are void of hid-
traction, which by itself, however, would be false, since itden subdivergences. Thus we write

contains temperature-dependent counterterms. The heart of (vao

the above derivation is that these falkelependent counter- ® =P 4 Tr G(matte)

terms are precisely compensated by the last term. The fact R R 5G(vao

that the counterterm structures never mix the two real-time 1 21 (vao

contour branches also removes the problem of pinch singu- 4+ — g(mattey G(matted | (D
larities which otherwise could arise due to the vanishing ex- 2! 5G(vao’ f

ternal momentum.
This completes the proof that the self-energies can be

i
— (yac) o ¢ (matteps (vao)
renormalized withT-independent counterterms. Or 2 TG 2

. . . . 1 (mattep 1~ (4) —~ (mattep ()
D. Renormalization of the real-time I' functional + ZG r'vc + Oy (40)

In this section we derive the renormalized real-time gen-
erating functional for the in-matter equations of motion.Here we have used Egfll) and(24) for the vacuum parts
Thus, we restrict the contour integrations to the real-timedefined through the variation d@b with respect toG. At the
contour C; and the corresponding traces to the real-timesame time we introduced the real-time trace in momentum
traces Tg. For functions in momentum representation theSPace,

corresponding contour matrix algebra in the-+} notation 4l
(cf. the Appendix is implied. TrA---B= f B A)-B(), a1)
For the renormalization procedure we use the an&ir (2m)

ng;?ifhxlilcg@pggit%fnttogz:? (-;rf \mteh ;gﬁ-feor:?rés) f’% érr]ee the@nd the functional tensor contraction for four-point functions
renormalized four-point functiom\ resolves the subdiver- with propagators,

gences hidden in both the propagator and the self-energy. For dd, dl,
this purpose we decompose the generating functibriato Gll““‘)Gz:f 2 (2—7T)dG1(Il)F(“)(Il,Iz)GZ(IZ).

its vacuum part, which is solely a functional 62, and

the in-matter part (42)

In all expressions the functions are contour matrix functions
which imply the corresponding contour matrix algebra and
the contour trace; cf. Eq$A19) and (A20).

Thereby it is implied that the vacuum problem is already Applying the arguments given fat® for & also, no
solved through its equation of motion resulting from the G™Ma |ine is involved in divergent loops such that after
functional variation off’ 3. Given G2, the equations of renormalization of possible vacuum subdivergences the en-

= F(vac)[G(vac)] + F(matter)[G(vac) ' G(matteb]_ (39)
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tire diagram is finite. Thus only terms with at most two — o 1

GMmate lines need further care. F%matter’d'\EZTfR GO O@+ ZG(O)F(4’Va°G(O)
Since® by itself is not an observable we directly step to

the definition of thel” functional that relates to the thermo- 1 o

dynamic potential in the equilibrium case. Exploiting the sta- + EG( révagt (44%)

tionarity condition ofI" at the vacuum level, i.e., using the

vacuum equations of motion fa&“2°, all terms linear in

GMat® dgrop out and we find for the functional with all

proper vacuum subdivergences subtracted

with

G(O): G(vac)z(o,vaoG(vac), (45)

— i
F%matteD[G(matteD] — E TrH G(mattepz(matter)

where again in both relations above all expressions are con-
tour diagonal. Boths (“®™) and G are linear inG ™",

2”: (G(vao's, (matted )k Using the equations of motion f& (> and A3 one ar-
& k rives at an expression for the divergent parf'6¥2"® which

contains only quantities that were already renormalized in
the previous subsection:

i _
_ ZTr\R G(matteoz(o) + CDL{).

