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Inflationary attractor in the braneworld scenario
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We demonstrate the attractor behavior of inflation driven by a scalar or tachyon field in the context of the
recently proposed four-dimensional effective gravity induced on the world-volume of a three-brane in five-
dimensional Einstein gravity, and we obtain a set of exact inflationary solutions. The phase portraits indicate
that an initial kinetic term decays rapidly and does not prevent the onset of inflation. The trajectories more
rapidly reach the slow rolling curve in the braneworld scenario than in the standard cosmology.
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[. INTRODUCTION the literature on inflation in the braneworld scenario is the
issue of constraints on the phase space of the initial condi-
Recent developments in string theory and its extension, Mions for inflation. If inflation is to be truly predictive, the
theory, have suggested that the standard model particles ag&olution when the scalar field is at some given point on the
confined on a hypersurfacealled the braneembedded in a potential has to be independent of the initial conditions. Oth-
higher dimensional spadealled the bulk Only gravity and ~€rwise, any result, such as the amplitude of density perturba-
other exotic matter such as the dilaton can propagate in théons, would depend on the unknowable initial conditions.
bulk [1]. Our Universe may be such a branelike object. In theHowever, the scalar wave equation is a second-order equa-
braneworld scenario, constraints on the size of extra dimertion, implying that¢, in principle, can take on any value
sions become weaker because the standard model particlasywhere on the potential, and so there certainly is not a
propagate only in three spatial dimensions. Arkani-Hamedunique solution at each point on the potential. Therefore in-
Dimopoulos, and Dvali considered a flat bulk geometry inflation can be predictive only if the solutions exhibit an at-
4+d dimensions, in whichd dimensions are compact with tractor behavior, where the differences between solutions of
radiusR (toroidal topology [2]. Considerable progress was different initial conditions rapidly vanish. In the standard
made by Randall and Sundrum, who considered nonflat, i.ecosmology the inflationary equations do indeed possess this
warped, bulk geometrieg3]. In their first paper, they pro- vital property[10]. In the braneworld scenario, it is interest-
posed a mechanism to solve the hierarchy problem by &g and necessary to investigate the initial conditions for
small extra dimension. In their second paper, the braneworléhflation. In this paper, using the Hamilton-Jacobi formalism,
with a positive tension was investigated. The effective Ein-we show that inflation driven by a scalar or tachyon field on
stein equations and the generalized Friedmann equation dhe brane possesses the attractor behavior and obtain a set of
the brane were derived,5]. Since the energy density of the exact inflationary solutions. As examples we plot the trajec-
brane appears quadratically in the new Friedmann equatioiries in the phase space numerically. The phase portraits
in contrast with the linear behavior of the usual equation, thendicate that an initial kinetic term decays rapidly and does
scenario has interesting cosmological implications, in parnot prevent the onset of inflation. Moreover, we find that the
ticular, the prospects of inflation are enhanced on the brangajectories more rapidly reach the slow rolling curve in the
[6]. Modifications to the Friedmann constraint equation leadoraneworld scenario than in the standard cosmology.
to a faster Hubble expansion at high energies and a more
strongly damped evolution of the scalar field. This assists
slow rolling inflation, enhances the amount of inflation ob- Il. MODIFIED FRIEDMANN EQUATION
tained in any given model, and drives the perturbations to- IN THE BRANEWORLD SCENARIO
ward an exactly scale-invariant Harrison-Zel'dovich spec-
trum [6]. Recently, several authors have investigated the In the five-dimensional braneworld scenali8], the four-
cosmological implicationwhich have not been derived dimensional Einstein equations induced on the brane can be
from string theory of a tachyon rolling down its potential, to Written as[4]
its ground staté¢7,8]. Sufficient inflation driven by the roll-
ing tachyon can be achieved in the context of the braneworld
Scenario[g]. G/.LV: _A4g;w+ K£21T,uv+ Kgﬂ-;w_ E,w ) (1)
To date, a question which has not yet been addressed in

whereT ,, is the energy-momentum tensor of matter on the
*Electronic address: guozk@itp.ac.cn brane,w,, is a tensor quadratic i ,,,,
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1 1 , 1 m 1_, We may divide each side by to eliminate the time depen-
e I Il I +§gWTmT —ﬂT Ouv

w12 4 wnlv dence in the Friedmann equation, obtaining
2
. . . _ 6o H'(¢) ©
andE,, is a projection of the five-dimensional Wey! tensor, 3k, H(B) '

describing the effect of the bulk graviton degrees of freedom
on the brane dynamics. The effective cosmological constanf,
A, on the brane is determined by the five-dimensional buIKN
cosmological constami s and the brane tensiom as

hich gives the relation betweef andt. This allows us to
rite the Friedmann equation in the first-order form

