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Magnetic branes in Gauss-Bonnet gravity
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We present two new classes of magnetic brane solutions in Einstein-Maxwell-Gauss-Bonnet gravity with a
negative cosmological constant. The first class of solutions yields an (n11)-dimensional spacetime with a
longitudinal magnetic field generated by a static magnetic brane. We also generalize this solution to the case of
spinning magnetic branes with one or more rotation parameters. We find that these solutions have no curvature
singularity and no horizons, but have a conic geometry. In these spacetimes, when all the rotation parameters
are zero, the electric field vanishes, and therefore the brane has no net electric charge. For the spinning brane,
when one or more rotation parameters are nonzero, the brane has a net electric charge which is proportional to
the magnitude of the rotation parameter. The second class of solutions yields a spacetime with an angular
magnetic field. These solutions have no curvature singularity, no horizon, and no conical singularity. Again we
find that the net electric charge of the branes in these spacetimes is proportional to the magnitude of the
velocity of the brane. Finally, we use the counterterm method in the Gauss-Bonnet gravity and compute the
conserved quantities of these spacetimes.
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I. INTRODUCTION

The possibility that spacetime may have more than f
dimensions is now a standard assumption in high ene
physics. From a cosmological point of view, our observa
Universe may be viewed as a brane embedded into a hi
dimensional spacetime. In the context of string theory, ex
dimensions were promoted from an interesting curiosity t
theoretical necessity since superstring theory requires a
dimensional spacetime to be consistent from the quan
point of view. The idea of brane cosmology is also consist
with string theory, which suggests that matter and gauge
teraction~described by an open string! may be localized on a
brane, embedded into a higher dimensional spacetime.
fields represented by closed strings, in particular, grav
propagate in the whole of spacetime.

This underscores the need to consider gravity in hig
dimensions. In this context one may use another consis
theory of gravity in any dimension with a more general a
tion. This action may be written, for example, through t
use of string theory. The effect of string theory on classi
gravitational physics is usually investigated by means o
low energy effective action which describes gravity at t
classical level @1#. This effective action consists of th
Einstein-Hilbert action plus curvature-squared terms a
higher powers as well, and in general give rise to fou
order field equations and bring in ghosts. However, if
effective action contains the higher powers of curvature
particular combinations, then only second order field eq
tions are produced and consequently no ghosts arise@2#. The
effective action obtained by this argument is precisely of
form proposed by Lovelock@3#. The appearance of highe
derivative gravitational terms can be seen also in the re
malization of quantum field theory in curved spacetime@4#.
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In this paper we want to restrict ourself to the first thr
terms of Lovelock gravity. The first two terms are th
Einstein-Hilbert term with cosmological constant, while th
third term is known as the Gauss-Bonnet term. This te
appears naturally in the next-to-leading order term of
heterotic string effective action and plays a fundamental r
in Chern-Simons gravitational theories@5#. From a geometric
point of view, the combination of the Einstein-Gauss-Bonn
terms constitutes, for five-dimensional spacetimes, the m
general Lagrangian producing second order field equatio
as in the four-dimensional gravity where the Einstein-Hilb
action is the most general Lagrangian producing second
der field equations@6#.

These facts provide a strong motivation for consider
new exact solutions of the Einstein-Gauss-Bonnet grav
Because of the nonlinearity of the field equations, it is ve
difficult to find out nontrivial exact analytical solutions o
Einstein’s equation with higher curvature terms. In mo
cases, one has to adopt some approximation methods or
solutions numerically. However, static spherically symmet
black hole solutions of the Gauss-Bonnet gravity were fou
in Ref. @7#. Black hole solutions with nontrivial topology in
this theory were also studied in Refs.@8–10#. The thermo-
dynamics of charged static spherically symmetric black h
solutions was considered in@11#. All of these known solu-
tions are static. Recently I introduced a new class of asym
totically anti–de Sitter rotating black brane solutions in t
Einstein-Gauss-Bonnet gravity and considered its thermo
namics@12#.

