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Stability of the nonextremal enhan®on solution: Perturbation equations
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We consider the stability of the two branches of nonextremal emmasalutions. We argue that one would
expect a transition between the two branches at some value of the nonextremality, which should manifest itself
in some instability. We study small perturbations of these solutions, constructing a sufficiently general ansatz
for linearized perturbations of the nonextremal solutions, and show that the linearized equations are consistent.
We show that the simplest kind of perturbation does not lead to any instability. We reduce the problem of
studying the more general spherically symmetric perturbation to solving a set of three coupled second-order
differential equations.
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[. INTRODUCTION interesting to extend our work to consider the stability of the
nonextremal fractional brane solutions [df9], which are
A key issue in string theory is the role and physical inter-more closely related to asymptotically AdS cases.
pretation of singularities in supergravity solutions. Some sin- In Sec. Il, we review the extremal and nonextremal en-
gular solutions, such as negative mass Schwarzschild sollran®n solutions. There are two branches of nonextremal
tions, are genuinely unphysicdl], and are simply excluded solutions, arising from an ambiguity of a choice of sign in
from consideration; no corresponding source exists. Stringhe solution of the supergravity equations. One branch joins
theory provides resolutions of many other singularitieson to the extremal enhaan solution studied previously, and
through various mechanisms. Recently, new singularity rescalways has a shell of branes outside the horizdhe pro-
lution mechanisms have played an important part in the unportion of the energy carried by the shell and by the black
derstanding of field theories with partially broken supersym+ole inside the shell in this solution was not determined at
metry in the anti-de Sitter—conformal field theofdS-  thjs supergravity level; a better understanding of the internal
CFT) correspondencf2—7]. A simple example of this new dynamics of the shell is required to obtain a unique solution
cla_ss of mechanisms is the resolutlon of the repulson singug, given asymptotic chargasThe other branch appears at a
larity of [8,9] by the e”haf.“m mechamsrrﬁlo]. . finite value of the nonextremality parameter. Above this criti-
Generally, one of the simplest questions to consider fronl:al value of the nonextremality, both types of solution are

the t.)u'lk spacetime side of 'ghe AdS-CFT correspondence ISossible. At large energies, the effects of the D-brane charges
the finite-temperature behavior of the theory. One would ex: hould be negligible, so the solution with a horizon, which

pect that the theories with reduced supersymmetry shoul | ; imatelv th | h d black

have interesting phase structures. At high temperatures, o hgrl argle tr_nasshls ?Eprquaﬁ Yy el gsﬁa _uncoar?ﬁ ﬂ?c

would expect to find that the partition function is dominated olé solution, has the night physical behavior. On the other
hand, if we begin slowly adding energy to the extremal en-

by a black hole solution, and there may be some symmetr il obtai luti the b h with a shell

breaking phase transitions as the temperature decreases. gnon, Yée Wi ot tﬂmt?hso ution on the {e}qcl tWI .'"t‘.s eb '
tempts to investigate these issues by studying black hole s ve would expect that there IS some nontrivial transi '02 e
lutions on the AdS side were made[itl—16. Considerable ween these two families of solutions as we vary the energy.

progress was made on obtaining suitable black hole solu- We aré goin_g to fogus on the linearized stabilit_y analysis,
tions. However, because of the complexity of the setup, n'?ut we will begin by discussing the thermodynamic aspécts.

exact closed-form solutions are available. n Sec. Il we will compare the entropies of the two solu-

In this paper, we will begin an investigation of the phase
structure associated with nonextremal black hole versions of

the enhapeon solution of[10], using the simple explicit so- : G ! . ) '
\e [10] g P p physics to be similar to that of the Einstein—Yang-Mills-Higgs sys-

lutions generalizing the enhamt found in[10,17). We will . )
focus on studying whether the solutions have classical instac™ (see[20] and references therginFor any given value of the

bilities which could provide the mechanism for transitionsasymptmic Charges’. only one of the two solutions shoulc_i be stable.
. . . However, to see this physics, it may be necessary to include the
between them. We analyze the linearized perturbation €qUtifects of the non-Abelian gauge fields, ag21i], which we do not
tions around the nonextremal enhancbackground, gener-
alizing the analysis of18] in the extreme case. Although the 256 interesting suggestion 1] was that in some cases, black
enhanon is somewhat different from the asymptotically AdS pgje solutions should exist only for temperatures greater than a
cases, the underlying physics should be similar. It would beyitical value. We will see that for the nonextremal enf@mcsolu-
tions with a regular event horizon exist only for values of the non-
extremality parameter greater than a critical value—that is, for suf-
*Electronic address: Apostolos.Dimitriadis@durham.ac.uk ficiently large energies. There also appears to be a maximum
"Electronic address: S.F.Ross@durham.ac.uk temperature for these solutions, but no minimum.