(43%) F(matter,div,rem:%(G(r)A(ren)G(r)_ G(r)r(4,anG(r))_
Renormalized to zero at the vacuum level this expression is a (46)
functional of the in-matter part of the propagator. The re-

maining divergent parts di(mated arise from terms quadratic Substituting this for the divergent part we obtain after some
in gMmatel j o algebraic simplifications

0

Fﬁgmatter,reﬂl[G(mattel)] = %ﬁ\H G (N3 (mattey _ %G(vac)z(r)G(vac)E(r) _ kE -
=3

(G(vac)z(matter))k
I ZG(f>A(vac)G(r)+ q,g)

+mixed contour Tg terms from Eq.(43"), (47)

whereTr includes only the contour diagonal parts. This ex-whereX " is supposed to be a functional 6. Both terms
pression, which now can be considered as a functional dh Eq.(48) independently vanish. The first term drops out by
GMmat® or through Eqgs(25) and(28) of G, is void of any ~ Virtue of the Dyson equation, which together with ER5)
hidden subdivergences, since all matteffatependent parts €nsures that

of the propagator lik& ™ or G are involved in conver- * (Gvao'y (matten)k

gent loops. sl >
Now it remains to be proven that this renormalization \k=3 k
procedure for thd" functional is consistent with the renor- (1) ~(vads (1) (vad, s (matted
malization of the self-energy given in the previous section. In =(G!"—Gx(NGI) 5% : (49

other words, we wish to show that the vanishing functionalrhe second term shrinks to

variation of ' GMat] complies with the Dyson equa- ;

tion of motion and the renormalized self-energy. From the 51“](31“““’““)=5TrR(2(r)5G(f)+G(Va°)E(T)G(Va°)5E(°))
BPHZ formalism we expect this to hold true, because it en- g

sures that subdivergences can be renormalized first and then 20 agmen
the remaining divergences which come into play by closing ' (50)
the diagrams: The renormalized result is independent of the + 5(13]?: 0,
order of counterterm subtractions. which indeed implies
It is sufficient to show this for the contour diagonal parts
of Eq. (47). We write the functional variation df " as (O o SD)
3W=2j W, (51)
(matter,ren 51—~(matter,rer)| i . . o L
ST (matterren_ =~ 1 534 R 5G0 compatible with the defmltlon o‘E : It is important to note
i 53 G0 ’ that through the functional variatio#8) only convergent

(48 loops are opened, such that none of the counterterms are af-
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fected by this variation. This explicitly demonstrates the con-  E. Renormalization of the thermodynamical potential
sistency of the BPHZ renormalization scheme for the self-  sing the thermodynamic part, i.e., the vertical branch, of
consistent approximations: The operations of variation withthe contour given in Fig. 1 thE functional provides a finite
respect toG and renormalization are commutative, i.e., oneéyalue which indeed relates to the thermodynamic potential
can construct the renormalized self-energy in two equivalent). For the evaluation one uses the relationship between the
ways. The first uses thanrenormalized® functional and  Matsubara functions and the real-time functions given in the
defines the renormalized self-energy by applying the BPHZAppendix, Eq.(A21), for the thermodynamic trace
renormalization theorem to its diagrams, which are definedvhich takes due account of the thermodynamic weights in
by opening any line of the unrenormalizddfunctional. In  the partition sum:
this way we have defined the renormalized self-energy in the
previous section. Subsequently we renormalizedlttienc- d’p
tional by substituting the renormalized functions thereby de- TrTh{h(p)}=BVJ ——g(h " +h™7)
fined for the divergent vacuum subdiagrams with two and (2m)
four external legs. After subtracting the pure vacuum contri- d’p
bution this leads to the finite renormalized functio(ér). = —2i3vJ sgn(po)
5. d 0
As we have now seen, the second way to define the renor- (2m)
malized self-energy is to renormalize thefunctional first.
Then the variation with respect to thenormalizedoropaga- X
tor leads to thaenormalizedequations of motion and thus
directly to the renormalizedself-energy which shows the
consistency of the local vacuum counterterms including alivhereh™ " andh™ ~ are the Wightman functions arttk is
combinatorial factors for both the generating functional ancthe retarded function df. Furthermore,
the equation of motion.
We wish to clarify that the equations derived in this sec-
tion for the in-matter parts of the propagator are all valid also N(Po)= o2 7 (54
in the g - exp(B|pol) — 1
general nonequilibrium case of quantum field theory
provided the density operator at tinhg amends a Wick de-
composition. This is valid for statistical operators at initial is the thermal Bose-Einstein factor resulting from the sum-
time of the form[31] mation over Matsubara frequencies expressed in terms of
complex contour integrals; cf. EqA21). For this thermal
1 contourCy, closed diagrams such as thosedofandI" also
R= —exp( -> a'kAk) with Z=Tr exp( -> a’kAk) , attain a finite value. In this case the rule is first to omit one of
YA K K the momentum integrations, which in this way defines a two-
(52) point function. Its renormalized retarded value can be calcu-
lated according to the real-time contour rules used above.
Subsequently one applies E@3) for the final integration.
where theA, are one-particle operators. Our arguments forWe show now that after renormalization of the two-point
the renormalizability with «-independent (i.e., state- function we need only subtract the overall vacuum diver-
independentlocal counterterms should hold, since the sta-gence inherent in this final integral.
tistical operator is normalized, R=1. Thus, any in-matter To obtain this result we have to go back to the regularized
part of the propagator leads to similar reductions of the deexpression for theunrenormalizedeffective potential(8)
gree of divergence as for the Bose-Einstein distribution funcwhich relates to the thermodynamical potential via
tions used here. This ensures that the power counting argu-
ments for the nonvacuum parts are still valid. Note in QeI (T) = —TF(Trﬁg) (55)
particular that the real-time functionklhas only functional
meaning, namely, as a tool to derive the equations of motion,
since its value at the physical solution vanishes. where