In this paper we are dealing with the issue of the spa
times generated by static, spinning, and traveling br
sources in (n11)-dimensional Einstein-Maxwell-Gauss
Bonnet gravity that are horizonless and have nontrivial
ternal solutions. These kinds of solutions have been inve
gated by many authors in the context of Einstein grav
Static uncharged cylindrically symmetric solutions of Ei
stein gravity in four dimensions were considered in@13#.
©2004 The American Physical Society24-1
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Similar static solutions in the context of cosmic string theo
were found in@14#. All of these solutions@13,14# are hori-
zonless and have a conical geometry, which are everyw
flat except at the location of the line source. An extension
include the electromagnetic field has also been done@15,16#.
The generalization of the four-dimensional solution found
@16# to the case of an (n11)-dimensional solution with al
rotation and boost parameters has been done in@17#. Some
solutions of type IIB supergravity compactified on a fou
dimensional torus have been considered in@18#, which have
no curvature singularity and no conic singularity. Here
will find these kinds of solutions in the Gauss-Bonnet gra
ity, and use the counterterm method to compute the c
served quantities of the system.

The outline of our paper is as follows. We give a bri
review of the field equations in Sec. II. In Sec. III we fir
present a new class of static horizonless solutions which
duce a longitudinal magnetic field, and then endow th
spacetime solutions with a global rotation. We also gene
ize these rotating solutions to the case of spacetimes
more rotation parameters. In Sec. IV we introduce th
horizonless solutions that produce an angular magnetic fi
Section V will be devoted to the use of the counterte
method to compute the conserved quantities of these sp
times. We also show that the electric charge densities of
branes with rotation or a boost parameter are proportiona
the magnitude of the boost parameters. We finish our pa
with some concluding remarks.

II. FIELD EQUATIONS IN EINSTEIN-MAXWELL-GAUSS-
BONNET GRAVITY

The most fundamental assumption in standard gen
relativity are the requirement of general covariance and
the field equations be second order. Based on these
ciples, the most general Lagrangian in arbitrary dimensi
is the Lovelock Lagrangian. The Lagrangian of the Lovelo
theory, which is the sum of dimensionally extended Eu
densities, may be written as

LG5
1

2 (
i

n

ciLi , ~1!

whereci is an arbitrary constant andLi is the Euler density
of a 2i -dimensional manifold,

Li5~22!2 idc1d1•••cidi

a1b1•••aibiRa1b1

c1d1
•••Raibi

cidi . ~2!

Here the first two termsc0L052L, whereL is the cosmo-
logical constant, andc1L15R give us the Einstein-Hilber
term and c2L25a(RmngdRmngd24RmnRmn1R2) is the
Gauss-Bonnet term. Thus, the gravitational action of ann
11)-dimensional asymptotically anti–de Sitter spacetim
with the Gauss-Bonnet term in the presence of an elec
magnetic field, in a unit system in which 8pG51, can be
written as
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1

2
E dn11xA2gH R1

n~n21!

l 2

1a~RmngdRmngd24RmnRmn1R2!1FmnFmnJ , ~3!

whereR, Rmnrs , andRmn are the Ricci scalar and Rieman
and Ricci tensors of the spacetime,Fmn5]mAn2]nAm is the
electromagnetic tensor field, andAm is the vector potential.a
is the Gauss-Bonnet coefficient with dimension (length2

and is positive in the heterotic string theory@7#. So we re-
strict ourselves to the casea>0. Varying the action over the
metric tensorgmn and electromagnetic fieldFmn , the equa-
tions of gravitational and electromagnetic fields are obtain
as

Rmn2
1

2
gmnR1

n~n21!

2l 2
gmn

2aH 1

2
gmn~RgdlsRgdls24RgdRgd1R2!22RRmn

14RmgR n
g 14RgdRmn

g d22RmgdlRn
gdlJ

5Tmn , ~4!

