
RAPID COMMUNICATIONS

PHYSICAL REVIEW D 69, 051501~R! ~2004!
Generalized parton distributions at x\1
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Generalized parton distributions at largex are studied in the perturbative QCD approach. Asx→1 and at
finite t, there is not dependence for the GPDs which means that the active quark is at the center of the
transverse space. We also obtain the power behaviorHq

p(x,j,t);(12x)2/(12j2) for the pion,Hq(x,j,t)
;(12x)3/(12j2)2 and Eq(x,j,t);(12x)5/(12j2)3f (j) for the nucleon, wheref (j) represents the addi-
tional dependence onj.

DOI: 10.1103/PhysRevD.69.051501 PACS number~s!: 12.38.Bx, 13.60.Fz, 14.20.Dh
st

on
e
ro
li-
p

on

tu

fe
D

o
te
ic
r-

t
e

Ds

o
io
le

ar

o

e
ns
es
li
n

al-

he
e

i-
n

or

ely,

e

tum
r-

of
in

he

ton
e
term
In recent years, there has been considerable intere
generalized parton distributions~GPDs! @1–3#, which were
introduced originally to understand the quark and gluon c
tributions to the proton spin@1#. They are also related to th
quantum phase space distributions of partons in the had
@4#. The theoretical framework of the GPDs and their imp
cations about the deeply virtual Compton scattering, dee
virtual meson production, and the doubly virtual Compt
scattering have been well established@5–13#. Apart from the
renormalization scale, the GPDs depend on the momen
transfert, the light-cone momentum fractionx, and the skew-
ness parameterj which measures the momentum trans
along the light-cone direction. In phenomenology, the GP
are parametrized and fit to the experimental data@8,9,13#.
However, these parametrizations have too much freed
@13#, and we still have a long way to go for a comple
understanding of the GPDs. In this context, any theoret
result on the behavior of GPDs will provide important info
mation. For example, the polynomality condition@6# and the
positivity constraints@14# have already played significan
roles in the parametrizations of GPDs. The light-cone fram
work provides useful guidelines for calculating the GP
once the wave functions are known@15#. More recently, the
GPDs at larget have been explored@16#, yielding important
constraints as well.

In this paper, we study the GPDs in the kinematic limit
x→1. For the forward parton distribution, a power behav
at largex was predicted based on the power counting ru
for example, (12x)2 for pion, and (12x)3 for nucleon@17–
21#. This power behavior comes from the fact that the h
gluon exchanges dominate the structure functions atx→1,
and is calculable in perturbative QCD@22–27#. In this paper,
we will follow these ideas to analyze the dependence
GPDs on the three variablesx, j and t in the limit of x
→1. We use the QCD factorization approach, and expr
the GPDs in terms of the distribution amplitudes of hadro
In the limit of x→1, the power behavior of the GPDs do
not depend on a particular input of the distribution amp
tudes, and therefore can be predicted model-independe
More importantly, thej and t dependences can also be c
culated. For example, we find that there is not-dependence
at x→1, which agrees with the previous intuitions@28#.

*Electronic address: fyuan@physics.umd.edu
0556-2821/2004/69~5!/051501~4!/$22.50 69 0515
in

-

ns

ly

m

r
s

m

al

-

f
r
s,

d

f

ss
.

-
tly.

We take (12x) as a small parameter, and expand t
GPDs in terms of (12x). In the process, we assume th
variablesj andt finite. Finitej meansj,x and restricts our
analysis valid in the Dokshitze-Gribov-Lipatov-Altarell
Parisi~DGLAP! region for the GPDs. The relevant Feynma
diagrams are shown in Fig. 1 for pion, and in Fig. 2 f
nucleon for a typical contribution. The variablesP and P8
are the initial and final state hadron momenta, respectiv
and t5D25(P2P8)2. We further introduce two vectorsP̄
and n: P̄5(P1P8)/2, n250, andn• P̄51. The skewness
parameter is defined asj52n•(P82P)/2. The initial and
final light-cone momenta of the quarks are then (x1j) and
(x2j), respectively. In the following, we will neglect th
masses of the hadrons, and thent52DW '

2 /(12j2) whereDW '

is the transverse part of the momentum transferD.
As shown in Fig. 1, the intermediate state has momen

k which will be integrated out. To avoid an infrared dive
gence, we keepk' much larger thanLQCD. The offshellness
of the quark and gluon propagators are on the order
kW'

2 /(12x). So, we have the following hierarchy of scales

the limit of x→1: kW'
2 /(12x)@kW'

2 @LQCD
2 , and kW'

2 /(12x)
@(2t) as well. These relations will be used to get t
leading-order results, and any higher power in (12x) will be
neglected.