1Since the enhamm is like a monopole solution, we expect the
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tions, and see that the horizon branch has larger entropy at dSz:Zz—slszg1/87]deudxrur ZSIBZg/B(dr2+r2dQ)
large mass, as we would expect. We can also calculate the

specific heat for the horizon branch; for the branch with a +V1/ZZ§/825 1ISdSﬁ3,
shell, the ambiguity in the division of energy between the
shell and the black hole prevent us from obtaining a well- e2® = g27,127,~3"2
defined answer for the specific heat. stz T
Our main focus is to look for dynamical instabilities that (1)

could take us from one branch to the other. We particularly Ca)=(Zags) HdX°Ndx/AdX,
want to see whether there is an instability at some value of
the energy which could take us from the branch with a shell  C7y=(Z¢gs) " *dx°/A\dx'AdX?AVeys,
to the horizon branch, which we think should be the physical
solution at large energies. _ where the harmonic functions are
In Sec. IV, we set up an appropriate ansatz for the pertur-
bations. We consider only perturbations which are spheri- . .
cally symmetric in the transverse space and translationally Ze=1+ ) Z,=1— 2 )
invariant along the branes, as we are looking for a transition r r
between two solutions which preserve these symmetries. We
consider the most general ansatz consistent with the assum#étk parameters are related by
symmetries. This ansatz is slightly more general than the
ansatz for perturbations of the extreme entlmenconsidered gNa’'*? vV, ( M)
= r6 — ,

in [18]; we find that our more general ansatz is necessary to e — 5 M=, N

% ®

obtain nontrivial solutions of the full set of field equations.
We use the remaining diffeomorphism freedom to reduce the ) )
linearized equations of motion to four second-order equa@ndd{} denotes the metric on the unit two-sphere. The run-
tions for four functions characterizing the perturbation. Oneing K3 volume is
of these equations is decoupled from the others.
In Sec. V, we consider the stability to this decoupled Zx(r)

mode. This equation is in fact identical to the free scalar V(r)=VZS(r). 4
wave equation in this background. Since the mode is not

coupled to the shell, it satisfies simple continuous matching,_,, _ 4 .

conditions there. We reduce the equation to a oneg-i/_v*_(zm/a—) at the enhayan radius,

dimensional bound state problem, and find that the potential

is negative in a region near the shell, so one might expect r = 2V, rl1— ﬂ) (5)
that there could be bound staténd hence an instability ev-v, © 2N/’

Nevertheless, we present a general argument that there can
never be an instability associated with this mode. The idea ishe repulson singularity would occur B r,<r .

that since the equation is just the free wave equation, a con- The enhanan mechanism discovered [in0] resolves this
stant function is a solution. This implies that the bound statepulson singularity. The essence of the mechanism is that
problem has a zero-energy solution with no nodes, and as e singularity can never be formed. If one tries to assemble
consequence, there can be no bound states. the repulson from well-separated branes, the constituent
In this paper, we will not consider the solution of the otheryranes will stop behaving as pointlike objects and smear out
three coupled equations. The boundary conditions at the shglito extended solitons at a certain distance from the
will be more complicated for these modes, and we will needyouyld-be singularity; the sphere at this radius is called the
to solve the equations numerically to determine if there iSenharJon sphere. This effect is due to the appearance of
any instability. This analysis will be continued in a forthcom- gqditional light degrees of freedom, enhancing the gauge
ing paper{22]. symmetry fromU(1) to SU(2), when the K3 volume i&/
=V, =(2m/a')*. The metric outside the enhamt sphere
IIl. THE ENHANC, ON SOLUTIONS is still the repulson geometry, but the sources are distributed
over the sphere, leaving flat space inside and removing the
The original repulson geomet8,9] is constructed by singularity. This is the enhana geometry.
wrappingN D(p+4)-branes on a K3 manifold of volumé Although this singularity resolution depends on stringy
We will also consider including/ Dp-branes parallel to the physics, namely the appearance of additional light degrees of
noncompact directions of the P¢4)-branes. This leaves freedom which are not contained in the original supergravity
an unwrapped [{+ 1)-dimensional world volume in the six description, it was found if17] that the appearance of a
noncompact dimensions. There are p noncompact spatial shell at the enhamn radius can be understood from a purely
dimensions transverse to the branes. We will consider theupergravity argument. If we imagine distributing the
casep=2, so we have coordinatesé, ¢ in the transverse sources on a spherically symmetric shell, so that the exterior
directions, andx*, ©=0,1,2 in the noncompact directions geometry is the repulson, while the spacetime inside the shell
along the branes. The Einstein frame metric and fields are is flat, then the energy density of the shell will be positive
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only if the shell lies outside the enhamtradius. Thus, the C(3)=(gsazzz)‘ldt/\dxl/\dxz, (11
enhanon radius provides a minimum position for the shell.
Thus, the above geometry does not always apply for. all C7)=(9saeZ) “HdtAAXAAXE/\ Ve,
For M>N there is no repulson singularity, and we can as-
semble sources to form the geometry in Ems For M and the various harmonic functions are given by
<N however, some of the D6-branes cease to be pointlike
before we reach the singularity atr,, and will form an K=1— r_",
enhanon shell. This geometry then applies only outside the r
shell. . . (12
We will mainly be interested itM <N. We assume that e
all M D2-branes coincide at the origin, along with D6- Lo=1+ 1+ Ze=1+—.
branes, wheré®\’<M. The remainingN— N’ D6-branes lie
on an enhayan shell. The geometry inside the shell is Here
9’ =H, g Y8y, dxtdx + HY®H & (dr?+r2dQ) . ro , [To|?
rGZ_E"- 6+ E s (13)
+ V1/2H ngH (; l/8d Si?, (6)
and the nontrivial fields are and a6=F_6/r6. There_ are two choices far, consistent with
the equations of motion:
eZ(I) — ggH %/ZH g 3/2' ,
- ro » [To
- rZZ_Ei ry+ E , (14)
C3)=(gsH2) ~TdxX°Adx A\ dx?, (7)
C(7)=(gSHG)‘ldxo/\dxl/\dxz/\Vsm, anda,=r,/r,. Herer, and_r6 are still giv_e_n by Eq(3). We
have changed our conventions 0y to facilitate comparison
where of formulas involvingZ, andZg, so the repulson singularity,
o if there is one, is at=—r,.
Hoo1 ra=rz ra . Ve N'—M ® There are two branches of solutions. For the upper sign in
2 le A Eq. (14), r,>0, so there is no repulson singularity, and the
solution has a regular horizon atr. For the lower choice
re—rg TIg , N’ gSN’o/l’2 of sign, however, the repulson singularity always lies outside
He=1+ e 1 eTTe T T 2 ©) " the would-be horizon|r,|>r,, and the geometry will be

corrected by an enhaoo shell. We therefore refer to the

The constant terms in the harmonic functions are chosen tfyrmer as the “horizon branch” and the latter as the “shell

ensure continuity of the solution at the shell.

