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Particle velocity in noncommutative space-time
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We investigate particle velocity ir-Minkowski space-time, which is one of the realizations of noncommu-
tative space-time. We emphasize that arrival time analyses by high-eperays or neutrinos, which have
been considered as powerful tools to restrict the violation of Lorentz invariance, are not effective in detecting
space-time noncommutativity. In contrast with these examples, we point out the possibilitpvihanergy
massive particleplay an important role in detecting it.

DOI: 10.1103/PhysRevD.66.105003 PACS nunider11.30—j, 95.85.Pw, 96.40-z, 98.70.Sa

I. INTRODUCTION X 10'® GeV by the detection of rays from Markariar(Mk)
421 as pointed out in Ref§7—10. They examined the en-

It is believed that general relativity describes the large-ergy dependence of the arrival time of photons and compared
scale structure of space-time, and it has revealed the histoiywith the observations of Mk 421 to obtain this constraint.
and present state of our universe. The direct evidence for the In general, however, it is plausible that not only a disper-
validity of general relativity in a strong gravitational regime sion relation but also other relations such as energy-
will be obtained by the observations of gravitational wavesmomentum conservation laws might be altered in Planck
from inspiraling binaries in the near future. Little is known scale physics. A particle velocity in such models may be
about the small scale structure of space-time because graviggalitatively different from that in the MDR models. To in-
also should be quantized consistently in such a regimevestigate these features, we employ a model called
which has not been completed yet. The physics of small«-Minkowski space-time, where noncommutativity is intro-
scale structure is important because there are some phenogticed agx',t]=i\x' [11-13, and we compare a group Ve-
ena in our universe for which such physics may be needed t®city in the x-Minkowski space-time evaluated in our pre-
describe them, e.g., the birth of the universe, space-time sindous papef6] with that in the MDR models. The properties
gularity, and ultrahigh-energy cosmic rays. The last one i®f this group velocity were also investigated in Rfgif4].
one of the main topics of this paper. This paper is organized as follows. In Sec. II, we review

Although we do not have the coherent theory of small-the previous discussion in the MDR models. After introduc-
scale structure, several attempts have been made to extractiitg the x-Minkowski space-time in Sec. I, we discuss the
information and effects. Among them, the simplest way isparticle velocity in this model in Sec. IV. In Sec. V, we
modifying the dispersion relation that leads to the violationconsider the observational possibilities of time delay by
of Lorentz invariance. We call the theories obtained by thiscomparing a particle velocity in the usual Minkowski space-
method modified dispersion relatigMDR) models. time with that in thex-Minkowski space-time and MDR

The violation of Lorentz invariance appears in the contextmodels. We show that the space-time noncommutativity does
of string or M theories, where the space-time structure isnot affect the velocity of massless particles, which implies
modified to include the space-time noncommutatiViiy.  that the arrival time analysis by rays isnot useful to detect
Space-time noncommutativity also arises as a result of defothe space-time noncommutativity. We also discuss a possibil-
mation quantizatioi2]. By using the MDR models, the ro- ity that the space-time noncommutativity might be detected
bustness of the spectrum of black hole evaporation and of thiey using low-energy massive patrticles. In Sec. VI, we sum-
fluctuation generated in an inflationary cosmology were disimnarize our results and mention future work. We use the sig-
cussed 3,4]. Remarkably enough, it was discussed that thenature (—,+,+,+) and units in whichc=#=1 below.
anomalous detection of the ultrahigh-energy cosmic rays be-
yond the Greisen-Zatsepin-Kuzmin cutoff may be observa-
tional evidence for the violation of Lorentz invariancg6].

