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Temperature inversion symmetry in the Casimir effect with an antiperiodic boundary condition
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We present explicitly another example of a temperature inversion symmetry in the Casimir effect for a
nonsymmetric boundary condition. We also give an interpretation for our result.
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This Brief Report was motivated by a recent paper pub- ) NS 2 [2me\?
lished by Santot al. [1], in which they discuss the tem- k“+(2n+1) 3 " 5

perature inversion symmetry in the Casimir eff¢2] for

mixed boundary condition€or a detailed discussion on the s 2 o

Casimir effect se¢3,4] and references thersirin an earlier wherex“=kij+k;, nand€=0,£1,£2, .. 3

paper, Ravndal and Tollefs¢6] showed that for the usual

setup of two parallel plates a simple inversion symmetry The partition function for a massless scalar field at finite

arises in the Casimir effect at finite temperature. Temperaturgemperature is given by

inversion symmetry also appeared in the Brown-Maclay

work [6] where they related directly the zero-temperature Z(,B)sz

Casimir energy to the energy density of blackbody radiation periodic

at temperaturd. A few other papers on this kind of symme-

try have also been publish¢@—11]. Until the publication of whereN is a normalization constant antlis the Lagrangian

Ref.[1], this kind of inversion symmetry had appeared onlydensity for the theory under study. The Helmholtz free en-

in calculations of Casimir energy involving symmetric ergy F(8) can then be written in terms of the corresponding

boundary conditions. In 1999, Santesal. [1] showed, for generalized, function as

the case of a massless scalar field submitted to mixed bound-

ary conditions(Dirichlet-Neumani that the Helmholtz free

energy per unit area could be written as a sum of two terms,

each of them obeying separately a temperature inversion

symmetry. Our purpose here is to present another kind offter some algebra, we can write the zeta function as

nonsymmetric boundary condition for which there exists

such a symmetry. We show explicitly that for the massless ,. L?T(s-1)

scalar field under an antiperiodic boundary condition theg(s'_aE):E I'(s)

Helmholtz free energy per unit area can also be cast as a sum

of two terms, where each one satisfies a temperature inver-

sion symmetry. +47? " 2E,
The Casimir effect for a massless scalar field under an

[Dq&]expfoﬁf d3xL, (4

Hm=—3~9as—fﬂ (5)
2B ds” E/ls=0-

2-2s

Tl (1222 7(25-2)

a

1 4
s—1,—2,—2) — 47?2,
a” B

antiperiodic boundary conditiofcompactification of R to 4 4
Sh) in a 3+1 spacetime is given by X 3_1,_,_) , (6)
a2 :82
o(7,Xy,2)=—p(7,X,y,z+a). (1)

where{g(2) is the Riemann zeta function art,(z,a;,a,)
is an Epstein function. Using the same methods of Riéf.

0 \:Ve will use the imaginary time formalism, which means e can write the Helmholtz free energy per unit area as
a

F(B) 7
&(1.X,Y,2)= d(7+ B,X,Y,2) 2 E :ﬁ)g_w_ﬁgf(f), (7)

where 3=T "1, the reciprocal of the temperature. The con-where we define¢=a/=3 and
ditions (1) and (2) lead us to the following eigenvalues for . .
the Euclidean operatarz = 9%/ 372+ V?: 1 (—D)"me! (="
HO=-"x3 24 222712 2 [
2mE7 | tn=—= [{°+7°€N°]° n=-= n

8
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from Eq. (8) the termsf =n=0 in the first summation and
n=0 in the second onesee Ref[1] for detailg. Once it has
been done, we hav@fter convenient manipulations

F(B) FilB) Fup)
L2 12 L2’

©)

where the function§ ;(8)/L? andF,(B)/L? are defined by

Fl(,B)__ 1 < %
L2 16m2ad tiche [€2+(2mwén)?)? (10
and
FZ(B) 1 * (7T§)4
T — 5 (W
L2 27m%as €,r12ﬂo [52+(ﬂ.§n)2]2’ (12)
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In this reference, Santost al. showed that the Helmholtz
free energy per unit area for a massless scalar field under
mixed boundary condition may be written as a sum of two
terms corresponding, each one, to a pair of uncharged paral-
lel perfectly conducting plates kept at a distanak énhd d
apart, respectively. In the present case, we have an analogous
situation, namely, the Helmholtz free energy per unit area for
a massless scalar field under an antiperiodic boundary con-
dition (with spatial “period”a) may also be written as a sum

of two terms corresponding, each one, to a periodic boundary
condition, but with spatial periodsa2and a, respectively
[see Eqs(10) and(11)].

Temperature inversion symmetry directly relates the Ca-
simir effect at zero temperature to its high temperature limit,
where the Stefan-Boltzmann term dominates and hence may
be viewed as one of the simplest examples of duality. Our
result provides one more explicit example of such a phenom-

which satisfy the following temperature inversion symmetryenon. In addition, this kind of symmetry can be useful to

relations:

) and Fp(é)=(mé)*F (i)
¢ 2R )
(12

1
Fl(f):(2W§)4F1( 4

71_2

derive approximate expressions for the Helmholtz free en-
ergy. For instance, we can derive the low temperature limit,
that is, we may calculate the first thermal corrections to the
zero temperature Casimir energy, from the high temperature
limit, which is in general much easier to obtain.

The consideration of massive fields is not an easy task. It

The temperature inversion symmetry just presented for thé&s not obvious whether this duality symmetry will remain
case with an antiperiodic boundary condition may be intervalid for massive fields, but this will be left for a future

preted following the same lines as that appearing in Réf.

investigation.
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