2 2 o [H'(¢)]? N
_Ks K5 2 —|———| ———H(d)=—V(¢). 10
A4— 2 A5+ 6 g y (3) 3K£21 H(d)) K4 (¢) (¢) ( )
and the four-dimensional Planck scale is given by These new equation®) and (10) are the Hamilton-Jacobi
2 equations, which are normally more convenient than E)s.
Kzzﬁa (4) and (7). They allow us to consided (¢), rather tharV(¢),
“ 6 as the fundamental quantity to be specified. OH¢e) has

i i been specified, we can immediately obtain the corresponding
In a spatially flat Friedmann-Roberson-WalkERW) model potential from Eq.(10). Also, Eq.(9) gives the relation be-

the Friedmann equation on the brane becofbgs tween¢ andt, which enables us to obtak(t), which, if it
A 2 is desired, can be integrated &ft). Therefore, this is the
H2=_2%4 ﬂp 14204 ﬁ, (5) most direct route to obtaining a large set of exact inflationary
3 3 20/ a* solutions.

_ _ . o As an example of using Eq9) and(10), let us consider
whereu is an integration constant arising frdf),, and thus 3 universe in the braneworld scenario witli¢) = ¢~ *. El-

transmitting the bulk graviton influence onto the brane. Thissmentary algebra now shows the potential to be of the form
term is called the dark radiation term and can be obtained

from a full analysis of the bulk equations. In the following \/@ oo
we will assume thap=0 andA,=0, which indicates that V(p)=——a¢ “— —2¢*2. (11
there is a fine-tuning\ s = — (x2/6)a. If the brane tensioor Ka 3k3

is much below the energy scale on the brane, then the new . ) )
term in p2 is dominant in the modified Friedmann equation. The corresponding evolution a(t) is
Hence, the term ip is negligible during inflation in the early

1/2
Universe. 2\6oa
B(t)=| p5+ P t) : (12
Ill. ATTRACTOR BEHAVIOR FOR STANDARD
INFLATON Then we obtain
We consider a scalar fielg confined on the brane with g(¢)
self-interaction potentiaV(¢). The evolution equation of _
the field is 4o |4
) . 1+ > t , a=2,
$+3Hp+V'(¢)=0, (®) ; 3¢5rs
[ 1—-al2
subject to the modified Friedmann constraint ex 34 <¢2+ 2 60“»[) wt2
0 ) .
5 ) a(2—a)\6o 3Ky
1.
4
2—@<§¢2+V<¢> (7) 13

. . Using the Hamilton-Jacobi equatiori9) and (10), we
(_)ne can de_rlve avery useful alternatllve fom? of these_equademonstrate the attractor behavior in the braneworld sce-
tlons_ by using the scalar field as a t|me_ var_lable_]. Th's_ nario. Supposély( ) is any solution to Eq(10), which can
requires thatp does not change sign _durmg inflation. With- pe gither inflationary or noninflationary. Add to this a linear
out loss of generality, we can chooge>0 throughout. If  homogeneous perturbatiofH(¢); the attractor condition
this condition is not satisfied, it can be brought about byl be satisfied if it becomes small as increases. For sim-
redefining¢— — ¢. Differentiating Eq.(7) with respect td  plicity, we shall assumédiscussed further belowthat the

and using Eq(6) gives perturbations do not reverse the signdf although the re-
sult holds under more general circumstances. Substituting

H=— &Hg‘ﬁz. (8) H(¢)=Ho(¢$)+ SH(¢) into Eq.(10) and linearizing it, we
V60 find that the perturbation obeys
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FIG. 1. Phase portrait for the scalar field with(¢) FIG. 2. Phase portrait_for the scalar field with'(¢)
=N pY[In(¢¥e?) —1/2] + o2 in rescaled coordinates ) in the = M®[IN(¢7¢*)—1/2]+ 1 ¢?/2 in rescaled coordinates.§/) in the
braneworld scenario. standard FRW scenario.
2 displays the trajectories in the,fy) plane for this model in
96 3k
Hé&H’z(—K‘lHO— Thy HooH, (14)  the braneworld scenario, whereandy are dimensionless
2 \/; o coordinates,
which has the general solution 1 dx