It has been discussed that there is a severe constraint on Although there are various ways to modify the dispersion
the energy scale where the Lorentz invariance might be viorelation, we consider here the form in RE8] as p?+ m?
lated, i.e., the scale of quantum gravi®G) as Eqe=7.2 =E2[1+f(E/EQG)], wheref is a model-dependent function

andEqg is the effective energy scale of quantum gravity. For
simplicity, we assume that is an analytic function. Al-

II. MODIFIED DISPERSION RELATION MODELS

*Electronic address: tamaki@gravity.phys.waseda.ac.jp though, in generaf, andEyc may depend on the species and
TElectronic address: harada@gravity.phys.waseda.ac.jp properties of the particld®], we do not consider this possi-
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limit, E<Eog, the above dispersion relation becomes generators of the-PoincarealgebraP, satisfy the following
QG K
commutation relations:
2+ m?=E?+ ¢E7 (2.1 i
P m== EnQ—Gz' ’ ) [M/LV!Mprr]:l(n,urerp_ 77,WM vo
. + Ny, M o 77V0'M )l (31)
up to the lowest correction. We have chosgn=1 andn P e
=3 is the integer, which is determined by the form of the [M;,po]=0, (3.2
function f. Note thatE<m for £&=1 in the low-momentum
I|m|t. _Th|s type of dispersion relation als_o appears in the [M,pi]=1 €ijcPk 3.3
Liouville string approach to quantum gravitg5].
The velocit in this model is obtained by differen- ;
YU NDR y [Ni,Pol=ipi, (3.4

tiating the dispersion relatio(2.1) with respect taop,

dE  2VEZ—m?+ ¢EVEQS

o 1 2pohy 4 N 2|
[Ni.pj]=—idij| 5 (1~-e PoY) + 2P| TINPIR;

UMDRI= 3~ = — —. (2.2
dp  2E+n¢E" YEQS (3.5
It should be noted thaty,pg depends on the energy even for [p..p,]=0 (3.6)
massless particles because of the correction term. We can pomve
make use of the energy dependence to redigs. where M; =3¢, M, N;=Mg,, andp, are generators of

Let us consider a ray from the distant source. We ap- rotation, boost, and translation, respectively. The Greek and
proximate the velocity of they ray by expanding Eqi2.2)  Roman indices take the values from 0 to 3 and from 1 to 3,

by E/Eqg to respectively. We abbrevia@ipi2 asp?. We can recover the
£n—1)( E \n2 ordir?ar_y commutation reIaFions of _the_ Poin'caarh;]ebra in
Umpr~1— _) (2.3  thelimitA—0. The dispersion relation is determined by the
2 Eqc eigenvalue of the Casimir operator that commutes with all

. , elements inP,:
Although the correction term may be very small, the differ- “

ence of arrival time depending on the energy of the photons

may become large enough to measure if $heays travel a ZCLMF)O)_ ple MPo= ZCLM, (3.7)
very long distanc¢7-10]. The time delay is evaluated as A2 \?
_ L L where the rest mags is defined as the energy withy=0.
ot= vwor(E1) - vvor(E2) The coproducta\: P, —P,® P, of the basic generators are
n—1)&L AM)=M;®1+1M;, (3.9
~(2E%(E22—E22), (2.4) o '
QG A(Ni):Ni®1+ep0)\®Ni_)\6ijkpj®Mk! (39)

wherel, E;, andE, are the distance from the source to the

Earth and the amounts of the energy of particles 1 and 2, A(Po)=po®1+1@po, (3.10
respectively. \
One of the examples of this kind of analysis is the arrival A(p)=pi®@l+etap;. (3.1

time analysis byy rays from Mk 421 (~150 Mpc from the

Earth. It was reported that rays in the energy range be- The above coproducts gf,, Egs.(3.10 and (3.11), are
tween 1 and 2 TeV arrived at the Earth within the time dif- interpreted as the non-Abelian addition law of energy mo-
ference~200 s[7]. Then,Eqg is constrained tEqe=[3.6 ~ Menta for particles 1 and 2 as

X (n—1)(n—2)x 108¥)¥"-2)x 10> GeV. Since the value N

of n has been assumed to be 3 in most of the previous works, (E1,p1) +(Ez,pp)=(E1 +E,p,pi+eFipy), (3.12

it has been concluded thBt,c=7.2x 10'® GeV. We should o _ .
note, however, thah may be 4 or larger. In this case, the Where we identifyp, with energyE. Note that the associa-
constraint becomeg o= 1.5x 10 GeV forn=4 and Eoc tivity of the addition law is given by the coassociativity (
=7.6x 10’ GeV forn=>5. Hence the constraint may become ®id)OA=(id®A)OA. The coproducts of other elements

quite loose compared with the previous reports. in P, are extended asA(1)=1©1 and A(MM')
=AM)A(M"),VM,M"eP,. We can check the consis-
Il -POINCARE ALGEBRA AND s-MINKOWSKI tency betwe_en this extension of the cop_roducts as an algebra
SPACE-TIME homomorphism and the commutation relation, i.e.,