¹mFmn50, ~5!

whereTmn is the electromagnetic stress tensor

Tmn52F m
l Fln2

1

2
FlsFlsgmn . ~6!

Equation ~4! does not contain the derivative of the curv
tures, and therefore the derivatives of the metric higher t
two do not appear. Thus, the Gauss-Bonnet gravity is a s
cial case of higher derivative gravity.

III. THE LONGITUDINAL MAGNETIC FIELD SOLUTIONS

Here we want to obtain the (n11)-dimensional solutions
of Eqs. ~4!–~6! which produce longitudinal magnetic field
in the Euclidean submanifold spans by thexi coordinates (i
51, . . . ,n22). We assume that the metric has the followi
form:

ds252
r2

l 2
dt21

dr2

f ~r!
1 l 2f ~r!df21

r2

l 2
(
i 51

n22

~dxi !2.

~7!

Note that the coordinatesxi have the dimension of length
while the angular coordinatef is dimensionless as usual an
ranges in 0<f,2p. The motivation for this metric gauge
@gtt}2r2 and (grr)21}gff] instead of the usual Schwarzs
child gauge@(grr)21}gtt andgff}r2] comes from the fact
that we are looking for a magnetic solution instead of
electric one. In this section we want to consider only t
magnetically charged case which produces a longitud
magnetic field in the Euclidean submanifold spanned by
4-2
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xi coordinates. In the next section we consider the ang
magnetic solutions. Thus, one may assume that

Am5h~r!dm
f . ~8!

For purely electrically charged solutions in Gauss-Bon
gravity, see@12#. The functionsf (r) and h(r) may be ob-
tained by solving the field equations~4! and ~5!. Using Eq.
~5! one obtains

r
]2h

]r2
1~n21!

]h

]r
50. ~9!

Thus,h(r)5C1 /r (n22), whereC1 is an arbitrary real con-
stant. To get the solution of the Einstein-Maxwell equation
q

at
e

w

w
a

rit
e

n
o
an

d
ct

06402
ar

t

the case ofa50, which I introduced in@17#, one should
choose the arbitrary constantC1522qln21/(n22). To find
the functionf (r), one may use any components of Eq.~4!.
The simplest equation is therr component of these equa
tions which can be written as

~n21!$ l 2r2n25@2~n22!~n23!a f 2r2# f 81nr2n22

1~n22!l 2r2n26@~n23!~n24!a f 2r2# f %

18q2l 2n2250, ~10!

where the prime denotes a derivative with respect to thr
coordinate. The solutions of Eq.~10! can be written as
f ~r!5
r2

2~n22!~n23!a
H 16A12

4~n22!~n23!a

l 2 S 11
C2

rn
2

8q2l 2n22

~n21!~n22!r2(n21)D J , ~11!
or-
in-
whereC2 is an arbitrary constant. As one can see from E
~11!, the solution has two branches with ‘‘2 ’’ and ‘‘ 1 ’’
signs. The arbitrary constantC2 should be chosen such th
the solution obtained reduces to that of the Einstein-Maxw
equation introduced in@17# as a goes to zero. In order to
have the desired function, we should choose the branch
the ‘‘2 ’’ sign and fix C2528mln. The parametersm andq
are the mass and charge parameters andr 1 is the largest
positive real solution off (r)50.

In order to study the general structure of this solution,
first look for curvature singularities. It is easy to show th
the Kretschmann scalarRmnlkRmnlk diverges atr50 and
therefore one might think that there is a curvature singula
located atr50. However, as will be seen below, the spac
time will never achiever50. Now we look for the existence
of horizons, and therefore we look for possible black bra
solutions. One should conclude that there are no horiz
and therefore no black brane solutions. The horizons, if
exist, are given by the zeros of the functionf (r)5grr