The GPDH(x,j,t) for a pion is defined as

Hq~x,j,t !

5
1

2E dl

2p
eilx^p;P8uc̄qS 2

l

2
nDn”LcqS l

2
nD up;P&,

FIG. 1. Leading order contributions to the generalized par
distributionHq(x,j,t) for pion at largex. The crosses represent th
intermediated states, and the double lines represent the eikonal
from the gauge link.
©2004 The American Physical Society01-1
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whereL represents the light-cone gauge link. We work
Feynman gauge, and the leading-order diagrams were sh
in Fig. 1, where the double lines represent the eikonal c
tributions from the gauge link, and the cross indicates
intermediate state on the mass shell. The initial and fi
states are replaced by the light-cone Fock component of
rons with the minimal number of partons. After integratin
over the internal transverse momentuml' , the light-cone
wave function leads to the distribution amplitude,f(x)
5*@d2l' /(2p)3#c(x,l').

The calculation of the diagrams in Fig. 1 is straightfo
ward, and the result is

Hq
p~x,j,t !5E d2k'

~2p!3

1

~2k•P!~2k•P8!
I~x,j!. ~1!

The integralI depends on the distribution amplitudes of t
initial and final states,

I~x,j!5~4pasCF!2E dx1dy1

f~x1!f* ~y1!

x̄1ȳ1

3S 11
1

x̄12
12x

11j
2 i eD S 11

1

ȳ12
12x

12j
1 i eD ,

whereCF54/3 andx̄1512x1. The light-cone singularities
in the integralI can be regulated by the principle value pr
scription@25,26#. In the limit of x→1, this integral will have
the logarithmic contribution from the end point regio
@25,26#, which means that the Sudakov resummation will
important@22,23#. However, this logarithmic correction doe
not destroy the power behavior of the GPDs we will get
the following analysis. We note that there is a residual ima
nary part in the integralI which is in the order of (1
2x)log(12x), and vanishes in the limit ofx→1.In Eq. ~1!,
the denominator factors 2(k•P) and 2(k•P8) come from the
gluon propagators in the diagrams. They depend on the
mentum transfert in general. However, if expanded at sma
(12x), they become

1

2k•P
5

12x

kW'
2 ~11j!

F11
~12x!2~12j2!t

4~11j!2kW'
2 G ,

1

2k•P8
5

12x

kW'
2 ~12j!

F11
~12x!2~12j2!t

4~12j!2kW'
2 G , ~2!

FIG. 2. The typical diagram contributing to the nucleon GPDs
x→1. The quark helicity configuration is$↑↓↑%. The bars indicate
the places where we need to consider the internal transverse
mentum expansion to get helicity flip amplitude.
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which implies that there is not dependence in the leadin
order, and any dependence will be suppressed by a facto
(12x)2. Since the propagators are the only source of tht
dependence of the GPD in Eq.~1!, we conclude that atx
→1 the GPDH(x,j,t) for pion has not dependence, and
any t dependence must be suppressed by a factor of
2x)2. These conclusions agree with the analysis in the
pact parameter dependent picture of the GPDs atj50 @28#,
while our results are valid for any finite value ofj.

Collecting the above results, we have the GPDH(x,j,t)
for the pion in the limit ofx→1,

Hq
p~x,j,t !5

~12x!2

12j2 E d2k'

~2p!3

1

~k'
2 1L2!2

I. ~3!

There is an infrared divergence where the transverse mom
tum k' becomes soft. This divergence breaks the factori
tion in principle. However, this does not change the pow
behavior. Nevertheless, we include a regulatorL to regulate
such divergence@23#. Like the forward parton distributions,
power behavior is found here for the GPDs in Eq.~3!. If we
takej50 andt50, Eq.~3! will reproduce the forward par-
ton distribution of the pion. So, in the limit ofx→1, the
GPD H(x,j,t) for the pion can be related to the forwar
parton distributionqp(x),

Hq
p~x,j,t !5

1

12j2
qp~x!. ~4!