A[M, M"]=[AM,AM']. This consistency guarantees that
Here, we review thec-Poincarealgebra[16], which has the «-Poincarealgebra is form-invariant for multiparticle
the structure of a Hopf algebr@uantum group[17]. The  systems.
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The asymmetry of the coproducts for the permutation of
particles is called noncocommutativity. The nhoncocommuta-
tivity of the coproducts for the translation sectb€ P, has o nip Xt
two important meanings. One is that the noncommutativity =2e"’e"co
of the k-Minkowski space-time is a direct consequence of
the noncocommutativity. Elements in the-Minkowski where we neglected the terms that vanish in the liny

space-time are defined as linear functionals on the translation 0. Th . ; .
. ) . . The group velocity, of this wave packet can be writ-
sector,T*:T—C. The products im* are defined in terms of - group wi P

I'=(e-aep-ap T Y(E+AEp+ap

Ap eEAEt
— | x+ Ap

, 4.3

e)\E

coproducts inT, i.e.,,Vx,ye T* andVpeT, ten as
dE
(xy,p)=(x®y,Ap) (3.13 v|==e)‘Ed—p. (4.4
=2 (X,Pa@){¥:Pa2): (3.14  There remains ambiguity in constructing the wave packet
a because of the noncommutativity of the space-time. Another
possibility is

where we write the coproducts a@§(p) ==X ,Pa1)® Pac2)-

With the duality relationgx*,p,)=—id’ , this leads to the AE’ Ap )4 (E.D)=(E+AE D+ A 4
following commutation relationf11]; (AE%APD+(EP=( AP 43

In this case, the corresponding group veloaityis

[x,x°]=irX, (3.15

0,01—Q 31 _(1 \ dE)ldE e
[x",x"]=0, (3.16 vre=| 175 e (4.6)
[x,xI]=0. (3.17)

These velocities can be expressed explicitly in terms of the

The other is that the noncocommutativity leads to a de_functlons ofE andm by using the dispersion relation. By the

formed group velocity formuld6], which is different from definitions ofv; andv,, we find
the usual velocity formulalE/dp, as will be shown in the \E/2
next section. e \/2[cosi()\E)—cosr()\m)]n @
We can also define differentiation, integration, and Fou- Yl |e*E—coshAm)| - '
rier transformatiorf18]. The plane wavegb(E,p)=e”""e'Et i

in
the k-Minkowski space-time introduced i9,20 respects

e E2,[2[ coSH\E) — cosham)]

the non-Abelian addition law of energy-momenta in the v, = e, (4.9
sense |e *E—coshAm)]
W, o, ) =€ P FEF1le P2 XelE2 (3.189  wheree:=p/|p|. We find that the velocities have the same
direction as that of the momenta. Note also that there is a
= (e, e, 0+ NEapy - (3.19 ;:}oiel-)spondence between the transformatians —\ and
| re
These velocities were also investigated by Lukierski and
IV. VELOCITY FORMULA Nowicki and the following facts were pointed out in Ref.

[14]: (i) v;:=|vy|, v,=|v,|<1 for all energiesfii) dv,/dE
>0, dv, /dE>0; and(iii) v, has a classical velocity addi-
tion law, i.e., the addition of parallel velocities, andv,,
becomes

From the properties in th&-Minkowski space-time in
Sec. lll, we can establish group velocity formulas. For this
purpose, we consider infinitesimal changes andAp in E
andp, respectively, as a result of addingE’,Ap’) as

Ur1tUy2

(E,p)+(AE',Ap')=(E+AE,p+Ap). 4.1 e r—

4.9

By the addition law3.12), we have If the boost generatoN; were an even function fox, this