21 . Let
us denote the zeros off (r) by r 1 . The function f (r) is
negative forr,r 1 and positive forr.r 1 , and therefore
one may think that the hypersurface of constant time anr
5r 1 is the horizon. However, this analysis is not corre
.
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Indeed, one may note thatgrr andgff are related byf (r)
5grr

215 l 22gff , and therefore whengrr becomes negative
~which occurs forr,r 1) so doesgff . This leads to an
apparent change of signature of the metric from (n21)1 to
(n22)1, and therefore indicates that we are using an inc
rect extension. To get rid of this incorrect extension, we
troduce the new radial coordinater as

r 25r22r 1
2 ⇒dr25

r 2

r 21r 1
2

dr2. ~12!

With this new coordinate, the metric~7! is

ds252
r 21r 1

2

l 2
dt21 l 2f ~r !df21

r 2

~r 21r 1
2 ! f ~r !

dr2

1
r 21r 1

2

l 2
dX2, ~13!

where dX2 is the Euclidean metric on the
(n22)-dimensional submanifold, the coordinatesr and f
assume the values 0<r ,` and 0<f,2p, andf (r ) is now
given as
f ~r !5
r 21r 1

2

2~n22!~n23!a H 12A12
4~n22!~n23!a

l 2 S 12
8mln

~r 21r 1
2 !n/2

2
8q2l 2n22

~n21!~n22!~r 21r 1
2 !n21D J . ~14!
4-3
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The gauge potential in the new coordinate is

Am52
2

~n22!

qln21

~r 21r 1
2 !(n22)/2

dm
f . ~15!

The functionf (r ) given in Eq.~14! is positive in the whole
spacetime and is zero atr 50. Also note that the
Kretschmann scalar does not diverge in the range 0<r ,`.
Therefore this spacetime has no curvature singularities
no horizons. However, it has a conic geometry and ha
conical singularity atr 50. In fact, using a Taylor expansion
in the vicinity of r 50 the metric~13! is

ds252
r 1

2

l 2
dt212

l 2

r 1
2 S n1

4q2l 2n22

~n21!r 1
2n22D 21

dr2

1
1

2l 2 S n1
4q2l 2n24

~n21!r 1
2n22D r 2df21

r 1
2

l 2
dX2, ~16!

which clearly shows that the spacetime has a conical sin
larity at r 50. It is worthwhile to mention that the magnet
solutions obtained here have distinct properties relative
the electric solutions obtained in@12#. Indeed, the electric
solutions have black holes, while the magnetic do not.

Of course, one may ask for the completeness of the sp
time with r>0 @16,19#. It is easy to see that the spacetim
described by Eq.~13! is both null and timelike geodesicall
complete forr>0. To do this, one may show that every nu
or timelike geodesic starting from an arbitrary point eith
can be extended to infinite values of the affine param
along the geodesic or will end on a singularity atr 50. Us-
ing the geodesic equation, one obtains

ṫ5
l 2

r 21r 1
2

E, xi̇5
l 2

r 21r 1
2

Pi , ḟ5
1

l 2f ~r !
L, ~17!

r 2ṙ 25~r 21r 1
2 ! f ~r !F l 2~E22P2!

r 21r 1
2

2aG2
r 21r 1

2

l 2
L2,

~18!

where the overdot denotes the derivative with respect to
affine parameter, anda is zero for null geodesics and11 for
timelike geodesics.E, L, andPi ’s are the conserved quant
ties associated with the coordinatest, f, and xi ’s, respec-
tively, andP25( i 51

n22(Pi)2. Notice thatf (r ) is always posi-
tive for r .0 and zero forr 50.