branch.” It is interesting that the appearance of a repulson

The supergravity argument can be extended to nonextresingularity in the nonextremal solutions is not connected to

mal generalizations of the enhamcsolution, which are dif-

whetherM >N, but rather to a discrete choice. Rgr>N,

ficult to study from the string theory point of view. A nonex- the extremal solution is the same as the solutioryatO on

tremal solution was first written down [1.0]. In [17], it was

the horizon branch, and we regard the horizon branch as the

found that there are two branches of nonextremal solutionsnly physical choice. FoM <N, on the other hand, the ex-

arising from an ambiguity of a choice of sign in the solution tremal solution is the solution ab=0 on the shell branch,
of the supergravity equations for the usual ansatz. The norso we need to consider both branches of solutions. We will

extremal generalization of the exterior geometry is
g2d? =2, %8z 18— Kdt?+ dxe+ dxd)
+ 232K tdr2+r2d0g) + V22375 Y i,

henceforth focus on the case whefe<N.
The shell branch exterior solution is cut off by an en-
hanon shell at

V*FG_V?Z
= (15
(10) e V_V*
the dilaton and Ramond-RamoxiiR) fields are As in the extremal case, this shell will contdin—N’" D6-
2= g2zY27 302 branes, while the interior solution witM D2-branes and
sT2 76 N’<M D6-branes is
3 : 12 —5/8 - 1/8 K(re) 2 2 2
For M>2N, there is no enhgen, and we can form the above g/ds?=H, ”°Hs "% — ——Ldt?+dx+dx5
geometry by bringing the branes in individually from infinity. For L(re)
N<M<2N, D6-branes on their own smear outratr,. We can +H§/8Hg/8(Lfldr2+rde)-i-Vl/zHg/SHgl/SdsﬁS,

still form the geometry(1) if we first form D2-D6 bound states,
which can be brought to the origin.

(16)
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whereG is Newton’s constant. For the horizon branch, this
gives

1 \/ré \/rg
— v 2 Y 2
K(ry)| Y2 Enp G o+ Z +r5+ Z +rgl, (20
C(3)= m (gsa’éHz)ildt/\Xm/\dXZ, (17
e while for the shell branch,
K(re) vz 1 1 2 2 2
_ ’ - 1 r r
C(7) (L(re) (gsa6H6) dtAdxt/\dx /\VSKg, Esb:E(ro_ \/Zo+r§+ \/Zo+r§ . (21)
where The difference between thea,=0 solutions is AE
[ =|r,|/2G. For M<N, we need to add this much energy to
Lzl__o' the extremal solution before we can get solutions on the
r horizon branch.
o The entropy and temperature on the horizon branch are
ro,—ry rj easily obtained from the metrid0), giving
H2:l+ +_,
- S = 1o+ o 7)™, (22
b=~ = = ToTl2) " (Fotre) ™,
. r(/) ) I'(,) 2 4G G
r,=— E‘f’ ry*+ E , .
The= = = . (23
Ve M—N’ " Am(rg+ 1) 1o+ 1) Y2
r2_r6v N ’ (18)
For the shell branch, we must use the interior solutitd),
L which gives
re—re I¢
He=1+——2+-2 A arl?
le r Ss — o H (r!)3/8H (r/)7/8 (24)
b 4G G PARN0] 6l'o ’
’ 1\ 2
__To 2, [Fo
re=— 5+ re’+ o5 1 K(re) vz
stz ) E ) . (25)
N 4\ L(reHa(ro)Hg(ro)
ré=r6W, On the horizon branch, we see that the temperature is a

andag=r4/r,, ab=r4/r}. Note that we have introduced an

independent nonextremality scalgfor the interior solution.

Implicitly rg<r.in order that the interior black hole actually
fits inside the shell. We have taken the horizon branch for th(%)

interior solution, asN’ <M.

The shell branch solutions have an additional paramete

monotonic function ofy, and hence the specific heat is al-
ways negativé.For the shell branch, we cannot evaluate the
specific heat, as we do not knay(r).

The ambiguity in the interior solution on the shell branch
revents us from comparing the entropies of the two solu-
ons for most values of the parameters. However, we can

p1ake a comparison at large energies, whgnr,,rg. Then

ro,» which is not determined by the asymptotic charges of the 2

solution. It was argued ifil7] that this was simply a weak-

)

~2G' Sw= g ~47CEw,

Enp (26)

ness of the supergravity excision procedure, and that a better

understanding (.)f the physics of the shell shlou.ld fix t_h|s Pa5s for an uncharged black hole, while for the shell branch,

rameter. We will not attempt to resolve this issue in this

paper, but will simply consider the stability of the shell WENIVIREL:
S

branch solutions for arbitrary<rg,re. Eqp~ _o |~
o

o2 [V,
4G’ UG v

3/8
v) ~167mGE

ll. THERMODYNAMICS (27)

We would like to briefly compare the behaviors of the two

branches. The ADM energy density for these solutions is *As a consequence, the conjectur¢28] presumably implies that

if the x; ,X, directions are noncompact, this solution has a Gregory-
Laflamme type instabilityf24]. This is not the instability we are
interested in considering, as it seems unlikely to mediate a transi-
tion between our two families of translationally-invariant solutions.