=X, d=\\o?y, t=—1n, y=—.
b=ex, p=\\o? \/X(pnydn

. (19

qu 36k, HZ  H) »
E— + E—
2\o Hg Ho We find that an initial kinetic term decays rapidly and does
not prevent the onset of inflation. There is a curve that at-

wheredH(¢;) is the value at some initial poirg; . We have  tracts most of the trajectories. This curve corresponds to the
used the fact thatl, is any solution to Eq(10). BecauseH;,  slow rolling solution. Moreover, comparing the phase por-
andd¢ have opposing signs, the integrand within the expo4rait of Fig. 1 to Fig. 2 reveals that the trajectories more
nential term is negative definite, and hence all linear perturrapidly reach the slow rolling curve in the braneworld sce-
bations do indeed die away. If there is an inflationary solu-ario than in the standard cosmology. Assumiigl, ¢
tion, all linear perturbations approach it at least exponentiallvap, and ¢*o~10, the trajectory with ('lgowo_g,y\/|’2J

fast as the scalar field rolls. _ reaches the slow rolling curve gt~ 0.3M, in Fig. 1 while at
To study an explicit numerical computation of the phasey— 0.5\ in Fig. 2.

space trajectories in the braneworld scenario, it is most con- | the second example, we investigate the simplest cha-

venient to rewrite the evolution equatiofi® and(6) for H  qtic inflation model on the brane driven by a scalar field with
and ¢ as a set of two first-order differential equations with potential

two independent variables and ¢:

5H(¢):5H(¢i)exf{

bi

1 2 42
dg . V() =5mPe’. (19
FTRRL (16)
All solutions to these two equations can be represented as
de¢ a|l., ) ) trajectories in the two-dimensional phase space @nd ¢.
T \/? ¢ TV(d)| ¢ V(). (17 Figure 3 displays the trajectories in the,y) plane for this
7 model, wherex andy are dimensionless coordinates,
Let us consider two different examples. In the first ex-
; ) . ' . 1 dx
ample, we consider a new inflation model in the braneworld d=mx, dp=m?y, t=—7g, y=—.
scenario, with a potential of Coleman-Weinberg type, m dz

1 We see that there is a curve that attracts most of the trajec-
+ = No” (18)  tories. However, unlike the new inflation case where only a
2 small part of it corresponds to inflation, in the chaotic case
the attractor is the inflationary solution. Comparing Fig. 3 to
We choose different initial conditions in the rang#|<¢  Fig. 4, an initial kinetic term decays more rapidly in the
and| ¢o| < VA ¢?, and we follow the evolution until the field braneworld scenario than that in standard cosmology. The
begins to oscillate around the true vacuuntap. Figure 1  Cosmic Background ExplorefCOBE) constraints require

#* 1
V(¢)=7\¢4( |nE—§
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LoLoLLL L L 2dpooy ] The evolution _equation of thg tachyon field minimally
% % k k k k k k k & coupled to gravity and the modified Friedmann constraint are
R b V'(¢)

AR RR R SR — T3H¢+ —=-=0, (23
ANENENENENE N ~ 1—¢ V(¢)

L2 K VA
60 1-¢?

(24)

Differentiating Eq.(24) with respect td and substituting it in
Eq. (23 gives

2 7 ]
D A
R A
R A
2”7 ]

H=—3H2¢2 (25)

FIG. 3. Phase portrait for the scalar field wiffi¢) =m?¢2/2 in \éve may dtlxldelze.agh side by tot.e“mmk;att? the t{?e gepe.l?'
rescaled coordinatexy) in the braneworld scenario. ence in the rriedmann equation, obtaining the Hamilton-
Jacobi equations

m~ 10" GeV [6]. AssumingV(¢)/o~ 10, the initial kinetic

: . H’
term ¢o~2x 10*! GeV decays to zero ap~3x 10" GeV b=— 2(¢) , (26)
in Fig. 3 while at¢~9x 10t GeV in Fig. 4. 3H()
’ 2
IV. ATTRACTOR BEHAVIOR FOR TACHYONIC MATTER 270- H'(4) _Gj H2 =—\/2 2
32| F(d) > H($) (). (27)
K4 K4

According to Ser]7], the effective action of the tachyon

field in the Born-Infeld form can be written as OnceH(¢) has been specified, we can obtain the corre-

sponding potential and exact inflationary solution using Egs.