1
n(po)"‘z Imhg(p), (53

i 2\ i
PERS(T) =T T) + TR, T) - with TET) =Trey 5 In( — G| T 5 2G|+ O,

)

I—TrTh G(f)z(matter)_ EG(vaC)E(r)G(vadz(r)_ E
2 2 K=3 k

(G(vac)z(mattep)k

1
Fgrmhatter,reQ(T) = + ZG(r)A(vac)G(r)+ (I)-(rr?](T)

(56)
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Here the subscript “Th” specifies the quantities resultingthe chosern® approximation, which we have renormalized.
from the thermal trace. The matter part results from the forniThe method is free of pinch singularities. Closed equations
(47). Subsequently one replaces all quantities by their renofeould be formulated that resum the nonperturbative structure
malized onegdenoted by a bar over the functigrend can-  of both the equations of motion, i.e., the self-energies, and
cels the overall divergence by subtracting The- +0 value,  also the nonperturbative counterterm structure. The complex-
_ — ity of these equations is comparable to standard Dyson re-

QUEN(T) =TI~ TH3(+0)) summation schemes and therefore in principle does not im-
— — ply new techniques. The first numerical applications, which
= —T(C{R"(T) ~T§R"*%(+0) include the construction of thBSkernel, the solution of the
— half sided four-point function, and thus the renormalized
+F%T1a“e”eg’(T))- (57) self-energies up to the self-consistent sunset self-energy, are

resented in a second pap26]. The renormalization of the
enerating functional’ (cf. Sec. Ill D) shows that the deri-
vation and thus the renormalized in-matter equations of mo-

This procedure is legitimate as long as the new loops du
to the final thermodynamical trad®3) do not induce new
subdivergences, but only ove_rall dlvergences_. It is_obviou%On apply equally to the general nonequilibrium case.
that for the matter part the final trace loop involving the  pig 3150 proves that there is no arbitrariness in studying
factor n+1/2 is completely convergent, since all l00ps aré,q jn_medium modifications of model parameters like the
regular onceA is renorm_ahzed. For the two vacuum terms 555 and the coupling constants within this class of approxi-
the components proportional to the factor 1/2 in the thermap, 5iion scheme: It is sufficient to adjust them in the vacuum,
trace(53) cancel out, such that all terms are proportional t0g,; jnstance by fitting them to scattering data, in order to
n(po), Whlch cuts off thepol mtegraﬂon, while the momen- predict without ambiguity how they change in the dense and
tum integrations are also limited due to the vacuum threshp ot medium.The in-medium modifications are ruled com-

olds: the imaginary parts of the vacuum functions are Z€TQetely by the model and its vacuum parameters alone and
for p?<m? wherem s the mass of the stable vacuum par- 5 further assumptions need to be made