- (2rg+T,+1g)

4G ' (19
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Sincery<rg, andV, /V is a small parameter, we conclude b=+ 5, (32)
that the entropy is larger on the horizon branch at large mass.

Thus, at least for large fixed mass, we would expect theind RR fields

horizon branch to dominate.

It would also be interesting to compare the entropies at 6(3)=C(3)+ dC3), 6(7):C(7)+ oC7)- (33
fixed low temperaturéso againry>r,,rg). Unfortunately,
this is not so straightforward. On the horizon branch, Here
1 1 1=+ 0, Zp=Z5(1+8Zy),
T~ 2y S~ 167672 28 B i
Ze=Zg(1+ 6Zg), K=K(1+ 6K), (34)

but on the shell branch,
the harmonic functionZ,,Z¢,K are as in Eq(12), the un-
1 ro) Y2 perturbed dilatong is as in Eqg.(11), and the RR potentials
( ) , (290 are as in Eq(11). The first-order perturbations are all func-
tions of (r,t) only, while the background quantities are func-
tions only of r. We look for perturbations of the form
SO f(r)eiwt.
5 a8 Our ansatz is slightly more general than the ansatz
Ssbm_(l_ _) adopted in the study of perturbations of the extremal en-
hanon geometry if18]. We have introduced three new per-
38 o1 turbation functions,dy,, di3, and 6K. As we will see
- - (1_ "o (1_ r_O) . (30) shortly, we can choose to séK=0 by a gauge transforma-
16mGT? le r tion. The first-order functiondys; is the only thing that
breaks the rotational symmetry betwerp and x,. As a
Thus, whetheBs, is smaller or larger thaB,, in this regime  consequence, it decouples from the other perturbations. We
depends on how closg, can be tory. Surprisingly, if itis  could set it to zero without affecting the other modes; in-
sufficiently close S, can be the larger. stead, we retain it, and study it independently of the others.
Thus, we see that thermodynamic considerations suggeshis provides us with a single simp{but nontrivia) pertur-
that at least for large masses, the horizon branch should Hetion equation, which we study in Sec. V. One might think
the preferred one. Detailed investigation of the thermodythat §i/, would also decouple, as it breaks the boost symme-
namics is hampered by the fact that we do not know nfw try betweent and x;,x, which Eq. (10) respects. However,
varies with r,. Black hole thermodynamics depends onthe assumption that the perturbations depentdamd not on
studying the static vacuum solutions as functions of the pax;,X, also breaks this symmetry, so we will find théd,
rameters, so the presence of an unphysical one-parametepuples to the time derivatives of the other perturbations, and
ambiguity in our family of solutions is a serious impediment. it is not possible to set it to zero. That is, it is necessary to
consider the more general ansatz containdyg to satisfy
IV. PERTURBATION ANSATZ all the field equations, even in the extreme case.
We will now consider the full set of linearized equations
We now turn to our main objective, the consideration offor the perturbations. The gauge field equations give
the stability of these solutions. We wish to consider the sim-
plest set of linearized perturbations of the enjftamnsolutions
which could provoke a transition between the two branches.
We will therefore assume that the perturbations preserve
many of the symmetries of the backgroudd). Specifically, and
we assume the spherical symmetry in thgp directions,
translational invariance in; andx,, and the discrete sym-
metries undex;— —X;, Xo— —X,, ¢p— — ¢ are preserved.
By a suitable choice of coordinates, the most general pertur-
bation consistent with these symmetries can be written as thehe linear part of the stress tensor only involvgsC 3y and
metric d,6C 7y, SO we can substitute Eq®5),(36) directly into the
stress tensor.
gld=e "7, Y%7 VA — Keadt? + e~ (202t dagy2 There are seven distinct equations coming from the lin-
o earized Einstein’s equations: six different diagonal compo-
+e~ (WR2002=dsqy2y + 7127 VA K~ 1dr?+ r2d032) nents, and an off-diagongtr ] component. With the dilaton
equation, this gives us eight equations; but with the gauge
+VV2Z3%7 V2, (31) field perturbations fixed by Eqg35),(36), there are only
seven undetermined functions in our ansatz. The problem
dilaton seems overdetermined, so it is important to ask whether there

Tsp~ -
47TI’6 le

e

1
5,- 5C(3): - 5(45224' 5¢_ 5l/f1) 8rC(3) (35)

1
0 8C (7=~ 5 (4525~ 35¢+35y1)C7y.  (36)
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will be any nontrivial solutions of the full set of equations. !

We have written down the most general perturbation consis- 5Kd=(?+ 7] or—29.4r,
tent with the symmetries we have assumed, so we expect

there is sufficient redundancy in the equations to admit non- S¢pd= ¢’ or.

trivial solutions.

