
PHYSICAL REVIEW D 69, 056002 ~2004!
Exotic baryon multiplets with a large number of colors
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We generalize the usual octet, decuplet, and exotic antidecuplet and higher baryon multiplets to any number
of colorsNc . We show that the multiplets fall into a sequence of bands withO(1/Nc) splittings inside the band
and O(1) splittings between the bands characterized by ‘‘exoticness,’’ that is, the number of extra quark-
antiquark pairs needed to compose the multiplet. Each time one adds a pair the baryon mass is increased by the
same constant which can be interpreted as the mass of a quark-antiquark pair. At the same time, we prove that
masses of exotic rotational multiplets are reliably determined at largeNc from collective quantization of chiral
solitons.
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I. INTRODUCTION

Theoretical prediction of a relatively light and narrow e
otic baryonQ1 @1# and subsequent experimental eviden
@2–6# have stimulated much interest in the dynamics of ba
ons that cannot be made of three quarks.

Q1 has been predicted from a chiral soliton view on ba
ons, implying a semiclassical approximation. The appro
mation is justified at largeNc , although one putsNc53 at
the end of the calculations. At largeNc baryonsare solitons
of some effective meson action@7#. The question is whethe
this approach can give a reliable description of the realNc
53 world. By reliable we mean that physical quantities su
as masses, widths, splittings, etc., can be computed in
large-Nc limit, with known or at least controllable 1/Nc cor-
rections. Much of this analysis has been done before
nonexotic baryons; our aim is to extend it to exotic baryo
that cannot be composed ofNc quarks.

In order to understand the scaling of baryon proper
with Nc one has to construct explicitlySU(3) flavor multip-
lets ~or representations! that are arbitrary-Nc prototypes of
the lightest baryon multiplets—the octet with spin one h

(8, 1
2 ), the decuplet with spin three halves (10, 3

2 ), the antide-

cuplet with spin one half (10, 1
2 ), etc. We generalize the pre

vious study of this subject by Dulinski and Praszalowicz@8#
and Cohen@9#. We classify the multiplets at arbitraryNc by
‘‘exoticness’’—the minimal number of extra quark-antiqua
pairs one needs to add to the usualNc quarks to build the
multiplet. All multiplets that we shall be discussing appear
rotational excitations of a chiral soliton. We compute th
energies and observe that the spectrum is equidistant in
oticness: each time one adds a pair it costs, at largeNc , a
fixed energy independent ofNc . Being quite natural from the
constituent quark point of view, this result is somewhat u
usual for a rotational spectrum. Moreover, very recently C
hen @9# has expressed doubt whether the collecti
quantization description of a particular exotic multipl

(10, 1
2 ) ~to which Q1 presumably belongs! makes sense. In
0556-2821/2004/69~5!/056002~8!/$22.50 69 0560
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the second part of the paper we prove that the masse
exotic multiplets, obtained from the rotational spectrum,
only smallO(1/Nc) corrections from mixing with other, non
rotational degrees of freedom. Therefore, the masses of
otic multiplets can be reliably computed in the largeNc limit.

II. GENERALIZATION OF BARYON MULTIPLETS
TO ARBITRARY Nc

A genericSU(3) multiplet ~or irreducible representation!
is uniquely determined by two non-negative integers (p,q)
having the meaning of upper~lower! components of the ir-
reducibleSU(3) tensorT$g1 . . . gq%

$ f 1 . . . f p% symmetrized both in up-

per and lower indices and with a contraction with anyd f m

gn

being zero. Schematically,q is the number of boxes in the
lower line of the Young tableau depicting anSU(3) repre-
sentation andp is the number of extra boxes in its upper lin
The dimension of a representation~or the number of particles
in the multiplet! is

dim~p,q!5~p11!~q11!S 11
p1q

2 D ~1!

and the eigenvalue of the quadratic Casimir operator is gi
by

C2~p,q!5
1

3
@p21q21pq13~p1q!#. ~2!