ticle. Thus these final loop integrals are also finite, defining a Although demonstrated for thé? theory, the method is in

finite thermodynamical potential. _ o principle general, since the derivation relies only on the ana-
The vacuum part essentially determln(_as the kinetic energytic and asymptotic form of the propagators. In particular,

part of() as can be seen from the most simple example of ahe yenormalization of hidden overlapping divergences in the

ideal gas. Here of course all self-energies dndre vanish- o4 rithmically divergent Bethe-Salpeter equations is gen-

ing, the retarded propagator at finite temperatur®gp) era). Still, there are a number of restrictions of the self-

=[p°—m"+ina(po)] ~, and the renormalization is done congjstent Dyson resummation within thé-derivable

by subtracting the pure vacuum part. Thus, the free thermascheme, which concern global and local symmetries and the

dynamical potential becomes corresponding conservation laws and Ward-Takahashi iden-
_ dl tities.
Qid- gas — _VJ ——n(ly) 7O (12— m?), (58) The ®-functional formalism only ensures the conserva-
(2m) tion laws for the expectation values of charges associated

with the symmetry by Noether’s theorem. However, in gen-
eral the Ward-Takahashi identities are violated for the self-
energy and higher vertex functions. Heuristically the prob-
d3F lem can be traced back to the violation of crossing symmetry
Qid-gas— _ pV:Vf —3In[1—exp(—,8~/r2+ m?)]. by the self-consistent scheme: Our derivation shows that the
(2m) self-consistent solution of the self-energy involves Bethe-

(59 Salpeter ladder resummations of the four-point function, but

only in the s channel. The crossing symmetric and
IV. CONCLUSIONS AND OUTLOOK u-channel contributions to the four-point function are not in-
cluded.

For the example ofp* theory we have shown that self-  The symmetry properties of the[ ¢,G] functional have
consistent Dyson resummations based onbalerivable already been investigated by us with the help of the path-
scheme can be renormalized with local counterterms defineittegral method applied hef82,33. We show that it is al-
on the self-consistently determined vacuum level. This resultvays possible to define @onperturbativeapproximation to
was obtained with the help of Weinberg’'s power countingthe effective actiorl .4 ¢] which respects linearly realized
theorem and using the BPHZ renormalization scheme wittsymmetries of the classical action provided the symmetry is
the usual modifications for finite temperature diagram rulesnpot anomalously broken. The self-energy and higher vertex
which can be summarized in the simple rule that the “con-functions defined from this improved approximation action
traction boxes” defining the counterterms have to excludgormalism then fulfill the Ward-Takahashi identities of the
subdiagrams that contain any temperature line. underlying symmetry. As a result the effective actibgy

The hidden subdivergence structure of the self-consistergnforces that additionat and u-channel Bethe-Salpeter re-
scheme has been resolved. This leads to a Bethe-Salpetrmmations are needed to restore the crossing symmetry to-
equation for the vacuum four-point function compatible with gether with the Ward-Takahashi identities for the self-energy

which can be brought to a more familiar form by an integra-
tion by parts:
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and the vertex functions. However, these vertex functions armain part of the paper. This is most easily done by switching
not self-consistently calculated and thus some problems algo the operator formalism in the Heisenberg picture. By defi-
remain within this approximation: For instance, in the casenition we have for a Hermitian scalar field operator

of the linear sigma model the @) symmetry is restored for

the vertex functions and the Goldstone modes become mass- 1

less. Yet the phase transition from the Nambu-Goldstone 1G(X)=Trexp(—BH)¢(x)$(0):=(Zch(X)$(0)) 4.

phase at low temperatures to the Wigner-Weyl phase at high (A1)
temperatures is found to be of first order rather than second
order[9]. For x° on the vertical part, i.ex’=—i7 with 0<7<p, we