A addition law would hold even fop, because of the corre-
(AE',Ap')= AE,_p _ (4.2)  spondence mentioned above. However, this is not the case.
e'E We postpone the interpretation of this asymmetry to future

work.
Next, we construct a wave packet by superposing plane Next, we discuss the application of the above velocity
waves. Here we only consider two waves for simplicity, formulas. In the MDR models, since the energy scale of
whose momenta and amounts of energy are different infiniguantum gravityEqg is introduced perturbativelysee Eq.
tesimally from each othdi21]: (2.3)], it is reasonable to apply the velocity formulas under
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TABLE |. Approximation of the velocityv, in the casg\E| at the lowest order ofi/E and E/Eqg in the MDR models

>1. and\E in the k-Minkowski space-time, respectively. When
m=0 in the MDR modelsEqg can be constrained by the
E/m>1 NE-m)|<1 rays from the Mk 421, as mentioned in Sec. Il. However,
>0 PN > NE=m) sincev;=1 for massless particlegve can confirm this is
"0 l+e 1/[2 hCOSH()‘m)] mji) also true for all orders okm and\E), \ is not constrained
= coshim) 2" (m—E) by massless particles. This is an important result since it

shows that there are a wide variety of candidates for the
theory of quantum gravity, for some of which the scale of
quantum gravity is not constrained by present observations.
The situation changes for massive particles since the lowest-
_order correction appears in the coupled form with the mass
%f the particle in thex<-Minkowski space-time, while that of
the MDR models does not depend on the mass of the par-
ticle.

First, we consider neutrinos from supernovae with energy
,~10'% eV to detect space-time noncommutativity. We as-
X X ! i ume that the mass of an electron neutrino and all the param-
faster than that in the Minkowski space-time as the energy Ofters necessary to describe neutrino physics are determined

the particle increases. However, <0 andE/m>1, the  py oiher experiments and observations, and use the delay of
difference of the velocity from 1 becomes large as the masgye grrival time between the neutrinos and gravitational

of the particle increases. Note thafif(E—m)|<1, we ob-
tain [Am|>1 by using the conditiof\E|>1. SinceE—mis
written asm(l/\/l—UZM—l) in the Minkowski space-time,

the conditionE<Eqg, while if we apply the velocity formu-
las in thek-Minkowski space-time, the energy range is not
restricted.

scale, i.e.|]\NE|>1. Since we can obtain the information
aboutv, by using the transformation— —\ tov,, we only
examinev, below. We evaluate the velocity in the follow-
ing limits (see Table )l WhenA>0 andE/m>1, we can
find that the velocity of massive particles approaches 1 mucg

waves to evaluate the scale of quantum gravity. In this case,
the delay of the arrival time is

whereuv), is the velocity in the Minkowski space-time, we Lmi 1
can rewrite the conditiof\ (E—m)|<1 as|Am(1/\1—v2, ot~ 2E, E_VH‘ : (5.3

—1)|<1, which leads ta ), <1 because ofim|>1. Then,

we findv,=vy2Am andv,=e ™y —2xmfor A>0 and  Since neutrinos are emitted continuously during about 10 s,
for A<0, respectively. Thus, we find thaf for the case it is impossible to determine the time when the neutrino is
x\m|>1 is quite different fromv,, which is a good ap- emitted more accurately than that time scale. For this reason,
proximation for describing a velocity of macroscopic bodiesét=10 s is necessary to detect the effect of quantum gravity.
in our world under the conditions we are considering. ToAs for A, since there is no restriction from the arrival time
describe a velocity of macroscopic bodies in theanalysis ofy rays,\ may take a large value. However, by
x-Minkowski space-time, we must consider carefully whatconsidering reaction processes by collider experiments, we
are the energy and the momentum, since these quantities a#an restricfx|<10"*2 eV~ ! since the threshold of the reac-
obtained by a total sum of those elementary particles accordion will change drastically fof\|>1/Ey,, whereEy, is the

ing to the addition law3.12. The above discrepancy may be threshold energy in the Minkowski space-tirf@. Then,L
explained by this reason. Below, we only consider elemenbecomes far longer than the horizon scale in the present uni-
tary particles and restrict the discussion to the cage|  verse even if\|=10"*? eV~ 1. Thus, it is difficult to detect