First we consider the null geodesics (a50). ~i! If E2

.P2 the spiraling particles (L.0) coming from infinity
have a turning point atr tp.0, while the nonspiraling par
ticles (L50) have a turning point atr tp50. ~ii ! If E5P and
L50, whatever the value ofr, ṙ andḟ vanish and therefore
the null particles moves in a straight line in th
(n22)-dimensional submanifold spanned byx1 to xn22.
~iii ! For E5P andLÞ0, and also forE2,P2 and any values
of L, there is no possible null geodesic.
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Now, we analyze the timelike geodesics (a511). Time-
like geodesics is possible only ifl 2(E22P2).r 1

2 . In this
case spiraling (LÞ0) timelike particles are bound betwee
r tp

a and r tp
b given by

0,r tp
a <r tp

b ,Al 2~E22P2!2r 1
2 , ~19!

while the turning points for the nonspiraling particles (L

50) arer tp
1 50 andr tp

2 5Al 2(E22P2)2r 1
2 . Thus, we con-

firmed that the spacetime described by Eq.~13! is both null
and timelike geodesically complete.

Whenm andq are zero, the vacuum solution is

f ~r!5
r2

2~n22!~n23!a
S 12A12a

4~n22!~n23!

l 2
D .

~20!

Equation~20! shows that for a positive value ofa, this pa-
rameter should be less thana< l 2/4(n22)(n23). Also note
that the AdS solution of the theory has the effective cosm
logical constant

l eff
2 52~n22!~n23!aS 12A12

4~n22!~n23!a

l 2
D 21

.

~21!

We use the effective cosmological constant~21! later in order
to introduce the counterterm for the action.

A. The rotating longitudinal solutions

Now, we want to endow our spacetime solution~13! with
a global rotation. In order to add angular momentum to
spacetime, we perform the following rotation boost in t
t-f plane:

t°Jt2af, f°Jf2
a

l 2
t, ~22!

wherea is a rotation parameter andJ5A11a2/ l 2. Substi-
tuting Eq.~22! into Eq. ~13! we obtain

ds252
r 21r 1

2

l 2
~Jdt2adf!21

r 2dr2

~r 21r 1
2 ! f ~r !

1 l 2f ~r !

3S a

l 2
dt2Jdf D 2

1
r 21r 1

2

l 2
dX2, ~23!

wheref (r ) is the same asf (r ) given in Eq.~14!. The gauge
potential is now given by

Am5
2

~n22!

ql (n23)

~r 21r 1
2 !(n22)/2

~adm
0 2 l 2Jdm

f!. ~24!

The transformation~22! generates a new metric, because it
not a permitted global coordinate transformation@20#. This
transformations can be done locally but not globally. The
fore, the metrics~13! and ~23! can be locally mapped into
4-4
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each other but not globally, and so they are distinct. Note
this spacetime has no horizon and curvature singula
However, it has a conical singularity atr 50. One should
note that these solutions are different from those discusse
@12#, which were electrically charged rotating black bra
solutions in Gauss-Bonnet gravity. The electric solutio
have black holes, while the magnetic do not. It is worthwh
to mention that this solution reduces to the solution
Einstein-Maxwell equation introduced in@17# as a goes to
zero.

B. The general rotating longitudinal solution with more
rotation parameters

For the sake of completeness we give the general rota
longitudinal solution with more rotation parameters. The
tation group inn11 dimensions isSO(n) and therefore the
number of independent rotation parameters is@(n11)/2#,
where @x# is the integer part ofx. We now generalize the
above solution given in Eq.~23! with k<@(n11)/2# rotation
parameters. This generalized solution can be written as

ds252
r 21r 1

2

l 2
S Jdt2(

i 51

k

aidf i D 2

1 f ~r !S AJ221dt2
J

AJ221
(
i 51

k

aidf i D 2

1
r 2dr2

~r 21r 1
2 ! f ~r !

1
r 21r 1

2

l 2~J221!
(
i , j

k

~aidf j2ajdf i !
2

1
r 21r 1

2

l 2
dX2, ~25!

whereJ5A11( i
kai

2/ l 2, dX2 is the Euclidean metric on th
(n2k21)-dimensional submanifold andf (r ) is the same as
f (r ) given in Eq.~14!. The gauge potential is

Am5
2

~n22!

ql (n22)

~r 21r 1
2 !(n22)/2

3S AJ221dm
0 2

J

AJ221
aidm

i D ~no sum on i !.