In fact, we can see directly that there are nontrivial solu-Since this particular perturbation comes from a coordinate
tions to these equations, using a trick frf#%]. We observe transformation, it must solve the equations of motion. Thus,
that the ansat£31) does not completely fix the gauge, as there are nontrivial solutions of these equations. Of course,

there are infinitesimal diffeomorphisms which preserve itsV€ &re not interested in solutions which are pure gauge, but
form. Namely Sthis serves to demonstrate that there is some redundancy in

the equations.
tt' =t+e“st(r), r—r’'=r+e°sr(r), (37 This diffeomorphism contains an arbitrary function; since
we are not interested in pure gauge perturbations, we should
with fix this additional gauge symmetry. We can do so by setting
one of the perturbations to zero. It is convenient to choose
o ZyZg 6K=0. There remain diffeomorphisms which will preserve
I Ot=lw— 7 or. (38 5K=0: these have
If we apply this diffeomorphism to the nonextremal en- dr=ark® (40
hanon geometry(10), we obtain a metric of the forn8l)  gnqg
with

St=iwa +(F2+F6+r0)r

~ ~ r
§ . 4 2 2 (ro+rz)(fo+re)|n<r__1
5lﬂl= ¢ —§ 5r—§a,5r—§|w5t, 0

+iwb, (41)

1 2
4 4 4 T
61,02 ——5r+ 3(9 or+ §|w6t,
wherea andb are arbitrary constants. The perturbati¢89)

7! 39 with this ét, or then give a two-parameter family of solu-
623= 6 + o, tions of the linearized equations witiK =0. We will exploit
Zg this remaining coordinate freedom to simplify the equations
later.
zZ, 2 2 2 i - ibuti e
d 2 : Having set6K=0, the contributions to the Ricci tensor
—+—|or—= —-= . : -
022 Z, 3r or 3 oo 3 wdt, linear in the perturbations are

1. . K?2 2 2 2
ORy=—(28Yn+ 98Uy —562,+36Z¢) + =5—-| 16 Suiy+ — biph | — 8| Sy + — 6y} | — 8| 625+~ 6Z)
4 327,74 r r r
8l 527+ 2 57:| + 16500+ asur 1o—+5 2, % —5Z. Z’+ 6 + 571 32K,+15é+3ZG
61 1 96 '//2? 1 2—2 2—6 2 22 Z. 6 7, "7,
z52 K'Z, Z§¥ K'Z§
+(8tpy— 6Z,— 6Z¢) 10— 10——+ —2—2—— (42)
Z; 7% K Zg
1 1 . . . . K?2
5+=6Rtt+5K(5R11+5R22)=Z(5¢2+85¢1—6522+2526)+ﬁ S+ — &pz
, 245rh— 3281 — 24571+ 85Z5) 152—,2 1 K12, 76 K7 4
+?( o — 326 — 6+86Z5) 8y, 72 5——24‘32—%—3?2—6 (43
5 =K(8R;;— SR 5y < 8| syt 25 L | — 88y , b 5Zéz K'Z, 2z K Zé
-=K(6R11= 6Rpp) = ¢3+82—2Zs —8| oYt Y3 | — 8Pz + Sys| — 27Kz, 2K,

(44)
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SRy =~ | 481 + 1680, 852y + 8574 260y + S| — 8w+ 522 1 2, Ze A pas 52”1 %
w=g| 4o Y —85Z, 6~ 20y T On| — 8 Z, 7. 2\ 4K 57,7 7,
+6Z 4K, + 3Zé Zé) } (45)
6 K 'z, Zg|

!

726~ 2462+ 40525~ 165y + S| —

2,2 . . . 1 16 Kz, Z
SR =47 (= i+ 625+ 626)+ 35 40— 122280

K 2 ZG
+ 67} 272’ ,+5z 16+32—’ 152—2 35ﬁ 46
2 Z_Z ZG 6 K 22 ZG ( )
rZZ rekl o , , 80, K’ Zg
SRpy=—r(— 5¢1+522+526)+ > 86y, —86Z;—-85Z +5¢1 +1§ +28—
+ 67, = 8 < 32, 72, +6Zg| — 2 K +9 +2 4
2 K %2, 'z, 6 > jZ (47)
and
\/VZZ y - \/VK " 2 ’ " 2 ’ " 2 ’
SRl K3]= —— (= dyn+ 625~ 526)+32Z S+ — 8yl |~ 8| 6Zy+ 62y | +8| 5Zg+ 624

! /

Z,
+5l/fl(8?+1 —2—42—6

K’ / /

8——3—+—

+6Z)| — 8 7.

A B
_+ Z, 7Zs

Z2 Kz, zk2 Kzt
2 6 6) (48)

2
+526( —62—54-6?2—24-22—%—2?2—6

where we have introduced certain combinations which simplify the resulting equaitis'rgnifies&t, and’ signifiesd, .
The linearized Einstein’s equations give seven equations. First, there are the simple equatiohs &mahd, , which are,
respectively,

ZZZG N " ’ 2 '
v5¢3_5'//3_5‘//3 F+? =0 (49)
and
2226 Wy Y = = " ! 2 ’ ’ ’ ! K,
o7 (8l + 80— 682y 2026) + 38Yy+ 38Yh| < | +(— 400}~ 3674+ 0Z)) =0. (50)
There are three more independent second-order equations,
2222855 L oszre szt — 2ol s : cop -2 4Zé + 62, 2, KT8, 522 Z K Z
TKZ 98 6 6l r K TZg £l Zs 2 T K T Zg 64 _é K Zg
+(36¢h+ Sipy— 6Z 2 K Z =0 51
(360+ 6y 2) Z_é Kz O (51)
22228 4 5 4 26+ 570 +6| 520+ 2670 + sy 4 —1 2 R s 2 T sz 3 9Z,
K2 (46¢ o 6) 2T 04 W K %2 2>k 737, 6| 9K ~Z,
3(6 56 567Z,—36Z Zéz K,Zé 0 52
—3(0¢p—56y1+56Z,—36Zg) z_g_?Z_z =0, (52

and
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2,76 _ . ) . o (1aa K7y 74 , Kz, Z}
~ 8= 7 (T8in+ 200y~ 362y + 626) + 24805+ 0| —— + 40, —125° +365° | +6Z)| — —— 4 +3=- — 9"
K r K . U7 Z, Ze
voz| Paad D% 0B 43— s 559y 557,+ 367 2 _K'Z +9(— 38— Sy + 8Z,+ 6Z
o| v T2 —97 T2l (—=6¢p+56y, 2 6) Z Kz, (—=38¢p— 6y + 6Z,+ 6Z¢)
22 K’ Z§
Z—g‘?z:)— 63