In the case of a local gauge symmetry the problems begptain the Matsubara Green’s function
come even more intricate. Self-consistent schemes beyond

the classical field level for the gauge fields generally violate Gu(7,9)=G* (—irX), (A2)
local gauge symmetries for the same reasons as for global

symme_tries. However, this immed_iately causes the excitatio(hhere one has to understand the analytic continuation of the
of spurious modes of the gauge fields, which leads to violaze|-time Wightman functio®* ~ on the right hand side. It
tion of the unitarity of theS matrix, the positive definiteness g important to keep in mind that E¢A2) is valid only when

of the statistical operator, and the causality structure of thene first time argument® in Eq. (A1) is on the vertical part
Green’s functions. Nevertheless, a gauge invariant effectivgs the contour while the second one is x=0. If both

actionl’eq within a background-field approach can be formu- 5.quments of the fields are located on the vertical part ac-
lated that provides gauge covariant polarization functiongording to Eq.(A1) one has to use time ordering along the
[17]. . . ) ) imaginary time axis.

From a practical point of view the problem remains of  gjnce ‘the order of the operators under the trace in Eq.

calculating the self-consistent propagators needed for th@M) can be changed cyclically the real-time Wightman func-
symmetry-restoring Bethe-Salpeter resummation, whichignsGc*— andG— " are related through

presently can be solved only in simple casB®A bubble
resummation In [17] we presented a workaround in terms Gt (x°—iB =G *(x°% A3
of a suitably chosen projection method onto the physical ( %) (x%%), (A3)

(transversgdegrees of freedom of the gauge-field polariza- herex? is a real-time argument on the contour and on the

:ﬁ;;?:tis;:‘ ;ﬁgcgzocael?ue:et’hg]:)(r:olkJ)LStet’odc(:)aejsg?tcalfsgngg f(’li.l :é_ight hand side one has to understand the analytic continua-
. gaug ~Ory but . ion. One should keep in mind that only the Wightman func-
tions and current conservation within the self-energies o

matter fields. Alternative methods are restricted to the a tions are analytically continuable, not the time ordered or

. e . : Panti time ordered functions of the upper or lower real-time
p_roxmate_solutlon of the self-consistent equations .Of MO%ranch, since they contain step functions from the time or-
tion, e.g., in the sense of a Hard thermal loop approximation '

. L . dering operatorZ,. The same holds true for the imaginary-

[19], or to a systematic expansion in terms of the coupling. ) .
ime ordered Matsubara Green’s function.

constant ot [18].

The proof of the renormalizability ofp-derivable ap- As in vacuum quantum field theory, because of translation

roximations opens a broad range of perspectives for eﬁeépvariance itis customary to use the energy-momentum rep-
Five field theor pmodel a Iicatior?s des?:ribiﬁ the non ertur_resentation of Green's functions. For the real-time propaga-

= y PP . ng PEUors we have the usual description
bative in-medium properties of particles in dense or finite

temperature matter with model parameters fixed at the ddp
vacuum level. Further applications point toward the appro- Gil(x _J i ij

. A o b ! = exp—ipx)G . Ad
priate renormalization of nonequilibrium transport equations (x) (27)¢ =ipX)GR(P) (A4)

[16], where in particular the drift terms, which determine the
equation of state, involve the real parts of the self-energiesjye write down the formalism for arbitrary space-time di-

which generally need renormalization. mensions since none of the considerations depend on it and
we need it to obtain well defined nonrenormalized quantities
ACKNOWLEDGMENTS in the sense of dimensional regularization. The periodic

boundary condition(A3) translates into théKubo-Martin-
We are grateful to G. E. Brown, P. Danielewicz, B. Fri- Schwinger conditionfor the Fourier transformed Green'’s
man, Yu. lvanov, E. E. Kolomeitsev, M. Lutz, M. A. Nowak, functions:
and D. Voskresensky for fruitful discussions and suggestions
at various stages of this work. G~ (p)=exp—Bpy)G* (p). (A5)