~26!

Again this spacetime has no horizon and curvature singu
ity. However, it has a conical singularity atr 50. One should
note that these solutions reduce to those discussed in@12#.

IV. THE ANGULAR MAGNETIC FIELD SOLUTIONS

In Sec. III we found a spacetime generated by a magn
source which produces a longitudinal magnetic field alongxi

coordinates. In this section we want to obtain a spacet
generated by a magnetic source that produce angular m
netic fields along thef i coordinates. Following the steps o
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Sec. III but now with the roles off andx interchanged, we
can directly write the metric and vector potential satisfyi
the field equations~4!–~6! as

ds252
r 21r 1

2

l 2
dt21

r 2dr2

~r 21r 1
2 ! f ~r !

1~r 21r 1
2 ! (

i 51

n22

~df i !2

1 f ~r !dx2, ~27!

wheref (r ) is given in Eq.~14!. The angular coordinatesf i ’s
range in 0<f i,2p. The gauge potential is now given by

Am52
2

~n22!

ql (n22)

~r 21r 1
2 !(n22)/2

dm
x . ~28!

The Kretschmann scalar does not diverge for anyr and there-
fore there is no curvature singularity. The spacetime~27! is
also free of conic singularity. In addition, it is notable
mention that the radial geodesic passes throughr 50 ~which
is free of singularity! from positive values to negative value
of the coordinater. This shows that the radial coordinate
Eq. ~27! can take the values2`,r ,`. This analysis may
suggest that one is in the presence of a traversable worm
with a throat of dimensionr 1 . However, in the vicinity of
r 50, the metric~27! can be written as

ds252
r 1

2

l 2
dt212

l 2

r 1
2 S n1

4q2l 2n22

~n21!r 1
2n22D 21

dr21r 1
2 dV2

1
1

2l 2 S n1
4q2l 2n24

~n21!r 1
2n22D r 2dx2, ~29!

which clearly shows that, atr 50, thex direction collapses
and therefore we have to abandon the wormhole interpr
tion.

To add linear momentum to the spacetime, we perfo
the boost transformation@ t°Jt2(v/ l )x, x°Jx2(v/ l )t]
in the t-x plane and obtain

ds252
r 21r 1

2

l 2 S Jdt2
v
l

dxD 2

1 f ~r !S v
l

dt2JdxD 2

1
r 2dr2

~r 21r 1
2 ! f ~r !

1~r 21r 1
2 !dV2, ~30!

wherev is a boost parameter andJ5A11v2/ l 2. The gauge
potential is given by

Am5
2

~n22!

l l (n23)

~r 21r 1
2 !(n22)/2

~vdm
0 2 lJdm

x !. ~31!

Contrary to transformation~22!, this boost transformation is
permitted globally sincex is not an angular coordinate. Thu
the boosted solution~30! is not a new solution. However, i
generates an electric field.

V. THE CONSERVED QUANTITIES OF A MAGNETIC
ROTATING BRANE

It is well known that the gravitational action given in Eq
~3! diverges. A systematic method of dealing with this dive
4-5
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gence in Einstein gravity is through the use of the coun
terms method inspired by the anti–de Sitter conformal fi
theory ~AdS-CFT! correspondence@21#. This conjecture,
which relates the low energy limit of string theory in asym
totically anti–de-Sitter spacetime and the quantum fi
theory living on the boundary of it, have attracted a gr
deal of attention in recent years. This equivalence betw
the two formulations means that, at least in principle, o
can obtain complete information on one side of the dua
by performing computation on the other side. A dictiona
translating between different quantities in the bulk grav
theory and their counterparts on the boundary has emer
including the partition functions of both theories. This co
jecture is now a fundamental concept that furnishes a me
for calculating the action and conserved quantities intrin
cally without reliance on any reference spacetime@22–24#. It
has also been applied to the case of black holes with cons
negative or zero curvature horizons@25# and rotating higher
genus black branes@26#. Although the AdS-CFT correspon
dence applies for the case of a specially infinite boundar
was also employed for the computation of the conserved
thermodynamic quantities in the case of a finite bound
@27#. The counterterm method has also been extended to
case of asymptotically de Sitter spacetimes@28#.