The remaining Einstein’s equations give us two equations which are first order imtegrating ther equation int gives

48y5+ 168y, —86Z,+86Z¢— 26 K,+5 ,—|—5 2 : +6Z 4K, 52é Zs +6Z 4K,+3ZZ Zs
) =867, 6~ 201+ 0| —8~+55- Ze 2\ 4 57,7 7, 6 K 32,7 7
+ 6 L, g0 =f(t) (54)
Z, Zs ’
and a suitable combination gives the equation
62—26 Ay + Sifp— 262,+252)— 86 ’K,+5 4 K2 8—6 + 62} 32+16K—, 1 £+4Z"5
Kz( 1+ o 2 6) 'ﬂzK 1 %2 7. 2 K , Y7,
S8Z; % 16K— 1 Z 28Z— o 4Z, 1 Zs 1) 6Z o Zé 4Z 4K/ Zs
ToZg| ——— 7, +6¢'| —45—+ % + (61— 6Zy)| 2 Z_2+ —z 4R 7,
8Z 3 ) 3K, Z Z 4K/ Zs S| —4 Z 4K/ Z 2 24K_/ Zs 0
+ —3—+3—=—"- — |+ —+ — 2y —|=
6 722 TK Z K Zg ¢ 22 KZ, K Zg (59
Finally, there is the dilaton equation
7,76 ) , , (25 A &K' Z§
~8~ 7 ® s+ 2a(Kr 0, 8¢p) = (46— 6Z5+38Z%)| == — 3= | +3(38¢+ Sy — 62— 6Zy)| — — — =
Z, Zg Zé K Zg
+(6p—56yY+56Z,—36Z 52 "2 56
(6¢ ¥ 2 6) Z_g K Z,) (56)

These equations are coupled in a complicated fashion, but
we see that as mentioned earlier, there is one simple equation
(49). In fact, this is the free wave equation. We will discuss
the analysis of this decoupled mode in detail in Sec V.

To simplify the other equations, we exploit the remaining
two-parameter family of diffeomorphismd0), (41). These
can be used to construct a change of variables which wilwith 6K=0. The first term on the right-hand sides is the

andb(r), and set phism (40),(41), but with a and b now functions. Since the

diffeomorphism satisfies the equations of motion for arbi-
trary constants and b, the linearized equations will only
involve derivatives ofa(r) and b(r). The two first-order
equations (54),(55 can then be solved fow,a(r) and
a,b(r). Inserting these values into the other four second-
order equation$50)—(53) and the dilaton equatiofb6) gives

two equations which are trivially satisfied, and a coupled set
of three second-order equations 5, Z5, and®.

8Z,=8Z5(a(r),b(r)),

Sp=o5¢%(a(r),b(r))+,

sy, =5y3(a(r),b(r)),
8= 8y3(a(r),b(r))+V,,
6Z¢=6Z3(a(r),

b(r))+ Ze, (57)
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It is conver!ient to write the cqupl_ed equations so that Q§=4F2(r2(16r0+18F2+2F6)+r(12roF6+21F2F6—F§)
each one only involves second derivatives of one of the func-
tions. Then the equation which involvdg' is (where’ again

denotes’, , and we assume that all the perturbations behave

ase'”) The equation involvingzy is
plars 2 Togry 2228 g, +PYW,+220)+Qld 2,2
r’K K? 2z e D| 24+ ézﬁwzz(a) +PIV )+ PIZi+ Qi+ QIV,
+Q3W,+Q326=0, (58)

with the polynomial coefficients
D=r2K(8r2+5rr ,+5rr g+ 25 5f )
X (4r2+4 31 5+ 3rr g+ 2 ol ), (59)

P3=—2r2K(—2r%r 4 6r%r+8rT g+ 35 g+1,r'p),
(60)
Qi: - I’2(4I’OF2+ 36r0F6+ 3F§+ 6F2F6+ 27?%)
—r(40r f of g+ 2rar g+ 30r ,r2) — 12r or ar g— 8rar 3,
(61)
Q%=I’O(—2r2f2+ 6r2?6+ 8rF2F6+ 3F§?6+F2?§)!
(62)
Q%=I’2(8I’OF2+ 24¥0F6+ 9F§+ 1d2F6+ 9?%)
1 (241 oF of g+ BT 5T 6+ 107 o &) + 61 F 5T 6 — 21 o 5T 5.
(63

n

The equation involvingV?; is

D| W+ Sz 0, | + PRV, +PEZi+ QI+ Q3

+Q3525=0, (64)

+Q326=0, (70)

whereD is as before, and the other polynomial coefficients
are

Pg: —2I’2K(6r2F2—2I’2F6+ 8rF2F6+F§?6+ 3?2?2),
(71)