The highest weight of a (p,q) representation~i.e., the state
that generates all other states in the multiplet by apply
‘‘eigenvalue-lowering’’ operators! is given by

eH~p,q!5S T35
p1q

2
,Y5

p2q

3 D , ~3!

whereT3 is the third projection of the isospin andY is the
hypercharge. On the weight (T3 ,Y) diagram, a generic
SU(3) representation is depicted by a hexagon, whose up
©2004 The American Physical Society02-1
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~horizontal! side containsp11 ‘‘dots’’ or particles, the adja-
cent sides containq11 particles, with alternatingp11 and
q11 particles in the rest sides, the corners included—
Fig. 1. If either p or q is zero, the hexagon reduces to
triangle. Particles on the upper~horizontal! side of the hexa-
gon have hypercharge

Ymax5
1

3
p1

2

3
q ~4!

being the maximal possible hypercharge of a multiplet w
given (p,q).

The quantization of the chiral soliton rotation in flav
and ordinary spaces proceeds as follows@10–14#. The La-
grangian of theSU(3) rotations is

Lrot5
I 1

2
~V1

21V2
21V3

2!

1
I 2

2
~V4

21V5
21V6

21V7
2!2

Nc

2A3
V8 , ~5!

whereVA are angular velocities of the soliton andI 1,2 are the
two soliton moments of inertia, depending on its concr
dynamical realization. Rotation along the 8th axis in flav
space commutes with the ‘‘upper-left-corner’’ ansatz for t
soliton field, therefore there is no quadratic term inV8.
However there is a Wess-Zumino-Witten term linear inV8.
The canonical quantization leads to the Hamiltonian

Hrot5
J1

21J2
21J3

2

2I 1
1

J4
21J5

21J6
21J7

2

2I 2
, ~6!

where the angular momenta satisfy theSU(3) commutation
relations. Equation~6! must be supplemented by the quan
zation conditionJ852Nc/2A352Y8A3/2 following from
the Wess-Zumino-Witten term. Given that

(
A51

3

JA
25J~J11!, (

A51

8

JA
25C2~p,q!, J8

25
Nc

2

12
, ~7!

one gets the rotational energy of baryons with given spiJ
and belonging to representation (p,q):

FIG. 1. A weight diagram of a genericSU(3) representation in
the (T3 ,Y) plane.
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Erot~p,q,J!5

C2~p,q!2J~J11!2
Nc

2

12

2I 2
1

J~J11!

2I 1
. ~8!

Only those multiplets are realized as rotational excitatio
that have members with hyperchargeY5Nc/3; if the number
of particles with this hypercharge isn the spinJ of the mul-
tiplet is such that 2J115n. It is easily seen that the numbe
of particles with a givenY is 4

3 p1 2
3 q112Y and hence the

spin of the allowed multiplet is

J5
1

6
~4p12q2Nc!. ~9!

A common massM0 must be added to Eq.~8! to get the
mass of a particular multiplet. Throughout this paper we
disregarding the splittings inside multiplets as due to nonz
current strange quark mass.

The condition that a horizontal lineY5Nc/3 must be in-
side the weight diagram for the allowed multiplet leads to
requirement

Nc

3
<Ymax or p12q>Nc ~10!

showing that at largeNc multiplets must have a high dimen
sion.

We introduce a non-negative number which we na
‘‘exoticness’’ X of a multiplet defined as

Ymax5
1

3
p1

2

3
q[

Nc

3
1X, X>0. ~11!

Combining Eqs.~9!, ~11! we express (p,q) through (J,X):

p52J2X,

q5
1

2
Nc12X2J. ~12!

The total number of boxes in Young tableau is 2q1p5Nc
13X. Since we are dealing with unit baryon number stat
the number of quarks in the multiplets we discuss isNc , plus
some number of quark-antiquark pairs. In the Young table
quarks are presented by single boxes and antiquarks
double boxes. It explains the name ‘‘exoticness:’’X gives the
minimal number of additional quark-antiquark pairs o
needs to add on top of the usualNc quarks to compose a
multiplet.

Putting (p,q) from Eq. ~12! into Eq. ~8! we obtain the
rotational energy of a soliton as function of the spin a
exoticness of the multiplet:

Erot~J,X!5

X21XS Nc

2
112JD1

Nc

2

2I 2
1

J~J11!

2I 1
. ~13!
2-2
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FIG. 2. Rotational excitations
form a sequence of bands.
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We see that for givenJ<Nc/211 the multiplet mass is a
monotonically growing function ofX: the minimal-mass
multiplet hasX50. Masses of multiplets with increasin
exoticness are

MX50~J!5M 081
J~J11!

2I 1
, where M 08[M01

Nc

4I 2
,

~14!