All of the work mentioned in the last paragraph was lim
ited to Einstein gravity where the universal and widely a
cepted Gibbons-Hawking boundary term@29# is known. In
Einstein gravity the Gibbons-Hawking term, which is th
trace of the extrinsic curvature of the boundary, will
added to the action in order to have a well-defined va
tional principle. The main difference of higher derivativ
gravity from Einstein gravity is that the boundary term whi
make the variational principle well behaved is much mo
complicated@30,31#. However, the boundary term that mak
the variational principle well behaved is known for the ca
of Gauss-Bonnet gravity@32,33#. Here we want to apply the
counterterm method to the case of magnetic brane solut
introduced in this paper. In order to do this we choose
following counterterm:

I b5I b
(1)1I b

(2) , ~32!

whereI b
(1) is given as@32,33#

I b
(1)5E

dM
dnxA2gH K12aF1

n
~13KKcdK

cd22KacK
cdKd

a

2K322ĜabKab!G J . ~33!

In Eq. ~33!, K is the trace of the extrinsic curvatureKab of
any boundary]M of the manifoldM, with induced metric
gab , and Ĝab is the n-dimensional Einstein tensor corre
sponding to the metricgab . The second boundary termI b

(2)

is the counterterm that cancels the divergence appearin
the limit of r→`. This term is given only in terms of the
boundary quantities which do not affect the variational pr
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ciple. Note that for our spacetimes the Riemann curvature
the boundary is zero and thereforeI b

(2) has only one term
given as

I b
(2)52E

dM
dnxA2gS n21

l eff
D , ~34!

wherel eff is given in Eq.~21!. One may note that this coun
terterm has exactly the same form as the counterterm in
stein gravity for a spacetime with zero curvature boundary
which l is replaced byl eff . The total action can be written a
a linear combination of the gravity term~3! and the counter-
terms~33! and ~34!

I 5I g1I b . ~35!

It is worthwhile to mention that the action~35! has nor
divergence in various dimensions for spacetimes with z
curvature boundary. However, the boundary term introdu
in @30# does not have this property. In fact, the coefficients
various terms in the action of@30# in different dimension
should be chosen different, in order to remove ther diver-
gence of the action. Having the total finite action, one c
use the Brown-York definition of the stress-energy ten
@34# to construct a divergenc-free stress-energy tensor. N
that the last term in Eq.~33! is zero, for our case, and there
fore one may write

Tab5A2gH ~Kgab2Kab!1
2a

n
~3K2Kab23KcdK

cdKab

1anKKacKc
b1bnKacKcdK

db!1
2a

n
~3KKcdK

cd

22KacK
cdKdb2K3!gab2S n21

l eff
D gabJ . ~36!

One may note that whena goes to zero, the stress-energ
tensor~36! reduces to that of Einstein gravity.

The conserved quantity associated with a Killing vec
ja is

Q~j!5E
B
dnxAsuaTabj

b, ~37!

whereB is the hypersurface of fixedr and t, ua is the unit
normal vector onB, ands is the determinant of the metri
s i j , appearing in the Arnowitt-Deser-Misner-~ADM- ! like
decomposition of the boundary metric,

ds252N2dt21s i j ~dxi1Nidt!~dxj1Njdt!. ~38!