P3=64r5+r*(—32rq+64r,+96rg) +r3(—20r 1,
—B2rgrg+30r5+ 760 g+ 30r2) +r2(— 1513
— 220 of of g— 15¢ of 24 28 51 g+ 20r ,r 2)
Qi:rz(lzrofz'f' 12roi;6+ 9F§+ 1d2f6+ 9Fé)+r(8r0F2F6
+10r5r g+ 6r 1 2) — 4rorarg, (73
Q3=ro(6r2r,—2r2rg+8rrrg+rarg+3rord), (74
Q3= —r2(24rof ,+8rgr g+ 275+ 67 or s+ 3r2)
—I’(24¢’0F2F6+ 3d§F6+ 2F2Fg)+2r0F§F6
—Brof,r2—8rarz. (75)

Leaving aside the decoupled modg;, which will be

whereD is as before, and the other polynomial coefficientsgiscyssed in the next sectiéand which we will find leads to

are

P3=64r5+r*(—32rq+120r,+88g) +r3(— 76,

— A4y oF o+ 3005+ 172 ,f g+ 30r ) +r2(— 1513

— 118 oF g— 157 oF 2+ 44r 2t g+ 52r 51 2)

1 (—28rrarg— 36 or or 3+ 8rard) —4rorara,

(65)

P2=—8r2r,K(8r2+16rr g+ 3r ,r g+ 5r2), (66)
Q3=4r(r?(—8ry—6r,—6rg) +r(4rgrg—7rof g+ 3r2)

+6rof of g+ 21 o1 D), (67)

Q5= —2r ol (8r?+ 1601 g+ 37 f g+ 57 5), (68)

no instabilitieg, we have now reduced the perturbation prob-
lem to these three second-order equations. The background
whose stability we are mainly interested in addressing is the
shell branch solution, so we will also need to formulate ap-
propriate matching conditions at the shell. The determination
of the matching conditions and the numerical investigation
of the existence of suitable solutions of the equations for
negativew? will be the subject of a forthcoming companion
publication[22].

V. STABILITY OF THE FREE WAVE EQUATION

We will now discuss the stability of the solution against
perturbation by just turning odiy;;. We make the ansatz
Ss(t,r)=W4(r)e'“t. Then Eq.(49) implies

K2 ’

2 =
77 +w?V,=0. (76)

Vs

{aquﬁ T
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If we consider the horizon branch, we need simply look for L 5 . o
solutions of this equation regular on the horizon and at in-W- =733 {[8(ra+rg)+16ro]r =+ [3r3+3rg+30r,rg
2-6

finity. For the shell branch, Eq76) applies forr>r,, and

L’ 2) L(ro ,.

2

HoHe

P24+

applies forr <r.. Since the shell does not coupled@s;, the
appropriate boundary conditions at the shell are thatand
d, V3 are continuous.

+20ro(To+rg) Jr 4+ [12rrg(ro+rg)
+Or(Fo+rg)2r S+ [4ror2+8rororg(rore)lr—°

+Argrardr—T, (83

We translate this into a standard one-dimensional boundhe general form ofW_ is complicated, but in the case

state problem, by introducing the tortoise coordinate
L(ro (rvHoHe —
KrgJry L 70

M= fr\/z_

(78)

Zs —
éGdr, r>re.

e

This coordinate runs from-« atr=r,to +o atr=o. We
make a change of variaBile

1
— U, r<reg,
2oz " )
Ws= 1 (79
— Y, >,
(Hag) P )
Then Eq.(77) becomes
7 Pt Pt Wip=0, (80)
where forr >ry,
W _W_K2 1zg+1zg 5(z,\% 5(zf\?
(=W-=77.22,722, 162, 167
1zgzg+1 zZ, Z§ K’+1K’
87,7 4\Z, Zg/ K r K[
(81)
while for r<rg,
K(rog L2 [1HY 1HEZ 5(Hj\2
W(r)=w._= e L J1Hz 1H S H:
L(rg HoHg|4 H, 4Hg 16\H,
5(Hg\? 1H§Hg+1 H, Hg\L'
~16lHs/ 8H,Hg 4\H, Hg/ L
+1 L 82
P (82

Plugging in the functions from Ed12), we have

Note thatd, ¥, being continuous is not equivalent & being
continuous.

M =0, where we have simply an uncharged black hole in-
side the shell,

_ K(rg Lt
T ZrdZe(re) Lirg) 13

W_o (84)

On the horizon branch, wherg>0, W>0 everywhere, and
there can be no instability associated with this mode. This is
as we would expect; the horizon branch looks like a normal
charged black hole solution, and the free wave equation has
no non-constant solutions regular both on the horizon and at
infinity. However, on the shell branch, there may be a region
with W= <0. (Since we take the horizon branch for the so-
lution inside the shellW._ is always positive. The leading
term is always positive, as

A A 1 1
r2+r6+r0=§\/4r§+rgi§\/4r§+rg>0, (85

since|r,|<rg. On the other hand\. is always negative
nearr=—r, ASr— —ro,
5 raK?
1614737,

W~ <0. (86)

If we considered just the pure repulson solution, this diver-
gence would lead us to suspect the solution is unstable to a
perturbation bysy;. Although one would need to consider
the issue of boundary conditions at the singulanty,. di-
verges sufficiently quickly that there could be bound states

supported away from= —r,. The question, then, is whether
the enhanen excises this instability, along with the various
other undesirable features of the geometry.

In Fig. 1, we plot the potential for some representative
values of the parameters. We see that there is a substantial
region outside the shell where the potential is negative, and
might suspect that this signals an instability.