MX51~J!5M 081
J~J11!

2I 1
11

Nc

2
122J

2I 2
, ~15!

MX52~J!5M 081
J~J11!

2I 1
12

Nc

2
122J

2I 2
1

1

I 2
,

~16!

MX53~J!5M 081
J~J11!

2I 1
13

Nc

2
122J

2I 2
1

3

I 2
, etc.

~17!

At this point it should be recalled that both moments
inertia I 1,25O(Nc), as isM0. We see from Eqs.~14!–~17!
that multiplets fall into a sequence~labeled by exoticness! of
rotational bands with smallO(1/Nc) splittings inside the
bands; the separation between bands with differentX is
O(1). Thecorresponding masses are schematically show
Fig. 2.

The lowest band is nonexotic (X50); the multiplets are
determined by (p,q)5(2J,Nc/22J), and their dimension is
dim5(2J11)(Nc1222J)(Nc1412J)/8 which in the

FIG. 3. Nonexotic (X50) multiplets that can be composed
Nc quarks.
05600
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particular~but interesting! case ofNc53 becomes 8 for spin
one half and 10 for spin 3/2. These are the correct low
multiplets in real world, and the above multiplets are th
generalization to arbitrary values ofNc . To make baryons
fermions one needs to consider only oddNc .

Recalling thatu,d,s quarks’ hypercharges are 1/3, 1/3 an
22/3, respectively, one observes that all baryons of the n
exoticX50 band can be made ofNc quarks. The upper side
of their weight diagrams~see Fig. 3! is composed ofu,d
quarks only; in the lower lines one consequently repla

u,d quarks by thes one. This is how the real-world (8, 1
2 )

and (10, 3
2 ) multiplets are arranged and this property is p

served in their higher-Nc generalizations. The constructio
coincides with that of Ref.@8#. At high Nc there are further
multiplets with spin 5/2 and so on. The maximal possib
spin at givenNc is Jmax5Nc/2: if one attempts higher spin,q
becomes negative.

The rotational bands forX51 multiplets are shown in
Fig. 4. The upper side of the weight diagram is exactly o
unit higher than the lineY5Nc/3 which is nonexotic, in the
sense that its quantum numbers can be, in principle, achie
from exactlyNc quarks. However, particles corresponding
the upper side of the weight diagram cannot be compose
Nc quarks but require at least one additionals̄ quark and
hence one additional quark-antiquark pairon top of Nc
quarks.

The multiplet shown in Fig. 4, left, has only one partic
with Y5Nc/311. It is an isosinglet with spinJ5 1

2 , and in
the quark language is built of (Nc11)/2 ud pairs and ones̄
quark. It is the generalization of theQ1 baryon to arbitrary
odd Nc . As seen from Eqs.~1!, ~12!, the multiplet to which

FIG. 4. Exotic (X51) multiplets that can be composed ofNc

quarks and one extra pair.
2-3
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the ‘‘Q1’’ belongs is characterized by (p,q)5(0,(Nc
13)/2), its dimension is (Nc15)(Nc17)/8 becoming the

(10, 1
2 ) at Nc53. Its splitting with theNc generalization of

the nonexotic (8, 1
2 ) multiplet follows from Eq.~15!:

M10,1/22M8,1/25
Nc13

4I 2
~18!

coinciding with the recent finding of Ref.@9#. Here and in
what follows we denote baryon multiplets by their dimensi
at Nc53 although atNc.3 their dimension is higher, a
given by Eq.~1!.

The second rotational state of theX51 sequence hasJ
5 3

2 ; it has (p,q)5„2,(Nc11)/2… and dimension 3(Nc13)

3(Nc19)/8 reducing to the mutliplet (27, 3
2 ) at Nc53; see

Fig. 4, right. In fact there are two physically distinct multip
lets there. Indeed, the weights in the middle of the sec
line from the top on the weight diagram~with Y5Nc/3) are
twice degenerate, corresponding to spin 3/2 and 1/2. Th
fore, there is another 3(Nc13)(Nc19)/8-plet with unit ex-

oticness, but with spin 1/2. AtNc53 it reduces to (27, 1
2 ).

The splittings with nonexotic multiplets are

M27,3/22M10,3/25
Nc11

4I 2
, ~19!

M27,1/22M8,1/25
Nc17

4I 2
. ~20!