We note that the above equality saturates the positivity c
straints @14,10# if we take the power behavior for valenc
quark distributionqp(x);(12x)2.

We turn now to the study of GPDs for the nucleon. Sin
the leading Fock component of a nucleon has three part
many more diagrams will contribute. Here we only show
particular diagram in Fig. 2. There are two intermediate m
menta,k1 andk2. Similar to the above analysis for the pio
case, we have a hierarchy of scales:^kW'

2 &/(12x)@^kW'
2 &

@LQCD
2 and^kW'

2 &/(12x)@(2t), where^kW'
2 & represents the

typical transverse momentum scale,^kW'
2 &;^kW1'

2 &;^kW1'
2 &.

Again, we are only interested in the leading-order result, a
neglect any higher-order corrections in (12x).

The calculations are performed in the helicity bases
the initial and final nucleon states (l8,l), in which the fol-
lowing off-forward matrix elements are defined:

Hl8l5
1

2A12j2E dl

2p
eilx^P8,l8uc̄qS 2

l

2
nD

3n”LcqS l

2
nD uP,l&.

The helicity non-flip amplitude has contributions from bo
H andE GPDs, while the helicity flip one only has the con
tribution from E GPD @10#,

t

o-
1-2
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H↑↑5H↓↓5Hq~x,j,t !2
j2

12j2
Eq~x,j,t !,

H↓↑52H↑↓* 5
Dx1 iDy

2M p~12j2!
Eq~x,j,t !. ~5!

We will show how the diagram in Fig. 2 contributes to the
amplitudes.

The helicity non-flip amplitude for the diagram of Fig.
has the following form:

H↑↑5E d2k1'd2k2'

~2p!3 E da

ab~12x!

3S 1

2P•~k11k2!

1

2P8•~k11k2!
D 2

P8•k1

P8•k2

Ip~x,j!,

~6!

where any other factors~such as color factors and couplin
constants, etc.! are included in the integralIp(x,j). This
integral depends on the leading-twist distribution amplitud
of the proton@29#, and will become a constant integral at th
limit of x→1. The longitudinal momentum fractions ofk1
andk2 are defined asn•k15a(12x), n•k25b(12x), and
a1b51. For the propagators, we make expansions at sm
(12x) as before, for example,

1

2P•~k11k2!

5
~12x!

^kW'
2 &~11j!

F11O~~12x!2!
t

^kW'
2 &

1•••G , ~7!

which again has not dependence at the leading order, a
any t dependence is suppressed by a factor of (12x)2. All
propagators in Eq.~6! have this property, and all other dia
grams which contribute toH↑↑ at the leading order have th
same dependence ont. Thet dependence of nucleon GPDs
the same as that of the pion: there is not dependence and an
dependence is suppressed by a factor of (12x)2. In addition,
every diagram contributes the same dependence onj. Add-
ing all of the contributions together, we get

H↑↑5
~12x!3

~12j2!2E d2k1'd2k2'

~2p!3 E da

ab
F~a,k1' ,k2' ,L!Ip ,

~8!

where the functionF is of order 1 atx→1. Here we also
include a regulatorL in F to regulate the infrared diver
gences in thek1' andk2' integrations. If we takej50 and
t50, the above results will reproduce the forward part
distribution at largex. That means we can have

H↑↑5
1

~12j2!2
q~x!;

~12x!3

~12j2!2
, ~9!
05150
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at x→1.
Since hard scattering conserves the quark helicity, in or

to get the helicity flip amplitudeH↑↓ we must include non-
zero orbital angular momentum either for the initial or fin
states. In other words, we need to consider the light-c
Fock components of hadrons with at least one unit of orb
angular momentum@30#. The calculation for the helicity flip
amplitudes is much more complicated than that for the
licity conserving ones. The method we are using follows R
@31# where the helicity flip Pauli form factor was calculate
in perturbative QCD. We will sketch the method and su
marize the main results, but skip the detailed derivations