However, there is a general argument which says that
there can never be an instability in this c426]. First, we
note that as Eq.76) is simply the free wave equation in this
background, it always ha8iy;= constant as a solution. In
terms of the bound state probl€®0), this translates into the
statement that there is a zero energy=0) eigenmode/,
of Eq. (80) which is of the same sign and is bounded every-
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0 -5 5 0 B //‘ﬂ/ r*
9 : 0.2 ——84—— 06
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301
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—401

~0.51
501
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FIG. 1. réW plotted against, /rg for (left) ro=10rg, V=1000v, , M =0, and(right) ry=r¢/10, V=1000/, , M=0.

where; we can take it to be always positive. This zero mode (‘/’wmax‘?f* Yo~ Yodr, "Z’wmax)lf*:ﬂ
o does not vanish at the boundaries, so it is not a physical w
perturbation but it is still an acceptable mathematical solu- = —wrznaxf ¢//wmax¢/odr* . (87)

tion of this equation.

Now assume there is a discrete spectrum of bound staté&he left-hand side is the difference of the Wronskians calcu-
¥, with negative energy. These are our hypothetical unstabléted at the boundaries. Since the eigenmggeapproaches
modes withw?<0. We can see from the form of E¢B0) @ positive constant at the boundarigs=*, while the
that they go to zero as, — *. This means that they are e|genmodez,/;a,max goes to zero, the Wronskian vanishes at

bounded solutions and physical perturbations of our prob€ach boundary. Hence, the left-hand side is zero. On the
lem. The standard “node rule” for the number of nodes Ofother hand, since bOth’wmax and ¢, are supposed to be

the eigenfunctions of the discrete bound states says that fiverywhere positive, the right-hand side cannot be zero un-
order of increasing energy, theth eigenmode has— 1 lesswmax=0. Thus, assuming the existence of eigenmodes

. ) . ,, with @2<0 produces a contradiction. Hence there can be
nodes(without including the boundary onesThus, the low- 7' g\,ch modes, implying that the geometry is stable to per-

est negative modg,, must have no nodes in the sense ofyrhation bysys.

the above rule: we can take it to be everywhere positive.
Both ¢, and b, are solutions of the wave equation
(80). By multiplying the equation for each mode by the other ~ We are grateful for discussions with James Gregory, Clif-
and taking the difference, and integrating over, we can ford Johnson and Matt Strassler. This work was supported in
obtain the equation ' ' part by the EPSRC, and by funds from the University of

ACKNOWLEDGMENTS

Durham.
[1] G.T. Horowitz and R.C. Myers, Gen. Relativ. Gra\df/, 915 (2002.
(1995. [4] I.R. Klebanov and M.J. Strassler, J. High Energy Piigs 052
[2] J. Polchinski and M.J. Strassler, hep-th/0003136. (2000.

[3] K. Pilch and N.P. Warner, Adv. Theor. Math. Phys. 627 [5] 3.M. Maldacena and C. Nunez, Phys. Rev. L&6, 588

106003-11



A. DIMITRIADIS AND S. F. ROSS PHYSICAL REVIEW D66, 106003 (2002

(2001. Phys.09, 017 (2002).

[6] A. Buchel, AW. Peet, and J. Polchinski, Phys. Rev.6B) [17] C.V. Johnson, R.C. Myers, A.W. Peet, and S.F. Ross, Phys.
044009(2001. Rev. D64, 106001(200)).

[7] N. Evans, C.V. Johnson, and M. Petrini, J. High Energy Phys[18] K. Maeda, T. Torii, M. Narita, and S. Yahikozawa, Phys. Rev.
10, 022(2000. D 65, 024030(2002.

[8] K. Behrndt, Nucl. PhysB455, 188 (1995. [19] M. Bertolini, T. Harmark, N.A. Obers, and A. Westerberg,

[9] R. Kallosh and A.D. Linde, Phys. Rev. B2, 7137(1995. Nucl. Phys.B632, 257 (2002.

[10] C.V. Johnson, A.W. Peet, and J. Polchinski, Phys. Re&1D [20] E.J. Weinberg, gr-qc/0106030.

086001(2000. _ _ [21] M. Wijnholt and S. Zhukov, Nucl. Phy$639, 343 (2002.
[11] (Ii)):.é.(;;g;dman and J.A. Minahan, J. High Energy Pltfs. [22] A. Dimitriadis, K. Maeda, S.F. Ross, and T. Tofiinpub-

lished.
[23] S.S. Gubser and I. Mitra, J. High Energy Ph@8, 018(2001).
[24] R. Gregory and R. Laflamme, Phys. Rev. LetD, 2837

[12] A. Buchel, Nucl. PhysB600, 219 (200J.
[13] A. Buchel, C.P. Herzog, I.R. Klebanov, L.A. Pando Zayas, and
A.A. Tseytlin, J. High Energy Phy€4, 033 (2001).

[14] S.S. Gubser, C.P. Herzog, I.R. Klebanov, and A.A. Tseytlin, J. (1993. )
High Energy Phys05, 028 (2001 [25] C.F.E. Holzhey and F. Wilczek, Nucl. PhyB380, 447(1992.
[15] C.P. Herzog and P. Ouyang, Nucl. Phg610, 97 (2002. [26] P. Kanti, N.E. Mavromatos, J. Rizos, K. Tamvakis, and E.

[16] S.S. Gubser, A.A. Tseytlin, and M.S. Volkov, J. High Energy Winstanley, Phys. Rev. 57, 6255(1998.

106003-12