S:J dx\"g iR+V(¢)\/m (20 (26) and (27). For exampleH () = ¢~ ¢ gives the potential
214 : Jo 242 12
_ . _ . V<¢)=(6¢‘2a¢‘2 (28)
The rolling tachyon in a spatially flat FRW cosmological Ky 3
model can be described by a fluid with a positive energy _ ) )
densityp and a negative pressuRegiven by The corresponding evolution @f(t) is
2t/3 _
V(¢) 21) S() Do (z 2; 1/(2—a) (29)
p= ! = 2—a o)
1_¢2 (d)o +3t) ,  aF2.
P=—V(¢) /11— »2. (22) Then we obtain the corresponding evolutionadgt):
( 1 3
1+3¢0H>, a=1,
3
exp — — o e4t’3), a=2,
a(t)« F{ 7 %0
3 . 2a_a2 (2-2a)/(2—a)
eXF{Za(l—a}( o 3 t) }
L otherwise.
4 (30
[T T T T T T T T e
I I Analogously to the preceding section, we use the
RN N NN NN NN Hamilton-Jacobi formalism to analyze the attractor behavior
EEEEEEEEEE of the tachyonic inflation in the braneworld scenario. Sup-
NN NN NN NN poseHq(¢) is any solution to the full equation of motion Eq.

(27), which can be either inflationary or noninflationary.
FIG. 4. Phase portrait for the scalar field witlig) =m?¢%/2in ~ Consider a linear homogeneous perturbatiéH (). It
rescaled coordinatexy) in the standard FRW scenario. therefore obeys the linearized equation
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FIG. 5. Phase portrait for the tachyon field witd(¢)

=Voe %? in rescaled coordinatesg( ) in the braneworld sce-
nario.

FIG. 6. Phase portrait for the tachyon field wit(¢)

=Voe “? in rescaled coordinatesp( #) in the standard FRW sce-
nario.

3K421 the slow rolling solution. A sufficient tachyon inflation con-
H65H'2( 18H<2)—2—V2) HodH, (3D  sistent with the observational constraints in the braneworld
7 scenario prefers the string coupling~ 106 and the string
which has the general solution mass scalél~10 'M p [9]. Thus the string energy density
Vo~10"'M}. We find that the trajectory withp,~0.8
¢[ OHy  H) X 10" M, reaches the slow rolling solution &t-0.7 in Fig.
SH(¢)=SH(i)ex f s\ hy THo/% 32 5in the braneworld scenario while #t-1.2 in Fig. 6 in the

We have used the fact théat, is any solution to Eq(27).

standard cosmology, where we assume 1/2 andV,/o
~10. The numerical computation indicates that an initial

SinceH} andd¢ have opposing signs, the integrand within kinetic term of the _tachyon.field decays more rapidly in the
the exponential term is negative definite, and hence all linedpraneworld scenario than in the standard cosmology if the
perturbations do indeed die away. That is, provided the poPrane tension remains sufficiently below the string energy
tential is able to support inflation, the inflationary solutionsdensity. _ _ _ _ _

all rapidly approach one another, with exponential rapidity ~The effective tachyon field action given by EQO) is a

once in the linear regime.
The tachyon potentia¥/(¢)—0 as ¢—o0, but its exact

closed form expression incorporating all the higher power of
d,¢. Itis impossible to obtain a canonical kinetic term via a

form is not known at present. Sen has argued that the qualfield redefinition. The momentum conjugatedads given by
tative dynamics of string tachyons can be described by Eq.

(20) with an exponential potenti@l2], a point further inves-

tigated in support of this potential for the tachyon system

[13]. The field equation$23) and(24) for tachyonic matter
on the brane with the exponential potential

V()
=9
1-¢?