First, we keep the internal transverse momental' of the
scattering partons in the hard partonic scattering amplitud
Then, we expand the amplitudes at smalll' . SinceD' is the
only relevant external transverse momentum, the expan
of the amplitudes will be proportional toDW '• lW' or DW '

3 lW' . Integrating these terms overl' with the light-cone
wave functions, we will get, e.g.,*d2l'DW '• lW'( l'

x

1 i l'
y )c (3,4);(D'

x 1 iD'
y )F (3,4), and *d2l'DW '3 lW'( l'

x

1 i l'
y )c (3,4);2 i (D'

x 1 iD'
y )F (3,4), where c (3,4) are the

light-cone wave functions for the Fock state with one u
orbital angular momentum@30#, and F (3,4) are the related
twist-four distribution amplitudes@29#. Thus, the final results
of H↑↓ depend on the twist-three and twist-four distributio
amplitudes of the nucleon.

We must consider the expansions for all propagators
quark wave functions which have dependence onl' . As an
example, in Fig. 2 we indicate all places where thel' expan-
sion should be considered if the initial state has one uni
orbital angular momentum. These expansions will give ad
tional power of (12x)2, leading to the helicity flip ampli-
tudes suppressed by (12x)2. For instance, one of the gluo
propagators in the diagram of Fig. 2 has the following e
pansion:

1

~k22x3P2 l'!2
5

1

~k22x3P!2 F12
b~12x!2DW '• lW'

~11j!2kW2'
2 G .

~10!

Extracting the expansion coefficients, and combing w
other factors in the amplitude, we get the contribution to
helicity flip amplitude H↓↑ from this term: H↓↑;(1
2x)5/(12j2)2(11j)2. Adding the similar contribution
from the final state expansion, we getH↓↑;(12x)5/(1
2j2)2@1/(11j)211/(12j)2#5(12x)5(11j2)/(12j2)4.
All expansions result in the same suppression of (12x)2.
However, they do not contribute the same dependence oj.
For example, the quark wave function expansions lead
H↓↑;(12x)5/(12j2)4. In summary, the helicity flip ampli-
tude will have the following result atx→1:

H↓↑;~D'
x 1 iD'

y !
~12x!5

~12j2!4
f ~j!. ~11!

Here f (j) represents an additional dependence onj, which
will depend on the input of the twist-three and twist-fo
distribution amplitudes of the nucleon. From this, we dedu
the behavior of GPDEq(x,j,t) as
1-3
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Eq~x,j,t !;
~12x!5

~12j2!3
f ~j!. ~12!

Comparing with Eq.~9!, we can neglect theEq contribution
to the helicity non-flip amplitude, and then we ha
Hq(x,j,t);(12x)3/(12j2)2. These power behaviors atj
50 are consistent with the inequalities from positivity co
straints @28#. So, in the limit of x→1, Hq(x,j,t) can be
related to the forward quark distributionq(x),

Hq~x,j,t !5
1

~12j2!2
q~x!. ~13!

Again this relation saturates the positivity constraint@10,14#
for nucleon GPDs if the forward quark distribution takes t
power behavior at largex: q(x);(12x)3.

Before concluding, a few cautionary comments are in
order. First, we omit the scale dependence of the GPDs.
scale dependence at largex is not just the simple DGLAP
evolution @27,32#. In our calculations we implicitly assum
Q2(12x)@LQCD

2 . Second, at the limit ofx→1 there exist
si,

ar

05150
e
he

as
nlogm@1/(12x)# for m<2n series terms which need to b

resummed, leading to a Sudakov form factor suppress
@22,23,32,33#. Third, the soft mechanism might contribute
the GPDs@34# at x→1. We did not include such effects i
our analysis.

In summary, we have studied generalized parton distri
tions at x→1. We found that the pion’s GPDHq

p(x,j,t)
;(12x)2/(12j2), and the nucleon’s GPDHq(x,j,t);(1
2x)3/(12j2)2 and Eq(x,j,t);(12x)5/(12j2)4f (j).
There is not dependence, and any dependence is suppre
by a factor of (12x)2. These results can provide importa
information on the GPDs’ parametrizations.
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