The X51 band continues to the maximal spinJmax5(Nc
14)/2 whereq becomes zero.

These higher multiplets in the rotational spectrum of
SU(3) soliton atNc53 has been known to the Skyrmio
community from the 1980s. After the discovery ofQ1 there
has been a renewed interest in them@15,16#.

TheX52 rotational band starts from two states with sp
3/2 and 1/2 both belonging to theSU(3) representation
(p,q,dim)5„1,(Nc15)/2,(Nc17)(Nc111)/4…. It reduces
to the35 multiplet atNc53. Their splittings with nonexotic
multiplets are

M35,3/22M10,3/25
Nc13

2I 2
, ~21!

M35,1/22M8,1/25
Nc16

2I 2
. ~22!

The maximal spin of theX52 rotational band isJmax5(Nc
18)/2.

The upper side in the weight diagram~Fig. 5! for the X
52 sequence has hyperchargeYmax5Nc/312. Therefore,
one needstwo s̄quarks to get that hypercharge and hence
multiplets can be minimally constructed ofNc quarks plus
two additional quark-antiquark pairs. This explains the
name ‘‘exoticness’’X: it gives the minimal number of addi
tional quark-antiquark pairs needed to construct a multip
05600
d
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e
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on top of the usualNc quarks. It is also seen from countin
the number of boxes in the Young tableau.

Disregarding the rotation along the 1,2,3 axes~for ex-
ample taking only the lowestJ state from each band! we
observe from Eq.~13! that at largeNc the spectrum is equi-
distant in exoticness,

Erot~X!5
Nc~X11!

4I 2
, ~23!

with the spacingNc/4I 25O(1). It means that each time w
add a quark-antiquark pair it costs at largeNc the same
energy

energy of a pair5
Nc

4I 2
5O~Nc

0!. ~24!

Naively one may think that this quantity should be appro
mately twice the constituent quark mass. Actually, it can
much less than that. For example, in the chiral quark soli
model@17,18# an inspection ofI 2 given there shows that th
pair energy is strictly less than 2M ; in fact 1/I 2 tends to zero
in the nonrelativistic limit of the model when the baryon si
blows up. In physical terms, the energy cost of adding a p
can be small if the pair is added in the form of a Goldsto
boson.

III. WHY COLLECTIVE QUANTIZATION
IS VALID FOR EXOTIC MULTIPLETS

Equation~23! is interesting as it says that the rotation
energy corresponding to exotic baryons is of the same o
as the expected vibrational or radial excitation energ
Therefore one can suspect that rotational excitations m
mix up with those other ones, and no reliable predictions
exotic baryons, based on the collective quantization
baryon rotation, can be made. This doubt has been for
lated by Cohen@9# who writes: ‘‘The key point is that a
collective description is valid only for motion which is slow
compared to vibrational modes which are of orderNc

0 . . . .
The characteristic time scale of quantized collective mot
is given by the typical quantum mechanical resultt
;(DE)21, whereDE is the splitting between two neighbor
ing collective levels.’’ Since the splittings are of the sam

FIG. 5. Two lowest exotic (X52) multiplets that can be com
posed ofNc quarks and two extra pairs.
2-4
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order for vibrations and rotations he concludes that the r
tional description of exotics is not valid.1

We shall demonstrate that the rotation angular veloci
for exotic multiplets are in fact much slower than Cohe
estimate: they areO(1/ANc) rather thanO(1). Next we cal-
culate the mixing of rotations with nonrotational degrees
freedom and prove that it is small at largeNc .

From Eq. ~13! one immediately gets the sum of th
squares of angular momenta for a particular (J,X) multiplet:

(
A51

3

JA
25J~J11!, ~25!

(
A54

7

JA
25X21XS Nc

2
112JD1

Nc

2

→
Nc→` Nc

2
~X11!, ~26!

meaning thatJ4275O(ANc) even for zero exoticness. Thi
should be contrasted to theSU(2) angular momenta:J123
5O(1). For this reason the splittings inside a band w
givenX areO(1/Nc) whereas the splitting between the ban
with growing exoticness isO(1).

Let us estimate the angular velocities. As operato

V̂1235 Ĵ123 /I 1 andV̂4275 Ĵ427 /I 2. Since positive-definite
sums of angular momenta’s squares are fixed by Eqs.~25!,
~26! one obtains

A^V123
2 &<

AJ1
21J2

21J3
2

I 1

5OS J

Nc
D ,

~27!