Figures 7 and 8 display the trajectories in th ) plane

(36)

V(gp)=Voe (33 for this model in the braneworld scenario and in the standard
FRW scenario, respectively, and are consistent with Figs. 5
can be cast in the form and 6. Comparing Fig. 5 to Fig. 7, wheh— <o, the kinetic
term ¢—1 and the momentum densilf —0 sinceV(¢)
d¢_ ) 34 —0
. V. CONCLUSIONS AND DISCUSSION
do W2 3kaV(9) V2N 102 . . . .
g 1=¢9) a_W(l_d) )P (39 We have derived the Hamilton-Jacobi equations of the

We choose different initial conditiong (0<¢) and ¢ (0
<¢=1), and we follow the evolution with the exponential

inflation driven by a scalar or tachyon field, which is con-
fined on a three-dimensional brane in five-dimensional Ein-
stein gravity, and have obtained a set of exact inflationary
solutions. To demonstrate the attractor behavior, we use the

potential numerically. Figure 5 displays the trajectories in theqamilton-Jacobi formalism, which greatly simplifies the

(¢, ¢) plane for this model. We see that there is a curve thatnalysis. We restrict ourselves to linear homogeneous pertur-
attracts most of the trajectories. This curve corresponds tbations, which is all that is needed because, classically at
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FIG. 7. Phase portrait for the tachyon field witti(¢) FIG. 8. Phase portrait for the tachyon field wittf(¢)
=Voe *? in rescaled coordinatesf(IT) in the braneworld sce- =Vye *? in rescaled coordinates(I1) in the standard FRW sce-
nario. nario.

least, inflation does indeed generate large smooth patches. dfa5se the Hubble parameter by the new fapi@v. Thus

the perturbation is nonlinear, then the solution is made mor . Lo . . .
complicated but, because the full equation is only first order?he friction term 34¢ in the evolution equation of the field

it is easy to see that solutions are compelled to approach ori)%) or (23 becomes larger, which leads to more rapid decay

another regardless of whether or not the perturbation is lin- the |n|t.|a_I'k|net|c term. Thus the brang effepts widen the
range of initial conditions for successful inflation.

ear. For SImp“CItY’ We_also gssume that the pert_urbatlons do It is interesting to investigate cosmological evolution in
not reverse the sign ap, which can matter only if the per- ,54els where the effective potenti®( ¢) = Vo+ tm?¢2
turbation takes the field over the top of a maximum in themay become negative for some values of the fi¢2|®h the

potential, because otherwise it will simply roll up, reverse itSyaneworld scenario. Phase portraits of such theories in the
direction, and pass back down through the same point, where

it can be regarded as a perturbation on the original solutiofP2c€ of variablesd, ¢,H) are different from phase por-
traits in the usual cosmological scenalief]. For a flat uni-

with the same sign ob. _ _ versek=0 with a negative potentia¥,<0, all trajectories
Moreover, we have investigated two typical models for. . . :
the scalar field: the new inflation with the Coleman-'" the threg-d|men3|onal ph.ase spadecp,H) are located at .
Weinberg potential and the chaotic inflation with the simples paraboloid, in contrast with a hy.perbol'0|d Of. one shget n
potential, and have investigated the tachyon inflation on th he standard gosmologlgal scenario. Trgjectones bOth.m the
brane with the exponential potential. The phase space trajeg-xpand'ng universe regler(>0) and in the contractmg
tories indicate that an initial kinetic term decays rapidly ang"nverse regionifi<0) splral in toward the center in a two-
does not prevent the onset of inflation, that is, inflation on th&dimensional projection¢, ¢) of the flat universe hypersur-
brane possesses attractor behavior. In phase space there g€ for this model. However, a wormhole appears connect-
curve that attracts most of the trajectories. This curve correind the expanding and contracting branches in the standard
sponds to the slow rolling solution. Our numerical resultscosmological scenarifl4]. In the braneworld scenario, cos-
show that the initial kinetic terms decay more rapidly and sgnological evolution with a negative potential may have more
the trajectories more rapidly reach the inflationary solution infruitful phenomena, which are worth studying further.
the braneworld scenario than in the standard cosmology. At

low energiep<o, the modifieql Freidmann equatiQﬁ)_re_— ACKNOWLEDGMENTS
duces to the standard form since the term quadratic in the
energy density is negligible. However, at high energies It is a pleasure to acknowledge helpful discussions with

> o, the term quadratic in the energy density dominates th&un-Song Piao and Rong-Gen Cai. This project was in part
modified Freidmann equation. The effect of the modifiedsupported by NNSFC under Grant No. 10175070 and by
Friedmann equation&’) and (24) at high energies is to in- NBRPC2003CB716300.
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