APPENDIX: ANALYTICAL PROPERTIES Thg Matsqbarg Green'’s function is defined only for imagi-
OF GREEN'S FUNCTIONS nary t|_mes—_|r with 0= 7<p. T_hus the momentgm repre-
sentation with respect to the time component is a Fourier
In this appendix we summarize briefly the analytic prop-series with period8 according to Eq.(A3) rather than a
erties of Green’s functions of neutral bosons needed in th&ourier integral:
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1 * d*lp’ 1
_T i s n(pg)= ————. A18
Gu(0=5 2 HosaT e —iPX)Gu(iPo.P)lpo-., (Po)= ex Bl =1 (A18)
. T All relations given above for the Green’s functio@glirectly
with on="g " (AB)  apply to any two-point function given by local field operators
ih(x,y)=(7}RH(x)H(y)>, e.g., the self-energy.
Here x°=—i7 with O<7<p. Using the inverse Fourier Real-time contour integrations and traces of translation-

transform Eq(A4) and the KMS condition EqA5) we find  ally invariant two-point functions
the spectral representation

d N = e
GM(iwﬂ’ﬁ):ifz_?:ggrioizz C(x,y) chdZ AX,2)B(z,y), X,y,zeCp,
with p(p)=i[G" (p)—G™ "(p)]. (A7) TF\HC=I dx C(x.X) (AL9)
Cr

This shows that the Matsubara propagator is completely rep-
resented by the real-time functignWith the help of this we

transcribe to
define the analytically continued propagator by

dpo p(Po,K) C(p)=2> A(p)*owB(p), o=diag1,~1),
== [ SR EP, (18)
. . . . . iyjakyle{_1+}a
It can contain singularities only on the real axis. Using the
Fourier transformatior{A4) for the limits to the real axis ddp
from above and below, we obtain TrgC= E (—)dC(P) aij (A20)

G , R, A9 _ .
Ge(Po17.P)=Cra(P), Poc (A9) in contour momentum space representation.
with the retarded and advanceGreen’s functions We close this appendix by citing the formula for summa-
. tion over the Matsubara frequencies needed when calculating
Cra(X)=F1O(x)([¢(x), ¢(0)]-)5.  (AL0) quantities related to the vertical branch of the conf@4.

From this we find immediately In this paper we use this to calculate the thermodynamical

potential:
Gr(X)=GA(—x)=Ggr(p)=Gx(p), o
” d
p(P)=—2IMmGg(p)=—p(—p), Treph(p) =8V — ————h(i
Ay PR lﬂn;ﬂ (fen:P)
and from Eq.A8) and the analyticity of5.(p) in the upper
complexp, plane it follows that =-pV f(z )3 +n(p0) {h[po+ina(po)]
o(Po)p(p)=0. (A12) .
—h[po—ina(po)l}
For later use we note the momentum space properties dp
G +G" =G +G F, Gg=G -G T, =ﬁvf (h™*"+h*"). (A21)
(2m)¢

e IR
Ga=G G Gu=~iGcliw), (A13) In Eqg. (A21) we have assumed that the functiois analytic

below and above the real axis and that the trace exists. Usu-
which follow immediately from EqstAl), (A7), and(A10).  ally this is only the case for the regularized or renormalized
We also make use of the expressions for the real-timgunctional traces. It is also clear that due to the exponential
Green’s functions in terms of the retarded Green's functiondamping from the Bose-Einstein distributi¢A18) this part

which follow immediately from Eqs(A7), (A1l), (A18): of the integral has a superficial degree of divergence reduced
iG~(p)=iGr(p)+[O(—po)+n(po)1p(|pol,B) by 1 compared to the first part, which is not damped byran
o factor.
(A14) Equation(A21) shows that the thermodynamical potential
iIG*(P)=[O(pg)+n(Po)1p(|Pol.B) —iGr(P), can be calculated from real-time quantities since the analytic

(A15)  continuation of the Matsubara Green’s function needed on
the right hand side is unique and can be obtained from the

iG™"(p)=[O(—po)+n(Po)]p(|Pol.P), (A16)  retarded Green's function as well; cf. EA9). For a more

) — n = A17 detailed analysis of the analytic properties, see 2§ and

IG™(P)=[O(po) + (o) Ip(|Pol.P). (AL7) for the general case of Wigner function representations in the
and theBose-Einstein distributiodefined as nonequilibrium contexf11].
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