A^V427
2 &<

AJ4
21J5

21J6
21J7

2

I 2

5OS AX11

ANc

D .

~28!

We see that angular velocitiesV427@V123 at largeNc even
for nonexotic multiplets (X50). From this point of view
exotic and nonexotic multiplets are on equal footing. It
related to that all multiplets have high dimensions at la
Nc . However,V427 are small for any exoticness X!Nc .
Therefore, it is legitimate to treat the rotation leading to e
otic multiplets as collective excitations of a chiral soliton,
least as long asX!Nc .

To make this statement quantitative, we derive the shif
the exotic baryons’ rotation energy as due to mixing w
nonrotational degrees of freedom. We show that this shif
O(1/Nc) and tends to zero at largeNc . It is a direct proof
that exotic multiplets can be treated as collective excitatio
We first present a general derivation of the mixing and th
give a more transparent quantum mechanical example
only one nonrotational degree of freedom but preserving

1In Ref. @9# only the splitting of the ‘‘antidecuplet’’ has been con
sidered but not the general case.
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properties of the case at hand. To purify the argument
imply here an idealized case ofNc→` and neglect nonzero
ms .

General Nc counting from a soliton

At large Nc baryons are solitons@7# corresponding to a
local minimum of some effective meson actionSeff@p(x)#.
Its specific form is irrelevant to the argument: the importa
thing is that it is proportional toNc . Its local minimum
pclass(x) gives the soliton profile, and the moments of iner
I 1,2 are computed at this minimum. HenceM0 , I 1,2 are all
proportional toNc .

All excitations of a baryon are encoded in quantum flu
tuations about the classical minimum. One expands the s
energy part of the effective meson action about the m
mum:

Eeff@pclass1dp#5M01
1

2
dpW@pclass#dp1•••, ~29!

whereW is some operator in a given external fieldpclassand
is usually referred to as the quadratic form. It is of the ord
of Nc ~since the fullSeff is!, hence quantum fluctuations sca
asdp(x)5O(1/ANc).

2 The spectrum and eigenfunctions
W areNc-independent.W has zero modes related to symm
try, in this case translations and rotations. The quantiza
of rotations~which are large fluctuations as they occur in fl
zero-mode directions! leads to the rotational spectrum di
cussed in the previous section. The nonrotational modes~we
shall call them ‘‘vibrational’’ for short! are orthogonal to
those zero modes. One can expand a general fluctuatio
the eigenfunctions of the quadratic form:

Wcn~x!5kncn~x!, kn.0, ~30!

dp~x!5(
n

cncn~x!. ~31!

Assuming eigenfunctions are~ortho!normalized to unity, the
Fourier coefficients arecn5O(1/ANc) and the eigenvalues
are kn5O(Nc) sinceW is proportional toNc . cn’s can be
considered as normal coordinates for vibrations. In the h
monic approximation their Hamiltonian is

Hvibr5(
n

S 2
1

2mn

]2

]cn
2

1
kn

2
cn

2D , ~32!

with kn ,mn5O(Nc) leading to vibration energiesen,kn

5Akn /mn(kn1 1
2 )5O(1), as itshould be. The ground-stat

(kn50) wave function isc(cn)5exp(2Aknmncn
2/2).

We now consider the influence of vibrations on the ro
tional spectrumErot5Nc(X11)/4I 2@p#. In the leading~clas-
sical! order one substitutes the classical soliton field and g
the moment of inertiaI 205I 2@pclass#5O(Nc). Taking into
account quantum fluctuations one expands

2We use dimensionless meson fields such thatpclass5O(1).
2-5
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I 2@pclass1dp#5I 201dI 21d2I 21•••

5I 201( ancn1(
m,n

bmncmcn1•••,

an ,bmn5O~Nc!. ~33!

Consequently, the Hamiltonian for rotation-vibration mixin
is

Hrot-vibr5
Nc~X11!

4I 2@pclass1dp#
5

Nc~X11!

4I 20

F 12

(
n

ancn

I 20

1

(
m,n

~aman2bmnI 20!cmcn

I 20
2

1•••
G . ~34!