<1. this effect in this phenomenon.
Neutrinos fromy-ray bursts in fireball models have a dif-
V. MEASUREMENTS OF THE EFFECTIVE SCALE ferent energy scale. In the bursts, neutrinos with energy
OF “QUANTUM GRAVITY” BY MASSIVE PARTICLES ~10" eV and y rays are expected to be radiated away in

_ _ _ _ ~1 s[23]. We show that we cannot detect space-time non-
In this section, we compang with vypg and discuss the  commutativity even if we neglect the dissipation of theay.
possibility of detection of an effective scale of quantum|n theEs1//\| case, we can evaluate the delay of the arrival

gravity by observations and experiments. The behavior of thgme of neutrinos compared with therays from Table | as
velocities is quite different depending on the mass and en-

ergy of the particle. Hence, we consider two limiting cases: L & )
(i) the “relativistic” case (n<E) and (i) the “nonrelativis- ot~5e [1+2(Am,)°] for \>0, (5.4
tic” case (m~E) [22].

In the relativistic casen<E, and under the assumptions L
E<Eqe andE<|\ ", vypr andv, are at“5(7\%)2 for  A<0, (5.9
2 n-2
vmpr~1— E(T) _&n=1b i) , (5.1 Where we have used the conditidBm>1 and|xm|<1. If
2\E 2 \E we assumedt~1 s and|\|=10"1? eV, the path of the
5 5 particle’s travel becomes far longer than the horizon scale in
py~1— E(T) n Am? (5.2 the present universe. In tHe~1/\| case, the arrival time
2\E 2E "’ ' delay cannot be described in a simple way. There is, how-
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ever, no qualitative difference from the above case. Hence, if the resolution for the measurement of the time lag is
is difficult to detect space-time noncommutativity by this ~10 s and|\|=10 eV !, we can detect space-time
method. noncommutativity.
Next, we examine the nonrelativistic case;~E<Eqg
(or IN"1]). The velocity in each model is VI. CONCLUSION
> We have investigated what are the qualitative differences
VR~ \/1— (T) of thg velocity formula in thec-Minkowski spgce—time from
E that in the MDR models. Most of the previous papers had
adopted the MDR models since they are among the simplest
models of quantum gravity. However, many of the MDR
. (5.9 models do not have a physical foundation in how the correc-
tion terms naturally arise in the dispersion relation. For ex-
A2 fample, sinc_e the usual Lorentz transformation _had been u_sed
(1+ _) (5.7) in the previous work, one could not have avoided the exis-
2E tence of a preferred frame as a result. Since we have taken
, __the position that the existence of a preferred frame is not
Note that the absolute value of the correction for the Veloc'tyfavorable, we have considered theMinkowski space-time
in the «-Minkowski space-time decreases with energy, whileyhere the deformed Lorentz transformation and the de-
that in the MDR model increases. Although in the low- formed dispersion relation arise as a result of the deforma-
energy limit the dispersion relation in the-Minkowski  tjon quantization.
space-time has the same form as that in the MDR models, we have found that since massless particles move in a
the correction for the velocity is quite different. constant speed in the-Minkowski space-time, the arrival
Because of the above difference in the correction termsime analyses byy rays are not capable of detecting the
commutativity can be detected by the use of the low-energgnows that it is difficult to constrain all kinds of Lorentz
massive particles. Here, we consider the ultracold neutrongyariance by a single experiment. Therefore, we need to
with energy E,—m,~10"2 eV [24]. Since the mass of a investigate specific models individually. We have also con-
neutronm, is measured with high accuracy, we can estimatesidered the possibility to detect space-time noncommutativ-
the time interval in which the neutron travels the intendvanh |ty by |0w_energy massive partic|es' In our modeL if the
the Minkowski space-time. If a time lag is obtained in anyesplution for the measurement of the time lag is given by
experiment, it can be interpreted as the effect of space-time. 107105 jt is possible to constrain\ to I\|
noncommutativity. This time lag is calculated in the =10-18 ey~1 Although these features have not been inves-
k-Minkowski space-time as tigated so far, they may be important.

" E2(1—n)+nm2( E )”2

EZ_ m2

&
1+§

m
V= 1—(E

2
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By substituting the value of the apparafi&s], L~100 m,
we have
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