In Eq. ~38!, N and Ni are the lapse and shift functions, re
spectively. For the spacetimes introduced in this paper,
(n21) -dimensional boundariesB have timelike Killing
vector (j5]/]t), rotational Killing vector (z i5]/]f i), and
translational Killing vector (§ i5]/]xi). Thus, one obtains
the conserved mass, angular momentum, and linear mom
tum of the system enclosed by the boundaryB as
4-6



o

e
he

s
r

ar

a
io

T
ec
su
w

a

the
case

the
n-
as-
ds
g-
n-
lso
tic
at
ori-
,

net
ore
ctric

the

f
ld.
on,
in

l the
case
net
the

re-
e of
of
nti-

un-
ur

such
e of
re

MAGNETIC BRANES IN GAUSS-BONNET GRAVITY PHYSICAL REVIEW D69, 064024 ~2004!
M5E
B
dn21xAsTabu

ajb, ~39!

Ji5E
B
dn21xAsTabu

az i
b , ~40!

Pi5E
B
dn21xAsTabu

a§ i
b . ~41!

We now apply this counterterm method to the case
five-dimensional spacetimes~23! and ~30!. It is easy to
verify that ther divergence of the action is removed by th
counterterm~34!. The divergence terms of the mass of t
spacetimes~23! and~30! in five dimensions will be removed
if one choosea4521 andb4522. Using these coefficient
together with Eqs.~39! and ~40!, the mass and the angula
momentum densities of the spacetime~23! in five dimen-
sions can be calculated as

M5m@4~J221!11#, ~42!

J5216Jma. ~43!

The mass of the spacetime~30! in five dimensions is the
same as~42!, its angular momentum is zero, and its line
momentum is

P5216Jmv. ~44!

Of course, one can apply this method to compute the m
and angular and linear momenta of the spacetime in var
dimensions.

Next, we calculate the electric charge of the solutions.
determine the electric field we should consider the proj
tions of the electromagnetic field tensor on special hyper
faces. The normal to such hypersurfaces for spacetimes
longitudinal magnetic field is

u05
1

N
, ur50, ui52

Ni

N
, ~45!

and the electric field isEm5gmrFrnun. Then the electric
charge densityQ of the spacetimes~23! and ~30! can be
found by calculating the flux of the electromagnetic field
infinity, yielding
n
,

,

e,

06402
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Q5
1

4p
AJ221q. ~46!

Note that the electric charge density is proportional to
rotation parameter or boost parameter and is zero for the
of static solutions.

VI. CLOSING REMARKS

In this paper, we added the Gauss-Bonnet term to
Einstein-Maxwell action with a negative cosmological co
stant. We introduced two classes of solutions which are
ymptotically anti–de Sitter. The first class of solutions yiel
an (n11)-dimensional spacetime with a longitudinal ma
netic field@the only nonzero component of the vector pote
tial is Af(r )] generated by a static magnetic brane. We a
found the rotating spacetime with a longitudinal magne
field by a rotational boost transformation. We found th
these solutions have no curvature singularity and no h
zons, but have conic singularity atr 50. In these spacetimes
when all the rotation parameters are zero~static case!, the
electric field vanishes, and therefore the brane has no
electric charge. For the spinning brane, when one or m
rotation parameters are nonzero, the brane has a net ele
charge density which is proportional to the magnitude of

rotation parameter given byAJ221. The second class o
solutions yields a spacetime with angular magnetic fie
These solutions have no curvature singularity, no horiz
and no conic singularity. Again, we found that the branes
these spacetimes have no net electric charge when al
boost parameters are zero. We also showed that, for the
of traveling branes with nonzero boost parameter, the
electric charge density of the brane is proportional to
magnitude of the velocity of the brane (v).

The counterterm method inspired by the AdS-CFT cor
spondence conjecture has been widely applied to the cas
Einstein gravity. Here we applied this method to the case
Gauss-Bonnet gravity and calculated the conserved qua
ties of the two classes of solutions. We found that the co
terterm~34! has only one term, since the boundaries of o
spacetimes are curvature-free. Other related problems
as the application of the counterterm method to the cas
solutions of higher curvature gravity with nonzero curvatu
boundary remain to be carried out.
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