One can now evaluate the corresponding rotation-vibra
mixing energy by perturbation theory in quantum fluctu
tionscn . The term linear incn is zero in the first order but in
the second order perturbation theory it is nonzero and
gets

E rot-vibr
(1) .Erot

2
K 1U( ancnU0L 2

DEvibrI 20
2

.Erot
2 (

n

1

kn
S an

I 20
D 2

.Erot

Erot

DEvibr
K S dI 2

I 2
D 2L }OS ~X11!2

Nc
D , ~35!

which is a small 1/Nc correction to the main rotational en
ergy, Eq.~23!. Only when exoticness is comparable toNc the
correction becomes of the same order as the main term.

Another contribution to the mixing arises from the la
term in Eq.~34!. Here it is sufficient to use the first orde
perturbation theory, and one obtains

E rot-vibr
(2) 5Erot(

n

1

Aknmn

an
22bnnI 20

I 20
2

.ErotK S dI 2

I 2
D 2

2
d2I 2

I 2
L }OS X11

Nc
D . ~36!

This term is a small correction toErot ~23! even at large
exoticness. Thus we have proved that, despite the rotati
energy for exotic baryons beingO(1), itsmixing with vibra-
tional degrees of freedom leads to a smallO(1/Nc) correc-
tion.

The change in the baryon form owing to rotation cann
be neglected only when the rotational energy reachesErot
5O(Nc) comparable to the static baryon massM0. At this
point everything goes wrong@19,20#: the widths become
comparable to the masses owing to strong pion radiation
the centrifugal forces deform the baryon such that the ro
tional energy has to be computed anew.
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Example: Charged particle in the field of a monopole

To illustrate the general derivation above, we conside
quantum-mechanical example preserving the equidistant
tational spectrum with the spacing of the same order as in
vibrational one. In fact we take the example of Guadagn
@10# which he used as analogy to derive the quantization
the SU(3) Skyrmion. This example is an ideal copy of th
case at hand, except that there is only one nonrotational
gree of freedom instead of an infinite number as in the r
case. At the same time it is so simple that all calculations
be done explicitly and to any given accuracy.

Consider a charged particle on a sphere of radiusR sur-
rounding a magnetic monopole whose magnetic field isB
5r /r 3. The lagrangian can be written in terms of the angu
velocities of the particleV1,2,3 with a ‘‘Wess-Zumino-
Witten’’ term linear inV3 @10,11#:

Lrot5
I

2
~V1

21V2
2!1egV3 , ~37!

whereeg is the product of the electric and magnetic charg
it must be an integer. The canonical quantization leads to
Hamiltonian written in terms of orbital momentum operato

Hrot5
1

2I
~L1

21L2
2! ~38!

supplemented with the quantization conditionL35eg, simi-
lar to what one requires in Eq.~6!. The Hamiltonian has
eigenvaluesErot5@L(L11)2(eg)2#/2I . At large N5eg
~being a direct analog of largeNc) we introduce an analog o
exoticnessX[L2N and rewrite the rotational energy as

Erot5
X21X~2N11!1N

2I
. ~39!

This is fully similar to Eq.~13!: at largeN but finite X the
rotational spectrum is equidistant with the spacingDE
5N/I , and we imply that the moment of inertia isI 5mR2

5O(N), with R5O(1) and particle massm5O(N).
To study the interplay between rotations and vibratio

we now allow the particle to deviate from the sphere of
dius R putting it in a potential wellk(ur u2R)2/2. We arrive
at the Hamiltonian@10#

H52
1

2m S d2

dr2
1

2

r

d

dr D 1
~2X11!N

2mr 2
1

k~r 2R!2

2
,

~40!

where we takek5O(N) to have vibrational excitations
stable inN.

If one neglects the fluctuationsx[r 2R as compared to
the average distanceR, the rotation and vibration variable
are completely separated and one obtains

Erot~X!5
~2X11!N

2I
5O~1!, moment of inertiaI 5mR2,
2-6
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Evibr~k!5Ak

mS k1
1

2D5O~1!, c~x!5expS 2Akm
x2

2 D ,

^x2&.
1

Akm
5OS 1

ND .

The interaction between rotations and vibrations com
through the centrifugal term in Eq.~40!. We expand 1/(R
1x)251/R2(122x/R13x2/R21•••) and estimate it using
the harmonic oscillator wave functions inx. The leading term
is zero by parity, therefore we have to apply the second-o
perturbation theory for thex term and the first-order pertur
bation theory for thex2 term. The former gives

Erot-vibr
(1) .Erot

Erot

DEvibr

^1uxu0&2

R2
.Erot

2 1

kR2
}

~2X11!2

N
.

~41!

The latter gives

Erot-vibr
(2) .Erot

^x2&

R2
.Erot

1

R2Akm
}

2X11

N
. ~42!

It is always a small correction. As to Eq.~41!, it becomes a
sizable correction only when the ‘‘exoticness’’ compares
N, like in the above general analysis.

In this example the rotational splittings are themselv
O(1), like the splittings between baryons with different e
oticness. Nevertheless, the ‘‘baryon masses’’ are comp
accurately from the rotational spectrum. Furthermore,
sees that the rotational level spacing is actually irrelevan
the shift of the rotational energy owing to vibrations. T
only thing which counts is thechange of the moment o
inertia. This change isdI /I 5O(1/Nc) in the general case
and in the example considered. The changedI /I becomes of
the order of unity in two cases:~i! when the vibrational ex-
citation is of the order ofNc so thatdx/R5O(1); ~ii ! when
rotational energy is of the order ofNc so that Erot /Evibr
5O(Nc). In such cases the deformation of the soliton is n
small, and one cannot consider it as a rigid body.

Finally, let us comment on the recent suggestion@9# that
Q1 could be extracted from a linear response theory desc
ing meson-soliton scattering@21,22#. Essentially the same
idea is proposed in Ref.@23# to find Q1 partner states, using
the chiral-soliton formalism of Ref.@24#.

The spectrum of vibrational modes is defined by the q
dratic form W. In a specific~Skyrme! model this spectrum
has been studied in Refs.@21,22#. The spectrum is naturally
Nc independent, as are the ensuing meson-baryon scatt
amplitudes. However it does not mean thatall
Nc-independent excitations will be seen as poles in the s
tering amplitudes generated by the quadratic form. It is w
known that poles related to rotational excitations are mis
in the quadratic form: they correspond to fluctuations in
05600
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er

s

ed
e
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b-
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t-
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d
t

zero-mode directions, and cannot be considered as smal
rotational states, independently of their energy, arise as p
in meson-baryon scattering amplitudes from Born grap
which are missing in the quadratic form but have been
covered in Ref.@25# as a purely classical effect. In particula
assumingQ1 is a O(1) rotational excitation, it will not oc-
cur in the small-oscillation spectrum, contrary to the sta
ment of Refs.@9,23#.

IV. SUMMARY

We have constructed the generalization of (8, 1
2 ), (10, 3

2 ),

(10, 1
2 ), (27, 3

2 ), (27, 1
2 ) . . . multiplets to the case of arbi

trary Nc . These multiplets are classified by ‘‘exoticnes
X—the number of extra quark-antiquark pairs needed
compose the multiplet. The splittings between masses of
multiplet with the same exoticness areO(1/Nc), i.e., para-
metrically small at largeNc . The spectrum of multiplets with
growing exoticness is equidistant with anO(1) spacing. On
the one hand this spacing can be interpreted as an energ
adding a quark-antiquark pair but, on the other hand, it i
rotational excitation. Despite that it becomes comparable
vibrational or radial excitations of baryons, both nonexo
and exotic bands are, at largeNc , reliably described as col
lective excitations of the ground-state baryons: the corr
tions to their masses owing to nonrotational degrees of fr
dom die out as 1/Nc . This conclusion is opposite to th
recent claim of Ref.@9# suggesting that rotational and vibra
tional modes cannot be separated and are not additive.
correct but only in the subleading order. The collective qu
tization description fails only when the exoticness becom
comparable toNc .

The Q1 baryon belongs to the exoticness51 multiplet

(10, 1
2 ). The largerNc the more accurate would be its de

scription as a rotational state of a chiral soliton.
Note added in proof. After submission the following

papers appeared on the net, questioning whether the larN
logic can be consistently applied to exotic baryon
~1! N. Itzhaki, I. Klebanov, P. Ouyang, and L. Rastel
hep-ph/0309305,~2! P. Pobylitsa, Phys. Rev. D~to be pub-
lished!, hep-ph/0310221, and~3! T. Cohen, hep-ph/0312191
In a forthcoming publication~in preparation! we address the
subtleties raised by these authors.
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